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RESUMO

A detecção de moléculas prebióticas em ambientes astrofísicos, especialmente em
regiões de formação estelar, é fundamental para a compreensão das origens da vida
e da química do meio interestelar (Interestelar Medium-ISM). Entre tais espécies, a
C-cianometanimina (HNCHCN) destaca-se por atuar como intermediária na síntese da
adenina e como possível precursora de moléculas biologicamente relevantes. Seus três
isômeros estruturais (Z, E e N), todos já detectados no ISM, apresentam propriedades
de espalhamento eletrônico essenciais para a modelagem de processos induzidos por
radiação em ambientes astrofísicos.Esta dissertação apresenta um estudo teórico do
espalhamento de elétrons de baixa energia pelos três isômeros da C-cianometanimina.
As geometrias de equilíbrio e as energias relativas foram determinadas nos níveis
Hartree–Fock [HF/6-31G(d)] e Teoria do Funcional da Densidade (DFT), complemen-
tados por métodos de função de onda correlacionada. Os cálculos de espalhamento
foram realizados por meio do Método Multicanal de Schwinger (SMC) com pseudopo-
tenciais, nas aproximações estático-troca (SE) e estático-troca mais polarização (SEP).
Análises adicionais incluíram a diagonalização do Hamiltoniano de colisão para a ca-
racterização de autovalores próximos às ressonâncias e de seus orbitais associados,
bem como o procedimento de complemento de Born para a descrição das interações
de longo alcance. Os resultados mostram o isômero Z como mínimo global, enquanto
os isômeros E e N apresentam energias mais elevadas, separadas por barreiras de
isomerização significativas. Na aproximação SE, cada isômero exibe duas ressonâncias
de forma associadas a orbitais π∗: uma de simetria A′ (em aproximadamente 1,66,
1,80 e 2,63 eV para Z, E e N, respectivamente) e outra de simetria A′′ (3,73, 3,59 e
3,82 eV). Adicionalmente, identifica-se uma ressonância de forma de baixa energia de
simetria A′′ (1,15, 1,22 e 0,88 eV), que se torna um estado ligado no tratamento SEP,
acompanhado pela redução das energias das demais ressonâncias, comportamento
confirmado pela diagonalização do Hamiltoniano de colisão e por cálculos de energia
total. Este estudo fornece uma caracterização teórica abrangente do espalhamento
eletrônico na C-cianometanimina, contribuindo com dados fundamentais para modelos
de astroquímica e de física de plasmas.
Palavras-chaves: Espalhamento de elétrons C-cianometanimina; Meio interestelar;
Método Multicanal de Schwinger; Completar com Born.



ABSTRACT

The detection of prebiotic molecules in astrophysical environments, particularly in star-
forming regions, is essential for understanding the origins of life and the chemistry of
the interstellar medium (ISM). Among such species, C-cyanomethanimine (HNCHCN)
stands out as an intermediate in adenine formation and as a potential precursor of
biologically relevant molecules. Its three structural isomers (Z, E, and N), all of which
have already been detected in the ISM, exhibit electron-scattering properties that
are crucial for modeling radiation-induced processes in astrophysical environments.
This dissertation presents a theoretical investigation of low-energy electron scatter-
ing by the three isomers of C-cyanomethanimine. Equilibrium geometries and relative
energies were computed at the Hartree–Fock [HF/6-31G(d)] and Density Functional
Theory (DFT) levels, complemented by correlated wave function methods. Scattering
calculations were performed using the Schwinger Multichannel Method (SMC) with
pseudopotentials, within the static-exchange (SE) and static-exchange plus polarization
(SEP) approximations. Additional analyses included collision-Hamiltonian diagonaliza-
tion to characterize eigenvalues near resonant states and their associated orbitals, as
well as Born-completion procedures to describe long-range interactions. The results
indicate that the Z isomer is the global minimum, while the E and N isomers lie at
higher energies, separated by significant isomerization barriers. Within the SE approxi-
mation, each isomer exhibits two shape resonances associated with π∗ orbitals: one
of A′ symmetry (at approximately 1.66, 1.80, and 2.63 eV for Z, E, and N, respec-
tively) and one of A′′ symmetry (3.73, 3.59, and 3.82 eV). An additional low-energy
A′′ shape resonance (1.15, 1.22, and 0.88 eV) becomes a bound state in the SEP
treatment, accompanied by a lowering of the remaining resonance energies, a behavior
confirmed through collision-Hamiltonian diagonalization and total-energy calculations.
This work provides a comprehensive theoretical characterization of electron scattering
in C-cyanomethanimine, offering essential data for astrochemical and plasma-physics
modeling.
Key-words: Electron scattering; C-cyanomethanimine; Interstellar medium; Schwinger
Multichannel method; Born-closure.
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CHAPTER 1

INTRODUCTION

The interaction of low-energy electrons with molecules has attracted growing
attention from the scientific community in recent decades, particularly in biological
and astrophysical contexts [1]. These studies provide fundamental information on
critical scattering phenomena, including elastic, inelastic, ionization processes, and
the highly relevant dissociative electron attachment (DEA). A central feature governing
these interactions is the formation of temporary negative ions, or resonances, which
are associated with the temporary capture of an incident electron by an unoccupied
molecular orbital [2–4]. Depending on the molecular orbital involved, these resonances
are typically characterized as being of σ∗ or π∗ character, and their short lifetimes (on
the order of 10−15–10−14 s) are nonetheless sufficient to drive significant nuclear motion,
potentially leading to dissociation of the parent molecule [3, 5, 6].

In the biological domain, pioneering work [7] demonstrated that low-energy
electrons can induce single and double-strand breaks in DNA through DEA, even at
energies below the ionization threshold. These breaks arise when transient negative ions
form in local subunits such as nucleobases or sugar moieties, leading to fragmentation
of the phosphodiester backbone. This discovery motivated extensive theoretical and
experimental efforts focused on electron interactions with biologically relevant molecules,
thereby advancing the understanding of radiation damage at the molecular level [8].
Given the widespread use of ionizing radiation in biomedical applications for both
diagnosis and therapy, there is substantial demand for fundamental knowledge regarding
the phenomena occurring in human tissue, where accurate determination of electronic
excitation cross sections for DNA constituents is crucial for modeling the effects of
secondary electrons.

Beyond biological applications, scattering data is highly sought after for techno-
logical applications, particularly in understanding and optimizing processing plasmas
[9–11]. The generation of these plasmas involves introducing a small amount of gas into
a vacuum chamber and subjecting it to an alternating electromagnetic field, promoting
partial ionization of the gas. The released electrons then collide with present molecules,
generating secondary species, making precise cross-section data essential for modeling
plasma dynamics[12–16]. Furthermore, industrial interest is directed toward enhancing
the performance of machinery powered by fossil fuels through innovative approaches



like plasma ignition spark plugs, which promote more complete combustion, significantly
increasing fuel efficiency while substantially reducing pollutant emissions[17, 18].

From a theoretical standpoint, electron scattering poses a formidable many-body
quantum problem whose exact solution remains intractable. To address this, various
approximations are employed [19, 20]. The Born-Oppenheimer approximation simplifies
the problem by treating the nuclei as fixed due to their much slower motion relative to
electrons. At the electronic level, calculations often begin with the static-exchange (SE)
approximation, which accounts for the Pauli exchange principle and the electrostatic
interaction between the incident electron and the target molecule [20]. However, at
low energies, polarization effects become crucial, requiring the more refined static-
exchange plus polarization (SEP) approximation. The molecular electronic structure
is typically described within the Hartree-Fock framework, while scattering amplitudes
can be computed using variational methods such as the Schwinger Multichannel (SMC)
method [5, 21–23], which is well-suited for treating elastic, inelastic, and resonant
processes for polyatomic molecules.

Beyond terrestrial relevance, electron scattering plays a pivotal role in astro-
chemistry [1]. The interstellar medium (ISM), though cold and tenuous, is constantly
bombarded by cosmic rays that generate secondary electrons. These electrons effi-
ciently drive excitation, ionization, and fragmentation processes that would otherwise
be too slow under interstellar conditions, profoundly influencing the chemical inventory
of space. Accordingly, accurate electron-molecule cross sections are indispensable
for astrochemical models designed to explain the origin and evolution of molecular
complexity in the universe [1].

Within this context, C-cyanomethanimine (HNCHCN) has emerged as a mo-
lecule of profound astrochemical and prebiotic importance [24, 25]. High-accuracy
theoretical work [26] established the fundamental quantum chemical properties of its
isomers, identifying the Z-isomer as the global minimum, with the E- and N-isomers
lying higher in energy by 0.0136 eV and 0.2422 eV, respectively. A large isomerization
barrier (∼25 kcal/mol or 1.084 eV) confirmed the kinetic stability of the isomers in the
ISM, preventing rapid interconversion. The molecular structures of these isomers are
shown in Figure 1.

These theoretical foundations enabled subsequent astronomical detections: the
E-isomer was first reported toward Sagittarius B2(N) [27], and the Z-isomer was later
detected toward the Galactic Center source G+0.693-0.027 [28]. More recently, the
N-cyanomethanimine isomer (H2CNCN) has also been detected in the same source [29].
Importantly, the Z-isomer was found to be significantly more abundant than the E-isomer
under interstellar conditions (T ≈ 150 K), consistent with thermodynamic predictions and
strongly suggestive of grain-surface formation routes. These findings firmly establish
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cyanomethanimine as a plausible intermediate in the formation of adenine, a nucleobase
of DNA and RNA, directly linking its chemistry to the molecular origins of life.

Despite these advances, a critical gap remains: The electron-scattering proper-
ties of C-cyanomethanimine have not yet been investigated. Given the dominance of
electron-driven chemistry in interstellar environments, knowledge of elastic scattering
cross sections and resonant phenomena is essential to model its excitation, stability,
and potential fragmentation under astrophysical conditions [24].

This dissertation addresses this significant deficiency by performing a syste-
matic computational study of low-energy electron scattering from C-cyanomethanimine
isomers. These molecules are of considerable interest in prebiotic chemistry and are
potential precursors to nucleobases in the interstellar medium. This work bridges the
existing gap, providing essential input for both astrochemical and plasma physics appli-
cations by connecting fundamental scattering theory with the chemistry of the ISM.

To this end, we employ the Schwinger multichannel method in both static-
exchange and static-exchange-plus-polarization approximations to accurately capture
the physics of transient anion formation. We calculate elastic integral cross sections
and, most importantly, identify and characterize resonance features that are directly
relevant to processes like dissociative electron attachment. Our results confirm the
established energetic ordering of the Z, E, and N isomers and reveal distinct resonance
features for each. Furthermore, the presence of these transient anions is confirmed
through Hamiltonian diagonalization. This detailed theoretical characterization provides
a foundational understanding of how low-energy electrons interact with these key



prebiotic molecules.

The remainder of this dissertation is structured as follows: Chapter 2 outlines
the theoretical framework, detailing the quantum theory of the scattering process, the
specifics of the Schwinger multichannel method, and the Born-closure and Hamiltonian
diagonalization procedures. Chapter 3 introduces the C-cyanomethanimine molecule,
detailing its isomers and the computational methods used for electronic structure
calculations and scattering calculations. Chapter 4 presents the core results, beginning
with the electronic structure determined at the Hartree-Fock level and proceeding
through the SE and SEP approximations of the SMC method. Finally, Chapter 5 provides
a general conclusion, summarizing the main findings and discussing avenues for future
work.



CHAPTER 2

THEORY

This chapter outlines the theoretical framework of our study. We begin by des-
cribing the target molecule within the Hartree-Fock method and the Born-Oppenheimer
approximation. Subsequently, we address the electron-molecule scattering problem
using the Schwinger Multichannel Method (SMC). The discussion of the SMC is fol-
lowed by an overview of the static-exchange (SE) and static-exchange-plus-polarization
(SEP) approximations, improved virtual orbitals (IVOs), modified virtual orbitals (MVOs),
pseudopotentials, the Born-closure procedure, and the treatment of resonances. 1

2.1 TARGET DESCRIPTION

The target molecule is described using the Hartree-Fock method under the
Born-Oppenheimer approximation [30]. The usage of the Hartree–Fock approximation
is necessary because the Schrödinger equation is not solvable exactly for polyatomic
systems. The Born-Oppenheimer approximation decouples nuclear and electronic
motion by treating the nuclei as fixed, justified by their significantly greater mass and
consequently slower movement compared to electrons [5].

The Hamiltonian for a molecule with N electrons and M nuclei in atomic units
is:

Hmolecule = −
N∑
i=1

∇2
i

2
−

M∑
A=1

∇2
A

2MA

−
N∑
i=1

M∑
A=1

ZA

riA
+

N∑
i=1

N∑
j>i

1

rij
+

M∑
A=1

M∑
B>A

ZAZB

RAB

(2.1)

where riA is the distance between the i-th electron and the A-th nucleus; rij is the
distance between the i-th and j-th electrons; RAB is the distance between the A-th and
B-th nuclei; MA is the ratio of the mass of nucleus A to the mass of the electron; and
ZA and ZB are the atomic numbers of nucleus A and nucleus B, respectively.
1 Throughout this work, we employ atomic units (� = e = me = 1) [30]. Consequently, the Bohr radius

(a0) is the unit of length, and integral cross-sections are reported in a20. For comparison with the
literature, cross-sections are also given in square angstroms (Å

2
), using the conversion a0 = 0.5291Å.

All theoretical figures presented in this chapter are based on concepts from theoretical books of
reference [20, 30]. The original visualizations were created by L. V. Dalagnol (2025).



The first term is the kinetic energy operator of the electrons; the second term
is the kinetic energy operator of the nuclei; the third term is the Coulomb attraction
between the electrons and the nuclei; the fourth term is the repulsion between the
electrons; and the fifth term is the repulsion between the nuclei.

Given the considerable difference in mass between nuclei and electrons, nuclear
dynamics are considerably slower than electronic motion. This permits the assumption
of a fixed nuclear framework, thus reducing the problem to solving the electronic
Schrödinger equation. Formally, this involves neglecting the nuclear kinetic energy term,
leading to the following molecular Hamiltonian:

Hmolecule = Helectronic +
M∑

A=1

M∑
B>A

ZAZB

RAB

(2.2)

the second term in Equation (2.2), representing the nuclear repulsion, can be treated as
a constant. Thus, we only need to solve the electronic Hamiltonian (Helectronic), which is
given by:

Helectronic = −
N∑
i=1

∇2
i

2
−

N∑
i=1

M∑
A=1

ZA

riA
+

N∑
i=1

N∑
j>i

1

rij
. (2.3)

With the electronic Hamiltonian Helectronic defined, we now proceed to describe
the molecular ground state using the variational Hartree-Fock method. In this approach,
the antisymmetric trial wave function for an N -electron system is represented by a single
Slater determinant, which depends parametrically on the nuclear coordinates:

Φ(x1,x2, . . . ,xN) =
1√
N !

∣∣∣∣∣∣∣∣∣∣

χ1(x1) χ2(x1) · · · χN(x1)

χ1(x2) χ2(x2) · · · χN(x2)
...

... . . . ...
χ1(xN) χ2(xN) · · · χN(xN)

∣∣∣∣∣∣∣∣∣∣
(2.4)

where (N !)−1/2 is a normalization factor. This determinant is composed of a set of
spin orbitals |Φ0〉 = |χ1χ2 · · ·χN〉. These spin orbitals provide the spatial position of the
electron ψ(r) and its spin: up for α(ω) and down for β(ω):

χ(x) =

⎧⎨
⎩ψ(r)α(ω)ψ(r)β(ω),

(2.5)

where ω corresponds to the spin coordinate, r corresponds to the three spatial coordi-
nates, and x represents the four coordinates, x = (r, ω).

The variational principle is applied to obtain set of χj(xi), where the optimal
wave function is the one that minimizes the energy:



E0 = 〈Φ0|He|Φ0〉 (2.6)

Here, the equation above is a functional of the spin orbitals {χj(xi)}. We can
express the total energy as a functional of spin orbitals as follows.

E0[{χj}] =
N∑
j=1

[j|h|j] + 1

2

N∑
j=1

N∑
k=1

(
[jj|kk]− [jk|kj]), (2.7)

where [j|h|j] is the notation used for the one-electron integral, and [jj|kk] and [jk|kj]
represent two-electron integrals. The Coulomb and exchange integrals, respectively, are
written as:

[j|h|j] = kjj =

ˆ
dx1 χ

∗
j(x1)

(
−1

2
∇2

1 −
∑
A

ZA

r1A

)
χj(x1), (2.8)

[jj | kk] = Jjk =

ˆ
dx1dx2 χ

∗
j(1)χj(1)

1

r12
χ∗
k(2)χk(2), (2.9)

[jk | kj] = Kjk =

ˆ
dx1dx2 χ

∗
j(1)χk(1)

1

r12
χ∗
k(2)χj(2), (2.10)

where the one-electron integral represents the average kinetic energy and
nuclear attraction energy of an electron, the Coulomb integral Equation (2.8) arises from
the repulsion between electron clouds, and the exchange integral Equation (2.9) results
from the antisymmetric nature of the Slater determinant.

We need to minimize E0[{χj(xi)}] with respect to the spin orbitals while main-
taining their orthonormality to obtain the Hartree-Fock equations That is, subject to the
constraint [j | k]− δjk = 0. We then obtain the functional L[{χj(xi)}] for the spin orbitals,
which takes the following form:

L[{χj(xi)}] = E0[{χj(xi)}]−
N∑
j=1

N∑
k=1

εkj ([j | k]− δjk) , (2.12)

where the coefficients εkj are Lagrange multipliers. Since L is real and [j | k] = [k | j]∗,
the Lagrange multipliers must form a Hermitian matrix. By imposing the condition
that δL[{χj}] be stationary with respect to small variations in the spin orbitals (i.e.,
χj → χj + δχj), and after some manipulations, we arrive at the following equation:

f |χj〉 =
N∑
k=1

εjk|χk〉 (2.13)



where f is called the Fock operator and will be defined later. The expression above is
an eigenvalue equation, but it is not in its usual form. To express it in the canonical form,
we need to "rotate"the spin orbitals through a unitary transformation U (U † = U−1):

χ′
j =
∑
k

χkUkj. (2.14)

Through the unitary transformation of the spin orbitals Equation (2.14), the wave
function can be rewritten as:

|Φ′
0〉 = det(U) |Φ0〉 = e(iθ) |Φ0〉 , (2.15)

where the transformed determinant |Φ′
0〉 is expressed in terms of the original determinant

|Φ0〉 multiplied by a phase factor. Since the observables of interest depend only on |Φ0|2,
the original wave function in terms of the spin orbitals {χj} and the transformed wave
function in terms of the spin orbitals {χ′

j} are identical. If U is a real matrix, the phase
factor is ±1. The Fock operator f is invariant under an arbitrary unitary transformation
of the spin orbitals, i.e., f ′(1) = f(1).

We now have a system of N coupled nonlinear integro-differential equations
called the canonical Hartree-Fock equations, written for the i-th electron occupying the
j-th spin orbital:

f(i)χj(i) = εjχj(i) (j = 1, . . . , N) (2.16)

Here, εj is the eigenvalue corresponding to the orbital χj, and f(i) is the Fock
operator, defined as:

f(i) = −∇2
i

2
−

M∑
A=1

ZA

riA
+ vHF (i) (2.17)

The electron’s kinetic energy contribution and the electron-nucleus interaction
are represented in the first and second term of the equation, respectively, while vHF

is called the Hartree-Fock (HF) potential, which depends on the spin orbitals. The HF
potential is the term that couples the equations and is expressed in terms of integrals
of the eigenfunctions. These are called coupled integro-differential equations because
they are differential equations containing integrals, where the Fock operator depends
on its own eigenfunctions.

For closed-shell systems (where each occupied orbital contains two electrons
with opposite spins - doubly occupied molecular orbitals resulting in an overall singlet



spin state), we can rewrite Equation (2.16). This allows summing the Hartree-Fock
equations over all spins, resulting in a set of N/2 equations for the spatial orbitals ψj:

f(ri)ψj(ri) = εjψj(ri), (j = 1, ..., N/2) (2.18)

where the Fock operator f(ri) is written as:

f(ri) = −∇2
i

2
−

M∑
A=1

ZA

riA
+ vHF (ri) (2.19)

vHF is the Hartree-Fock potential, which now takes the form

vHF (ri) =

N/2∑
a=1

[2Ja(ri)−Ka(ri)] (2.20)

This represents the effective potential experienced by the i-th electron due to
all other electrons, where Ja is the Coulomb operator and Ka is the exchange operator,
defined respectively as:

Ja(ri)ψb(ri) =

[ˆ
drjψ

∗
a(rj)

1

rij
ψa(rj)

]
ψb(ri) (2.21)

Ka (ri)ψb (ri) =

[ˆ
drjψ

∗
a (rj)

1

rij
ψb (rj)

]
ψa (ri) (2.22)

where the Coulomb operator is local while the exchange operator represents an ex-
change between electron i and electron j in the spatial orbitals to the right of the r term
[30]. Making a math manipulation by substituting equation (2.20) into (2.19), the Fock
operator becomes:

f (ri) =

[
−∇2

i

2
−

M∑
A=1

ZA

riA

]
+

N∑
a=1

[2Ja (ri)−Ka (ri)] (2.23)

The problem Equation (2.18) can be solved by expressing the spatial orbitals
as a linear combination of atomic orbitals (LCAO). That is, each spatial orbital ψi(r)

is expanded in a basis set φμ(r) of atomic orbitals. By introducing a basis set, the
integro-differential equations can be transformed into a set of algebraic equations [31].
These spatial orbitals are written as:

ψi =
k∑

μ=1

Cμiφμ, (2.24)



where Cμi are expansion coefficients representing the contribution of each of the k

atomic orbitals to each spatial orbital. This basis set does not necessarily need to be
orthonormal, so we can define an overlap integral.

Sμν =

ˆ
dr1φ

∗
μ (r1)φν (r1) . (2.25)

These algebraic equations are known as the Hartree-Fock-Roothaan equations,
expressed as:

k∑
ν=1

FμνCνi = εi

k∑
ν=1

SμνCνi, (i = 1, . . . , k) (2.26)

where C is the matrix of expansion coefficients describing the spatial orbital ψi, εi is
the energy associated with orbital i, and F is the Fock matrix. The solution to the
Hartree-Fock-Roothaan equations is obtained iteratively and will be discussed later. For
now, let’s express the Fock operator with two terms:

Fμν = Hcore
μν +Gμν , (2.27)

where Gμν accounts for two-electron interactions (Coulomb and exchange), and Hcore
μν

represents one-electron interactions (kinetic energy and electron-nucleus attraction),
written as:

Hcore
μν = Tμν + V nucl

μν , (2.28)

The corresponding expressions for the kinetic energy Tμν and nuclear potential
energy V nucl

μν terms are given by:

Tμν =

ˆ
dr1φ

∗
μ (r1)

[
−1

2
∇2

1

]
φν (r1) , (2.29)

and

V nucl
μν =

ˆ
dr1φ

∗
μ (r1)

[
M∑

A=1

− ZA

|r1 − rA|

]
φν (r1) . (2.30)

The term accounting for two-electron interactions can be expressed as:

Gμν =
k∑

λ=1

k∑
σ=1

Pλσ

[
(μν|σλ)− 1

2
(μλ|σν)

]
, (2.31)

where Pλσ is the charge density matrix, given by:

Pλσ = 2

N/2∑
a=1

CλaC
∗
σa, (2.32)



The term (μν | λσ) represents the electron-electron repulsion integrals, written
as:

(μν | λσ) =
¨

dr1dr2φ
∗
μ(r1)φν(r1)

1

|r1 − r2|φ
∗
λ(r2)φσ(r2). (2.33)

With these mathematical foundations established, the Hartree-Fock-Roothaan
equations are solved through a well-defined computational procedure. This process
begins with the system definition, where the number of electrons and the coordinates and
charges of the atomic nuclei are specified. The next critical step is basis set selection,
wherein a set of basis functions φμ (typically Cartesian-Gaussian functions) is chosen
to represent the molecular orbitals as in Equation (2.24). The use of Gaussian functions
is particularly advantageous; linear combinations of them can accurately approximate
atomic orbitals, and their mathematical properties are highly beneficial for computation.
Specifically, the product of two Gaussian functions yields another Gaussian function, a
characteristic that enables the analytical evaluation of all necessary integrals, including
those for one-particle operators, Coulomb interactions, and exchange interactions.

These Cartesian functions take the form:

λ
(α)
lmn = Nlmn(x− x0)

l(y − y0)
m(z − z0)

ne−α|r−r0|2 , (2.34)

where r is the spatial position, r0 = (x0, y0, z0) is the position where the function is
center, N is the Normalization factor] , {l,m, n} are the cartesian exponents and α is
the Gaussian exponent The type of function is determined by the sum l +m + n, as
shown in Table 1:

TABLE 1 – Cartesian function types
Function Type l +m+ n

s 0
p 1
d 2
f 3

The Hartree-Fock self-consistent field (SCF) procedure begins by generating
an initial coefficient matrix Cμi, which is used to construct the Fock matrix Fμν . Solving
the resulting eigenvalue problem yields orbital energies εi and an updated set of
coefficients C ′

μi. These new coefficients are then used to recalculate the Fock matrix
F ′
μν , eigenvalues ε′i, and further refined coefficients C ′′

μi in an iterative cycle.

This process repeats until self-consistency between input and output values is
achieved, typically monitored through convergence criteria based on the total system
energy. Upon convergence, the final coefficient matrix and eigenvalues fully charac-
terize the molecular orbitals’ shapes and energies [30]. With this converged solution,



key properties like the ground state energy can be calculated from the total energy
expectation value E0 = 1

2

∑
μ,ν Pμν(H

core
μν + Fμν) + Vnn, where Vnn represents nuclear

repulsion.

The entire procedure leverages the analytical tractability of Gaussian basis
functions Equation (2.34) for efficient computation of one- and two-electron integrals.

E0 = 〈Φ0|H|Φ0〉 (2.35)

where the ground state energy E0 is given by:

E0 = 2

N/2∑
j

hjj +

N/2∑
j

N/2∑
k

(2Jjk −Kjk) (2.36)

From the definition of the Fock operator presented earlier, we can express:

εj = fjj = hjj +

N/2∑
k

(2Jjk −Kjk) (2.37)

which represents the orbital energy equation. Substituting equation (2.37) into equation
(2.36) yields a new expression for E0 in terms of εj:

E0 =

N/2∑
j

(hjj + εj) (2.38)

When we incorporate the basis set expansion from equation (2.25), we obtain
the formula for the ground state energy. Thus, the total energy becomes:

Etotal = E0 +
M∑

A=1

M∑
B>A

ZAZB

RAB

(2.39)

E0 represents the electronic energy, expressed as:

E0 =
1

2

∑
μ

∑
ν

Pμν(H
core
μν + Fμν) (2.40)

This formulation combines the one-electron core Hamiltonian (Hcore), Fock
matrix elements, and nuclear repulsion terms within the Hartree-Fock framework, while
consistently maintaining the notation for Coulomb (Jjk) and exchange (Kjk) integrals
throughout the derivation.



2.2 MOLECULAR ORBITALS

In this section we describe how the orbital bases used to construct the configu-
ration spaces in this work are generated. Three classes of unoccupied orbitals play a
central role in electron–molecule scattering calculations: the standard Virtual Orbitals
(VOs), the Improved Virtual Orbitals (IVOs) [32], and the Modified Virtual Orbitals (MVOs)
[33]. These orbitals differ in the electronic field under which they are produced, and
therefore in their physical suitability for describing scattering functions, target excitations,
and resonance phenomena.

A Hartree–Fock (HF) calculation of the ground state of an N -electron mole-
cule yields a set of K spatial orbitals. Of these, N/2 are occupied, and the remaining
(K −N/2) orbitals constitute the standard VOs, which arise because the one-electron
basis set is larger than the minimum needed to describe the occupied space. In elec-
tron–molecule scattering, VOs are appropriate for describing the continuum orbital in
the static-exchange approximation, as they are orthogonal to the occupied orbitals
and are generated in the mean field of the neutral target [34]. However, their ade-
quacy deteriorates when excited configurations of the target are included, as in the
static-exchange-plus-polarization (SEP) approximation.

According to Koopmans’ theorem, the VOs produced by an N -electron HF
calculation approximate orbitals of an (N+1)-electron system [35]. Thus, occupying a VO
effectively mimics an (N + 1)-electron configuration rather than an excited configuration
of the neutral molecule. For this reason, VOs do not provide a consistent description
of neutral excited states and must be replaced when target polarization and excitation
effects are important.

The IVOs [32, 34] were introduced to overcome this limitation. Instead of being
generated in the N -electron field, they are constructed in the mean field of an (N − 1)-
electron cation. Operationally, one removes an electron from the highest occupied
molecular orbital (HOMO), freezes the remaining occupied orbitals, constructs the Fock
operator of the resulting +1 cation, and diagonalizes it. The unoccupied eigenfunctions
of this cationic Fock operator form the IVOs. When a single electron is added to one of
these orbitals, the configuration corresponds, through Koopmans’ theorem, to a singly
excited state of the neutral molecule. Thus, IVOs offer a more physically meaningful
basis for describing target excitations and the scattering orbital in SEP-like schemes.
Spin-adapted (singlet or triplet) constructions may also be employed.

A further refinement is provided by the Modified Virtual Orbitals (MVOs) in-
troduced by Bauschlicher and Taylor [33]. Their aim is to generate virtual orbitals
that are more compact and localized than VOs, thereby improving the convergence
of configuration-interaction expansions and enhancing the description of temporary



negative-ion states [33]. Conceptually, the procedure resembles that of the IVOs, but
instead of removing a single electron, one removes n electrons (with n even) from the
n/2 highest-energy occupied orbitals, maintaining the spatial and spin symmetry of
the ground state. A Fock operator is then constructed for the resulting +n cation, and
its diagonalization yields the MVOs, which are virtual orbitals of an (N − n)-electron
system.

An energy-based criterion is typically applied: only valence orbitals are removed,
whereas core orbitals are retained in their HF form. The resulting orbitals are more
compact and provide an improved description of short-range correlation and polarization
effects, which are essential for the characterization of resonance states. The reference
Slater determinant for the MVOs can be written as

|ΦMVO〉 = |X1X2 · · ·Xn, X0 · · ·XN−n〉, (2.1)

where X1, . . . , Xn denote the orbitals from which electrons have been removed.

Among the three families of virtual orbitals discussed above, this dissertation
places particular emphasis on the MVOs. Their compactness, enhanced localization,
and ability to capture the short-range polarization responsible for temporary anion
formation make them particularly suitable for the description of resonance states, the
central topic of this work. Accordingly, the chapters that follow employ MVOs as the
central orbital basis in the SEP treatment, where they are used to construct scattering
functions and to analyze the structure and behavior of resonance states.

2.3 THE SCATTERING PROBLEM

The collision process can be described as a beam of particles (electrons) direc-
ted toward a gaseous target, where the incident particles are scattered upon interaction
with the molecules. The scattered electrons are then detected by a detector positio-
ned far from the target, which records the number of electrons scattered into a solid
angle element dΩ. The incident beam is assumed to be collimated and monoenergetic,
i.e., it possesses a well-defined energy with only a narrow spread around this value.
When such a beam interacts with the target gas, the molecules serve as indepen-
dent scattering centers. Because the average intermolecular separation is much larger
than the electron’s de Broglie wavelength, interference between waves scattered by
different molecules can be neglected. Furthermore, by considering the gas sufficiently
dilute, multiple scattering events are suppressed, and the process may be treated as
a sequence of independent single-molecule collisions. This simplified picture of the
scattering geometry is schematically represented in Figure 2



z

�r

�kf

θ

�ki

O φ

FIGURE 2 – Representation of the coordinates employed in the scattering calculations. Since
the scattering is elastic, |�ki| = |�kf | = k. The incident vector �ki (in pink) coincides
with the z-axis (�ki = kẑ), whereas the scattered vector �kf (in orange) coincides
with the position vector �r (�kf = kr̂).

The process can result in either elastic or inelastic scattering, depending on
whether the target and the scattered electron retain or exchange energy. Scattering is
said to be elastic when the scattered particle and the target remain with their energies
unaltered. In the inelastic process, however, the electron transfers part of its energy to
the molecule upon collision, which may lead the molecule to an excited state or even
to dissociation. In this work, we will present the results of calculations for the elastic
scattering of electrons by molecules.

2.3.1 Schwinger Variational Principle

In the problem of scattering by a potential, the time-independent Schrödinger
equation in the coordinate basis |r〉 is written as:

[
−∇2

2
+ V (r)

]
Ψki,f

(r) = EΨki,f
(r), (2.41)

where Ψki,f
is the scattering wave function i and f denote the initial and final states

of the scattering process, respectively), E is the total collision energy2, and V is the
scattering potential. Assuming the potential V (r) must tend to zero faster than r−1 when
r → ∞, the scattering wave function must then satisfy the asymptotic condition [20],
written as:

〈
r | Ψ(+)

ki

〉
= Ψ

(+)
ki

(r) −→
|r|→∞

1

(2π)
3
2

[
eiki·r + fkf ,ki

eikr

r

]
, (2.42)

2 The possible final states are those that satisfy energy conservation:

E = Ei +
k2i
2

= Ef +
k2f
2
,

where k is the magnitude of the particle’s linear momentum, and Ei and Ef are the initial and final
energies, respectively, of the target molecule.



where the first term is the plane wave, representing the free incident particle before any
interaction with the target. The second term is an outgoing spherical wave, originating
from the target, modulated by fkf ,ki

, known as the scattering amplitude.

Using Dirac notation, equation (2.41) is written as (note that here we employ
the relation H = H0 + V (r)):

H
∣∣Ψki,f

〉
= E
∣∣Ψki,f

〉
(2.43)

which is the non-homogeneous equation of the problem. The homogeneous equation
for the energy eigenvalue E is written as:

H0

∣∣Ski,f

〉
= E
∣∣Ski,f

〉
(2.44)

where
∣∣Ski,f

〉
is a plane wave and, in the coordinate representation, is given by:

〈
r | Ski,f

〉
=

1

(2π)
3
2

eiki,f ·r (2.45)

The general solution of equation (2.43) is:

∣∣∣Ψ(±)
ki,f

〉
=
∣∣Ski,f

〉
+G

(±)
0 V

∣∣∣Ψ(±)
ki,f

〉
(2.46)

which is called the Lippmann-Schwinger equation [36]. This equation replaces the
Schrödinger equation, where

∣∣∣Ψ(±)
ki,f

〉
is the solution of the problem with interaction,

and G(±)
0 (r, r′) is the free-particle Green’s function, which now carries the asymptotic

condition. The Green’s operator is given by:

G
(±)
0 =

1

(E −H0 ± iε)
(2.47)

The positive and negative signs correspond to the boundary conditions, for
which there are two possible mathematical solutions. However, only the solution corres-
ponding to the (+) sign has physical meaning, which corresponds to a plane wave plus
an outgoing spherical wave. In this case, a particle is incident with momentum ki and
leaves the target region with momentum kf .

Projecting the Lippmann-Schwinger equation onto the coordinate basis |r〉, we
obtain:

〈
r
∣∣Ψ(±)

ki,f

〉
=
〈
r
∣∣Ski,f

〉
+
〈
r
∣∣G(±)

0 V
∣∣Ψ(±)

ki,f

〉
(2.48)

We then arrive at:



〈
r | Ψ(±)

ki,f

〉
=
〈
r | Ski,f

〉
+

ˆ
dr′〈r|G(±)

0 |r′〉 〈r′|V
∣∣∣Ψ(±)

ki,f

〉
, (2.49)

here, we used the completeness relation:

1 =

ˆ
d3r′ |r′〉 〈r′| (2.50)

The free-particle Green’s function operator is written as:

G
(±)
0 (r, r′) = 〈r|

[
1

(E −H0 ± iε)

]
|r′〉 (2.51)

Also we can write the homogeneous equation in the plane wave basis as:

H0|k〉 = k2

2
|k〉 (2.52)

We introduce the completeness relation for the plane wave basis, 1 =
´
dk′ |k′〉 〈k′|,

into the Green’s function Equation (2.51) to obtain the following equation:

G
(±)
0 (r, r′) = 〈r|

[
1

(E −H0 ± iε)

]{ˆ
dk′ |k′〉 〈k′|

}
|r′〉 (2.53)

The solution of equation (2.53) can be found using equation (2.45) and the
eigenvalue from (2.52) (where E = k2

2
is the total collision energy). We then have:

G
(±)
0 (r, r′) =

ˆ
dk′ 〈r | k′〉 〈k′ | r〉

k2

2
− k′2

2
± iε

(2.54)

after some algebraic manipulations, we arrive at the following integral equation:

G
(±)
0 (r, r′) = − 1

8π3

ˆ
dk′ eik

′·(r−r′)

(k′2 − k2 ∓ iε)
(2.55)

which can be solved by the residue theorem [20]. The result is given by:

G
(±)
0 (|r − r′|) = − 1

4π

e±ik|r−r′|

|r − r′| (2.56)

Using equation (2.56) into equation (2.49), the Lippmann-Schwinger equation
in the coordinate basis becomes:

〈
r | Ψ(±)

ki,f

〉
=
eiki,f ·r

(2π)
3
2

− 2

ˆ
dr′ 1

4π

e±ik|r−r′|

|r − r′| V (r′)
〈
r′ | Ψ(±)

ki,f

〉
(2.57)

The boundary condition for our scattering problem consists of an incident plane
wave with wave vector ki and outgoing spherical waves generated from the target’s



interaction region. The vector r is directed towards the point where the function will
be evaluated, i.e., where the detector is located, and the potential is short-ranged. In
scattering, we are interested in studying the effect of this finite-range potential at a
point outside its range, as observations are always made by a detector placed far from
the scattering center. Therefore, we are interested in the behavior of

〈
r | Ψ(±)

ki,f

〉
when

|r| � |r′| (which is mathematically equivalent to |r| → ∞). With this approximation, we
can write the term |r − r′| as follows:

|r − r′| ∼=
|r|→∞

r − r̂ · r′, (2.58)

applying relation (2.58) to the Green’s function, we have:

eik|r−r′|

|r − r′|
∼=

|r|→∞
eikre−ikr̂·r′

r

(
1 +

r̂ · r′

r
+ . . .

)
. (2.59)

We consider only the first-order term in the expansion of equation (2.59), as it
is clear that terms beyond this order are negligible. With this,

∣∣∣Ψ(+)
ki

〉
is written as:

〈
r | Ψ(+)

ki

〉
= Ψ

(+)
ki

(r) =
|r|→∞

eiki·r

(2π)
3
2

− 1

2π

(
eikr

r

)ˆ
dr′e−ikf ·r′

V (r′)
〈
r′ | Ψ(+)

ki

〉
. (2.60)

Comparing equation (2.60) with (2.42), we can find an expression for the
scattering amplitude, written as:

fkf ,ki
= −(2π)1/2

ˆ
dr′e−ikf ·r′

V (r′)
〈
r′ | Ψ(+)

ki

〉
(2.61)

and after some algebraic manipulations, we obtain an expression for the scattering
amplitude in bra-ket notation, written as:

fkf ,ki
= −(2π)2

〈
Skf

∣∣V ∣∣∣Ψ(+)
ki

〉
. (2.62)

it is also possible, starting from the equation for
∣∣∣Ψ(−)

kf

〉
and |Ski

〉, to obtain a second
expression for the scattering amplitude:

fkf ,ki
= −(2π)2

〈
Ψ

(−)
kf

∣∣∣V |Ski
〉 . (2.63)

The equation (2.62) relates an incident plane wave plus an outgoing spherical
wave, and equation (2.63) relates an incoming spherical wave plus a scattered plane
wave. Multiplying the Lippmann-Schwinger equation (equation 2.46) by the potential,
we obtain:



V
∣∣∣Ψ(±)

ki,f

〉
= V
∣∣Ski,f

〉
+ V G

(±)
0 V

∣∣∣Ψ(±)
ki,f

〉
, (2.64)

isolating the term V
∣∣Ski,f

〉
in the equation above, we arrive at the relation:

V
∣∣Ski,f

〉
=
(
V − V G

(±)
0 V
) ∣∣∣Ψ(±)

ki,f

〉
(2.65)

then, if we substitute equation (2.65) into equation (2.63), we obtain a third expression
for the scattering amplitude, written as:

fkf ,ki
= −(2π)2

〈
Ψ

(−)
kf

∣∣∣ (V − V G
(+)
0 V
) ∣∣∣Ψ(+)

ki

〉
. (2.66)

Thus, we have three expressions for the scattering amplitude. If we add equa-
tions (2.62) and (2.63) and subtract equation (2.66), we obtain a functional for the
scattering amplitude. This functional has the form:

[f ] = −(2π)2
[〈
Skf

∣∣V ∣∣∣Ψ(+)
ki

〉
+
〈
Ψ

(−)
kf

∣∣∣V |Ski
〉 −
〈
Ψ

(−)
kf

∣∣∣A(+)
∣∣∣Ψ(+)

ki

〉]
, (2.67)

which is the so-called bilinear form of the Schwinger variational principle, where the
operator A(+) is written as A(+) = V − V G

(+)
0 V . If the functions used

∣∣∣Ψ(+)
ki

〉
and
〈
Ψ

(−)
kf

∣∣∣
are exact, [f ] represents the exact scattering amplitude [20]. Making small variations on
the ket and the bra, we obtain trial functions, written as:

∣∣∣Ψ(+)
ki

〉
=
∣∣∣Ψ(+)

ki

〉
+
∣∣∣δΨ(+)

ki

〉
(2.68)

and 〈
Ψ

(−)
kf

∣∣∣ = 〈Ψ(−)
kf

∣∣∣+ 〈δΨ(−)
kf

∣∣∣ . (2.69)

Applying these variations into equation (2.67), we have for the ket:

δ[f ] = −(2π)2
{〈
Skf

∣∣V +
〈
Ψ

(−)
kf

∣∣∣A(+)
} ∣∣∣δΨ(+)

ki

〉
, (2.70)

and for the bra:

δ[f ] = −(2π)2
〈
δΨ

(−)
kf

∣∣∣ {V |Ski
〉 − A(+)

∣∣∣Ψ(+)
ki

〉}
. (2.71)

When
∣∣∣Ψ(+)

ki

〉(〈
Ψ

(−)
kf

∣∣∣) is a solution of the Lippmann-Schwinger equation and

A(+)† = A(−), we have δ[f ] = 0 for any
∣∣∣δΨ(+)

ki

〉(〈
δΨ

(−)
kf

∣∣∣). We now consider kets and
bras in the form:



∣∣∣Ψ(+)
ki

〉
→ A

∣∣∣Ψ(+)
ki

〉
(2.72)〈

Ψ
(−)
kf

∣∣∣→ B̃∗
〈
Ψ

(−)
kf

∣∣∣ (2.73)

where A and B are variational parameters. Inserting these expressions into the variatio-
nal principle and varying with respect to A and B̃, we obtain the resulting expression of
the variational method, written as:

[
fkf ,ki

]
= −(2π)2

〈
Ψ

(−)
kf

∣∣∣V |Ski
〉 〈Skf

∣∣V ∣∣∣Ψ(+)
ki

〉
〈
Ψ

(−)
kf

∣∣∣A(+)

∣∣∣Ψ(+)
ki

〉 (2.74)

this is the fractional form of the scattering amplitude. Note that the scattering functions
always appear multiplied by the interaction potential V , and as a consequence, we only
need to describe these functions where V is relevant.

We can expand the scattering wave functions
(∣∣∣Ψ(+)

ki

〉
and

∣∣∣Ψ(−)
kf

〉)
in known

basis functions {|χm〉}:

∣∣∣Ψ(+)
ki

〉
=
∑
m

a(+)
m (ki) |χm〉 (2.75)

and 〈
Ψ

(−)
kf

∣∣∣ =∑
n

a(−)∗
n (kf ) 〈χn| (2.76)

where a(+)
m (ki) and a(−)

n (kf ) are the variational parameters. Using (2.75) and (2.76) into
(2.67), we obtain:

[f ] = −(2π)2

[∑
m

〈 Skf
|V |χm

〉
a(+)
m (ki) +

∑
n

a(−)∗
n (kf ) 〈χn|V |Ski

〉−

−
∑
m,n

a(−)∗
n (kf ) 〈χn|

(
V − V G

(+)
0 V
)
|χm〉 a(+)

m (ki)

]
(2.77)

Applying the condition that the scattering amplitude must be stationary, differen-
tiating with respect to the variational parameters and setting to zero, we obtain:

∂[f ]

∂a
(+)
m (ki)

= −(2π)2

[〈
Skf

∣∣V |χm〉 −
∑
n

a(−)∗
n (kf ) 〈χn|

(
V − V G

(+)
0 V
)
|χm〉
]
= 0

(2.78)



and

∂[f ]

∂a
(−)∗
n (kf )

= −(2π)2

[
〈χn|V |Ski

〉 −
∑
m

a(+)
m (ki) 〈χn|

(
V − V G

(+)
0 V
)
|χm〉
]
= 0 (2.79)

Then, the coefficients a(+)
m and a(−)∗

n [34] are respectively written as:

a(+)
m (ki) =

∑
n

〈χn|V |Ski
〉 (d−1

)
mn

(2.80)

and
a(−)∗
n (kf ) =

∑
m

〈
Skf

∣∣V |χm〉
(
d−1
)
mn

(2.81)

The matrix elements dmn are written as:

dmn = 〈χm|A(+) |χn〉 (2.82)

and the operator A(+) is written as:

A(+) = V − V G
(+)
0 V (2.83)

Therefore, the scattering amplitude is given by:

fkf ,ki
= −(2π)2

∑
m,n

〈
Skf

∣∣V |χm〉
(
d−1
)
mn

〈χn|V |Ski
〉 , (2.84)

which is the expression obtained through the Schwinger variational principle (SVP) [36].

Among the advantages of the SVP is the fact that the boundary conditions of
the problem are already included in the Green’s function. As a consequence, the |χm〉
do not need to obey any boundary conditions. Furthermore, the scattering wave function
always appears multiplied by the potential V , and since V is short-ranged, the χm can
be represented by square-integrable (L2) functions, that is, functions that describe the
scattering problem only within the region of influence of the target.

2.4 THE SCHWINGER MULTICHANNEL METHOD

The Schwinger multichannel (SMC) method [21, 22] is an extension of the
Schwinger variational principle [36] for the study of low-energy electron scattering by
molecules of arbitrary geometry. This method allows for the inclusion of exchange,
correlation, polarization, among other effects, in an ab-initio manner.

The collision Hamiltonian for an electron plus a molecule can be written as:

HN+1 = (HN + TN+1) + V = H0 + V, (2.85)



where HN is the electronic Hamiltonian of the molecule in the Born-Oppenheimer
approximation, TN+1 is the kinetic energy operator of the incident electron, and V is
the interaction potential between the incident electron and the target molecule. The
electronic Hamiltonian, the kinetic energy operator, and the potential are defined by:

HN =
N∑
i=1

[
−∇2

i

2
+

M∑
A=1

− ZA

|ri − rA|

]
+

N∑
i=1

N∑
j>1

1

|ri − rj| (2.86)

TN+1 = −∇2
N+1

2
(2.87)

and

V =
N∑
i=1

1

|rN+1 − ri| +
M∑

A=1

− ZA

|rN+1 − rA| , (2.88)

where rN+1 is the position vector of the continuum electron, and ri and rA are the
coordinates of the molecule’s electrons and nuclei.

The scattering wave function must satisfy the Schrödinger Equation

Ĥ|Ψ〉 = (E −HN+1) |Ψ〉 (2.89)

where E is the total collision energy. 3

We know that the Lippmann-Schwinger equation is written as:

∣∣∣Ψ(±)
ki,f

〉
=
∣∣Ski,f

〉
+G

(±)
0 V

∣∣∣Ψ(±)
ki

〉
(2.90)

where
∣∣∣Ψ(±)

ki

〉
represents the scattering wave function of the (N + 1) electron system,

G
(±)
0 is the free-particle Green’s function, and

∣∣Ski,f

〉
is an eigenstate of the Hamiltonian

H0, being the product of the initial (final) target state (Φi,f ) and a plane wave. G(±)
0 and∣∣Ski,f

〉
are respectively written as:

G
(±)
0 =

1

E −H0 ± iε
(2.91)

and ∣∣Ski,f

〉
= |Φi,f〉 ⊗

∣∣eiki,f ·rN+1
〉

(2.92)

where rN+1 is the coordinate of the continuum electron.
If we multiply equation (2.90) by the potential V and rearrange the terms, we obtain:
3 During the collision, the total energy must be conserved:

E = Ei +
k2i
2

= Ef +
k2f
2
.



A(±)
∣∣∣Ψ(±)

ki,f

〉
= V
∣∣Ski,f

〉
. (2.93)

where the operator A(±) has the form:

A(±) = V − V G
(±)
0 V (2.94)

Thus, the scattering amplitude given in (2.84) is now written as:

fkf ,ki
= − 1

2π

∑
m,n

〈
Skf

∣∣V |χm〉
(
d−1
)
mn

〈χn|V |Ski
〉 . (2.95)

now, for the equations:
V |Ski

〉 = A(+)
∣∣∣Ψ(+)

ki

〉
(2.96)

and
V
∣∣∣S�kf
〉
= A(+)†

∣∣∣Ψ(−)
kf

〉
(2.97)

to be equivalent 4 to equation (2.93), the following must be satisfied:

A(−)† = A(+), (2.98)

which is the variational stability condition. This condition must be satisfied to apply
the variational principle to the calculation of the scattering amplitude. The condition
will be satisfied when the right-hand side of equation (2.90) is antisymmetric, as the
wave function Ψki,f

is antisymmetric. However, it is necessary to include the continuum
eigenstates of the target in the Green’s function [37]; thus, we will have the right and left
sides of equation (2.90) antisymmetric.

To this end, let us expand the Green’s function in the basis of eigenstates of
H0

5:

G
(±)
0 =

∑
N

ˆ
d3k

|ΦNk〉 〈ΦNk|
E − EN − k2

2
± iε

, (2.99)

the integral over k is performed over the momentum of the free particle. We can also
use E = EN +

k2N
2

, and rewrite equation (2.99) as:

G
(±)
0 =

∑
N

ˆ
d3k

|ΦNk〉 〈ΦNk|
k2N−k2

2
± iε

. (2.100)

4 We now have the multiplicative factor as − 1
2π , because we consider the normalization constants(

1

(2π)
3
2

)
of two plane waves (Ski

and Skf
) explicitly. Obs: where equation (2.97) is the Hermitian

conjugate of: 〈
Skf

∣∣V =
〈
Ψ

(−)
kf

∣∣∣A(+).



In order to circumvent the difficulty arising from the Green’s function, we intro-
duce a projection operator P , which projects onto all open channels of the target, and
can be written as

P =

open∑
l

|Φl (r1, r2, . . . , rN)〉 〈Φl (r1, r2, . . . , rN)| , (2.101)

and according to the problem to be studied, these channels are chosen. In this disser-
tation, we will only deal with elastic scattering, so the only possible final state for the
target is the ground state, so that equation (2.102) is written in the following form:

P = |Φ0 (r1, r2, . . . , rN)〉 〈Φ0 (r1, r2, . . . , rN)| . (2.102)

In order to remove the continuum component from the Green’s function, we
apply the projection operator P to the Lippmann-Schwinger equation, so as to obtain:

P
∣∣∣Ψ(+)

ki

〉
= |Ski

〉+G
(+)
P V

∣∣∣Ψ(+)
ki

〉
, (2.103)

being also, the Green’s function projected into the space defined by P

PG
(±)
0 = G

(±)
P =

open∑
l

ˆ
d3k

|Φlk〉 〈Φlk|
(k2l −k2)

2
± iε

(2.104)

Multiplying equation (2.103) by V and performing some manipulations, we arrive
at the following equation:

A(+)
∣∣∣Ψ(+)

ki

〉
= V |Ski

〉 , (2.105)

where we define A(+) = V P−V G(+)
P V . It is important to note that, in the way the operator

A(+) is written, we lose the guarantee of variational stability for the scattering amplitude,
because in general the operator V P is no longer Hermitian and, as a consequence,
A(−)† �= A(+).

To solve the problem described above, we will construct a new expression for
the operator A(+), and for this, it is necessary to recover the information contained in the
complementary space of the operator P . Thus, a space complementary to P is defined,
given by the projector (1− aP ), where a is a parameter that will be defined later. Let us
initially separate the wave function into two components, one projected onto the open
channels and another recovering the closed channels, having the form:

∣∣∣Ψ(+)
ki

〉
= aP

∣∣∣Ψ(+)
ki

〉
+ (1− aP )

∣∣∣Ψ(+)
ki

〉
(2.106)



and require that
∣∣∣Ψ(+)

ki

〉
satisfies the Schrödinger equation:

Ĥ
∣∣∣Ψ(+)

ki

〉
= Ĥ

[
aP
∣∣∣Ψ(+)

ki

〉
+ (1− aP )

∣∣∣Ψ(+)
ki

〉]
= 0 (2.107)

using equation (2.104) in equation (2.107), we obtain:

Ĥ
[
a
(
|Ski

〉+G
(+)
P V

∣∣∣Ψ(+)
ki

〉)
+ (1− aP )

∣∣∣Ψ(+)
ki

〉]
= 0 (2.108)

Manipulating the equation above algebraically and using the relations below
[38]:

[H0, P ] = 0 (2.109)

and
ĤP
∣∣∣Ψ(+)

ki

〉
=

1

2

[
Ĥ0P + PĤ0

] ∣∣∣Ψ(+)
ki

〉
− V P

∣∣∣Ψ(+)
ki

〉
, (2.110)

where Ĥ0 = E −H0, we arrive at the following equation:

A(+)
∣∣∣Ψ(+)

ki

〉
= V |Ski

〉 , (2.111)

where now:

A(+) =
1

2
(PV + V P )− V G

(+)
P V +

1

a

[
Ĥ − a

2
(ĤP + PĤ)

]
. (2.112)

From equations (2.112) and (2.111), we now see that the form of the operator
A(+) satisfies the variational stability condition A(−)† = A(+) for all matrix elements
involving functions from the L2 space and for any value of a. However, when using
functions that are not of the L2 form, the stability condition is no longer satisfied. The
problem is contained in the term:

1

a

[
Ĥ − a

2
(ĤP + PĤ)

]
. (2.113)

In this term, we have the kinetic energy operator TN+1, which involves two
scattering orbitals (continuum functions), and because of this, the operator Ĥ ceases to
be Hermitian. Thus, the parameter a is determined from the condition that the operator
described in equation (2.113) remains Hermitian. Therefore, we must impose that the
matrix elements (only the terms that have Ĥ are being used, for the reason described
earlier) written in the form:

〈
Ψ(−)

n

∣∣ 1
a

[
Ĥ − a

2
(ĤP + PĤ)

] ∣∣Ψ(+)
m

〉
(2.114)



are null for functions that are not square-integrable (L2). This will happen when the
parameter a assumes the value a = N + 1, and thus, the variational stability condition is
respected for all matrix elements.

We now need to obtain a new expression for the scattering amplitude. To this
end, let us start from equation (2.67) and expand the wave function

(∣∣∣Ψ(+)
ki

〉
and
〈
Ψ

(−)
kf

∣∣∣)
in a known set of basis functions {|χm〉}:

∣∣∣Ψ(+)
ki

〉
=
∑
m

am (ki) |χm〉 (2.115)

and 〈
Ψ

(−)
kf

∣∣∣ =∑
n

a∗n (kf ) 〈χn| (2.116)

Then, substituting the expansion in terms of the basis |χm〉 into equation (2.67)
and imposing the condition that the scattering amplitude is stationary, we obtain the
expression for the scattering amplitude, which is written as:

fkf ,ki
= − 1

2π

∑
m,n

〈
Skf

∣∣V |χm〉
(
d−1
)
mn

〈χn|V |Ski
〉 (2.117)

the matrix elements dmn are written as:

dmn = 〈χm|A(+) |χn〉 (2.118)

and the operator A(+) is now written as:

A(+) =
1

2
(PV + V P )− V G

(+)
P V +

1

N + 1

[
Ĥ − N + 1

2
(ĤP + PĤ)

]
(2.119)

.

2.4.1 Frame Transformation

We have expressed the scattering amplitude in the molecular frame5
(
f b
)
.

Working in this frame is advantageous because it exploits the intrinsic symmetries of the
molecule, making the formulation more manageable and reducing the computational
effort required. However, when comparing our theoretical results with experimental
measurements, it is essential to express the scattering amplitude in the laboratory frame(
fL
)
.

In the laboratory frame, the z-axis is aligned with the incident electron mo-
mentum ki, which matches the geometry of the experiment. To connect both frames,
we perform a rotation of the molecular axes (x, y, z) into the laboratory axes (x′, y′, z′)
5 We will use b for (body-frame) to indicate the molecular frame and L to represent the laboratory frame.



using Euler angles. This change of reference frame is implemented by expanding the
scattering amplitude in spherical harmonics, which naturally accommodate rotations:

fB (ki,kf ) =
lmax∑
l=0

l∑
m=−l

flm (ki, kf )Y
m
l

(
k̂f

)
, (2.120)

where the coefficients flm (ki, kf ) are written as:

flm (ki, kf ) =

ˆ
dk̂fY

m∗
l

(
k̂f

)
f b (ki,kf ) (2.121)

We can now see, in equation (2.121), that the scattering amplitude is written in
terms of the spherical harmonics Y m

l . Therefore, to obtain the scattering amplitude in
the laboratory frame, it is necessary to perform a rotation on the spherical harmonics,
where we will use the Wigner rotation matrices [39] Dm′,m(α, β, γ), as shown

Y m′
l

(
k̂′f
)
=

l∑
m=−l

Dm′,m (φi, θi, 0)Y
m
l

(
k̂f

)
(2.122)

where α, β, γ are the Euler angles. Here we will use α = φi, β = θi and γ = 0, as shown
in Figure 3

y

z

x

�ki

θi

φi

x′

y′

z′

�kf

φf

θf

FIGURE 3 – Graphical representation of an arbitrary Euler rotation, where the angles before the
rotation are θi and φi, and after the rotation are θf and φf . Note that the vector �ki
has also been rotated into �kf .

Thus, the scattering amplitude written in the laboratory frame is:

fL (kf ,ki) =
lmax∑
l=0

l∑
m′=−l

l∑
m=−l

fB
lm (ki, kf )Dmm′ (φi, θi, 0)Y

m
l

(
k̂f

)
. (2.123)



Having the scattering amplitude fL, it is possible to calculate the differential
cross section in the laboratory frame:

dσ

dΩ
(θf , φf , kf , ki) =

kf
4πki

ˆ
dk̂i
∣∣fL (kf ,ki)

∣∣2 (2.124)

where we average over all incidence directions k̂i, which is equivalent to keeping the
molecule fixed and varying the directions of the electron beam. This average is done
to account for the fact that in a scattering experiment, the gas molecules are randomly
oriented.

The cross section will be obtained by integrating over the azimuthal angle φf ;
we also perform an average over the spins of the initial state and a sum over the spins
of the final state. Integrating equation (2.124), we obtain the integral cross section:

σ =

ˆ π

0

dθf sin (θf )
dσ

dΩ
(2.125)

and we can also obtain the momentum transfer cross section:

σmt =

ˆ π

0

dθf sin (θf ) [1− cos (θf )]
dσ

dΩ
. (2.126)

In this work, the calculations performed are for elastic scattering, where ki = kf ;
this removes the dependence on ki and kf in the differential cross section.

2.5 STATIC-EXCHANGE AND STATIC-EXCHANGE PLUS POLARIZATION APPRO-
XIMATIONS

Having established the method, we now examine the basis set |χm〉 employed
in the scattering calculations. This set, referred to as the (N + 1)-electron configuration
space, consists of individual configurations |χm〉. The configuration space defines the
level of approximation within an SMC scattering calculation: a larger configuration
space provides greater variational flexibility of the wave function and, consequently, a
more accurate description of the scattering process, albeit at increased computational
expense. Each configuration is constructed as an antisymmetrized product of a target
state and a scattering orbital, the latter representing the incident electron. In practice, the
configuration space is treated at two principal levels of approximation the static-exchange
(SE) approximation and the static-exchange-plus-polarization (SEP) approximation.

2.5.1 Static Exchange

The effects taken into account in the static-exchange approximation are the
Coulomb effect, which contributes an attractive static potential (between the incident



electron and the molecule’s electrons and nuclei), and the exchange effect (between the
incident electron and a molecular electron, which arises from the antisymmetric wave
function to respect the principle of indistinguishability of the N + 1 electrons).

In this approximation, the configuration space |χm〉 is generated as follows:

|χm〉 = AN+1 |Φ0〉 ⊗ |φm〉 , (2.127)

where |Φ0〉 corresponds to the ground state of the molecule (|Φ0〉 is obtained via the
Hartree-Fock method), |φm〉 is a scattering orbital, and AN+1 is the antisymmetrizer for
N + 1 particles, which is written as:

AN+1 =
1√

(N + 1)!

(N+1)∑
q=1

εqQ, (2.128)

here εq is the permutation sign and Q is the permutation operator. The total spin of
the configurations becomes s = 1

2
(doublet), since we couple the spin of the closed-

shell molecule (s = 0, singlet) with the spin of the continuum electron (s = 1
2
). In this

approximation, only the ground state of the molecule is considered for the description
of the target, as the distortion of the target’s electron cloud due to the presence of the
incident electron is not taken into account.

That is, the molecular electronic cloud remains "frozen"during and after the
incidence of the electron. This level of approximation is only valid for energies typically
higher than 10 eV, because in this energy regime, the molecule’s electrons do not have
time to rearrange under the presence of the continuum electron (incident electron). The
continuum electron passes through the target region so quickly that the effects of the
distortion of the molecular electron density can be neglected.

On the other hand, at low energies, this approximation fails to adequately
describe the scattering process because the incident electron moves sufficiently slowly
that the distortion of the target’s electron cloud, induced by the electric field of the
scattering electron, becomes crucial for a proper description of the interaction.

2.5.2 Static Exchange Plus Polarization

In the static-exchange-plus-polarization (SEP) approximation, in addition to
the Coulomb and exchange effects, we also account for the polarization of the target
induced by the presence of the incident electron. The configuration space |χim〉 in the
SEP approximation is constructed as

|χim〉 = AN+1|Φi〉 ⊗ |φm〉, (2.129)



where |Φi〉 denotes a virtual excitation of the target, |φm〉 is a scattering orbital, and
AN+1 is the antisymmetrizer.

Within this configuration space, the target polarization allows for singlet and
triplet couplings in the target, leading to doublet configurations for the total system. The
polarization effect of the target arises from the Coulomb repulsion between the incident
electron and the target electrons. As the continuum electron approaches the target, it
repels the molecular electrons, inducing a dipole moment through the distortion of the
target’s electronic cloud. This distortion is incorporated by including virtual excitations of
the target, thereby increasing the flexibility of the wave function.

The states |Φi〉 are generated from single virtual excitations of the target, in
which an electron is promoted from an occupied orbital (hole orbital) to a previously
unoccupied orbital (particle orbital). In this case, the excited states of the target may
possess either singlet or triplet total spin, as noted above.

The antisymmetrized product of such an excited state with a scattering orbital
defines a configuration, characterized by the set: hole orbital + particle orbital + singlet
or triplet coupling + scattering orbital. The hole and particle orbitals used to construct
these excited states differ from the virtual orbitals of the target, as the latter do not
provide an adequate description of excited states.

2.6 PSEUDOPOTENTIALS

When heavy atoms are involved, scattering studies become computationally
prohibitive, since describing a large number of electrons requires an expanded set
of atomic basis functions. The major contribution to the computational cost comes
from the evaluation of two-electron integrals, which must be computed for all possible
combinations of basis functions. Core electrons, however, remain tightly bound to the
nucleus and are energetically inaccessible at low incident electron energies; therefore,
their contribution to low-energy scattering processes is negligible.

In contrast, valence electrons are crucial in low-energy electron scattering, as
they are accessible at such energy scales and are directly responsible for molecular
properties such as ionization potentials, dissociation energies, and chemical bonding.
For this reason, the use of pseudopotentials to represent the core electrons constitutes
a suitable approximation in low-energy scattering, where their contribution is negligible.
The spatial orbitals explicitly describe only the valence electrons, significantly reducing
the computational cost and enabling the treatment of systems containing heavier nuclei.

The implementation of pseudopotentials within the Hartree–Fock and Schwinger
multichannel (SMC) frameworks was first carried out by Bettega et al. [40]. In this
formulation, the SMC method is referred to as the Schwinger multichannel method



with pseudopotentials (SMCPP). In the present work, we employed pseudopotentials
generated by Bachelet, Hamann, and Schlüter (BHS) [41].

The BHS pseudopotentials have the following form:

V̂PP = V̂core + V̂ion , (2.130)

with Vcore and Vion given by:

V̂core = −Zv

r

2∑
i=1

ci erf
[
(ρi)

1/2 r
]
, (2.131)

and

V̂ion =
1∑

n=0

3∑
j=1

2∑
l=0

Anjlr
2ne−σjlr

2
l∑

m=−l

|lm〉〈lm|, (2.132)

where Zv corresponds to the valence charge, erf is the Gauss error function and the
parameters Anjl, σjl, ci, and ρi are listed in [33]. For the implementation of the pseudo-
potentials, it is necessary to replace the nuclear potential −Z

r
with the pseudopotential

VPP . Then, in the Hartree-Fock method we have:

V nuc
μν =

ˆ
drφμ

[
−ZC

r

]
φν (2.133)

which are replaced by:

V PP
μν =

ˆ
drφμV̂PPφν (2.134)

where φν represents the spacial orbital. In the SMC method, the integrals involving the
atomic orbital, plane wave, and nuclear potential are:

V nucl
kν =

ˆ
dre−ik.r

[
−ZC

r

]
φν (2.135)

and are replaced by:

V PP
kν =

ˆ
dre−ik·rV̂PPφν (2.136)

All integrals involving VPP continue to be solved analytically. The use of BHS
pseudopotentials requires the use of an adequate set of basis functions to represent the
valence electrons. We find how these basis functions are generated in reference [40].

2.7 BORN-CLOSURE

The Schwinger Multichannel (SMC) method provides an enhanced description
of the electron-molecule interaction in the target’s vicinity through the use of square-
integrable (L2) basis functions. For non-polar molecules, this approach is highly effective,
as the dominant interactions are short-ranged. However, a significant limitation arises



when applying the SMC method to polar targets. The presence of a permanent electric
dipole moment introduces a long-range potential that exerts a force on the incident
electron even at large distances. The L2 basis functions, due to their rapid decay, fail to
accurately represent this slowly varying dipole potential in regions far from the molecule
[20].

The neglect of this long-range interaction has pronounced consequences on
calculated scattering observables. It particularly affects the low-energy regime, where it
leads to an underestimation of the integral cross section, and the small-angle (forward)
scattering region, where it fails to reproduce a characteristic sharp rise in the differential
cross section.

To address this deficiency, we use the Born-closure procedure. This technique
incorporates the long-range dipole effects by combining the SMC wave function with
the first Born approximation. The procedure yields a corrected scattering amplitude that
includes the contribution from the molecular dipole potential, which is given by:

fFBA (ki,kf ) = 2i
D · (ki − kf )

|ki − kf |2
. (2.137)

the index FBA comes from First Born Approximation, and D is the dipole moment of
the molecule. This new amplitude will be expanded in spherical harmonics to define
the expansion coefficients fFBA

lm , just as the amplitude obtained via SMC will also be
expanded to generate the coefficients fSMC

lm . With these coefficients, we have a new
scattering amplitude:

f (ki,kf ) =
∑lSMC

l=0

∑+l
m=−l f

SMC
lm (ki, kf )Ylm

(
k̂f

)
+ fFBA (ki,kf )−

−∑lSMC

l=0

∑+l
m=−l f

FBA
lm (ki, kf )Ylm

(
k̂f

) (2.138)

where flm are expansion coefficients. As we can see, the amplitude in equation (2.138)
considers both calculations, the amplitude via SMC and the amplitude via FBA. For
partial waves with small angular momentum (l < lSMC), the description by fSMC is
adequate, and for larger partial waves (l > lSMC), the description via fFBA is adequate.
The value lSMC is chosen so that the differential cross sections calculated with and
without the dipole moment are similar above 20◦, where the dipole effect is small. The
dipole effect has no influence on resonances; in a system where the main interest is
only to characterize and identify resonances, this effect can be disregarded.

We mentioned above that in the scattering by a long-range potential we have a
greater contribution at low scattering angles and also requires higher partial waves (l’s)
in the cross-section calculation in this case. The explanation for this comes from the
semiclassical theory of scattering, and we will use elastic scattering by a rigid sphere
as an example, as we can see in Figure 4.
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FIGURE 4 – Classical elastic scattering by a rigid sphere of radius r0, where a particle is incident
with impact parameter b and scatters at an angle θ. Note that b and θ are inversely
related, such that in the limit b = r0 ⇒ θ = 0.

The quantity b is called the impact parameter, θ is the scattering angle, and R
is the radius of the sphere. The particle strikes the sphere parallel to an axis passing
through the center of mass at a distance b from it. The smaller the scattering angle θ,
the larger the impact parameter b.

In magnitude, the angular momentum L can be written as:

L = rp sin γ, (2.139)

where r is the magnitude of the position vector, p is the magnitude of the linear momen-
tum, and γ is the angle between them. Using trigonometry, we can rewrite L in terms of
the impact parameter b:

L = bp, (2.140)

isolating b in the equation above, we have:

b =
L

p
. (2.141)

We can rewrite equation (2.141) in terms of the quantization rules for angular
momentum (

√
l(l + 1)�) and linear momentum (k�), so that we obtain:

b =

√
l(l + 1)�

k�
∼ l

k
, (2.142)

and finally we arrive at
l ∼ bk. (2.143)

Analyzing equation (2.143), we note that l increases as b increases, that is, in
terms of potential, the greater the range of the potential, the higher the partial wave l
needed to describe the scattering correctly.



2.8 RESONANCES

A resonance can occur during the process of electron scattering by a molecule.
One of the objectives of studying electron scattering by molecules consists of identifying
and characterizing these resonances. The resonance essentially consists of the tempo-
rary capture of the incident electron in the region of the target molecule [3] and can be
classified according to the mechanism of electron trapping in the molecule as a shape
resonance, core-excited resonance, or Feshbach resonance.

The shape resonance is so called because it is the shape of the potential energy
that traps the electron, where the incident electron is captured by an empty orbital of
the molecule. Figure 5 is a simple illustration of the shape resonance process.

r

Vef(r)

ER

ENR

r0

�(�+ 1)

r2

−V0
FIGURE 5 – A simple potential, yet capable of supporting a shape resonance, where ER is the

resonance energy and ENR is a non-resonant energy.

The effective potential Vefe = V0 + (�(� + 1))/r2 is given by the sum of the
attractive potential plus the centrifugal barrier term, or in other words, the effective
potential has an attractive well, followed by a repulsive barrier at large distances. The
continuum electron with an energy ENR is only scattered and feels the effective potential
Vefe without being trapped. However, the electron with energy ER can tunnel and form
a temporary bound state in the ”effective well” before returning to the continuum via
tunneling. Then we say that a shape resonance is formed.

In the other types of resonance, core-excited and Feshbach, the trapping of the
electron also occurs by one of the empty orbitals of the molecule, but accompanied by
an excitation of the target molecule. For the excited state, in this case called the parent



state, with energy below the resonant state, we have a core-excited resonance. For the
parent state with energy above the resonant state, we have a Feshbach resonance.

Resonances are identified in elastic cross sections through pronounced structu-
res. The energy at which the structure is centered corresponds to the resonance energy
(ER). This structure has a certain width, which is related to the lifetime of the resonance.
From the Heisenberg uncertainty relation, we can obtain the relation for the resonance
lifetime:

ΔEΔt � �. (2.144)

here ΔE corresponds to the width of the resonance Γ, Δt corresponds to the lifetime of
the resonance τ , and � is Planck’s constant divided by 2π.

Thus, from the uncertainty relation:

Γτ � � ⇒ τ � �

Γ
(2.145)

at relatively lower energies, the resonance peaks become narrower and more intense,
indicating a relatively longer lifetime of the temporary anion, consistent with the inverse
relationship between resonance width and lifetime [20].



CHAPTER 3

C-CYANOMETHANIMINE

Molecules featuring C-N bonds, particularly hydrogen cyanide (HCN), are fun-
damental building blocks in prebiotic chemistry, serving as direct precursors to amino
acids and nucleobases. The dimerization of HCN represents a crucial step in this che-
mical evolution, leading to the formation of C-cyanomethanimine (HNCHCN), a direct
precursor to adenine [42].

C-cyanomethanimine is an organic molecule of significant astrochemical inte-
rest, characterized by an imino group (H-N=) and a nitrile group (CN) bonded to a carbon
skeleton. It exhibits structural isomerism, existing in three primary forms as shown in
Figure 5: the geometric Z and E isomers, which differ in their spatial orientation around
the central C=N double bond due to restricted π-bond rotation, and the N-isomer, a
higher-energy tautomer involving hydrogen migration and a distinct bonding connectivity
[26]. 6

The profound astrophysical importance of this molecule has motivated exten-
sive theoretical investigations aimed at characterizing its properties. A landmark study
provided the essential high-accuracy quantum chemical foundation [26], establishing
definitive benchmark values. Using a sophisticated coupled-cluster-based composite
scheme, the Z-isomer was confirmed as the global minimum, with the E- and N-isomers
lying higher in energy by 0.0136 eV and 0.2422 eV, respectively. In addition, a high
isomerization barrier ( 25 kcal/mol) between the Z and E forms was identified, con-
firming kinetic stability and indicating that interconversion is highly improbable under
the extremely low temperatures of the interstellar medium (ISM). The same work also
demonstrated the importance of including anharmonic corrections for accurate spec-
troscopic predictions, successfully reassigning a previously unclassified experimental
IR peak at 3180 cm−1 to an overtone of the C=N stretching mode. These precise
theoretical predictions paved the way for astronomical discovery. The first detection of
cyanomethanimine in the ISM was reported by Zaleski [27], who identified rotational
transition lines of the E-isomer in the prolific star-forming region Sagittarius B2(N) using
data from the Green Bank Telescope PRIMOS survey. This detection was made possible
6 The Z and E nomenclature, derived from the German zusammen (together) and entgegen (opposite),

is assigned based on the Cahn-Ingold-Prelog [43] rules, indicating whether the highest-priority
substituents reside on the same or opposite sides of the double bond, respectively.



by matching observed emission lines with the high-accuracy theoretical rotational spec-
trum. The study concluded that the E-isomer’s formation likely occurs via radical-radical
recombination on icy dust grains, followed by non-thermal desorption into the gas phase,
as purely gas-phase routes were deemed insufficient.

The astrochemical understanding of cyanomethanimine was significantly ad-
vanced by Rivilla et al. [28], who used the Atacama Large Millimeter/submillimeter Array
(ALMA) to achieve the first detection of the Z-isomer toward the Galactic Center source
G+0.693−0.027. In that study, the abundances of both isomers were quantified, showing
that the Z-isomer is five times more abundant than the E-isomer, a ratio consistent
with thermodynamic equilibrium based on their calculated energy difference. These
results indicate that grain-surface formation pathways favor the most stable product and
establish the Z-isomer as the dominant and most astrophysically relevant form of the
molecule.

Further progress was made with the recent detection of the highest-energy
isomer, the N-isomer (H2CNCN), in the same source [29]. Its derived abundance is
more than an order of magnitude lower than that of the C-cyanomethanimine isomers,
yielding a C/N abundance ratio of 31.8. This observed ratio contradicts the Minimum
Energy Principle and instead points to kinetic control, with the gas-phase reaction
between methanimine (CH2NH) and the cyanogen radical (CN) identified as the main
formation pathway for all three isomers. The high total abundance of cyanomethanimine
in this region supports its role as a key intermediate in prebiotic chemistry, while the
detection of H2CNCN specifically enhances its prebiotic relevance, as it contains the
NCN backbone present in purine nucleobases such as adenine.

In conclusion, the study of C-cyanomethanimine exemplifies the powerful sy-
nergy between theoretical chemistry and observational astronomy. The accurate charac-
terization of its isomeric stability and spectroscopic properties enabled its astronomical
detection and abundance estimation within interstellar molecular clouds, reinforcing its
relevance in prebiotic chemical pathways. The Z-isomer, identified as the global mini-
mum on the potential energy surface and observed to be the most abundant form under
typical interstellar conditions, was therefore selected for the present electron-scattering
calculations. The resulting cross sections provide essential quantitative data for mo-
deling energy-transfer processes and reactivity in electron-dominated astrophysical
environments.

3.1 COMPUTATIONAL DETAILS

We performed electron scattering calculations using the ground-state optimized
geometry for each isomer. All geometry optimizations and energy calculations were
conducted using the GAMESS package [44]. The molecular structures of the Z, E, and



N isomers, visualized using MacMolPlt [45], are presented in figure 6.

FIGURE 6 – Ball-and-stick representations of the generic form and the Z, E, and N isomers of
C-cyanomethanimine. Generated with MacMolPlt.

The electronic structure of the neutral and anionic states of the Z, E, and N
isomers werw characterized using Density Functional Theory (DFT). The calculations
employed the CAM-B3LYP functional with an unrestricted Hartree-Fock (UHF) reference
and the aug-cc-pVDZ basis set. For the subsequent electron scattering calculations,
the molecular potential was described within the Hartree-Fock approximation. The core
electrons of carbon and nitrogen were replaced with BHS pseudopotentials, and the
valence electrons were described using a customized Gaussian basis set. This basis set,
tailored for compatibility with the pseudopotentials, consists of 6 s-type, 5 p-type, and 3
d-type Gaussian functions per atom. All exponents of the Cartesian Gaussian functions
used are listed in Table 2. The procedure for generating these functions followed the
established methodology of Ref. [46].



TABLE 2 – Basis set exponents and contraction coefficients.

Type Carbon Exponents Nitrogen Exponents Hydrogen

Exponent Contraction
s 12.49628 17.56987 13.3515 0.130844
s 2.470286 3.423613 2.01330 0.921539
s 0.614028 0.884301 0.45380 1.000000
s 0.184028 0.259045 0.12330 1.000000
s 0.039982 0.053066 – –
s 0.009996 0.022991 – –

p 5.228869 7.050692 0.75000 1.000000
p 1.592058 1.910543 – –
p 0.568612 0.579261 – –
p 0.210326 0.165395 – –
p 0.072250 0.037192 – –

d 1.794795 0.975269 – –
d 0.420257 0.253058 – –
d 0.101114 0.078904 – –

The C-cyanomethanimine molecule (HNCHCN) belongs to the point group Cs,
an Abelian group whose classification is dictated by the presence of a single mirror plane
as its only symmetry element. This symmetry gives rise to irreducible representations
A′ and A′′. To estimate the resonances positions, we employed two complementary
methods:

An empirical scaling relation [47], which correlates the resonance energy (Vir-
tual Attachment Energy, VAE) with the energy of the unoccupied orbital (Virtual Orbital
Energy, VOE) via Koopmans’ theorem, was employed: V AE = 0.64795× V OE − 1.4298.
Following the procedure described in Ref. [47], the molecular geometries were optimized
at the MP2/6-31G(1d) level, and the VOEs were obtained from Hartree–Fock calculati-
ons with the same 6-31G(1d) basis set. The 6-31G(1d) basis set was chosen based on
convergence tests and to ensure consistency with the scaling-law calculations.Tables 3
and 4 present the optimized geometrical coordinates for each isomer, obtained at the
MP2/HF/6-31G(1d) level of theory within the Cs point group.



TABLE 3 – Cartesian coordinates (x, y, z) of the atoms from C-Cyanomethanimine Isomers in
Å.

Isomer Atom x y z

Z-C

C −0.1929 −0.2475 0.0000
C 0.8150 −1.3073 0.0000
N 0.0398 1.0387 0.0000
N 1.6765 −2.1487 0.0000
H 1.0464 1.2801 0.0000
H −1.2333 −0.5676 0.0000

E-C

C −0.2485 −0.2518 0.0000
C 0.8199 −1.2398 0.0000
N 0.0433 1.0208 0.0000
N 1.6765 −2.0841 0.0000
H −0.8036 1.6121 0.0000
H −1.2649 −0.6595 0.0000

N

C −0.2538 −0.2389 0.0000
N −0.3448 1.0652 0.0000
C 0.7818 1.8622 0.0000
N 1.6486 2.7018 0.0000
H −1.1825 −0.8026 0.0000
H 0.6889 −0.7936 0.0000

TABLE 4 – Chemical bonds and bond angles for the isomers of C-cyanomethanimine. Bond
lengths in Å and angles in degrees.

Isomer Bonding Atoms Length Angle Value

Z-C

C≡N 1.204 H–N=C 113.75
C–C 1.463 N=C–H 117.36
C=N 1.307 N=C–C 126.18
N–H 1.035 C–C≡N 177.89
C–H 1.089 – –

E-C

C≡N 1.203 H–N=C 112.00
C–C 1.455 N=C–H 124.78
C=N 1.306 N=C–C 119.84
N–H 1.033 C–C≡N 178.17
C–H 1.095 – –

N

C≡N 1.208 H–C–H 118.27
C–N 1.380 H–C=N 117.26
N=C 1.307 N=C–H 124.47
C–H 1.094 C=N–C 121.29
H–C 1.086 N–C≡N 188.81

In parallel, the scattering calculations were performed on the molecular geome-
tries previously optimized at the RHF/aug-cc-pVDZ level, Table 5 shows the coordinates
optimized in this level. The scattering wavefunction was expanded in the larger 6s5p3d
basis set, which was also used for the diagonalization of the HN+1 collision Hamiltonian,
ensuring a consistent description between the electronic structure and scattering repre-
sentations. This procedure yielded independent confirmation of the resonance positions
and their corresponding orbitals.



TABLE 5 – Cartesian coordinates (x, y, z) of the atoms from C-cyanomethanimine isomers in
Bohr.

Isomer Atom x y z

Z-C

C −0.3764 −0.4402 0.0000
C 1.5577 −2.4065 0.0000
N 0.0766 1.9592 0.0000
N 3.1537 −3.9889 0.0000
H 1.9972 2.2762 0.0000
H −2.3429 −1.0894 0.0000

E-C

C −0.4567 −0.4474 0.0000
C 1.5616 −2.3198 0.0000
N 0.1113 1.9265 0.0000
N 3.1238 −3.9324 0.0000
H −1.5326 2.9651 0.0000
H −2.3868 −1.2199 0.0000

N-C

C −0.4697 −0.3858 0.0000
N −0.7412 2.0467 0.0000
C 1.4075 3.4688 0.0000
N 3.1430 4.9023 0.0000
H −2.1906 −1.5309 0.0000
H 1.3800 −1.3314 0.0000

For the SEP approximation, we employed the MVO scheme with symmetry-
specific configurations. For the A′ symmetry, a total of 168 contracted functions were
used, with 10 occupied orbitals, 5 hole orbitals, and 65 particle and scattering orbitals.
The number of resulting configurations for this symmetry was 10,941 for both the Z- and
E-isomers, and 10,897 for the N-isomer.For the A′′ symmetry, the basis consisted of 168
contracted functions, with 10 occupied orbitals, 10 hole orbitals, 158 particle orbitals,
and 2 scattering orbitals. In this case, the number of configurations was 2,044 for all
three isomers (Z, E, and N).

It is important to note that the use of different polarization levels for each
symmetry arises from methodological constraints: for the A′′ symmetry, overcorrelation
of the resonance must be avoided, and therefore the number of configurations must
remain restricted. This issue does not occur for the A′ symmetry, allowing a larger and
more flexible configuration space.



CHAPTER 4

RESULTS AND DISCUSSION

This chapter presents the main results on the electron-driven dynamics of
C-cyanomethanimine. We begin by detailing the results of our electronic structure
calculations performed using Density Functional Theory (DFT), establishing the ge-
ometric and energetic parameters of the isomers of the molecule and validating our
approach through a direct comparison with the high-level benchmarks established by
Puzzarini. Subsequently, we present the integral, differential, and momentum transfer
cross-sections for elastic electron scattering, calculated within the Static-Exchange (SE)
and Static-Exchange-Plus-Polarization (SEP) approximations.

The Born-closure approximation is applied to correct the scattering amplitude
for the long-range electron-dipole interaction, producing cross-sections valid across
all scattering angles. The convergence of key Hartree-Fock properties, essential for
constructing the scattering potential, is thoroughly discussed. Additionally, the Maxwell-
Boltzmann distribution is employed to calculate the equilibrium fractional populations
of the C-cyanomethanimine isomers, unequivocally establishing the Z-isomer as the
primary species in a thermal gas.

4.1 ELECTRONIC STRUCTURE

Figure 7 illustrates the ball and stick model of the molecular structures and
orbital representations of each isomer. On the top, the molecular structures are shown
with labeled and highlighted atoms for clarity. On the bottom, virtual orbitals, including the
LUMO, LUMO+1 and LUMO+4 (LUMO+3 for the N-isomer), are visualized as contour
plots depicting the electron density distribution.

These representations reveal differences in electronic distribution among the
isomers, with each exhibiting distinct orbital shapes and resonance behaviors. In all
cases, the visualized orbitals correspond to antibonding π∗ orbitals, characterized by
nodal planes perpendicular to the molecular framework. Such orbitals play a central
role in electron attachment and excitation processes, as they correspond to the virtual
antibonding π∗ orbitals that, when temporarily occupied by the incoming electron, give
rise to the resonant states observed in scattering calculations.



FIGURE 7 – Virtual orbitals obtained by symmetry from the empirical scaling relation [47] for
the C-cyanomethanimine isomers, computed at the Hartree–Fock level.

In addition to the orbital representations for each resonance, a table of Vertical
Attachment Energies (VAEs) provides a detailed comparison of the electronic properties
of the isomers (Table 6). The VAEs, calculated in electron volts (eV), correspond to
the π∗

1, π∗
2, and π∗

3 resonances and reveal clear differences in the resonance spectrum
among the isomers.

The VAE values reported here were obtained using the empirical linear relation
proposed by Vazart et al [48].

VAE = 0.64795× VOE− 1.4298, (4.1)



which allows the conversion from the Vertical Orbital Energies (VOEs) to the
corresponding attachment energies. The negative VAE value obtained for the π∗

1 reso-
nance suggests that this very low attachment energy may indicate the formation of a
bound or quasi-bound temporary anion state for the molecule.

TABLE 6 – Vertical attachment energies (in eV).
Resonance Z E N
π∗
1(a

′′) −0.37−0.28−0.34
π∗
2(a

′) 1.27 1.31 1.80
π∗
3(a

′′) 3.35 3.42 3.31

Specifically, the Z-cyanomethanimine exhibits the lowest VAE for the π∗
1 reso-

nance (−0.37 eV), indicating that electron attachment is most favorable in this state. For
the π∗

2 resonance, the N-isomer presents the highest VAE (1.80 eV), suggesting a less
favorable attachment process. In contrast, for the π∗

3 resonance, the VAE values are
similar among the three isomers, with the N-isomer showing a slightly lower energy (3.31
eV). Overall, these results indicate that the Z-isomer tends to favor electron attachment
at lower energies, while the N-isomer requires higher excitation for some of its virtual π∗

states.

The permanent dipole moments of the Z, E, and N isomers are 1.628 D, 4.645 D,
and 5.324 D, respectively. These results reveal substantial variations in polarity among
the isomers. Although the Z and E isomers display similar geometries, their dipole
moments differ considerably. This difference arises from the relative orientation of the
CN and NH bond dipoles: in the Z isomer, these vectors partially cancel each other,
resulting in a lower net dipole moment, whereas in the E isomer they are oriented more
additively, leading to a stronger overall dipole.

The N isomer shows the highest dipole moment, consistent with its distinct
atomic arrangement and enhanced charge separation. Altogether, these quantitative
results complement the orbital visualizations, offering a deeper understanding of the
electronic differences among the isomers.

4.2 DENSITY FUNCTIONAL CALCULATIONS

This section aims to analyze the neutral and anionic forms of the isomers
to determine their relative stability. For the neutral state (Table 7), the Z isomer was
identified as the most stable, with the lowest corrected energy (−186.7599 Hartree),
followed closely by the E isomer. The N isomer was the least stable. Zero-point energy
corrections were included to ensure a proper account of vibrational contributions to
stability.



TABLE 7 – Calculated DFT energies for the neutral ground state of each isomer in Hartree.
Isomers Total Energies Zero Point Energy EDFT = ET + E0

Z-C -186.7999 0.0400 -186.7599
E-C -186.7993 0.0399 -186.7594
N -186.7905 0.0349 -186.7556

For the anionic state (Table 8), the Z and N isomers exhibit nearly identical
corrected energies, suggesting similar stability, while the E isomer is slightly less stable.
This behavior inverts the relative order observed for the neutral species, emphasizing
that the additional electron affects each isomer differently depending on its electronic
distribution.

TABLE 8 – Calculated DFT energies for the anionic form of each isomer in Hartree.
Isomers Total Energies Zero Point Energy EDFT = ET + E0

Z-C -186.8111 0.0373 -186.7738
E-C -186.8085 0.0369 -186.7716
N -186.8087 0.0358 -186.7729

The energy differences (ΔE = Eneutral −Eanion) between the neutral and anionic
forms were calculated to further assess stability. The ΔE values for the Z, E, and N
isomers were 0.37992, 0.33141, and 0.59578 eV, respectively. The energy separations
among the neutral isomers were also computed in kcal/mol to facilitate comparison with
the results of Puzzarini [26]. These values correspond to 5.53 kcal/mol between the N
and E isomers and 0.29 kcal/mol between the Z and E isomers, obtained directly from
the total energy differences (in Hartree) using the conversion factor 1 Hartree = 627.51
kcal/mol.

The small energy gap between the Z and E isomers confirms their very similar
stability, while the significantly higher energy of the N isomer indicates that it is much
less stable in both electronic states. The empirical scaling-law analysis performed in this
work also supports the greater stability of the Z form, reinforcing the internal consistency
of our results.



FIGURE 8 – Schematic representation of the molecular structures of the C-cyanomethanimine
isomers and their respective energy differences for the neutral-to-anion transition.

These findings are in good agreement with those of Puzzarini et al., who
reported energy differences of 6.72 kcal/mol for the N–E transition and 0.47 kcal/mol for
the E–Z transition. The small discrepancies observed here likely arise from differences
in the functional and basis set employed. Overall, the stability order is consistently
established as Z > E > N for the neutral species, whereas for the anionic forms the
order becomes Z ≈ N > E. A schematic representation of the molecular structures and
the corresponding energy differences (in kcal/mol) is shown in Figure 8, illustrating the
close agreement between our calculations and the reference data.

4.3 CROSS SECTIONS

Building on the established ground-state geometries and stabilities of the cyano-
methanimine isomers, we now examine their interaction with low-energy electrons. This
section presents the integral cross sections (ICS) computed within the Static-Exchange
(SE) and Static-Exchange-Plus-Polarization (SEP) approximations. The comparison
between SE and SEP results highlights the crucial role of polarization effects in accura-
tely describing the scattering process and in characterizing the formation of temporary
negative ion states

4.3.1 Static-Exchange

The following analysis is based on the static–exchange approximation cross-
section plots for the three isomers of C-cyanomethanimine. The graphs show the
probability of an elastic electron–molecule collision (the cross section) as a function
of the incident electron energy. The most prominent features are the sharp peaks
corresponding to shape resonances, in which the incoming electron is temporarily
captured by the molecular potential, in particular, by the localized unoccupied molecular



orbital that gives rise to the resonance state. The energy position of each peak indicates
the resonance energy, while its width is inversely related to the lifetime of the transient
negative ion.

For the Z-isomer, shown in Figure 9, the cross-section is characterized by a
very sharp and intense peak in the A′′ symmetry at approximately 1.16 eV. The large
cross-section value, exceeding 150 a20, indicates a high probability of electron capture at
this specific energy. The narrowness of the peak suggests that the resulting temporary
negative ion is relatively long-lived. Another broad feature in the same symmetry appears
at 6.65 eV. These structures correspond to the π∗

1 and π∗
3 shape resonances of the

Z-isomer.

A second, broad peak is also visible in the A′ symmetry around 4.01 eV, though
it is less intense and corresponds to the π∗

2 shape resonance. It is worth noting that the
small feature in the A′ observed between 0.1 and 0.5eV is likely due to basis set defici-
encies and is expected to be corrected upon inclusion of higher-level approximations,
such as the SEP and Born closure correction.

FIGURE 9 – Static Exchange Approximation Cross Section for Z-C-cyanomethanimine.

For the E-isomer, shown in Figure 10, a pronounced peak in the A′′ symmetry
appears at about 1.21 eV. This feature corresponds to the π∗

1 shape resonance; compa-
red with the Z-isomer, the π∗

1 peak in the E-isomer is smaller in intensity, even though its
resonance width is slightly narrower (0.55 eV against 0.61 eV for Z). A second A′′ peak,
attributed to the π∗

3 shape resonance, is found at 6.74 eV; this resonance is broad and
of relatively low intensity (just above 40 a20), which points to a lower electron-capture
probability and a short lived character.



The A′ symmetry shows a small and broad feature near 4.20 eV. The dominant
resonance in this isomer is the π∗

2 state, which displays the highest cross section. Its
width (1.41 eV) is larger than that of the corresponding π∗

2 resonance in the Z isomer
(1.09 eV), but still narrower than the π∗

3 resonance of the E isomer (1.48 eV). In contrast,
the π∗

3 resonance in the Z isomer is considerably broader (1.92 eV).

FIGURE 10 – Static Exchange Approximation Cross Section for E-C-cyanomethanimine.

The cross section for the N isomer (Figure 11) exhibits the most dramatic
resonant behavior among the three species. A very sharp and intense peak in the A′

symmetry appears at the remarkably low energy of about 1.09 eV, with a maximum cross
section below 320 a20. At first sight, this feature might be interpreted as an exceptionally
strong resonance. It does correspond to a genuine shape resonance in the π∗

2 orbital;
however, its relatively narrow width (0.42 eV) reflects a well-defined temporary anion. In
addition, the large dipole moment of this isomer (5.324 D) significantly enhances the
background scattering, contributing to the overall intensity of the peak.

The interplay between these two effects accounts for both the resonance peak
and the marked increase of the cross section as the incident energy decreases. A
smaller but considerably broader feature is visible in the A′′ symmetry around 0.87
eV, associated with the π∗

1 orbital, which displays a width of 1.30 eV. The π∗
3 shape

resonance appears at higher energy, around 6.99 eV, and is the broadest among the
three, with a width of 1.68 eV.



FIGURE 11 – Static Exchange Approximation Cross Section for N-C-cyanomethanimine.

A general comment can also be made regarding the presence of additional
sharp structures across all three graphs. For the Z-isomer, a small peak appears around
2.5 eV in the A′′ symmetry; for the E-isomer, features are visible around 3.5 eV and
7.0 eV in the A′ symmetry and near 9.5 eV in the A′′ symmetry.For the N-isomer,
noticeable features appear at around 3.0 eV (A′ symmetry) and 1.8 eV (A′′ symmetry).
These features are identified as spurious structures resulting from linear dependencies
in the basis sets used for the C-cyanomethanimine calculations. They do not correspond
to physically meaningful resonances, as confirmed by the convergence tests performed
within the SMC framework. The physically relevant resonances are those explicitly
assigned to the π∗ orbitals in the discussion above.

Taken together, the individual analyses show that while all three isomers exhibit
resonant behavior, the Z-isomer presents the clearest and most structured pattern of
low-energy features in its cross section. Although the N-isomer hosts the narrowest
low-energy resonance, indicating the longest-lived temporary anion, the Z-isomer dis-
plays the most distinct sequence of well-defined shape resonances across the energy
range. Its geometry creates a particularly favorable environment for temporary elec-
tron capture, in line with its greater thermodynamic stability compared to the other
C-cyanomethanimine isomers. This observation is consistent with the electronic struc-
ture and DFT results reported in the previous section.

In conclusion, the cross-section graphs reveal a distinct resonance spectrum
for each isomer. The Z-isomer provides the most clearly resolved pattern of shape
resonances, the N-isomer supports the longest-lived low-energy resonance, and the



E-isomer displays broader features consistent with shorter-lived anionic states. These
differences in resonance energies and lifetimes directly reflect the unique electronic and
geometric structures of each isomer.

4.3.2 Stactic Exchange Plus Polarization

This approximation also includes the interaction between the incoming electron
and the target molecule’s static electric field, incorporating exchange effects via the
Pauli exclusion principle. The more advanced treatment also accounts for the target’s
dynamic response: the incoming electron induces a temporary polarization of the
molecular electron cloud, producing an additional attractive potential. This polarization
lowers the energies of temporary negative ion states and shifts resonance peaks to
lower incident energies.

Figures 12, 13 and 14 compare the SE (static-exchange) and SEP (static-
exchange plus polarization) results for each isomer, highlighting the role of the polariza-
tion potential and the influence of the molecular dipole moment.

For the Z isomer, as shown in Figure 12, the inclusion of the SEP approximation
induces substantial shifts in the resonant states. The π∗

2 and π∗
3 resonances undergo

pronounced red shifts, moving from 4.00 eV to 1.60 eV and from 6.65 eV to 3.81 eV,
respectively. Their widths also decrease significantly: the π∗

2 resonance narrows from
1.09 eV to 0.93 eV, while the π∗

3 resonance contracts from 1.92 eV to 1.25 eV. These
reductions reflect the stabilizing effect of including polarization, which suppresses the
decay channels of the temporary anion.

FIGURE 12 – Comparison of Static-Exchange and Static-Exchange-Plus-Polarization Cross
Sections for the Symmetries of Z-C-Cyanomethanimine.

Meanwhile, the π∗
1 resonance (1.59 eV in the SE approximation) is shifted below

threshold upon the inclusion of polarization, transforming into a bound state and thus
disappearing from the scattering spectrum. The broad SE feature observed between
0.1–0.5eV does not correspond to a real bound state. Instead, it vanishes upon the



application of more rigorous correlation treatments within the SEP framework, revealing
its nonphysical character.7

Figure 13 shows a similar pattern for the E-isomer: the π∗
2 resonance shifts from

4.20 eV (SE) to 1.88 eV (SEP), while the π∗
3 resonance decreases from 6.74 eV to

3.69 eV. Their widths are also notably reduced upon inclusion of polarization. The π∗
2

width contracts from 1.13 eV to 0.49 eV, indicating a substantially more stable temporary
anion, whereas the π∗

3 resonance narrows from 1.48 eV to 1.17 eV. These reductions
reflect the expected stabilizing effect of the polarization term on the anionic states.

FIGURE 13 – Comparison of Static-Exchange and Static-Exchange-Plus-Polarization Cross
Sections for the Symmetries of E-C-Cyanomethanimine.

As in the Z isomer, the π∗
1 resonance shifts from 1.21 eV in the SE approximation

to below threshold in the SEP model, confirming its bound-state character and causing
it to vanish from the scattering spectrum.

Finally, for the N-isomer, shown in Figure 14, significant but less stable changes
are observed, likely due to its larger dipole moment. Nevertheless, the overall behavior
remains consistent with the bound states and resonance shifts found in the other
isomers. The π∗

2 resonance shifts from 1.09 eV (SE) to 2.79 eV (SEP), while the π∗
3

resonance decreases from 6.99 eV to 3.91 eV. Their widths also change upon inclusion
of polarization: the π∗

2 resonance broadens from 0.42 eV to 1.18 eV, indicating a less
stable temporary anion, whereas the π∗

3 resonance narrows moderately from 1.68 eV to
1.35 eV.

The π∗
1 resonance, located at 0.87 eV in the SE approximation, also shifts

below threshold in the SEP model, confirming its bound-state nature and causing it to
disappear from the scattering spectrum.
7 Other unmarked sharp features are spurious artifacts, as discussed in the main text.



FIGURE 14 – Comparison of Static-Exchange and Static-Exchange-Plus-Polarization Cross
Sections for the Symmetries of N-Cyanomethanimine.

In summary, the inclusion of the SEP approximation produces systematic and
physically consistent modifications in the resonance spectra of the three C-cyanomethanimine
isomers. For both the Z- and E-isomers, polarization leads to pronounced red shifts and
a general narrowing of the resonances, reflecting the enhanced stabilization of the tem-
porary anionic states. In contrast, the N-isomer exhibits a more complex response: its
π∗
2 resonance becomes significantly broader, while the π∗

3 state narrows only moderately,
a behavior that can be attributed to its large dipole moment and the resulting stronger
coupling with the polarization potential. Despite these differences, all three isomers
show the same qualitative trend in which the lowest-lying π∗

1 resonance is driven below
threshold, confirming its bound-state character in the SEP description.

4.3.3 Resonance Widths and Visual Analysis of the Cross Sections

As discussed in the theory subsection on resonances, the width of each re-
sonance in the cross sections provides direct information about the lifetime of the
temporary anion. The uncertainty relation Γτ � � (Equation 2.145) states that narrower
resonances correspond to longer-lived anionic states. For the π∗

1, π∗
2, and π∗

3 resonances
identified in the cross sections, the widths obtained within the static-exchange (SE)
approximation are listed below.

TABLE 9 – Resonance widths (in eV) in the static-exchange approximation.
Resonance Z E N
π∗
1(a

′′) 0.61 0.55 1.30
π∗
2(a

′) 1.09 1.13 0.42
π∗
3(a

′′) 1.92 1.48 1.68

Analysis of Table 9 shows that, for the π∗
1 and π∗

2 resonances, the temporary
anion has the longest lifetime in the Z isomer, followed closely by the E isomer, while the
N isomer presents the shortest lifetimes due to its larger widths. For the π∗

3 resonance,



however, the trend differs: the E isomer displays the narrowest structure (1.48 eV),
followed by the N isomer (1.68 eV), whereas the Z isomer shows the broadest peak
(1.92 eV), corresponding to the shortest-lived π∗

3 temporary anion.

To visualize these behaviors, Figure 15 displays the cross sections for the three
isomers in the SE approximation.

FIGURE 15 – Comparison of the Static Exchange (SE) Approximation Cross Sections for C-
cyanomethanimine isomers in the a′ and a′′ symmetries.

A visual inspection of these spectra highlights the resonance structures discus-
sed above. In the a′ symmetry (left panel), associated with the π∗

2 resonance, the Z and
E isomers display broader peaks near 4 eV, consistent with their larger widths (1.09 and
1.13 eV), while the N isomer shows a noticeably sharper and more pronounced peak,
reflecting its narrower width of 0.42 eV.

In the a′′ symmetry (right panel), containing the π∗
1 and π∗

3 resonances, the Z
and E isomers exhibit relatively narrow and visible π∗

1 peaks at low energies, whereas
the N isomer shows a much broader structure, aligned with its substantially larger width
(1.30 eV). Around 6–7 eV, corresponding to the π∗

3 resonance, the E isomer presents
the narrowest feature (1.48 eV), followed by the N isomer (1.68 eV), while the Z isomer
exhibits the broadest peak (1.92 eV).

When polarization effects are incorporated, the resonance widths obtained in
the static-exchange plus polarization (SEP) approximation are shown below.

TABLE 10 – Resonance widths (in eV) in the static-exchange plus polarization approximation.
Resonance Z E N
π∗
1(a

′′) — — —
π∗
2(a

′) 0.93 0.49 1.18
π∗
3(a

′′) 1.25 1.17 1.35



Figure 16 illustrates the SEP cross sections and allows a direct comparison
with the SE results.

FIGURE 16 – Comparison of the Static Exchange plus Polarization (SEP) Approximation Cross
Sections for the C-cyanomethanimine isomers in the a′ and a′′ symmetries.

In the a′ symmetry (left), corresponding to the π∗
2 resonance, the Z and E

isomers show significantly narrower peaks after inclusion of polarization, consistent with
their reduced widths (0.93 and 0.49 eV, respectively). The N isomer, however, displays
a broader and less intense peak, aligned with its larger width (1.18 eV), indicating a
comparatively shorter lifetime.

In the a′′ symmetry (right), associated with the π∗
3 resonance, all three isomers

exhibit moderate narrowing relative to SE. The E isomer shows the smallest width
(1.17 eV), followed closely by Z (1.25 eV), while the N isomer retains the broadest
resonance (1.35 eV). The persistence of these relative trends between SE and SEP
highlights the stability of the underlying physical picture.

Overall, the consistency between the visual inspection of the cross-section
spectra and the numerical widths extracted in both approximations demonstrates the
reliability of the results and reinforces the observed trends in the lifetimes of temporary
anions formed through electron capture in the three isomers of C-cyanomethanimine.

4.3.4 Hamiltonian Diagonalization and Resonance Analysis

To accurately capture the target response and polarization effects critical for
low-energy electron scattering, we employed a pseudostate calculation, diagonalizing
the HN+1 collision Hamiltonian within the SEP configuration state functions of the A′′

symmetry. This approach discretizes the continuum, providing a spectrum of eigenvalues
(ε) that approximate both bound and continuum states of the temporary negative ion.



TABLE 11 – Comparison of Vertical Attachment Energies (VAE), stabilization (SEP) energies,
and pseudostate eigenvalues (ε) from the diagonalization of the (HN+1) scattering
Hamiltonian (in eV) for each isomer.

Z E N

Resonance VAE SEP ε VAE SEP ε VAE SEP ε

π∗
1(a

′′) −0.37 — −1.06 −0.28 — −0.98 −0.34 — −0.94
π∗
2(a

′) 1.27 1.60 1.66 1.31 1.88 1.86 1.80 2.80 2.63
π∗
3(a

′′) 3.35 3.81 3.73 3.42 3.69 3.82 3.31 3.91 3.82

The calculated eigenvalues for the lowest π∗ orbitals of the Z-, E-, and N-isomers
of cyanomethanimine reveal distinct energetic profiles, reflecting differences in their
electronic structures (Table 11), which are visually apparent in the calculated molecular
orbital representations (see accompanying Figure 17).

The orbitals displayed in Figure 17 are the Dyson orbitals, in practice, pseudo-
states obtained from the diagonalization of the (N + 1)-electron Hamiltonian. These
orbitals are built as linear combinations of the scattering basis functions according to

|φj〉 =
nsc∑
μ=1

〈χ0μ | ΨN+1
j 〉 |ϕμ〉, (4.2)

where nsc runs over all configuration state functions (CSFs) that belong to the
scattering space, |ϕμ〉 denotes the scattering orbital used in the construction, and |ΨN+1

j 〉
is the j-th eigenvector of the (N + 1)-electron Hamiltonian HN+1. In this representation,
the coefficients 〈χ0μ | ΨN+1

j 〉 project the (N + 1)-electron eigenstate onto the scattering
CSF basis, producing the Dyson-like pseudo orbital |φj〉 that effectively describes the
electronic character of the resonant (temporary anion) state.

For the π∗
1(a

′′) orbital, all three isomers support bound states, indicating the
formation of stable transient anions. In contrast, the π∗

2(a
′) resonance for the N-isomer

appears at a much higher energy (ε = 2.63 eV) compared to the Z- and E-isomers (1.66
and 1.86 eV, respectively).



FIGURE 17 – Pseudostate virtual orbital morphology for C-cyanomethanimine isomers.

A comparison between the empirical scaling relation (VAE), the SEP resonance
positions, and the eigenvalues from the diagonalization of the collision Hamiltonian
(ε) shows excellent consistency across all three isomers: Z-C, E-C, and N (Table 11).
Despite their geometric differences, the virtual orbitals obtained at the Hartree–Fock
level (Fig.7) display the same qualitative ordering for all isomers: the unoccupied π∗

1, π∗
2,

and π∗
3 orbitals that give rise to the resonant states. In each case, the scaling relation

correctly predicts this ordering, placing π∗
1 below threshold (negative VAE), while π∗

2 and



π∗
3 appear as low-lying continuum resonances.

When polarization effects are included in the scattering calculation (SEP), the
π∗
1 resonance becomes bound in all three molecular configurations, again matching

the negative eigenvalues obtained from the diagonalization of the collision Hamiltonian.
Although the magnitude of the binding varies slightly between the Z, E, and N isomers,
reflecting their distinct geometries and dipole moments, the qualitative behavior is the
same. The π∗

2 and π∗
3 resonances remain in the continuum for the three isomers, but

are consistently shifted to lower energy relative to the SE approximation, with SEP and
pseudostate energies showing excellent agreement (Fig.17). The degree of stabilization
is similar across Z, E, and N forms, indicating that the polarization response of the target
is comparable for the three structural arrangements.

The combined analysis therefore demonstrates not only that the HF virtual
orbitals can be directly associated with the observed shape resonances, but also that
the three isomers of cyanomethanimine exhibit the same orbital ordering, symmetry
patterns, and nodal structures, as seen in Fig.7. The most notable differences between
isomers arise in the numerical values of the resonance energies, which reflect subtle
variations in molecular geometry and charge distribution. Nonetheless, the physical
picture, bound π∗

1 and two short-lived π∗ resonances in the continuum, is fully consistent
across Z, E, and N isomers, and is confirmed simultaneously by the empirical scaling,
SEP calculations, and Hamiltonian diagonalization.
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4.3.5 Born-Closure

To accurately account for the long-range dipole interaction absent in the static-
exchange and static-exchange plus polarization approximations, the Born-Closure
procedure was applied. This approach corrects the scattering amplitudes by incorpora-
ting the first-order Born term for the dipole potential, ensuring a physically meaningful
description of the cross-sections, particularly at low energies and forward scattering
angles. The resulting model significantly improves the reliability of the calculated elec-
tron scattering cross-sections for this polar molecules. The comparison between the
integral and momentum transfer cross sections clearly illustrates the specific role of the
Born closure correction. In the case of the integral cross section (ICS), which uniformly
integrates contributions over all scattering angles, the Born closure is essential to reco-
ver the forward-scattering contribution associated with long-range dipole interactions.
This results in significant differences between SEP and SEP+Born calculations, particu-
larly at low energies, and ensures a physically consistent description of the scattering
dynamics.

By contrast, the momentum transfer cross section (MTCS) suppresses forward
scattering through its angular weighting, making the influence of the Born closure
negligible. Consequently, the SEP and SEP+Born curves for the MTCS are practically
indistinguishable, consistent with the theoretical expectation that Born corrections
primarily affect the integral rather than the momentum transfer cross-section.

We begin our analysis of the isomers by examining the dominance of specific
partial waves in the electron scattering process. The signatures of this dominance are
the characteristic local minima and maxima visible in the differential cross sections
(DCS) presented in the figures below. We will analyze each isomer separately.The
Values of lSMC for each isomer in the differential cross section are in table 12.

TABLE 12 – Converged partial-wave expansion parameters (lSMC) for the Z, E, and N isomers
of C-cyanomethanimine.

Energy (eV) lSMC

Z E N
1.00 2 2 3
2.00 4 3 4
4.00 5 5 5
6.00 5 5 5
8.00 6 6 6
10.0 7 7 7
12.0 7 7 8
15.0 7 7 8



4.3.5.1 Differential Cross Sections

For the Z-isomer (Figure19), the DCS in the 2–6 eV range exhibits a distinct
double minimum, indicative of dominant d-wave contributions. At higher energies (8–15
eV), a pronounced triple minimum emerges, characteristic of f -wave behavior, a feature
absent in the other isomers. Beyond this range, SE and SEP results remain comparable,
while the Born correction primarily enhances forward scattering at small angles and
lower impact energies.

FIGURE 19 – Differential cross sections (DCS) for elastic electron scattering by the Z-isomer of
C-cyanomethanimine at 1–15 eV, obtained in the SE (gray), SEP (orange), and
SEP+Born (blue dashed) approximations.

For the E-isomer (Figure 20), the DCS between 1–2 eV displays a broad single
minimum. As the energy increases, SE and SEP remain nearly indistinguishable, and
the Born term enhances forward scattering without significantly modifying the overall
angular distribution above 4 eV.



FIGURE 20 – DCS for the E-isomer at 1–15 eV, obtained in SE (gray), SEP (green), and
SEP+Born (blue dashed) approximations.

For the N-isomer (Figure 21), the low-energy DCS (1–4 eV) are strongly in-
fluenced by long-range interactions. The inclusion of polarization (SEP) introduces
additional structure relative to SE, while the Born correction consistently enhances
forward scattering throughout the entire energy range.

FIGURE 21 – DCS for the N-isomer at 1–15 eV, obtained in SE (gray), SEP (purple), and
SEP+Born (blue dashed) approximations.

Overall, the Z-isomer exhibits a characteristic double-minimum angular profile
arising from strong d-wave contributions. The E-isomer displays a smoother, less



structured single minimum, with forward scattering moderately enhanced by the Born
term. The N-isomer, in turn, shows a markedly different behavior driven by its large
dipole moment, which amplifies long-range effects and sustains strong forward scattering
across the entire energy range.

4.3.5.2 Integral and Momentum Transfer Cross Sections

For the Z-isomer (Figure 22), the ICS exhibits sharp resonances below 6 eV,
which are shifted to lower energies when polarization is included. The π∗ resonances
appear at similar positions but with enhanced intensity due to the Born term. A pseudo-
resonance near 4 eV likely arises from neglected open channels treated as closed
within the present model. The MTCS follows the same resonance pattern as the ICS,
though with reduced magnitude, and the Born correction remains indistinguishable from
the SEP results.

FIGURE 22 – (Left) ICS and (Right) MTCS for the Z-isomer, obtained in SE (gray), SEP (orange),
and SEP+Born (blue dashed).

For the E-isomer (Figure 23), the ICS displays two dominant resonance features
between 1 and 5 eV: a near-threshold peak and a broader structure around 4–5 eV. The
π∗ resonances appear at similar energies to those of the Z-isomer, but the overall ICS
shows a stronger Born-induced enhancement. As in the Z-isomer, a pseudo-resonance
near 4 eV is likely associated with open channels incorrectly treated as closed in the
SEP approximation.

The MTCS, however, shows minimal dependence on the Born correction: SEP
and SEP+Born curves are nearly coincident, confirming that the momentum-transfer
cross section remains largely unaffected by long-range dipole contributions.



FIGURE 23 – (Left) ICS and (Right) MTCS for the E-isomer, obtained in SE (gray), SEP (green),
and SEP+Born (blue dashed).

For the N-isomer (Figure 24), the ICS is markedly enhanced—more so than in
the Z and E isomers, by the Born correction across the full energy range, consistent with
its large permanent dipole moment (≈ 5.3 D). Two structures between 2.5 and 4.5 eV
correspond to π∗ resonance behavior. In contrast to the ICS, the MTCS is not significantly
affected by the Born term: the SEP and SEP+Born curves remain essentially identical
throughout the entire energy range, indicating that the forward-scattering enhancement
is strongly angle-dependent and does not substantially alter the momentum-transfer
cross section.

FIGURE 24 – (Left) ICS and (Right) MTCS for the N-isomer, obtained in SE (gray), SEP (purple),
and SEP+Born (blue dashed).

In summary, the Z-isomer exhibits d- and f -wave dominance in the DCS, which
governs the resonance structure in the ICS. The E-isomer is primarily characterized
by p-wave features where they can be distinguished, while the N-isomer shows mixed
d-, f -, and g-wave contributions amplified by its strong dipole field. Overall, molecular
geometry controls the scattering behavior in the Z and E isomers, whereas dipole
strength dominates in the N-isomer. Remaining limitations include pseudo-resonant



artifacts and the lSMC cutoff in the 1–15 eV range, which should be addressed in future
work through improved channel coupling.

4.3.6 Maxwell-Boltzmann Distribution of Gas Molecules

In order to evaluate the relative abundances of the different isomers of cyano-
methanimine in the gas phase, it is essential to account for the thermal distribution of
molecular populations. At thermal equilibrium, the number of molecules occupying a
given isomeric state is governed by the Maxwell–Boltzmann distribution [35, 49], which
relates the population of each state to its relative energy with respect to the ground
state and the ambient temperature.

This statistical framework provides a straightforward connection between the
total energies obtained from our calculations and the expected equilibrium fractions of
the Z-, E-, and N-isomers. The resulting analysis not only clarifies which species are
thermodynamically favored under laboratory conditions, but also provides a basis for
understanding which isomers are likely to be observable in astrophysical environments.

We begin by consider the total number of molecules of HNCHCN in the gas
phase as

N = NZ +NE +NN , (4.3)

where Ni are the populations of each isomer (Z-isomer, E-isomer, and N -isomer).
Dividing through by N , we obtain

1 =
NZ

N
+
NE

N
+
NN

N
. (4.4)

Defining the fractional populations of each isomer as

nZ =
NZ

N
, nE =

NE

N
, nN =

NN

N
, (4.5)

the expression becomes
1 = nZ + nE + nN . (4.6)

According to the Maxwell–Boltzmann distribution, the number of molecules is
proportional to the energy difference between the neutral ground states of each isomer:

nE = nZ exp

[
−(EE − EZ)

kBT

]
, nN = nZ exp

[
−(EN − EZ)

kBT

]
, (4.7)

where kB = 1.38× 10−23 J/K is the Boltzmann constant and T = 298.15K. 8

8 Within the framework of this approximation, the use of the Maxwell-Boltzmann statistics is justified.
For the typical temperature and density ranges encountered in standard molecular gas experiments.
Under this condition, quantum statistical effects are negligible, and the classical Maxwell-Boltzmann
description remains valid.



From our DFT calculations, the ground-state electronic energies (in eV) were
found as:

EZ = −5081.9983, EE = −5081.9847, EN = −5081.7561.

Using kBT = 0.025702 eV, the relative energy differences are

(EE − EZ) = 0.013606 eV, (EN − EZ) = 0.242182 eV.

substituting into Eq.(4.5), we obtain

nE = nZ × 0.588997, nN = nZ × 8.086812× 10−5. (4.8)

Applying Eq.(4.1), the normalization gives

nZ =
1

1 + 0.588997 + 8.086812× 10−5
≈ 0.629305.

Therefore,
nE ≈ 0.37064, nN ≈ 5.60× 10−5.

As percentages of the total population of HNCHCN isomers at 298.15 K:

TABLE 13 – Calculated percentage of Cyanomethanimine isomers in a gas.
Isomers % Dipole (Db)

Z-C 62.931 1.628
E-C 37.063 4.645
N 0.0061 5.324

At 298.15 K, the Boltzmann population analysis based on our DFT electronic
energies shows that the Z- and E-isomers dominate the gas-phase distribution of cya-
nomethanimine, with fractions of approximately 63% and 37%, respectively, while the
N-isomer contributes less than 0.01%. Although the N-isomer indeed supports genuine
shape resonances, its large dipole moment also enhances background scattering, ma-
king the interpretation of its low-energy features less straightforward. More importantly,
its vanishingly small equilibrium fraction explains why this isomer is not expected to be
detectable in the interstellar medium (ISM), despite the theoretical presence of resonant
structures. In contrast, the Z-isomer is the most stable and abundant species, while
the E-isomer appears as a secondary but still significant component in the gas-phase
distribution.



CHAPTER 5

CONCLUSION

This dissertation presented a systematic computational study of low-energy
electron scattering by the Z, E, and N isomers of C-cyanomethanimine. The calculations
identified and characterized the main shape resonances associated with the π∗ orbitals
and confirmed their positions through a combination of scaling laws, SE and SEP
stabilization energies, and Hamiltonian diagonalization.

For the Z isomer, the π∗
2 (a′) resonance shifts from 4.01 eV (SE) to 1.60 eV

(SEP), while the π∗
3 (a′′) decreases from 6.84 eV to 3.90 eV. The π∗

1 (a′′) state at 1.59 eV
in SE becomes a bound state in SEP, consistent with its negative eigenvalue from
Hamiltonian diagonalization (−1.06 eV). The E isomer exhibits a similar pattern: π∗

2 shifts
from 4.21 eV to 1.80 eV, π∗

3 from 6.82 eV to 3.59 eV, and π∗
1 becomes bound (−0.98 eV).

For the N isomer, whose large dipole moment induces stronger polarization effects,
the π∗

2 resonance moves from 2.80 eV to 1.10 eV, π∗
3 from 7.16 eV to 3.79 eV, and π∗

1

likewise becomes a bound state (−0.94 eV).

Beyond resonance positions, the analysis of resonance widths (Γ) reinforces
these trends. In the SE approximation, the Z isomer shows the narrowest widths for
π∗
1 and π∗

2 (0.61 and 1.09 eV), indicating longer-lived temporary anions, whereas the
N isomer displays shorter-lived resonances (1.30 and 0.42 eV). For the π∗

3 resonance,
however, the N isomer presents the longest lifetime (from 1.68 eV in SE to 1.35 eV in
SEP), revealing a distinct scattering behavior driven by its strong dipole moment. In the
SEP approximation, the π∗

2 widths converge for Z and E (0.93 and 0.49 eV), while N
becomes significantly broader (1.18 eV), and the π∗

3 resonance remains narrowest for
N. These variations highlight how polarization modifies the coupling of the incoming
electron to each molecular geometry.

Taken together, the consistent energy shifts and systematic width variations
confirm both the predictive power of the scaling law and the robustness of Hamiltonian
diagonalization in validating the resonance dynamics. The results also differentiate the
scattering behavior across isomers: Z is dominated by clear d-wave features and longer-
lived temporary anions, E displays smoother s/p-wave scattering, and N is strongly
influenced by dipole-induced polarization and broad background contributions.



Structurally, the calculations confirm the stability ordering

EZ < EE � EN ,

with Z as the global minimum, E slightly higher in energy (∼ 0.014 eV), and N substanti-
ally less stable (∼ 0.24 eV above Z). Boltzmann analysis at 298 K predicts populations
of 63% (Z), 37% (E), and < 0.01% (N), demonstrating that only Z and E contribute
meaningfully under astrophysical conditions, despite all three being local minima on the
potential-energy surface.

High isomerization barriers further preserve Z and E as distinct, kinetically
trapped structures in the interstellar medium (ISM), a key factor in environments far
from equilibrium. Although all three isomers have been detected in the ISM, the present
calculations show that the N isomer is not only thermodynamically disfavored but
also exhibits less stable resonance patterns, suggesting that its abundance is likely
maintained by non-equilibrium production pathways rather than by intrinsic stability.

Overall, this work provides a detailed characterization of cross sections, re-
sonance energies, and resonance lifetimes for the C-cyanomethanimine isomers, es-
tablishing that the π∗

1 orbital supports bound anionic states, whereas π∗
2 and π∗

3 form
short-lived resonances. The results connect molecular structure, dipole strength, and
scattering dynamics, offering essential theoretical input for astrochemical modeling of
electron-driven processes. A natural extension of this study would be the investigation of
dissociative electron attachment (DEA) pathways mediated by the π∗

2 and π∗
3 resonances,

including mapping anionic potential-energy surfaces and computing DEA cross sections
and branching ratios with advanced scattering methods.
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APPENDIX A

THE DENSITY FUNCTIONAL THEORY

Density Functional Theory (DFT) is a variational method based on the self-
consistent field approach [35, 50–55]. Unlike Hartree–Fock, which relies on the many-
body wave function, DFT uses the electronic density as the fundamental variable to
minimize the energy functional of the ground state (|Φ0〉) for a system of N interacting
particles under an external potential (e.g., interaction with nuclei). Developed in the
1960s this theory builds upon the Thomas–Fermi–Dirac atomic theory and simplifies
complex quantum systems using the Born–Oppenheimer approximation and atomic
Hartree units.

The central idea of Density Functional Theory [56] is that the desired energy
can be regarded as a functional of the electronic density, ρ(�r). For closed-shell systems,
the electronic density, sometimes called the electronic probability density, for a system
of N electrons is defined as1.

ρ(�r) ≡
N∑
i=1

〈Φ0| δ̂(�r − �ri) |Φ0〉 , (A.1)

where δ̂ (�r − �ri) is the Dirac delta operator. Using the completeness relation of the
coordinate basis for an N -electron system, namely:

�N ≡
N∏
j=1

ˆ
d3rj |�r1, �r2, · · · , �ri, · · · , �rN〉 〈�r1, �r2, · · · , �ri, · · · , �rN | , (A.2)

we obtain:

ρ(�r) ≡
N∑
i=1

〈Φ0|�N δ̂(�r − �ri) |Φ0〉

=
N∑
i=1

N∏
j=1

ˆ
d3rj 〈Φ0 | �r1, �r2, · · · , �ri, · · · , �rN |

× 〈�r1, �r2, · · · , �ri, · · · , �rN | δ̂(�r − �ri) |Φ0〉 , (A.3)

1 For more details on the derivations of the equations presented in this dissertation, see the appendix of
[57]



where δ (�r − �ri) is the Dirac delta “function.” Then, using the sifting property:

ρ(�r) =
N∑
i=1

N∏
j=1

ˆ
d3rj Φ

∗
0 (�r1, �r2, · · · , �ri, · · · , �rN) δ (�r − �ri) Φ0 (�r1, �r2, · · · , �ri, · · · , �rN)

=
N∑
i=1

N∏
j �=i

ˆ
d3rj Φ

∗
0 (�r1, �r2, · · · , �r, · · · , �rN) Φ0 (�r1, �r2, · · · , �r, · · · , �rN) , (A.4)

one can permute �r1 with �r in each term of the above equation, using the fact that Φ0

must be antisymmetric, and then perform the sum to obtain:

ρ(�r) ≡ N

N∏
i=2

ˆ
d3ri Φ

∗
0 (�r, �r2, �r3, · · · , �rN) Φ0 (�r, �r2, �r3, · · · , �rN) , (A.5)

and thus the integrations are performed over �r2, �r3, · · · , �rN . Before proceeding with
the objective of expressing the energy as a functional of the electronic density, it is
convenient to write the Hamiltonian operator in the following way:

HN = −
N∑
i=1

1

2
∇2

i −
N∑
i=1

M∑
A=1

ZA∣∣∣�ri − �RA

∣∣∣ +
N∑
i=1

N∑
j>i

1

|�ri − �rj| , (A.6)

Before proceeding with the goal of expressing the energy as a functional of the
electronic density, it is convenient to rewrite the Hamiltonian operator as follows:

HN = T + V +W (A.1)

where T is the kinetic energy operator, defined as:

T ≡ −
N∑
i=1

1

2
∇2

i , (A.7)

V is the electronic interaction operator, which includes Coulombic repulsion and all
non-classical terms, defined as:

V ≡
N∑
i=1

N∑
j>i

1

|�ri − �rj| , (A.8)

and W is the electron-nucleus interaction operator, often referred to as the external
potential, given by:

W ≡ −
N∑
i=1

M∑
A=1

ZA∣∣∣�ri − �RA

∣∣∣ . (A.9)

Assuming W defines the problem, an assumption justified by the universality of
the operator T + V for any multi-electronic system, it follows that W also defines the



wave function. Consequently, W determines the electronic density, which underpins
the two fundamental theorems of Density Functional Theory: the Hohenberg–Kohn
theorems:

Theorem A.1: First Hohenberg–Kohn Theorem: The external potential W [ρ]

experienced by the electrons is, up to an additive constant, a unique functional of the
electronic density ρ(�r).

Theorem A.2: Second Hohenberg–Kohn Theorem: The ground-state energy
is minimized for the exact density ρ(�r). That is, the functional E0[ρ], defined as:

E0[ρ] ≡ 〈Φ0|HN |Φ0〉 = 〈Φ0|T + V +W |Φ0〉
= 〈Φ0|T + V |Φ0〉+ 〈Φ0|W |Φ0〉 ,

(A.10)

represents the ground-state energy of the electronic system. This functional is minimized
for the exact ground-state electronic density ρ(�r) of the system under the influence of
the potential W .

Theorems A.1 and A.2 establish how to determine the ground state of a system
under a known potential W . The apparent challenges of the approach are resolved by
imposing the following conditions on the electronic density: Non-negativity:

ρ(�r) ≥ 0, (A.11)

Normalization ˆ
d3r ρ(�r) = N, (A.12)

Finiteness ˆ
d3r |�∇

√
ρ(�r)|2 < +∞. (A.13)

However, since the universal functional FHK [p] encompasses all purely elec-
tronic terms, including kinetic energy, Coulomb repulsion, exchange, and correlation,
it must be handled with care. Furthermore, unlike the one-body problem, expressing
the kinetic energy functional in terms of the electronic density is not straightforward. To
address these challenges, Walter Kohn and Lu Jeu Sham developed an elegant and
robust approach to circumvent this issue.

A.1 KOHN-SHAM EQUATIONS

To begin, the term with a classical analogue can be effectively isolated from
V [ρ]:

V [ρ] = J [ρ] +K[ρ], (A.14)



here, J [ρ] represents the direct term, or the pure Coulomb repulsion term, which has a
classical analogue and can be determined relatively easily, as it involves a two-particle
operator. In contrast, K[ρ] is a functional that includes all the terms of V [ρ] that lack
classical analogues.

J [ρ] =
1

2

¨
d3r d3r′

ρ(�r)ρ(�r′)

|�r − �r′| . (A.15)

What remains is the functional for the kinetic energy, T [ρ], which cannot be
trivially expressed in terms of the electronic density in many-body problems. It is within
this context that Kohn and Sham introduced, in a remarkable manner, wave functions
known as orbitals, allowing the kinetic energy to be computed relatively simply and with
high accuracy, up to a small residual term that is negligible compared to the other terms.
These orbitals, referred to as Kohn-Sham Orbitals and denoted as ψ(KS)(�r) or |ψ(KS)〉,
describe a system of non-interacting electrons with a density exactly equal to ρ(�r). In
other words, they represent a fictitious system of non-interacting electrons that produce
the same electronic density ρ(�r). The desired ground state is described by a Slater
determinant formed from the Kohn-Sham orbitals, given by:

〈�r1, �r2, . . . , �rN | Φ0〉 = 1√
N !

∣∣∣∣∣∣∣∣∣∣

ψ
(KS)
1 (�r1) ψ

(KS)
2 (�r1) . . . ψ

(KS)
N (�r1)

ψ
(KS)
1 (�r2) ψ

(KS)
2 (�r2) . . . ψ

(KS)
N (�r2)

...
... . . . ...

ψ
(KS)
1 (�rN) ψ

(KS)
2 (�rN) . . . ψ

(KS)
N (�rN)

∣∣∣∣∣∣∣∣∣∣
. (A.16)

Even though the ψ(KS)i(�ri), for i = 1, . . . , N , represent orbitals of a non-
interacting electron reference system, the way they are constructed, in the context
of the method, ensures that they correctly describe the interacting system’s density.

When 〈hΦ0|HN |Φ0〉 reaches an extremum, the electronic density obtained from
the Kohn-Sham orbitals approaches the true electronic density of the ground state.
To illustrate the brilliant approach developed by Kohn and Sham [52], it is helpful to
begin with the exact formula for the kinetic energy of the ground state for the interacting
particle system, derived using matrix elements involving Slater determinants,

T = −1

2

+∞∑
i=1

〈Φ0| ∇2
i |Φ0〉 = −1

2

+∞∑
a=1

na 〈ψ(KS)
a | ∇2

i |ψ(KS)
a 〉 , (A.17)

where ψ(KS) refers to the natural orbitals, and na is the occupation number of
each orbital. Since the system is fermionic, the Pauli exclusion principle requires that
the occupation number, na, must lie between 0 and 1, i.e., 0 ≤ na ≤ 1 for all a = 1, 2, . . ..
The electronic density can be obtained by:



ρ(�r) =
+∞∑
a=1

na 〈ψ(KS)
a | δ(�ri − �r) |ψ(KS)

a 〉 =
+∞∑
a=1

na

ˆ
d3ri ψ

(KS)∗
a (�ri)δ(�ri − �r)ψ(KS)

a (�ri), (A.18)

using the filtering property of the Dirac delta:

ρ(�r) =
+∞∑
a=1

na|ψ(KS)
a (�r)|2 (A.19)

Note that for any interacting system of interest, there is an infinite number of terms in
equations (A.16) and (A.17), as evidenced by the upper limit of the summation. However,
Kohn and Sham showed that it is possible to simplify the equations (A.16) and (A.17) by
assuming that:

na =

{
1 if a ≤ N

0 if a > N
(A.20)

the formulas simplify to:

TKS[ρ] = −1

2

N∑
a=1

〈ψ(KS)
a | ∇2

i |ψ(KS)
a 〉

ρ(�r) =
N∑
a=1

∣∣ψ(KS)
a (�r)

∣∣2
(A.21)

This simplification leads to a more practical method for solving the many-body problem
using Kohn-Sham orbitals, where only the occupied states (those with a ≤ N ) contribute
to the density and the kinetic energy.

The kinetic energy can be separated into two terms:

T [ρ] = TKS[ρ] + TR[ρ], (A.22)

where TKS[ρ] is the kinetic energy of a fictitious non-interacting electron system defined
by equation (A.21), but with the electronic density ρ(∼ r), and TR[ρ] is the residual term
of the kinetic energy.

The functional of the ground-state energy is:

E0[ρ] = TKS[ρ] + TR[ρ] +
1

2

¨
d3r d3r′

ρ(�r)ρ(�r′)

|�r − �r′| +K[ρ] +

ˆ
d3r wM(�r)ρ(�r), (A.23)

defining the exchange-correlation functional Exc[ρ] as:

Exc[ρ] ≡ TR[ρ] +K[ρ], (A.24)



so that Exc[ρ] contains not only the term that holds all the non-classical electronic
interactions, but also the residual kinetic energy.

The electronic energy of the ground state, written as a functional of the density,
is then:

E0[ρ] = TKS[ρ] +
1

2

¨
d3r d3r′

ρ(�r)ρ(�r′)

|�r − �r′| +

ˆ
d3r wM(�r)ρ(�r) + Exc[ρ], (A.25)

or, alternatively:

E0[ρ] = TKS[ρ] +
1

2

¨
d3r d3r′

ρ(�r)ρ(�r′)

|�r − �r′| −
N∑

A=1

ZA

ˆ
d3r

ρ(�r)

|�r − �RA|
+ Exc[ρ]. (A.26)

Now, by applying the Hamiltonian principle solely to the functional in equation
(A.25), we obtain the Kohn-Sham orbitals, which, in order to have physical meaning,
must be normalized. Thus, the ground-state energy functional in terms of the N Kohn-
Sham orbitals is:

E0

[{ψ(KS)∗
c (�ri)}

]
= −1

2

N∑
c=1

ˆ
d3ri ψ

(KS)∗
c (�ri)∇2

iψ
(KS)
c (�ri)+

N∑
c=1

ˆ
d3ri ψ

(KS)∗
c (�ri)vKS(�ri)ψ

(KS)
c (�ri),

(A.27)
where i = 1, 2, . . . , N . From this, we can define an effective potential, known as the
Kohn-Sham Effective Potential, vKS(�r), which is given by:

vKS(�r) =
δE0[ρ]

δρ(�r)
. (A.28)

This effective potential is the key component of the Kohn-Sham method, as it represents
the potential that the fictitious non-interacting particles experience in order for their
density to match the true electronic density of the real system. When applied to the
definition of the Kohn-Sham Hamiltonian, these lead to the equations known as the
non-canonical Kohn-Sham equations:

HKS(�ri)ψ
(KS)
a (�ri) =

N∑
b=1

εabψ
(KS)
b (�ri), i = 1, 2, . . . , N, (A.29)

These unitary transformations are analogous to those in Hartree-Fock, as
discussed in the previous section. Therefore, we obtain the following.

HKS(�ri)ψ
(KS)
a (�ri) = εaψ

(KS)
a (�ri), a = 1, 2, . . . , N. (A.30)



Although the Kohn-Sham equations are written as linear eigenvalue equations,
they are actually pseudoeigenvalue equations because the Kohn-Sham Hamiltonian
has functional dependence through the potential, necessitating iterative procedures. In
practice, a basis set must be introduced and a suitable exchange-correlation functional
must be selected. However, certain aspects of the eigenvalue equation remain indepen-
dent of the basis set, such as the significance of the eigenvalues of the Kohn-Sham
orbitals. The first to demonstrate this was electrical engineer James Franck Janak [58],
and for this reason, the result he derived is known as Janak’s Theorem, which is now
stated as:
Theorem A.3: Janak’s Theorem: Let na ∈ R be the occupation number of each of the
Kohn-Sham orbitals, which can now take any real value in the closed interval [0, 1];
εa is the corresponding eigenvalue of the Kohn-Sham orbital, ψ(KS)

a (�r), and E0[ρ] is the
electronic energy functional of the ground state. The derivative of E0 with respect to na

is equal to the eigenvalue εa of the corresponding orbital ψ(KS)
a (�r), and it is independent

of the form of the exchange-correlation functional Exc[ρ], that is:

∂E0[ρ]

∂na

= εa, ∀a = 1, 2, . . . , N and ∀Exc[ρ]. (A.31)

Using the theorem, we can derive the Kohn-Sham equations of the Hartree-
Fock-Roothaan-Hall type. The natural development of these equations leads to the
matrix equations of the Hartree-Fock-Roothaan-Hall type. The goal of this subsection is
to describe the solution method for the equations in the case of closed-shell systems.
The calculation of molecular orbitals can be reduced to solving the corresponding
integral-differential equations.

[
−1

2
∇2 + vKS(�r)

]
ψ

(KS)
b (�r) = εbψ

(KS)
b (�r), b = 1, 2, 3, . . . ,

N

2
, (A.32)

Defining the Kohn-Sham Fock-like operator as:

fKS(�r) ≡ −1

2
∇2 + vKS(�r), b = 1, 2, 3, . . . ,

N

2
, (A.33)

this simplifies to:

fKS(�r)ψ
(KS)
b (�r) = εbψ

(KS)
b (�r), b = 1, 2, 3, . . . ,

N

2
. (A.34)

Defining the elements of the Kohn-Sham Fock-like matrix as:

F (KS)
μν ≡

ˆ
d3r ϕ∗

μ(�r)fKS(�r)ϕν(�r), (A.35)

where F (KS) is a k × κ Hermitian matrix (usually real and symmetric if the basis is real,
i.e., F (KS)μv = F (KS)vμ ⇒ F (KS)† = F (KS)). The Kohn-Sham Fock operator is an



operator for a single electron, and any set of single-electron functions defines its matrix
representation.

The Kohn-Sham Fock matrix is:

F (KS) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

F
(KS)
11 F

(KS)
12 F

(KS)
13 . . . F

(KS)
1κ

F
(KS)∗
12 F

(KS)
22 F

(KS)
23 . . . F

(KS)
2κ

F
(KS)∗
13 F

(KS)∗
23 F

(KS)
33 . . . F

(KS)
3κ

...
...

... . . . ...
F

(KS)∗
1κ F

(KS)∗
2κ F

(KS)∗
3κ . . . F

(KS)
κκ

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
. (A.36)

defining the elements of the overlap matrix as:

Sμν ≡
ˆ
d3r ϕ∗

μ(�r)ϕν(�r), (A.37)

Assuming S is a κ×κ matrix that is Hermitian (or real and symmetric if the basis
is real, which means, Sμν = Sνμ ⇒ S† = S). The basis set is considered orthonormal
and linearly independent, but it is not generally mutually orthogonal. As a result, the
basis functions exhibit overlap such that 0 ≤ |Sμν | ≤ 1. The diagonal elements are
equal to 1, while the off-diagonal elements have magnitudes strictly less than 1. If the
magnitude of any off-diagonal element approaches unity, it indicates complete overlap
between the corresponding basis functions, leading to linear dependence.

Substituting the definitions, we have:

κ∑
ν=1

F (KS)
μν Cνb =

κ∑
ν=1

SμνCνbεb b = 1, 2, . . . , κ (A.38)

Thus, we can finally write the Kohn-Sham equations in the Hartree-Fock-Roothaan-Hall
form:

F (KS)C = SCε (A.39)

Finally, the orthogonalized Kohn-Sham Hartree-Fock-Roothaan-Hall equations
are:

F ′(KS)C ′ = C ′ε (A.40)

whose non-trivial solutions are given by:

det
[
F ′(KS) − ε

]
= det

[
F ′(KS) − εa�

]
= 0, (A.41)

which is an eigenvalue problem. However, it is a pseudo-eigenvalue-eigenvector problem
because, as F (KS), C, and ε are matrices, this is strictly an eigenvalue-eigenmatrix
problem.


