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“There is a story about two friends, who were classmates in high school, talking about
their jobs. One of them became a statistician and was working on population trends. He
showed a reprint to his former classmate. [...] His classmate was a bit incredulous and
was not quite sure whether the statistician was pulling his leg. “How can you know that”

was his query. “And what is this symbol here?” “Oh” said the statistician “this is ©.”
“What is that?” “The ratio of the circumference of the circle to its diameter.” “Well, now
you are pushing your joke too far,” said the classmate, “surely the population has nothing

to do with the circumference of the circle”” E. P. Wigner, 1950.



RESUMO

Dindmica Aritmética é uma area de pesquisa emergente, que estuda o comportamento
de sistemas em espacos e tempos discretos. A presente dissertacao lida com um sistema
dindmico aritmético chamado Mapa de Collatz, uma regra para inteiros positivos n, tais que
n — n/2 para n par, e n — 3n + 1 para n impar. Um renomado e néao resolvido problema
matematico conjectura que para qualquer inteiro positivo n, finitas iteracées do Mapa de
Collatz eventualmente atingirdo 1. A sequéncia de inteiros da iteracdo do Mapa de Collatz
a partir de uma condicdo inicial ng, até o ponto em que atinge 1, é chamada sequéncia de
granizo. O Mapa de Collatz, apesar de fornecer uma dindmica muito rica para niimeros
naturais, s6 comegou a ser explorado recentemente no contexto de modelos e fenémenos
fisicos. Este trabalho descreve investigagoes na tentativa de caracterizar se as sequéncias
de granizo podem ser vistas como um sistema deterministico realizando comportamento
do tipo estocastico, buscando iluminar o caminho entre teoria de niimeros e mecanica
estatistica, através da area de sistemas dindmicos aritméticos estocasticos. Para fazer isso,
analises estatisticas apropriadas em varias sequéncias foram feitas, utilizando um numeroso
conjunto de condigdes iniciais muito grandes (até a ordem de ng ~ 21°°%). O processo de
amostragem de condi¢bes iniciais foi conduzido utilizando uma nova representagdo para
inteiros positivos, com conexdo direta com 2-ddicas, chamados vetores-m. Ao aplicar
métodos de analise de séries temporais tais como Power Spectrum e Detrended Fluctuation
Analysis, o comportamento do tipo estocastico é confirmado, reforcando a literatura
acerca das sequéncias de granizo performarem Movimento Browniano Geométrico (MBG).
Anélises de func¢ao de autocorrelagdo e entropia de von Neumann mostram desvios em
relagdo ao MBG para condi¢oes iniciais especiais, indicando fontes de determinismo e
previsibilidade dentro da tendéncia geral estocéstica das séries. Estes desvios aparecem
na forma de autocorrelagoes de curto e médio alcance, bem como uma diminui¢do no
valor das entropias para érbitas a partir destas condigbes iniciais. A entropia de von
Neuman também permite a caracterizacdo da estrutura interna da sequéncia, por meio
da anélise das componentes dos vetores-m, indicando que o processo das sequéncias de
granizo seglie o teorema do limite central. Por fim, é possivel conceber o Mapa de Collatz
como um destruidor de estruturas, criando e reproduzindo padrées aleatérios, e lentamente
destruindo toda e qualquer ordem imposta previamente.

Palavras-chave: dindmica aritmética; sequéncias de Collatz; comportamento estocéstico;
analise de séries temporais; complexidade.



ABSTRACT

Arithmetic Dynamics is an emergent research area that studies the behavior of systems in
discrete spaces and times. The present dissertation deals with an arithmetic dynamical
system called Collatz Map, a rule for positive integers n, stating that n +— n/2 for n even,
and n — 3n + 1 for n odd. A renowned and unsolved mathematical problem conjectures
that for any positive integer n, finite iterations of the Collatz Map eventually reach 1. The
sequence of integers from iterating the Collatz Map from an initial condition ng until reach
1 is often called hailstone sequence. The Collatz Map, besides providing very rich dynamics
for natural numbers, only recently has been explored in the context of physical models
and phenomena. This work describes investigations trying to characterize whether the
hailstone sequences can be regarded as a deterministic system performing stochastic-like
behavior, aiming to enlighten the path from number theory to statistical mechanics, in the
area of stochastic arithmetic dynamical systems. In order to do that, proper statistical
analysis of various sequences were done, utilizing a set of very large initial conditions
(up to ng ~ 2199 The sampling of initial conditions was conduced by using a new
representation for positive integers with direct connection with 2-adics, called m-vectors.
By employing methods of time series analysis such as Power Spectrum and Detrended
Fluctuation Analysis, the stochastic-like behavior is confirmed, reinforcing literature about
the hailstone sequences performing Geometric Brownian Motion (GBM). Autocorrelation
function and von Neumann entropy analysis shows deviations from GBM for special initial
conditions, indicating sources of determinism and predictability inside the general trend.
These deviations appears in the form of short- to mid-range autocorrelations and smaller
entropy values for the orbits from these specific initial conditions. The von Neumann
entropy also allows the characterization of the internal structure of the sequence by the
m-vectors components analysis, indicating that the hailstone sequence is process following
a central limit theorem. Finally, it is possible to conceive the Collatz Map as a structure
destroyer, that creates and reproduces random patterns, slowly destructing any previously
imposed ordering.

Keywords: arithmetic dynamics; Collatz sequences; stochastic behavior; time series
analysis; complexity.
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Chapter

Introduction

Philosophy is written in this grand book, the universe, which stands continually open to
our gaze. But the book cannot be understood unless one first learns to comprehend the
language [...] in which it is written. It is written in the language of mathematics [...]

Galileo Galilei, The Assayer, 1623.

The search for simple fundamental rules seems to be placed in the kernel of Physics
since William of Occam announced his famous razor: “FEntia non sunt multiplicanda
praeter necessitatem”![1]. This lemma has been carried on over natural sciences since the
18th and 19th Centuries, culminating in a quest for a Theory of Everything (2], idealizing
to describe the entire universe with one equation. But still, aside from such efforts of
simplifying the description of the universe, the interplay between simplicity and complexity
has been invariably placed in the search for laws of physics in the various depth levels that
the universe can be known [3].

A very fair question, to begin with, is: how does the universe starts with elementary
particles at the big bang, and ends up with complex concepts such as life, history, economy,
and literature [4]7 This question is far from being answered, and the intent of this
dissertation is not to answer it but to present a framework on how a simple elementary
rule for iterating positive integers can display stochastic-like behavior akin to those found
in complex systems.

These findings are related to a fundamental question about the “unreasonable effec-
tiveness of mathematics in natural sciences” [5]. The “unreasonable effectiveness” refers to
a large number of mathematical theories developed, on the first hand, without any direct
application that, later, has come to play important role in describing physical phenomena
— see [6] for further discussions on this topic. The key point here is how the such numerous
abstract mathematical structures mimic and explain so well the ontological objects of the
concrete world — called by Tegmark [7] as “human baggage” — such as particles, mass,
spin, charge, fields, etc.

As a tentative of answering to Wigner, Tegmark [8] pushes to the extreme and
introduces the concept of a Mathematical Universe, arguing the External Reality Hypothesis
(ERH) implies on the Mathematical Universe Hypothesis (MUH), meaning the universe
is mathematics in a well-defined sense. The idea that the universe is fundamentally
mathematical traces back to the Pythagoreans [9], passing by Galileo’s quote in this

"Hypothesis should not be multiplied unnecessarily.

15
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Chapter’s epigraph, has reached the popular culture by the hands of Douglas Adams [10],
when 42 was announced as the answer to the Ultimate Question of Life, the Universe, and
Everything and, by now, is still a bold speculation on the realm of cosmology.

A less philosophical perspective on this topic might be to consider pure mathematical
structures and analyze how they might describe or relate to emergent behavior in natural
phenomena. As examples, consider the association between arithmetic geometry and
gauge field theories [11], differential topology and phase transitions [12] and number theory
patterns and dynamical systems, leading to the relatively new area of arithmetic dynamics
[13].

Arithmetic dynamical models are those whose evolution takes place in discrete spaces

— e.g., in the set of integers or rationals — by the action of a map, so in a discrete-time
domain. In a broad context, the area should connect results in the subject of Diophantine
equations to discrete versions of Dynamical Systems [13, 14]. However, arithmetic dynamics
have already found many applications [15, 16, 17], extrapolating the domain of dynamical
systems. This is so because certain arithmetic dynamical systems deals with p—adics [18]
in ultrametric spaces and fields [19]. By its turn, p—adic numbers — see Chapter 3 —
can be used in the description of different physical theories such as quantum mechanics
|20, 21], quantum logic [22], gravity [23], and string theory [24]. Further, they have been
employed in the study of stochastic and complex systems, like self-organized criticality
models [25], phase transitions in Ising [26, 27| and Potts [28, 29, 30, 31] models, as well as
in Gibbs measures [32, 26, 33|, Markov processes [34], and diffusion in a random medium
[35] — see [17] for a complete review on applications.

In number theory — also boldly speculated to be the basics of fundamental physics [36]

— there is a dichotomy between the intrinsic deterministic features of a numerical series,
often given by a specific rule, and the eventual randomness (or more properly pseudo-
randomness) the full sequence of these numbers display [37, 38, 39, 40, 41]. This leads to a
type of dilemma, in close parallel to the comprehension of some natural processes: despite
the constituents of the system evolving by well-defined deterministic laws, sometimes
random elements are dominant so it is essential to represent the system by stochastic
dynamics and make use of statistical mechanics tools. Furthermore, the presence of
seemingly unpredictable dynamics into deterministic systems might provide a certain
bridge to chaotic systems, where pure and simple mathematical models are well known to
be a “laboratory” for chaos [42]. From these considerations, it is pertinent to question
if associated with certain arithmetic dynamical models, made purely of numbers, one
could also identify “arithmetic statistical mechanics” processes, connecting number theory,
dynamical systems, and more generally physics at al.

The idea of statistical mechanics of pure mathematical or logical systems is not new to
science, leading back to the statistic mechanics of cellular automata [43]. The interface
between number theory and physics has been growing over the last decades [44, 45, 46, 47,
48, 49, 50, 51]. One of the origins of this interface goes back to Hilbert-Polya conjecture
[52], although the origin of the conjecture itself is not clear [53|. The Hilbert-Polya gives a
physical reason why the Riemann hypothesis [54] must be true. It states that the zeros
of the Riemann-Zeta function are directly related to the real eigenvalues of an operator
H, which is the Hamiltonian of a physical system. These kind of connections from pure
number theoretical problems to physical systems described in the paragraphs above is an
indicator to the construction of a more solid path between these areas.

The objective of the present dissertation is way more humble than trying to assign an
answer to any ultimate question about life, the universe and everything, but is still related
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to connecting a pure mathematical number theoretical problem with natural phenomena.
The aforementioned elementary rule for iterating positive integers displaying stochastic-like
behavior to be exploited during this dissertation is a very simple rule — for discrete-time
t — such that f(n;) = nyyq for integer n and ¢. Hence, the main objective of this study
is to explore a number-theoretic problem, the Collatz problem, its hailstone sequences?,
and its stochastic-like behavior, utilizing the arithmetic dynamics and time series analysis
methods, aiming to enlighten the path from arithmetic simple rules and complex/stochastic
phenomena. Specifically:

o A brand new arithmetic representation for positive integers is employed as a tool for
statistical analysis and for studying the internal dynamics of the numbers;

o Methods of time series analysis, namely Power Spectrum, Detrended Fluctuation
Analysis, Autocorrelation, and an entropy measurement, are applied to characterize
the stochastic behavior of the system.

By completing the objectives presented above, it is expected an enlightenment of the
comprehension of how arithmetic dynamical systems — especially those coming from
number theory — can be utilized for modeling stochastic phenomena. Further, there is no
intention of extinguishing the discussion on this topic, quite the opposite, the intention is
to foment future analysis and discussions. The present dissertation is structured in six
chapters, including the current Introduction Chapter, four Chapters of development, and
one for Conclusion and Remarks. It also contains seven Appendixes providing supplemental
information for the main text.

Chapter 2 contains a concise bibliographic review of the Collatz Map and hailstone
sequences, presenting in detail its various formulations, together with the Collatz problem
that leads to the infamous Collatz Conjecture. It intents to highlight the most important
topics of what has already been done with the Collatz Map in mathematics and physics,
followed by a review of topics related to the main study of this dissertation, and finally a
very recent application that can be worth analyzing in the future.

Chapter 3 presents the theoretical and mathematical background for the implemented
methods of arithmetic representation and time series analysis. It is divided into two
sections whose topics are fundamental for the results of Chapters 4 and 5. The first
section deals with the construction of an arithmetic representation for natural numbers,
starting from algebraic topology concepts, ultrametric spaces, p-adics, and hierarchical
structures applied to complex systems, leading to the central representation for the study:
the m-vectors. The second section reviews methods of time series analysis to be applied
in the hailstone sequences and on the new arithmetic representation.

Chapter 4 contains results on the exploration of the Collatz Map’s dynamics in the
representation of m-vectors. It contains results on the M-Matrix, which is a matrix
containing all information on the dynamics of m-vectors, followed by investigations on the
dimension of the m-vectors and statistical investigation of the components of the vector
along the trajectories of the Collatz Map. The Chapter closes with four topics with initial
exploration yet to be finished, but presenting promising ideas in a future analysis project.
Namely, the toy model of a gas formed by the dynamics of the Collatz Map, algebraic
investigations on the new arithmetic representation, the analysis of graphs and networks
from the m-vectors, and the definition of a chaotic measurement for the Collatz Map.

2See page 19 for the explanation on this name.
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Chapter 5 displays the main results of this dissertation, about characterizing stochastic-
like behavior in the Collatz sequences. It begins with the description of specific method-
ologies for data sampling and how to apply the methods from Chapter 3 into the hailstone
sequences. Results of time series analysis of the hailstone sequences and the m-vectors
are then presented and their implications are discussed.

Chapter 6 retakes the discussion on the topics from introduction about merging physics
and number theory, review the objectives and think over whether they were attained or
not, as well as future projections.

This dissertation also contains seven Appendices destined to provide supplemental
material for the main text. Appendix A presents definitions of Brownian and Geometric
Brownian Motion, important to understand one some features of hailstone sequences. Ap-
pendix B presents proofs of lemmas on ultrametric spaces given in Chapter 3. Appendix C
provides details on a tool for fastening the Discrete Fourier Transformation called Fast
Fourier Transformation (FFT). Appendix D details the process of obtaining one of the
main equations of this dissertation connecting the m-vectors with the hailstone sequences.
Appendix E presents initial conditions in base-10 and its correspondent m-vector for a
figure in Chapter 4. Appendix F presents transition matrices for the graphs presented
in the Future Analysis section of Chapter 4. Finally, Appendix G details the method of
sampling the initial conditions for statistical analysis utilizing the m-vectors formalism.



Chapter 2

The Collatz Map

Vinte e dois vezes dois, quarenta e trés,
Quarenta e trés dividido por seis, noventa e um,
Noventa e um vezes lrés, oitenta e dois,
Oitenta e dois dividido por seis, noventa e um,

(Rogério Skylab)

In this chapter, an elementary rule for iterating positive integers will be addressed,
the Collatz Map [55]. The Collatz Map is based upon the following rule: Given a natural
number n, if it is even, then we divide n by two, if it is odd, we multiply n by three and
add one. From this, one construct a map on positive integers [ : Z* — Z* as
T

E if Ny = 0 (mod 2),

(2.1)
3ng+1 ifn,=1 (mod 2).

N1 — f(nt> - {

The Collatz sequence is generated by iterating the Map from an initial condition ng € Z*,
producing an orbit

O(TL()) — (no, f(?”Lo) =N, f2(no> — Na,... ft(n0> = Nty .. )

constituted by integers. We denote (f)) as the sequence of numbers up to ¢ applications
of f. This sequence is frequently called hailstone sequence, because of the multiple ascents
and descents that typical trajectories are subjected, just as hailstones are before dropping
]

The Collatz Map is related to a very simple-to-state conjecture in number theory, that
remains unproved: the Collatz Conjecture [57]. The conjecture can be stated as follows.

Collatz Conjecture 2.1. Starting from any initial condition ng € Z*, the orbit of
the Collatz Map will eventually reach 1. Thereafter, the iterations will cycle through
1,4,2,1,....

Therefore, exists a finite S such that f°(ng) = 1, i.e. O(ng) = {no,n1,...,ng=1,...},
where S(ng) is usually called the total stopping time function. Notice that once reaching
ns = 1, the orbit becomes periodic {...,ng =1,4,2,1,4,2,... }.

Other formulations of the Collatz Map (2.1) can be found to reach the same conjecture,
and some of them are favored in literature. For example, one can perceive that if

19
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ny =1 (mod 2), then nypy =1 x 1+1 =0 (mod 2) must be divided by two, hence, one
can contract the dynamics by ng = 3n; +1 — (3n:+1)/2 for ng, =1 (mod 2), considering
the map f:Z" — Z7

. B ifne=0 (mod 2) |

ne = f(n) =4 3p,r 1 22)
o t s + if ng =1 (mod 2),

Whefe f is called the Accelerated Collatz Map and the orbit from ng € Z* will be denoted
as O(no). Another dynamics contracting version of the Collatz Map is defined only on

positive odd integers f : Z ., — Z1,4, by

37% -+ 1
okt

N1 = f = (2.3)

where ]% is called the Odd Collatz Map, k; is the number of factors of 2 contained in 3n; + 1,

and its orbit will be denoted as O(ng). The set of k; values along the orbit up to time m
— denoted by v, = (ko, k1, ..., kn) — is called “m-path”. )

Working on the map f (2.2) is usually favored in literature. Working with f prohibits
substantial analysis because of the variability of k¢ [58], but still Sinai [59] has proven
some theorems on the m-path, important for stochastic models of the Collatz Map, to be
reviewed in Section 2.4.

Further, Kontorovich [60] presents a generalization of the Collatz Map, called (d,g,h)-
Maps. The (d,g,h)-Maps are a set of mappings, determined by positive co-primes d and
g, with ¢ > d > 2 and a periodic function h(n) satisfying: (i) A(n + d) = h(n); (ii)
n+h(n) =0 (mod d); (iii) 0 < |h(n)| < g for all n not divisible by d. The (d,g,h)-Maps
are defined by

Ne1 = fagn(ng = i Zk?(nt>7 (2.4)
where k; is uniquely chosen so the result is not divisible by d. This map is defined in the

set of positive integers not divisible by d or g: 11 = dgZ" + E with F the set of integers
between 1 and dg that divide neither d nor g. Notice that one finds the Odd Collatz Map

f= f2.3,1 with IT = 6Z" + {1,5}. The importance of this generalization will come clear in
Section 2.4 when dealing with stochastic models and properties of the hailstone sequences.

This Chapter has the objective of reviewing the main literature on the Collatz problem,
starting with an overview in Section 2.1, leading to pure mathematical number theory
review in Section 2.2, and to application in the theory of dynamical systems in Section 2.3.
Then, focusing on the main subject of this dissertation, Section 2.4 reviews stochastic
models for the map, and Section 2.5 verse on complexity behavior on hailstone sequences.
Finally, Section 2.6 reviews a dictionary between the Collatz process and Quantum
Mechanic’s operators, aiming for future investigations.

2.1 Overview on the 3z + 1 problem

The number theoretic problem attached to the Collatz Map is often called the Collatz
problem. The origin of the Collatz problem is attributed to Lothar Collatz |55, 57]. Collatz
circulated the problem at the International Congress of Mathematicians in Cambridge in



2.1. QOverview on the 3x + 1 problem 21

Mo O(TL()) O(TL()) O(TL())
. (7,22,11,34,17,52, 26,13, (7,11,17,26,13, (7,11,17,
40,20, 10,5,16,8,4,2,1) 20,10,5,8,4,2,1) 13,5,1)
15 (15.46,23,70,35,106,53, 160, (15,23, 35,53,40 (15,23, 35,
80,40,20,10,5,16,8,4,2,1) 20,10,5,8,4,2,1) 53,5,1)

(19,29, 44,22, 11,
17,26, 13,20, 10,
5,8,4,2,1)

25  (25,76,38,19,...,5,16,8,4,2,1)  (25,38,19,...,5,8.4,2,1) (25,19,...,5,1)

(19, 58,29, 88, 44,22, 11, 34,17,
52,26, 13, 40,20, 10,5,16,8,4,2, 1)

(19,29, 11,

19 17,13,5,1)

Table 2.1: Examples of hailstone sequences for each of the three versions of the Collatz
Map: f, f and f.

1950. But the origin of the problem is not a consensus. Bryan Thwaites states to have
originated the problem, as it is known nowadays in 1952 [61].

This problem also goes under many names, such as Hasse’s algorithm, because Helmut
Hasse discussed the problem with many people, and also published about [62]; Syracuse
problem, as proposed by Hasse during a visit to Syracuse University [55]; Kakutani’s
problem is attributed to Shizuo Kakutani, who, in a private communication to J. Lagarias
in 1981, stated that “for about a month everybody at Yale worked on it, with no result”
[63]. Also Stanistaw Ulam heard about the problem and circulated around Los Alamos,
leading to this problem being called Ulam’s problem in some circles [61, 64]. In his book on
the theme, Lagarias [57] uses the terminology 3x + 1 problem to refer to this multi-named
problem. So, to be concise during the text, from now on, the problem of solving the
Collatz Conjecture will be called the 3x 4+ 1 problem.

To understand why such a problem became so fascinating, one must explore the richness
of structures the hailstone sequences display. Playing with some small initial conditions
helps to get some acquaintance with the variability of sequences. In Table 2.1 one finds
sequences started from small initial conditions for three versions of the Collatz Map: f, f
and f.

Further, Figure 2.1 presents the plot of comparison between two hailstone sequences
with very close initial conditions (ny = 25 and ny = 27) for each of the three maps
presented. It is important to notice that the map f generates the most biased sequences
from all three versions because every ascent is followed directly by a descent, leading to
permanent correlations along the sequences. This can be observed clearly in Table 2.1
and clearer in Figures 2.1 (a) and 2.1 (b). By observation of Figures 2.1 (¢) and 2.1
(d), is evident that f provides quite rich dynamics, with more variability of ascents and

descents than f sequences — compare with Figures 2.1 (e) and 2.1 (f) — and without the
predictability of ascents and descents of f.

The current status of the 3z + 1 problem divides into two battlefronts: numerical
testing and formal theorems, reinforcing, without necessarily proving the conjecture. In
the realm of numerical and computational testing, by 2020, the conjecture has been tested
for all initial conditions ng < 2% [65]. Using formal number theoretic analysis, recently T.
Tao demonstrated that “almost all orbits of the Collatz map attain almost bounded values”
|66, 67], while Izadi [68] and Llibre [69] claims to have obtained proofs of the conjecture.
The study presented here does not intend to prove or verify any proof of the conjecture,
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Figure 2.1: Graphic representation of hailstone sequences for two initial conditions evolved
by three different versions of the Collatz Map. (a) Orbit O(ng = 25) evolved
by the original Collatz Map f (Eq. (2.1)); (b) Orbit O(ng = 27) evolved by the
original Collatz Map; (c) Orbit O(ny = 25) evolved by the Accelerated Collatz
Map f; (d) Orbit O(ng = 27) evolved by the Accelerated Collatz Map f: (e

Orbit O(ny = 25) evolved by the Odd Collatz Map f: (f) Orbit O(ng = 27)
evolved by the Odd Collatz Map .

but instead, to use the diverse dynamics observed in hailstone sequences to reach natural
phenomena description.

From the first publications on the 3x + 1 problem during the 1970’s decade up to
nowadays, the problem has cut across many fields of mathematics and, more recently, has
been applied to model physical systems. In the next sections, a brief literature review
on surveys and applications of the Collatz in fields of mathematics and physics will be
provided.

2.2 Collatz Map and Number Theory

Number theory is the immediate application of the 3z + 1 problem, once it is an
arithmetic problem, belonging naturally to elementary number theory. It is classified as
one of the unsolved problems in number theory by R. K. Guy [70]. The trials of solving
the 3z + 1 problem lead to problems involving exponential Diophantine equations. The
main results versing on number theory are surveyed in the papers of Lagarias [55] and
Chamberland [58].

To testify the large variability of the transient sequences of f, one can obtain various
measurements from the orbits. For example, one can look up the behavior of the total
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Table 2.2: Numerical examples of the total stopping time S, stopping time ¢ and expansion
factor S for representative initial conditions ng.

o S g S

3 5 4 2.666

4 2 1 1

5 4 2 1.6

6 6 1 1.336

26 8 1 1

27 70 59 170.962

81 16 2 1.506

82 70 1 56.292

83 70 4 55.614
1024 10 1 1
1025 26 2 1.500
9662 &80 1 3.797
9663 118 54 1403.002
9664 18 1 1

stopping time S as a function of the initial condition S(ng); or, the stopping time function
can be defined as the least positive s = o(ng) such that f*(ng) < ng; further, one can
define the expansion factor S(ng) as the ratio between the maximum value attained along
the orbit (sup,q f1(no)) and the initial condition ng.

Table 2.2 displays a few numerical examples of the total stopping time S, stopping time
o and expansion factor & functions for representative initial conditions. Further, figure 2.2
presents the behavior of the (a) total stopping time S(ng), (b) stopping time o(ng) and
(¢) expansion factor S(ng) for all ng € [3,10000]. In Figure 2.2 (a) one observes that there
seem to be some classes of numbers with almost the same total stopping time, generating
some patterns in the function S(ng). The same can be observed for the stopping time
function and the expansion factor.

Some very interesting analytical results on Number Theory are related to the stopping
time function. The stopping time o(ng) simply states the time for an orbit to descend
from its initial condition. Riho Terras observed that the stopping time o(ng) is easier
to analyze than the total stopping time S(ng) function [71]. Thus, one can redefine the
original Collatz Conjecture 2.1 in terms of the stopping time as Lagarias [55] presented.

Collatz Conjecture 2.2. Every integer ng > 2 has a finite stopping time o(ng).

This form of stating the conjecture seems, at first glimpse, weaker than the original
one because it is versing only about the stopping time, not the total stopping time. But
if every 2 < ng < K has finite stopping time, then all ng € (2, K| are eventually mapped
into smaller values in the interval |2, K], then, in the limit K — oo, one finds the Collatz
Conjecture by an assumption of finite stopping time.

Terras [71, 72] have proven that the set of positive integers with finite stopping time
has density one. In the same direction, Garcia [73] has proven that the density of divergent
trajectories is zero in Z*.

Much less is known about the total stopping time function. A notable phenomenon,
observed in Figure 2.2 (a), is that for orbits initiated close to each other, the total stopping
time does not vary much. This behavior is related to the fact that nearly initiated
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Figure 2.2: Behavior of the (a) total stopping time function S(ng), (b) Stopping time
function o(ng) and (c¢) the expansion factor S(no), evidencing the variability
of orbit’s behavior.

trajectories coalesce within a few steps. For example, the trajectories of 8k + 4 and 8k + 5
coalesce after 3 iterates:

8k+4—4k+2—2k+1 — 3k+2 (2.5)
8k+5—12k+8—6k+4 — 3k+2. (2.6)

But the strongest result proved so far about the density of the set of positive integers with
finite total stopping time only asserts that the counting function of finite total stopping
time ps = p{no: nop < x and S(ng) < oo} is related to the integer set counting function
x, by a constant ¢4 > 0 such that pus > x, as proved by Crandall [74].

Another formulation of the map can be found by defining the parity of a number
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xz(n) =n (mod 2), and then rewrite the Accelerated Collatz Map (2.2) as

- 37 n, + x4(ng)

ner = flne) = 9 ) (2.7)
then the parity vector for the orbit from ng is defined as
vi(ng) = (xo(no), x1(no), x2(n0), . .., xe_1(ng)) , (2.8)
where 5
xi(no) = f'(ng) (mod 2), (2.9)
leading to write the dynamics from ny and x¢(ng) as
3xo(n0)
ne = flng) =mi= no2+ xo(no)’
3x0<”0>+x1<”0>n0 3901(”0)1'0(%0) $1(TLO)
ni = flm) =ne = 50 -+ 7 + 5
t—1 t—1
320 ilno) =1 327 i1 B
Ng—1 > f(nt—1> = Ny — 27%0 -+ le TLO T, (210)
=0
then calling
3> i(no)
3907,+1+ Fre—1
pr(ng) = le ny)————— = (2.12)
the dynamics can be written as a function of the initial condition as
Fino) = Ae(no)no + pe(no). (2.13)

In this notation, the nonlinear dependence of A, and p; on ny clarifies why, besides being a
linear map, its evolution presents such a complex pattern. The necessary condition for
Jt(no) < g is simply that A\(ng) < 1, once p; is non-negative.

2.3 Collatz Map and Dynamical Systems

The 3x + 1 problem can also be studied in a discrete dynamical system point of
view, once it concerns the iteration on discrete times of a function, the Collatz Map in
Equation (2.1). The viewpoint of this problem as a Dynamical System was first given by
Wirsching [75|, thinking on the Collatz Map as a dynamical system on the state space of Z.
From this view, one can think of expanding the domain to larger spaces, such as the real
numbers R and the complex numbers C. Also, other extensions include defining functions
on the ring Z, of 2-adic integers, or, defining generalized maps on a ring of p—adic integers
[57]. The ring Z, of 2-adic will be addressed in Chapter 3, preceding a new representation
for natural numbers in Section 3.1.3. The present Section reviews results of dynamical
systems, concerning the dynamics of the Accelerated Collatz Map and variations in larger
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spaces.

The extension of the dynamics of the Collatz Map was done toward the integers set Z
by substituting 3z + 1 by 3x + ¢, with ¢ = 1 by Seifert [76].

The extension to the rational set @ is vastly discussed by Lagarias [77] substituting
3z + 1 by 3x + x with Kk = +1 (mod 6), proving that there are periodic cycles of the map
for many k.

To study the dynamics over integers and rationals, one can look for the set of fixed
points F of the {-th iterate of the Accelerated Collatz Map, that is finding the set of n;
such that

ft(nj) — TL]‘, (214)
leading to the sets of periodic orbits P} = Wi + g Bprs= Vg b
The periodic orbit
P§:{1727"'}7

is the trivial solution, strictly for ng € Z", leading to a reformulation of the Collatz
Conjecture, by using the concept of a basin of attraction [13], stating that this is the only
solution to Equation (2.14) and its variations on the positive integers set.

Collatz Conjecture 2.3. The Collatz Map and its variations have only one stable periodic
orbit in the set of positive integers, whose basin of attraction is the full set of positive
integers.

When allowing the solutions of (2.14) to encompass the complete set of integers n; € Z,
there are four other cycles: two period-one P{ = (0,0,...),PZ = (=1,-1,...), one
period-three P§ = (=5, —7,—10,—5,...) and one very long [5§]

(—17,—25,—37, —55, —82, —41, —61, —91, —136, —68, —34, —17,...).

All these solutions, and more, can be found by solving Equation (2.14) for the set of
rational numbers. By rewriting f’(n) as in Equation (2.13) one finds that Equation (2.14)
reads

(1_)‘75)”] = Pt
t—1 b=
3Zi: z; 322: x; t—1 2'L
e

2t

Then, one can obtain the set of n; that satisfies the Equation above for each possible
parity vector v; = (xo,21,...,7,—1) with length ¢. There are 2 possible parity vectors,
each of them determines a unique rational solution n; for Equation (2.14) [55] and there
are, consequently, 2! fixed points of period t.

Although there are 2! fixed points of period ¢, when two fixed points are obtained from
parity vectors that are only cyclic permutations of each other, these two belong to the
same periodic orbit. For example, for ¢t = 2, the parity vectors vz = (0,1) and v, = (1,0)
are only permutations of each other. The fixed points n3 = 2 and ny = 1, associated to vs
and vy respectively, are in the same periodic orbit Py = {2,1,2,1,...}. The number of
periodic orbits of period t is obtained from permutation theory as the number of circular
permutations of n beads in a necklace of 2 colors [78] as

1 n
Ny =Y ok (2.15)
t k=1
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where (k,t) = ged (k,t) is the greatest common divisor between k and ¢. Equation (2.15)
gives rise to a sequence of integers given by

{2,3,4,6,8, 14,20, 36,60, 108, 188,352, ... }

with the ¢-th element corresponding to the number of periodic orbits of period ¢ in the
Accelerated Collatz Map extended in the rational set Q.

The extension of the Collatz Map towards the real set R was studied by Chamberland
[79], reviewed by Wirsching [75], by observing that the function defined by

~ 3 1 1 2 1
F(x) = T cos? (%) + x2+ sin? (%) =x+ 1 x; cos(rx), x€R, (2.16)

interpolates the Accelerated Collatz Map f for x € N. With this extension, one can apply
methods of one-dimensional discrete dynamical systems to attack the problem, such as

the Schwarzian derivative [80] S(F'), given by

S(F(z)) = F;/g)) _ g (Z((i))) | (2.17)

where, for every real = > 0, S(F(x)) > 0.

This enables the application of theorems of periodic points in one-dimensional maps,
leading to obtaining three intervals with specific dynamics, and a new formulation of
the conjecture. Let po, fi1, 2, - - - fin, . .. be the fixed points of F on [0, 00) in increasing
order, then Wirsching [75] points out that there are three intervals with specific dynamics:
I, := [0, p1] invariant under F', with o = 0 an attracting fixed point and j; a repeller;
I, == [, p2] also invariant under F, with two attracting cycles

A =1{1,2}, Ay ={1.192531907...,2.13865335...};

and a remaining interval I5 := [us, 00), non-invariant under £, partitioned to Is = EsURz,
where I/ is called the escape set for those orbits in this set escape towards I; and I,
and Rz the residual set, whose orbits stay in 3. Then, the Collatz Conjecture can be
reformulated:

Collatz Conjecture 2.4. NN Ry = @.

This indicates that every natural number eventually goes to Iy and falls into periodic
orbits. The conclusions of Chamberland are that (i) the cycles of the Accelerated Collatz
Map on N is an attractive cycle of ' on R; (ii) There is a uncountable set Ui € Ry
of unstable bounded orbits and (iii) a set U € Rz monotonically increasing divergent
trajectory.

2.4 Stochastic models for the Collatz Map

It is an observational fact, perceived in Figure 2.2, that the larger the initial condition
ng, the larger the total stopping time S(ng) gets, in average. Any tentative of describing
the general behavior of the hailstone orbits must, then, be able to describe those starting
from as large as possible initial conditions. Hence, one must be able to describe long-term
hailstone sequences, starting from any natural number. In this context, stochastic models
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are widely used [60, 67| to describe the dynamics and provide rigorous analysis founded
on probability theory. This section will deal with describing the hailstone sequences via
stochastic models. The converse, i.e., to describe stochastic phenomena by hailstone
sequences, has barely been explored in literature and, in this dissertation, is reserved for
Chapter 5.

Ensembles of orbits started from a small initial condition, as in Figure 2.3(a) do not
seem to follow any decay pattern that could benefit from a stochastic approach. On the
other hand, the larger the initial condition gets (see Figures 2.3(b) and 2.3(c)) the clearer
a central path of decay appears. This indicates that the study of larger orbits might
benefit from a statistical approach, based on large numbers law and probabilistic models.
These are fair justifications for the stochastic models approach to attack the problem and
try to characterize what type of stochastic process is being imitated by the deterministic
rules of the Collatz Map.

To rigorously justify a probabilistic approach, first, one needs to look for a result, due
to Terras [71], proved in Lagarias [55], called the t-truncated parity vector. The theorem
states that the t-truncated parity vector v¢(ng) = (o, ..., x;) of the first ¢ iterates of the
Accelerated Collatz Map f is periodic in no with period 2. Each of all the 2! possible
0 — 1 vectors with ¢ components occurs exactly once in the initial segment 1 < ng < 2%
In order to understand the consequence of this theorem, consider the following intuitive
approach. You are set to pick, randomly, numbers from the positive integers set. Once
half of the positive integers are even, and half of them are odd, then, the probability of
picking, by random, an even or an odd number is the same, 1/2 for each. The consequence
of Theorem t-truncated parity vector is that this random selection is preserved along the
Collatz trajectory. That is, by picking any random number ng in the positive integers set,
the probability, for every ¢t > 0 on the trajectory ft(no), to be even, is the same as to be
odd.

One of the main reviews on stochastic models of the 3x + 1 problems is found in the
article of Kontorovich [81], presenting two random walk models for the orbit’s evolution.
These models are the root of obtaining a mathematical characterization of the hailstone
sequence process and will be reviewed in the next two subsections.

2.4.1 Multiplicative Random Product (MRP) Model

First, let us consider a model consisting of a random product of independent and
identically distributed (iid) variables to simulate the behavior of the Accelerated Collatz
Map f.

Let Y, be our dynamical random variable!, constituted by a random product

Yt — X1X2 .. ~Xt7 (218)

where X; are iid variables with distribution

with probability 1/2,

X; = (2.19)

N — N W

with probability 1/2.

Tn the text, mathematical sans serif fonts will be used to denote random variables
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Figure 2.3: (a) Hailstone sequences from 10000 random initial conditions around 10 <
no < 10000 in log, scale. (b) Hailstone sequences from 200 random initial
conditions around 2% < ng < 2% in log, scale. (¢) Hailstone sequences from
100 random initial conditions around 2'%° < ny < 21% in log, scale. The colors
indicate, as labeled in the color bar, the Total Stopping Time S(ng) of each
orbit, cyan (dark red) meaning low (high) S values.
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This model is called Multiplicative Random Product (MRP) Model, where the dynamical
[ (o)

random variable Y; represents the ratio between the orbit and the initial condition ~———=.
o

2.4.2 Biased Random Walk (BRW) Model

The second model considers an additive random walker, utilizes the MRP Model
and brings much more important results concerning the characterization of the hailstone
sequences process. Consider the dynamical deterministic variable 17, given by the natural
logarithm of another variable xy, i.e., 4, = In x; such that

y; = Inx; := log f'(n), (2.20)

meaning that the y, variable represents the natural logarithm of the ¢-th step of the
hailstone sequence. Then, by simply applying the natural logarithm to f in Equation
(2.2), one finds

y+Indte ifx=1 (mod2),
Yer1 = o (2.21)
Y +1n 3 if r=0 (mod 2),
with '
eq := log (1 + —) ,
31',5
which gets smaller as || gets larger. Therefore, in the large numbers regime
ye+Ind ifx=1 (mod 2),
Yoi1 A - (2.22)
Y +Ins ifx =0 (mod 2).

This indicates to an additive random walk model that can describe the hailstone
sequences in the large numbers regime, where e; < 1. Let Z; be the dynamical random
variable in the form

Zt = ZO + lnYt, (223)
where Y; comes from the MRP model in Equation (2.18), leading to

InY; =w; +wy -+ wy, (2.24)

with w; = In X;, and the steps w; are distributed as

ln§ with probability 1/2,
w; = 2 (2.25)
—In2 with probability 1/2.

This is the model of a random walker with steps w; = In3/2 or w; = —In2 with equal
probability, such that the steps variables can be resumed into a single variable

where B; is a zero-one random Bernoulli variable. Then, the position of the ¢-th step of
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this random walker will be, starting from Zy = In Xy, given by

t t

i=1 i=1

By t-truncated parity theorem this is a good model for the y; deterministic variable, i.e.,
for the natural logarithm of the Collatz Map hailstone sequences: {ln f (no)}. This model
is called Biased Random Walker (BRW) model because it describes a random walker with
drift.

2.4.3 Geometric Brownian Motion on Hailstone Sequences

Geometric Brownian Motion (GBM) characterizes processes whose logarithm of the
variable of interest follows a Brownian motion [82]. A brief review of mathematical defini-
tions concerning both Brownian and Geometric Brownian Motion is given in Appendix A.
GBM is a key ingredient in solidly established models of self-reproducing phenomena, such
as population [83], wealth [84, 85| and finances [86|, as well as of bacterial cell division
(reviewed in [87]).

From the BEW Model, a connection between the Collatz map and the GBM can be
established. Consider the model where Z; = Zy -+ In Yy, then Y; can be written as

Y; = exp [Zs — Zo] = exp {i Wll , (2.28)

i=1

and, once the steps variables W, are iid, Z; is a Brownian Motion and Y; is a GBM process
with drift given by
1 3

1
p= (W)= —In2+ -In3 = _In (ﬁ ~ —0.14384. (2.29)

With this drift, one finds the tendency (Z(t)) of Z; values as
(Z(t)) = Zo + ut, (2.30)

and the total stopping time, starting from Zy = In X, will be the time ¢ = S(Xy) when
Zt = O

1
S(Xo) = ;zo ~ 6.952121n Xy, (2.31)

Once the BRW model describes the hailstone sequences, for a determined initial
condition ng, one finds that S(ng) ~ 6.952121nny.

By using the Odd Collatz Map f defined in Equation (2.3), Sinai [59] proved the
Structure Theorem. The Structure Theorem leads to analytical shreds of evidence the
logarithm of the hailstone sequence is Brownian Motion and, consequently, the hailstone
sequence itself is GBM. Furthermore, Kontorovich [60] provides a generalization of the
Structure Theorem for the (d,g,h)-Maps fi45 (Equation (2.4)). This generalization leads
to the conclusion that every (d,g,h)-map, in which 3z +1 is a specific case, performs GBM.
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2.5 Complexity and Scale-Free Behavior in the Col-
latz Map

As this chapter has shown so far, the behavior of the Collatz hailstone sequences is
indeed complex, in the common sense of the word “complex”, meaning that they are hard
to analyze. One of the main features of the scientific concept of complexity is related to
the interaction between small and large-scale features of physical systems, such as energy,
distances, and time. The Collatz Map is not a physical system, and any direct analogy
with one seems naive at first glance. Nevertheless, it is still an open problem to look for
the minimum components necessary for complex behavior to arise. Hence, it is very fair
to look for features of Complexity in the Collatz Map and, once its rule is very simple,
maybe unveil some of the minimum components of complex behavior. In this section, the
results of two articles, reporting complexity measures and scale-free behavior in hailstone
sequences, are reviewed.

2.5.1 Intermitency and Complexity Indicators

From the aforementioned interaction between small and large-scale features of complex
systems, one can mimic this by studying a variety of the Collatz Map, such as described
by Casartelli [88]. Considering the Logistic Maps family [42]

L1 — LM(.ZCt) — /,L.Z't(l — l't), (232)

and the Accelerated Collatz Map f, one can make different combinations to explore the
small-large scale interplay.

For instance, using the Chaotic Map Ly : [0,1] — [0,1], let |x;] denote the integer part
of x; and y; = 2y — |2¢], then the map

B =) = { lxe/2] + La(ye) if || is even, (2:33)
is one of the possible combinations, where L, plays the small-scale role, while f enhances
large-scale features.

Consider other three variations of C, namely: 5, where exact quantities replace the
integer parts in Cf,

31',5 +1)/2+ L4 Ye if Tt is Odd,
Ter1 = Cale) = { ( xt/2>J{ L4(yt)( ) if LL:ctJJ is even, (2.34)
altering the next step evaluation of the integer part; R;(t) where L4(y;) is replaced in C}
by a noise random variable r; € [0,1]; and Ry(t) where the same replacement of Ly(y:) by
the random variable 7 is done in the C(¢) map.

From the analysis of the trajectories of C, Cy, Ry and Ra, Casartelli [88] (a) compares
deterministic versus random behavior in small scales, and (b) verifies the existence or not
of feedback from large to small-scale. Figure 2.4 shows the orbits of C} and (5, allowing
us to compare both. In Figure 2.4(a) one can see that the trajectories present intermittent
peaks and some irregularity, while Figure 2.4(b) presents trajectories much more regular
than 4, still with intermittency. Casartelli also tries to find an invariant measure for
the maps — see [89] for details on the topic. Although, is important to notice that this
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Figure 2.4: Orbits of (a) C, coupling the Logistic and Collatz Map as given by Equation
(2.33), and (b) Cs, coupling the Logistic and Collatz Maps as in Equation
(2.34). Both are adapted from [88].

computation presents some difficulties, especially for C, Ry, and R, whose trajectories
are not even close to being bound. Also quantities such as Lyapunov Exponents (LEs)
[90] and dynamical or Kolmogorov-Sinai (KS) entropy [91] are not obvious.

All results presented by [88] are coherent in separating C; and Ry from Cy and Ry,
leading to the conclusion that choosing between random and determinism small scale
feedback is irrelevant for these maps. The relevant factor is the coupling between small
and large-scale components of the system, once C, 1, and Cs, 1?5 differ on this feature. In
conclusion, besides these maps aren’t physical but mathematical examples, their analysis
may prove instructive for more general dynamics. The phenomenology depends not on the
deterministic-random choices, but on the way, the large-scale component reacts to small
scales.

2.5.2 Scale-Free Behavior in Hailstone Sequences

Following the philosophy of unveiling minimal models that display certain universal
ingredients, da Luz [92] looked for typical aspects associated with physical criticalities
such as power-laws and Self Organized Criticality (SOC) (see for example [4, 93]) in the
hailstone sequences.

The article of da Luz [92] presents the study of six initial conditions, plus another 50
used for statistical analysis. Observing the hailstone sequence for these initial conditions,
they indeed resemble one-dimensional (1D) (geometric) random walks (RW) — the GBM —
with drift toward an absorbing boundary. This can be observed in Figure 2.5, where Figure
1 of da Luz [92] is reproduced. Thus, da Luz [92] states that if the Collatz Dynamics could
be mapped into a biased 1D RW, the Collatz Conjecture would be demonstrated from the
famous directed graph structure of the Collatz orbits.

A better insight into the general trend of the hailstone Collatz sequences is obtained by
constructing a simple normalized histogram of {f(ng)} and generating the distribution
D(f). The log-log plot indicates that D(f) follows a power law

D(f) =5 (2.35)

Namely, « is found to be equal to 1, and D(f) = 1/f is a signal commonly associated with
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Figure 2.5: Reproduction of plot from the natural logarithm of Collatz hailstone sequences
for the six initial conditions considered in [92].

self-organization in different systems. This behavior is plotted by circles in Figure 2.6.
Another variable that is found to follow power law distribution is the length [ of
avalanches (i.e. increasing/decreasing orbit). For instance

O(48) = {48,24,12,6,3,10,5,16,8,4,2,1},

contains three decreasing avalanches: from 48 to 3 with [; = 45, from 10 to 5 with [, = 5,
and from 16 to 1 with [3 = 15. So if n;; and n; ¢ are, respectively, the first and last terms
of an avalanche, then [; = n;, — n; ;. Then, for larger orbits, it is possible to calculate
a distribution D(1), and it follows D(l) ~ [~ with critical exponent «a,, = 1.0. This
behavior is plotted in squares in Figure 2.6.

Finally, [92] looks for the mechanism that underpins the scale-free behavior. The
observation of the numerical data leads to the comparison between the hailstone sequences
and the motion of a particle with uniform velocity added with some noise. This is a
characteristic of GBM. Statistical analysis, supported by the distinction between pure
mathematics and physics, concludes that there is no statistically significant evidence
against GBM, reinforcing literature results of Section 2.4.3. But the analysis of the
avalanche sizes shows that they can be as large as [ = 2'2 for the considered conditions, so
the GBM is not the full story.

There are four general remarks and speculations on the implications of the findings.
First, the results allow making a numerically testable theoretical prediction joining the GBM
drift with the dynamics to estimate the time to reach 1, from an arbitrary initial condition.
Second, even though Collatz Dynamics is not an example of SOC, one can establish
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Figure 2.6: Log-log plots of normalized histograms of the hailstone sequences f (circles)
and avalanche lengths [ (squares). Taken with permission from [92]

some parallels. SOC models alternate between slow input and fast dissipation bursts of
energy. For the Collatz map, suppose n; to be some extensive quantity, proportional
to the energy. Then for n large, the increase of energy might correspond to instances
where n — n' &~ 3n/2, whereas the fast release corresponds to the avalanches where
n — n' = n/2™. Third, it would be worth asking how and why positive integers yield
such remarkable properties under such a simple map. Fourth, an important signature in
complex systems is long-range correlation [94, 95| are long-range power-law correlations.
Appendix C of [92] demonstrates that highly correlated stretches actually can emerge.

2.6 Quantum Mechanical Oscilator and the Collatz
Conjecture

As stated in the last section, it seems naive to try to force an analogy between the
Collatz process and physical systems. But still, it is very striking the fact that various
characteristics from natural phenomena are present in such a purely mathematical process.

This section encloses the current chapter with the review of a very recent paper from
Perelman [96], applying quantum mechanical (QM) oscillator operators formalism into the
Collatz Map. The objective of Perelman is not to build a toy model for a QM harmonic
oscillator from the Collatz Map, but to make use of the formalism, to throw light into the
hailstone sequences.

Perelman [96] establishes a dictionary between operators associated with the QM
harmonic oscillator and the Collatz process, revealing clues as to why the Collatz conjecture
most likely is true. The dictionary is based on the binary — also called 2-adic, see
Section 3.1.1 on Chapter 3 for details on p-adics — expansion of the natural numbers
n = N5t a2t (for n < 2V) whose coefficients are a,; — {0,1}. By this expansion, one
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constructs a one-to-one correspondence between n and state W,

N—-1 N-1
n= Y a2 |0 =D anld). (2.36)
=0 V=

The state |V,,) can be represented by a column vector whose entries are the a,,, coefficients

an,O
an,l

=1 7 |- (2.37)
Ap N-1

By applying the original Collatz Map f for n; even, when a,, o = 0, there is a transition
between the state |W,,) towards the state |W,,, ) = |¥,, /). This is obtained by observing
that ngyq is

e N , N -
et =5 =20 ) ane2' = ) ane2” (2.38)
=0 =1
and therefore |V, ) will be given by

N-1
|\I/”t+1> - |\Ij’ﬂt/2> = Z Qp, 0 |£ - 1> . (239)
=1

For n; odd, a,, o = 1, and there occurs a transition between the state |V,,,) to |V, ) =
|W3,,1). This is obtained by observing that ng; is

N-1 N-1
M1 =3+ 1 =14 +2n =14 a2’ + Y a2, (2.40)
=0 =0
therefore, the transition for |Ws,, 1) will be
N-1 N-1
W31y = [0Y + > anee ) + D ane |6+ 1) (2.41)
1=0 =0

Further, Perelman [96] also describes the operators acting on |W¥,,) to evolve the
system. Given the binary expansion of any even number, one finds a set of non-zero binary
coefficients at locations £1,65, 45 ..., i.e., Gnyy = Qposy = Qniy = - -+ = 1, with every other
coefficient as zero. By using the well known creation af and annihilation a operators on
the energy eigenstates |¢):

al |y =VIF1[+1), alt)=Vil—1),

one finds that the operator Ly, , mapping |V,,) — [V, /o) is

L.,/ = Diag (1, 1,.. (2.42)

a a a )
ST TR TR )
a diagonal N x N matrix whose entries are the annihilation operator a and the identity
operator 1. The identity operators are placed in the vanishing coefficients sites, while the
annihilation operators are placed in the matrix sites of the non-vanishing coefficients, #¢;,
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reducing these bits by unit. Therefore, one may write the operator L,,» = L™, playing
the role of a ladder operator that reduces the bits by unit.
For n odd, the operator Ls,, 1 that maps |¥,,) to |Ws, 1) is

aT aT
L, .1 = Diag(1,1,1,...,1) + Diag (al,1,..., ——,1,..., ——,1,...,
3n:+1 g( ) g( m m )
+Diag (1,1,...,a" 1, a1, ), (2.43)

which is also a diagonal N x N matrix. One may rewrite Ls, | operator as
L3y 41 = I+ L7 + Poaa, (2.44)

where I contains identity operators on the diagonal, £ is a ladder operator increasing the
bits by unit, while Poqq is a projection operator mapping the state ¥,,, (for n; odd) into
the ground state Poaa |Vn,) = |V1) = |0).

With the above stated, it is clear that the operators are dependent on the eigenstates,
hence one can write L(W¥,,). Then, the full hailstone sequence from ny

O(”O) — {TL(), Ny, N,y .. 747 27 1} )
given by the set of eigenstates

{|\I/n0> ) |\I/n1> ) |\I/n2> y ey |\I/4> ) |\II2> ) |\Ijl> - |O> 7} )

where L(V,,,) [¥,,) = |¥,,,,) determines the concatenation of operators
LW )L(W2)L(Wy) . LWy, JL (W, )L (W) [Wig) = P W) = 0), (2.45)

where P is either the projection operator for ng even, or odd. Equation (2.45) can be
rewritten in a null-eigenfunction condition

(LOUOLFL(W) . (W0 )L (¥ )L (W) = Py ) (¥} = 0. (246

With these relations, it is fair to state that if the Collatz conjecture is true, it is equivalent
to stating that the equation (L*L* L, — 79) W, = 0 has one solution for each positive
integer. Then, the Collatz conjecture can be stated in another way, as an operator’s
identity:

Collatz Conjecture 2.5. The operator’s identity
L.L,..L,—P=0

for Ly either Ly (Fq. (2.42)) or Ls,1 (Fq. (2.43)), has an infinite set of solutions
in bijection with the positive integers’ set. In other words, every positive integer n is
associated with a unique projection operator P,,.

Perelman provides a deep discussion on the approaches of operator identities and null
eigenfunctions, besides providing very instructive examples in Perelman [96] Appendix.
The results on the quantum mechanical oscilator operator for the Collatz map certainly
are exciting and deserve further investigations and might prove useful not only to solve the
3x + 1 problem, but to provide advances in broader mathematics and physics fields. This
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section encloses the present chapter, where a vast review of the literature of the Collatz
map and its applications was performed. In the next chapter, the pertinent mathematical
constructions and methods of analysis will be reviewed in order to provide foundations for
the results to be presented about the analysis of the hailstone sequences.



Chapter

Mathematical constructions and
analysis methods

This chapter has the objective of presenting and developing the mathematical founda-
tions and methods implemented in the present work. It is divided into two blocks that, at
a first sight, do not seem to be connected. Both are very important for the development
of the results to be presented in Chapters 4 and 5. Section 3.1 encompasses the first block,
concerning mathematical foundations justifying a new representation for natural numbers;
Section 3.2 enclose the second block, versing on time series analysis methods.

Section 3.1.1 yields a brief review of topological algebra concepts to obtain the definition
of an Ultrametric Space. The ultrametric space definition leads to the p-adic numbers.
A visual approach to the ultrametric space of p-adics is presented in Section 3.1.2 with
hierarchical trees. This visual approach of hierarchical trees leads to applications in
complex phenomena. Finally, Section 3.1.3 presents a brand new representation for natural
numbers, similar to p-adics for p = 2.

The second block begins with definitions, properties and characteristics of time series
and stationary stochastic processes. Section 3.2.1 reviews the estimators of Moments
and Cumulants of time series. Section 3.2.2 reviews the Pearson Correlation Matrix and
the autocorrelation estimation. Section 3.2.3 verse on spectral properties of time series
methods, followed by Section 3.2.4 presenting the Detrended Fluctuation Analysis. Finally,
section 3.2.5 presents details on an entropy measure between time series.

3.1 Basic Elements for a natural number representa-
tion for the Collatz sequences

The signs used for the representation of mathematical objects and concepts are not
unique. Consider the example of natural numbers, that can be written as we are used
to, i.e., combinations of a closed set of ten Hindu-Arabic signs (0,1,2,3,4,5,6,7,8,9),
in contrast with the Roman numerals representation (I, II, III, IV, ..., X, XI,...). As
Dijkstra [97] points out, some arithmetic operations such as division get a lot more
complicated with Roman numerals than with Hindu-Arabic numerals. From this point of
view, one might benefit by finding new representations for natural numbers to perform
specific tasks. In this direction, this section reviews the p-adic representation and its
ultrametric space in order to introduce a new representation for natural numbers, useful
for statistical analysis in the Collatz hailstone sequences.

39
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3.1.1 Ultrametric Spaces and p-adics

The definition of an ultrametric space is related to the notion of a non-archimedean
absolute value on a field. In this section, we shall make a digression, adapted from
Gouvea [19], from the mathematical concept of a field, towards non-archimedean absolute
values, to reach the definition of an ultrametric space.

A field k is a set provided with two operations + and -, such that k is a commutative
group under + and -, with distributive law holding [98]. Adamson’s book “Introduction to
Field Theory” defines a field k as a commutative ring with identity and multiplication
inverse [99]. An absolute value, also refered as norm, on a field k is a function |- | : k — R™
satisfying:

Definition 3.1.1. (Absolute Value)
1. |z| = 0 if and only if z = 0;
2. |xy| = |x|ly| for all x,y € k;
3. |z +y| < x| + |y| for all x,y € k.

If only these three conditions are satisfied, the absolute value is called archimedian.
The absolute value on k is called non-Archimedean if it satisfies an additional condition:
the so-called strong triangle inequality.

Definition 3.1.2 (Non-Archimedean Absolute value). An absolute value will be called
non-archimedean if it obeys the strong triangle inequality

|z + y| < max {|z|,|y|}. (3.1)

The absolute value provides the notion of “size”. Hence, it can be used to measure
distances between numbers, defining a metric to the field k induced by the absolute value.
With a metric in hands, one can investigate the topology of the field from the definition
presented in Gouvea [19]:

Definition 3.1.3 (Metric induced by absolute value). Let k be a field and |- | an absolute
value on k. The distance d(x,y) between two elements x,y € k is

d(xy) = |z —yl.
And the function d(x,y) is called the metric induced by the absolute value.

The important metric for our purposes is the metric induced by non-Archimedean
absolute values. Non-Archimedean-induced metrics lead to the following lemma about the
ultrametric inequality and, subsequently, to the notion of ultrametric spaces:

Lemma 3.1.4 (Ultrametric Inequality). Let |- | be an absolute value on a field k, and
define a metric by d(x,y) = |x —y|. Then, |- | is non-archimedean if and only if for any
x,1y, 2z € k, we have the ultrametric inequality

d(zy) < max{d(x,2), d(z,y)}.
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The proof of this Lemma is found in Section B.1 in Appendix B. With this Lemma,
we have the definition of an ultrametric space:

Definition 3.1.5 (Ultrametric Space). An ultrametric space is a space whose metric
respects the ultrametric inequality on a field k for every x, y, z € k.

With this definition, we can explore one very particular example of ultrametric space:
the compact topological ring of p-adic integers and rationals, providing some applications
in complexity and critical phenomena as presented by Boettcher [25] and Sornette [95].

As pointed out in the Introduction, recently a large number of applications of p—adics
are popping out in physics and many other areas of science [17]. The p—adic integers form
a compact topological ring Z,, [18], where p denotes a prime number. Given a € Z and p a
prime number, then the p—adic of a is written as

a=ao+ap+ap’+-- = ap (3.2)
i>0

with 0 < a; < p—1, and the set {ag,a,...,an,,...} uniquely defining the p—adic of a.
The set of p—adic coincides with the Cartesian space

X,={0,1,...,p—1}", (3.3)

of all possible combinations of these coefficients.

In the ring of p-adic integers Z,, the addition and multiplication are arithmetic and
algebraically well defined as presented by Robert [18] and Koblitz [98]. Addition is briefly
reviewed in section B.2 of Appendix B.

The concept of order of a p-adic, denoted by v, = ord,, is important for the definition
of its metric. So let a = Y ;50 aip’, a # 0 be a p-adic integer, denote v,(a) = ordy(a) as the
highest power of p which divides a, i.e., the first a; > 0 from the p-adic representation.
Then, the p-adic order is a mapping

v, =ord, : Z, — {0} — N.

For example, let p = 2, on the 2-adic ring, for a = 5, one has vy(5) = 0, once 2° = 1 is the
highest power of two dividing 5; now for b = 12, v,(12) = 2, once 22 = 4 is the highest
power of two dividing 12.

The absolute value of a p-adic integer x € Z, is denoted by |z|,. It can be defined, for
a discrete topology X, as

— if 0
ey —{ o TEFO
0 if x=0.

(3.4)

and then, the p-adic metric is defined, for x = {ap,ay,...},y = {bo,b1,...} € X, as

1
p”p(x—y)

d(zy) = (B

With this norm defined, the following lemma states the main result of this section
about the metric space (Zy,| |p)-

Lemma 3.1.6. The metric space (Z,,| |,) is ultrametric.
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The proof of this lemma is found in Appendix B.

The ring Z, is actually a subring of the ring @, of p-adic numbers [100]. This is so
because, for given prime p, every rational x € Q can be written as x = p™y for y € Z and
m € Z [19]. Hence, any p-adic representation of an integer can be multiplied by p™, and
then every rational number is also represented as a p-adic. In Q,, one has multiplication
inverse, hitting the final condition to the set be called a field. Any n € Q can be written

as a p-adic number
n

i=—M
with the coeficients {a_pr, a_pri1, ..., 00,01, ... a,} with 0 < a; < p are the p-adic number
representation in @,.

3.1.2 Hierarchical trees structures and Complex Systems

The best way to visualize p-adic space is through hierarchical trees as Rammal pointed
out in 1986 [101] and as recent works still do (see for example Figure 1 in [102] and [103],
or Figure 2 in [104]). The hierarchical tree visualization captures the ultrametricity of the
p-adic integers space by distributing the numbers as leaves in a tree graph and setting the
distance between them, as related to the number of generations from the last common
edge between them.

This is easily seen in finite ultrametric spaces, such as the p-adic finite additive group
Z,)p*MZ,, represented as a rooted tree by Zambrano-Luna [103], with elements of the
form

a=ao+ap+ap’ + -+ ag— 1”7, (3.7)

with a;’s coefficients in 0 < a; < p.

Figure 3.1: Rooted tree representation of (a) Zy/2%Z, and (b) Z,/2'Z, following the rules
of construction from Zambrano-Luna [103]. The labels in the lower level
vertices enounce that this is the p-adic distance from leaves whose this is the
last common vertex.
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Figure 3.2: Scheme representing the rooted tree of the entire Zs set. The line dividing the
circle on the left-right and the dashed line dividing the circle on the top-bottom
indicates that elements in the left-bottom border are closer to the left-top
border than from the right-bottom border and vice-versa.

This space contains p? elements in a bijection with the top-level vertices of a rooted
tree with 2M layers. By definition, the root of the tree contains only itself as a vertex on
Level 0. Level 1 contains p vertices, corresponding to the possible a; values. At level £, with
1 <4 < 2M, there are p* vertices, each corresponding to a truncated a = ag + ... ar_1p""
expansion. The connection from vertex in level £ corresponding to ag + - - - +a,_;p" =" with
ao+ - as_op'% at level £ — 1 occurs only if ag + -+ +ap1p"™ —ag + - arop™2 =0
mod (pf=1), i.e. if the difference between the vertices is divisible by p'~!. Following these
rules, Figure 3.1 presents two examples of the 2-adic rooted trees for (a) Zy/2%Z, and (b)
Zy/2*Z,, showing the spacial distribution of elements of each set.

Two features of the p-adic numbers are well perceived by observing the graphs in
Figure 3.1: (i) The ultrametricity of the space, where the distances between two elements
i, is given by d = 27°0=9) with v(i — 7) as the level of the last common ancestor between
i,7 in the tree; (ii) the fractal structure of the p-adic numbers [100], once every vertex
gives rise to other p new vertexes in a chain, leading to an infinite graph representing
the entire Z,, homeomorphic to fractal structure. By observing the pattern of numbers
distribution, one can infer what will be the representation of limy;_,~ Zo/2*M7Zy = Z,.
This is represented in a scheme in Figure 3.2, where one can perceive the non-trivial
distribution of these numbers in the tree, where, for example, 0 and 1, besides being
side-by-side, are as far from each other as 0 and oo. Also, 0 is closer to' oo — 1 than it is
from 3, and even closer from oo — 3 than from 2.

Hierarchical structures play a very important role in the description of complex systems
and critical phenomena, mostly because of the large range of spatial, time, and energy
scales that takes part in the complex dynamics [95|. Hence, any description of features
of complex phenomena, such as space, time, and energy, would be very enlightened by
representations with hierarchical structures. Curiously, ultrametric spaces, such as p-adics,

'Here we abuse the notation in order to be clearer in the point of non-triviality of the metric, in this
representation, oo is given by limps—eo 2°™ — 1, hence co — 1 would be lim; o0 22 — 2 and so on.
p ) g y
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Figure 3.3: (a) Hierarchical tree of avalanches with ultrametric structure. Each time step
contains the active sites, one of them is the initial common ancestor A(sp),
that only ends once every sub-avalanche is finished at s4 (Adapted from [25]).
(b) Time-series of the evolution of A, the arrows represent active avalanche
sites, that ends when Ay, is larger than the A onset of that avalanche. It
shows how a larger avalanche initiates various smaller ones that must end
before the bigger one (Taken from [25]).

that at a first sight seems to be purely mathematical and non-realistic, because of their
abstraction, fit very well for the description of hierarchical phenomena in complex systems.
A few examples such as the p-adic parametrization of the Parisi matrix in the replica
method, the method of hierarchical kinetics and the two-dimensional parametrization of
the genetic code are reviewed by Kozyrev [105].

Systems presenting Self-Organized-Criticality (SOC), such as the Bak and Sneppen
model for evolution [106] and its generalization [25], also can be described by hierarchical
trees with ultrametric distances. For example, in the generalized Bak and Sneppen
evolutionary model, each species is represented by a single site on a d-dimensional lattice.
Each specie contains an array of M traits, represented by M numbers in the unit interval.
The dynamics consist of mutating the smallest number A in the collection of all traits of
all species in the system. The mutation is represented by changing A by a new random
number in the unit interval. And as a dynamic effect of this mutation, the neighboring
species from the one with the smallest trait also change one, randomly chosen, of the M
numbers by another random number. Hence, the minimum trait of the entire system is a
function of the generations s, i.e., A = A(s).

An avalanche, in this case, is defined as a sequence of s4 steps in which A(sg) is a
minimum, and A(s) < A(sg) for every sp < s < sa. For an avalanche started by A(sg), at
site 7, this site is said to be active until the avalanche ends. It happens that, for some A(s)
during the avalanche process started in sg, smaller avalanches are initiated, generating
a hierarchical structure of avalanches, that only finishes when the first avalanche ends.
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Figure 3.3(a), adapted from Boettcher [25], shows an avalanche hierarchical structure.
This hierarchical structure is ultrametric, with the distance between two simultaneous
active avalanches given by the distance back in time from the common ancestor. Further,
this structure is not only a mere curiosity, but plays a role, once the smaller avalanches
behave like barriers against the end of the larger avalanche (see Figure 3.3(b)), and this is
very similar to spin glasses dynamics as Sornette [95, p. 430] states.

3.1.3 m-vectors Representation of Natural Numbers

As the previous sections of this chapter have evidenced, new insights into complex
systems can be obtained by studying their dynamics in other spaces than usual. As
Chapter 2 evidenced, the Collatz hailstone sequences present features very alike to those
present in complex systems, such as 1/f distributions, GBM, and SOC. The usual space
for hailstone sequences is the natural numbers, but their study in different spaces such as
p-adic spaces is very common, as T. Tao does in his recent article using 3-adics [67] (see [57]
for a vast review on p-adic in 3z + 1 problem). But the p-adic numbers’ representation
does not extinguish every non-trivial representation of natural numbers, not even enlighten
every hidden feature of the Collatz hailstone sequences. Hence, this section shall present an
useful representation (first appearing to the author’s knowledge in da Luz [92]) for natural
numbers, connected with 2-adics, giving rise to a very peculiar space: the m-vector’s
algebraic structure.

The origin of this new representation is not related to p-adics or any trial of studying
the hailstone sequences in new spaces, but with the necessity of da Luz [92] to study large
orbits and obtain statistically significant results. As already pointed out in Chapter 2,
very large orbits are usually generated by very large initial conditions. These are heuristic
arguments, and the order of magnitude of the S (the total stopping time) and ngy can be
very flexible. But certainly, the creation of very large and suitable initial conditions is a
hard effort. At this point, while investigating large initial condition’s orbits, da Luz [92]
proposes a different representation for the natural numbers. This new representation
consists of writing any natural number n € N as

mo= 2@ (@M @Y 4 D)+ D)+ 1), (38)
2m1 o 2m1+m2 S 2m1+m2+~~~+mT71+mT

or
n=m(n)= (my,ma, Mz, ..., Mp_2, Mp_1,My). (3.9)

where m(n) is uniquely determined given n. In other words, the natural numbers can be
represented as a unique, from now on called, m—vector with r components. The details
of the algorithm of construction can be consulted in Appendix A of da Luz [92]. This new
representation will be central to the next two chapters of this dissertation.

This representation has a direct connection with the 2-adic. Given a positive integer n
with m-vector representation given by Equation (3.9), one can write the sum-vector. The
sum-vector, denoted by ¥(m), consists on a vector whose k-th component, denoted by



3.2. Methods of Time Series Analysis 46

Yr(m), is the sum of the first k components of the m-vector. Thus, one can write

k
S(m) = Y mi (3.10)
=1
r—1 r
E(m> = (m17m1+m27"'))zmiyzmi>~ (311)
=1 =1

The sum-vector provides the connection with the 2-adic numbers. Let

CL:(ao,al,ag,...,CLN_Q,CLN_1>, (312)

with a; = {0,1}, to be the finite 2-adic representation of the same positive integer n with
sum-vector given by Equation (3.11). Then, one can write @ as a function of m using X
as mediator of the process, by

a(m): a(m) = a(S(m)) { . i;;ggg; (3.13)

where the only non-vanishing coefficients of the 2-adic are those whose index value is
present in the sum-vector. In other words, only

Amy = Qmatmo — """ = CLZT? mi azzﬂ m; L,
e -

while every other component is zero.
It is instructive to exemplify this. For example, let n = 21, then the m-vector, the
sum-vectors and the 2-adic expansion are

m(21) = (0,2,2), (3.14)
S(m) = (0,2,4), (3.15)
a(21) = (1,0,1,0,1), (3.16)

and the only non-vanishing components of the 2-adic representation are be ag, as, a4, as it
should from Equation (3.13).

This concludes the first block of this chapter, where the main representation of natural
numbers to be exploited in this work was formally presented. Now, the methods of time
series analysis to be applied on the hailstone sequences itself and on the time series of
m-vectors shall be presented.

3.2 Methods of Time Series Analysis

A time series, or signal®, is a sequence of observations sequentially ordered on time [107].
Typically, the time series are dependent on the nature of the process generating the sequence
of observations. The methods of time series analysis are concerned with unfolding the
processes behind the signals. The present section reviews the main mathematical tools of
time series analysis methods used to obtain the results of Chapter 5.

Time series can be mathematically denoted by functional representations: let x(t)
represent the value of a signal on time ¢, and the set * = {z(¢)} for t € [0,7] to be the

2Both terms, “time series” and “signals” will be used as synonyms along the text.
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complete time series representation up to time 7. Signals can be classified depending on
the features they display [108, 107].

Concerning the time set where the observations take place, the time series can be of
continuous or discrete time. Continuous time series takes place in continuous time sets,
meaning that x(t) is a continuous function of time. Discrete time series takes place in
discrete time sets, and the observations are made in specific instants ¢t € {t1,ts,...,7T}.
Thence, one can represent a discrete time series with 1" observations by a vector with T’
components & = (x(t1), x(t2),...,x(T)).

Concerning the periodicity of the time series, they can also be classified as periodic,
for those signals periodically repeated in time, i.e., when x(t) = z(t + P) for any t, or
non-periodic, when no period is found. The periodicity of the time series will be explored
at Section 3.2.3.

Further, time series can be classified according to our knowledge of their future, i.e., the
predictability of the time series. If the signal’s future and past are completely determined
by some known function F(t), then the time series is deterministic, and no random noise
affects the evolution of z(t). Now, if there are uncertainty elements in the evolution of the
signal, they are called stochastic or random time series.

Besides that hailstone sequences, the main time series to be analyzed in this disserta-
tion, are deterministic time series, their pseudo-random behavior, reviewed in Chapter 2
encourages one to apply stochastic time series methods to analyze them. Hence, the next
paragraphs deal with the analysis of stationary stochastic processes, providing a theoretical
basis for the methods of forthcoming Sections and the results in the next Chapters.

In stochastic processes, time series evolves according to probabilistic laws. For this
reason, one must associate the observation of time series & at one time ¢ as a realization
of a random variable z; with probability distribution p(z(¢)). Similarly, observations of the
time series @ in two times, ¢; and ¢, are realizations of two random variables z;, and z,
with joint probability distribution p(z:,,z,). In general, one can describe m observations
in a time series, placed in t1,%o, ..., &y, by m random variables z,,z,,...,z, with joint
probabilities distributions p(z¢,, z4,, . . ., 24, )

One very important feature of the methods of time series analysis presented in the next
sections is that they are developed to analyze stationary stochastic signals. According to
Box [107], a stochastic process is said to be strictly stationary if none of its properties
are affected by a change of time origin. That is, the joint probabilities distributions
associated with m observations at times t1,...,¢,, given by (p(zy,),...,p(z:,)) are the
same for other m observations at times t1 + k,... ¢t + k, that is (p(zy,),...,p(zs,)) =
(p(zy48), -, (2t 11)), for any k. A process is called mth-order stationary if the joint
probabilities associated with m observations are constant.

m

3.2.1 Moments and Cumulants

In practice, one does not have access to p(z;), once the time series is finite. Then, for a
discrete signal x(t) = (x(1),...,2(T)) with T time-steps, one can estimate the mean

p={a) = 7> (), (3.17)

o+
—_

and the variance

7 = (@ — (@) = 3 (xlt) — (@) (318)
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From now on, the symbol () will denote the estimated expected value of the quantity
inside the brackets.
For the case of time-dependent mean processes, such as Brownian Motion with drift
(see Appendix A) one can perform the following transform
o=@ (3.19)
(@ — (2))*)

to transform any non-stationary process into a first ordered stationary process [108]3.
The mean and variance are specific cases of two more general statistical measurements:
the moments and cumulants of a distribution [109]. The estimation of the moment of

order n of a general process = (x1,...,xr) with T steps is given by the expected value
of "
1 N
=4y = = "4l (3.20)
Ti=

The moments can be associated with a moment-generating function of x
M(t) = My(t) = (exp (£)), (3.21)
that can be Taylor expanded around the origin

M) = 3 (3.22)

|
n=0 n.

From My (t), the cumulant generating function is obtained as [110]

C(t) = Co(t) = log My(t) = 3 C’;f,n (3.23)

n=0

where ¢, is the n-th cumulant. This leads to a relationship between the first four moments
and cumulants, by extracting coefficients from the expansion, as

¢g = pp (Mean),

?  Variance (o = standard deviation),

C2 — H2— M% =0
cs = i3 — pipe + 248 (Skewness),

Cy = 4 — U5 — dpps + 12uTps — 6u]  (Kurtosis).

One can see that the mean and variance are only the first and second cumulants, respectively.
The third and fourth cumulants, skewness and kurtosis, respectively, are important in

3This is so once the mean estimation

are both constant.
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order to characterize the deviation of the distribution from a normal distribution. In a
normal distribution, all cumulants of order higher than 2 are zero.

3.2.2 Correlation and Autocorrelation Functions

The ability to tell whether a set of observations {x,vy, ..., w} are correlated is funda-
mental to many areas of science, such as Physics [111], Biology [112], Archaeology [113] and
social sciences [114], just citing a few examples — for a review on multivariate statistics
see [115] and applications see [116].

One of the most used linear methods to determine correlation is the Pearson Correlation
Coeficient [117]. Let (1,2, ...,xx) be N time series from N processes. Denoting the
i-th time series of a process by @; = [z;(1), ..., x;(T)], with length T', let Azx; = x;(t) — (x;)
represent the deviations from the estimated mean (x;) of the i-th time series, and ((Ax;)?)
to be the estimated variance of x;. Then, the correlation between i—th and j—th time-series
is given by the Pearson correlation coefficient

L E () = (@) () —(=x)\ | (AxiAxy)
Rij??( (A )( (A,) ><Ami><Amj>' (3.28)

The Pearson correlation matrix is a NV x N matrix R whose entries R;; are given by
Equation (3.28). That is
( 1 - Ry N\

R- \R; 1, ) (3.29)

is a hermitian matrix, once the correlation of a time series with itself is maximum, i.e.,
R“‘ =1 and Rij = R]Z

From the Pearson correlation between different time series, one can think of calculating
the Pearson correlation between elements of the same time series. This is the called
autocorrelation of a time series, enabling one to measure how changes in a signal are
related to future changes in the same signal. The estimated autocorrelation at lag T is
obtained from the autocovariance. For a signal @ = [z(1),...,z(T)] with length T, one
can estimate the autocovariance at lag T as

1 N—7
t=1
leading to the autocorrelation

R.= =, (3.31)

This can be estimated by

ST (alt) — (@) (1) — (@)
o= ST ) — @)F

or, simply the Pearson correlation coeflicient, from Equation (3.28), between a time series
and itself lagged by T: that is R ;.. When one lets T vary, one finds the autocorrelation

(3.32)
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function (ACF') estimation, generating a set of autocorrelations with different lags

R(t) = {Ret, Repieys - oo s By by (3.33)

where k can be as long as necessary to define the process.

When estimating the autocorrelation of a time series, one may ask what is the meaning
of significant correlations and what is the threshold of no-correlation. Defining a threshold
for no-correlation is still an open problem in literature (see [118] and [felippe-2021]
for discussions). But still, textbook relations can be used to estimate the error of the
autocorrelation estimation, o(R(T)), for a finite time series with length 7'. It can be done
twofold: first, if one considers that the time series values are i.i.d. such that o(R(7)) =
1/+/T. But this is only valid for real ii.d. time series, thence, for trying to investigate the
existence or not of correlations, one must consider Bartlett’s approximation [107]. The
Bartlett’s approximation, denoted as o(R(T)) = op(r is given by

1 [o.@]
012-2(T) - f Z (Ri + Rv+TRV—T —4R. R, Ry« + 2R3R$) ) (334)

V=—00

where one recovers the case o(R(t)) = 1/v/T for i.i.d variables, i.e., for Ry = 1, Reso = 0.
For finite time series autocorrelation functions, with length 7', one finds the estimation of
OR(r) by setting ;g = Rysp = 0.

3.2.3 Power Spectrum (PS)

When studying time series, the periodicity of the signal is a very important characteristic
of the phenomena behind that particular signal. A very useful way of looking at the
periodicity of signals is finding its spectrum, or, the frequency domain signal via Fourier
Analysis [108]. The Fourier Analysis consists on writing a signal & with length T in terms
of harmonic waves as a Fourier Series [119]

()= 3 ™o (3.35)

m=—0o0

where ¢ is the imaginary unit, f, is the fundamental frequency (fo = 1/7"). The coefficients
Zm, With m assuming integer values, are called the Fourier coefficients of the signal x.
The infinite set of Fourier coefficients {z,,} is unique, meaning that two different signals
are described by two different sets of coefficients. Obtaining the Fourier coefficients, in
practice, means calculating the Fourier Transform [119, 120] of the signal. For discrete
time series, this is done by the Discrete Fourier Transform (DFT) for finite time series @

with length 7', by
T

& =2(f) =) z(t)e ™, (3.36)
t=1
for f =mfy =m/T. Appendix C provides details on a computational technique to fasten
the calculation of the DFT called Fast Fourier Transformation (FFT) [121].

Perhaps a more physical approach consists of asking what is the energy associated with
each frequency on a signal. Further on this approach, one can ask what is the distribution
of energy in the frequency domain, and ask if signals with the same distribution are
originated from the same kind of process.
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Given a time series @, the Power Spectrum P(f) [122] is a measurement of the
distribution of energy in the frequency domain. The Power Spectrum P(f) for the signal
x, with length T', is estimated through

1

P(f) = o RO = , (337

T .
Z l’(t>€_2mft
t=1

for fe[fo=1/T,1/2].

One of the main power spectrum distributions, often associated with Complexity [4]
and self-similarity [123], are power laws 1/f signals, characterized by large energy in lower
frequencies and power law decay.

When 3 = 0, the signal is called white noise, and one finds a constant distribution of
energy in the frequency domain P(f) o< f°. This is a special case when the time series is
composed of as many frequencies as possible, all of them with the same energy. Processes
following white noise are related to the absence of memory, since the steps are completely
uncorrelated, meaning the autocorrelation function is zero for every T > 0.

In the case of 8 = 1, one finds a signal called pink noise, where the energy decays
exactly with the inverse of the frequency. This is the classical case of 1/ f noise, directly
associated with self-similar processes in nature [123].

When 3 = 2, one has the red noise, often called Brownian, because this is the
distribution for the Brownian motion. The Brownian noise is a process composed of
uncorrelated increments, i.e., the time series for the increments of the signal is white noise.

3.2.4 Detrended Fluctuation Analysis (DFA)

Another method for time series characterization is obtaining the Hurst Exponent
H [124]. This method characterizes the average velocity of variance growing of a process.
The Hurst Exponent consists of the generalization for characterizing diffusion, where the
relationship between variance and time is a nontrivial power law

(Az?) oc At*H (3.38)

for H € [0,1], one recovers the Brownian motion with H = 1/2 for uncorrelated increments,
and H > 1/2 (H < 1/2) characterizing super- (sub-) diffusive processes for correlated
increments [111].

But, as stated by Kantz [124], it is not advisable to estimate the Hurst exponent
of measured data, once real-world data might carry trends, resulting in either a trivial
exponent H = 1 or more often, do not exhibit a clear scaling. A method called Detrended
Fluctuation Analysis (DFA) has been largely employed to avoid such issues since it was
developed by [125] to study the organization of DNA nucleotides. The DFA method was
applied to various dynamical phenomena including physiological data [126, 127], financial
market [128], and climate data [129] just citing a few examples.

Given a time series & = (2(1),...,2(T)), the DFA is calculated by segmenting it into
parts of equal length ¢, for £ € [ng,7/2]. That is, from «, one finds a set of segments
o(t) = (x(t), ..., xs(t +£)). The points of each segment with length ¢ are fitted via least
square fitting into a function y,(t) and the squared displacement of the segment’s points
from the fit is taken: (dg(t))* = [a(t) — we(t))*. The squared displacements are averaged
over all the time series, and the square root of this average gives a detrended fluctuation
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as a function of the segment length ¢, given by

Fle) =, %;[dg(t)f. (3.39)

Finally, the DFA exponent a can be found by fitting F'(¢) o< £*. The o and H exponents
must be the same for the same process, but, for real-data time series, « is a much more
reliable result. Further, the DFA exponent o and the PS exponent § are related by [130]

B=20—1 (3.40)

and their results complement one another.

3.2.5 Von-Neumann Entropy between Time Series

Entropy is a measure that can be addressed in two main fields: thermodynamics and
information theory. The thermodynamic approach is based on the second thermodynamic
postulate and its consequences in statistical mechanics [131]. This dissertation will address
the information theory approach to entropy, based on the idea that entropy measures the
uncertainty of a random variable [132].

The von Neumann Entropy is obtained from the density operator p of a mixed state [133]
of M pure states |¢;) with assigned probabilities p; of occurence

p = Z:pj ;) (W;] - (3.41)

The density operator has three properties: (i) Hermitian, (ii) unitary trace, and (iii) is
positive semidefinite (i.e., has non-negative eigenvalues).
For a general quantum state p, John von Neumann defined the entropy by the formula

S(p)=—tr(plnp). (3.42)
From decomposition of p

p=> Nli) il (3.43)

in its eigenstates basis, where \; are eigenvalues of p, the von Neumann Entropy becomes
M

S(p) ==Y NInX\. (3.44)
i—1

By trying to overcome the threshold for no-correlation cited in Section 3.2.2, [134]
proposes a method to calculate the entropy of various time series to testify the entropic
brain hypothesis using the von Neumann entropy (see Felippe’s [135] Master thesis for
more details). Given N time series @; = (x;(1),...,2;(T)), Felippe [134] proposes that
the Pearson Correlation Matrix (3.29) can be transformed into a matrix with the same
properties of the density operator by writing

R
= — 4
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where is possible to prove that pp (i) is Hermitian, (ii) has a unitary trace, and (iii) is
positive semidefinite (see [134, 135] for details). From pp it is possible to calculate the
von Neumann Entropy for the N time series by

N
j=1

where ); is the j—th (from a total of N) eigenvalue of pp.

If the time-series are completely non-correlated, R;; = ¢;; and all eigenvalues are
Ai = 1/N, leading to a maximum entropy value Sp.x = In N. Otherwise S < Sz,
indicating some correlation between time series. Results on von Neuman entropy are
presented in units relative to the maximum entropy as S = S/ Smax-



Chapter 4:

Dynamics of m-Vectors

This chapter presents results on characterizing the dynamics of the Collatz Map in
the m-vectors representation. This is done by extending the m-vector representation of a
number to a M -matrix that contains all the information of the orbit. The M -matrix is
defined in Section 4.1. The dimension of the m-vectors is a piece of important information
and is studied in Section 4.2. Further, by studying statistical properties of the M-matrix,
suich as moments and cumulants of its columns, one can characterize the m-vectors
dynamics, and this is presented in Section 4.3. Future analysis on the m-vectors and
partial results are presented in Section 4.4

4.1 The M-Matrix

Let m(t) = (ma(t),ma(t), ms(t), ..., mys(t)) be the m—vector representation of the
step ¢ of the Accelerated Hailstone Sequence ny — ft(no). Then one can create a matrix
M (t), called M-matrix, whose lines are given by the m-vectors m(t), and each column i
represents the time-series for the component m,. That is

m(1) ma(1) mz(1)
m(t) mi(t) - mg(t)

where R is the largest dimension achieved by m(¢) during the hailstone sequence. Notice
also that if 7(¢) < R, the matrix components m, -, (t) are not defined. In this case, we
seth My (t) = Meys2(t) = -+ = mg(t) = 0.

The M (t) matrix contains all the information of the hailstone sequence up to time t.
Further, if we apply M (t) into a R—dimensional vector u whose components equals unit,

IThis is only a trick to write a rectangular matrix, these components are not zero, they are undefined,
and only my can be zero in this representation.

54
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ie., ||lul| = VR, we find

my(l) - me(L)\ (1 z:ﬁ;gmim
. m1:(2) mR:(Q) 1 I P :mi(2) | (42)
m(t) - me)) \L) \ s

and, by numerical comparison with the orbit, one finds that the i-th component of the
vector Mu goes along with the integer part of the base-2 logarithm of the i-th step of the
hailstone sequence. In other words

r(t)
[loga[n]] = > mi(t). (4.3)

i=1

This relation can also be obtained for any n € Z" by applying base-2 logarithm to the
expansion from Equation (3.9). The details are presented in Appendix D. This allows one
to write any hailstone sequence number as

()
log,[n:] = Zmi(t) + (1), (4.4)

i=1

with e < 1 given by Equation (D.9).

Equation (4.4) presents an interpretation of the Hailstone Sequence time series at time
t as a composition of r(t) + 1 time-series: the r(¢) integers m;(t) components plus some
noise £(t) between 0 and 1. Following this interpretation, one can think of the m-vectors as
an internal structure of the pseudo-random process. Hence it can be possible to investigate
the m;(t) time series in order to get a better understanding of the hailstone sequence itself.
A didactic example of the M -matrix applied to the vector u is found in Appendix D.

Figure 4.1 (a-c) presents heat-map representations of the complete M™*(S) from three
different initial conditions with random components, respectively:

n$” = 2842073768 = m,(0) = (3,2,2,2,2,2,1,3,2,1,3,1,2,3,2,2)

n = 136403859228 503348 = m,(0) = (2,2,1,3,2,1,2,2,2,1,1,3,2,1, 1,
2,2,3,1,2,3,2,2,1,3,3,3,1,1,1)
n = 62511978391 312874001 289897 106 = m.(0) = (1,3,3,3,3,1,1,2,3,2,3,3,2, 1, 3,
3,2,3,2,3,2,3,2,2,3,2,1,1,2,3,
2,3,3,1,2,3,1,1,1,1,1,1,3,3,1).

As the initial condition gets larger, the M -matrix grows and no pattern seems to appear,
pointing that the m-vectors time series might be very random.

Figure 4.2 (a) presents the heat-map of M-matrix from a very large initial condition
whose exact value and correspondent m-vector is presented in Appendix E. The noisy
characteristic of the M-matrix becomes much more apparent, but curiously some interest-
ing patterns can be perceived by zooming into the matrix M;,; components, as Figures 4.2
(b)-(e) shows. Figures 4.2 (b-e) presents four levels of zoom. It is possible to perceive
the existence of horizontal stripes where only m; changes and the other components do
not. These structures appears when the n; is even, then my(t + 1) = my(t) — 1 and
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mi>1(t + 1) = mi>1(t), leading to these horizontal stripes. These stripes become as long
as the number of times n; is divisible by 2. Also, zooming in, besides the presence of
the stripes, does not vanish completely the random structure of the M -matrix, pointing
to the possible existence of scale invariance. The random-structured patterns must be
carefully studied, and this will be presented in Chapter 5 by applying von-Neumann
Entropy measurements on the m-vectors components.

Finally, it is possible to see the dominance of 1,2, and 3 — dark red, dark blue, and
vellow, respectively — values in the M-matrix, leading to questions about what is the
distribution of numbers in the M-matrix. In the next section, some statistical explorations
will characterize formally the distribution of numbers in the m-vectors components, as
well as how this distribution is affected by initial conditions.

4.2 Dimension of m-vectors

By analyzing Figures 4.1 and 4.2 (a) it is clear that the dimension r(t) of the m-vector
decreases with time. This is a direct consequence of the decrease of the sequence itself,
leading to smaller numbers, with smaller m-vector dimensions. Figure 4.3 shows the
dimension of the m-vector r(n) as a function of the base-10 number it represents for
n € [2121°. The inset of Figure 4.3 details r(n) for n € [2%,2'], revealing a repeated
structure from 2% up to 2° + 25,

A careful analysis shows that the function r(n), in the interval 271 < n < 2% repeats
itself in the interval 2% < n < 2% 4 2°! for every integer a > 1. One can see this by
comparing r(n) with r(n +2°7!) for n € [2* —2°712% — 1] Let

n = 2™ 4004 2m1+~~~+mT7

with r(n) = r,, and my +--- +m, = Z:W m; = a — 1, then for

W2l g g gty ) (1.5
— Py .. 98T gEel (4.6)
2'm1 e o 20«) = T(TL - 2(’«—1) = P, = T(n) (47)

Further, one can look for the probability distribution function P(r,3,) of m-vectors
with dimension r and sum of components X,.(m) = >.7_, m;. Table 4.1 shows how the base-
10 numbers are classified according to r and X,(m). From Table 4.1 one can conjecture
that D(r,33,) follows a binomial probability distribution for p = 1/2, that is

1 (%,
P(r,3,) = o5 ( . ) (4.8)
Figure 4.4 shows the distribution D(r, 33,.), i.e., the number of m-vectors with r components
for each 3,, corroborating with the hypothesis that P(r,3,) is binomial.

The existence of a maximum on the distributions D(r,3,.) might lead one to wonder
what is the average decaying of r for the Collatz process. By considering one random initial
condition from 2* to 2¥*! for each & = 100,200, ...,2000, Figure 4.5 presents how the
dimension r decays with t. The decay presents a trend with some noise around. In order
to find the general trend for r(¢) one can fit the time series r(¢t) = (r(0),7(1),..., (1))
into a linear function f(t) = at + b.
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Figure 4.3: Dimension of the m-vector, denoted by r, plotted in function of the base-2
logarithm of natural numbers n for 2 < n < 2! The inset shows a zoom into
the region of 2 < n < 2' to detail the periodic structure between 2% and

7 )
r=1 r=2 r—23 r—4 r—2>5 r—=6
3, =1 2 3
3, =2 4 5,6 7
X =3 8 9, 10, 12 11, 13, 14 15
17, 18, 20, | 19, 21, 22, | 23, 27, 29,
Xy = 16 24 25, 26, 28 30 al
35, 37, 38, | 39, 42, 45,
33, 34, 36, | 41, 42, 44, | 46, 51, 53, | 47, 55, b9,
L =48 B2 40, 48 49, 50, 52, | 54, 57, 58, 61, 62 &
56 60

Table 4.1: Classification of base-10 numbers according to r and 3J,. Numbers in the same
line have the same [log, n| value, while numbers in the same column have the
same m-vector dimension. Numbers in the same cell share both characteristics.

For the present analysis, 100 hailstone time series of r(¢) were considered. The time
series are started from random initial conditions in the interval 229 < ny < 22091, No
record of the specific initial condition was made, but these results were exhaustively
reproduced in order to be sure that they are as general as possible?. The sample of 100
hailstone sequences were analysed, generating the time series 7;(t) = (r;(0),r;(1) ... 7(T)),
for i = 1,...,100. Each 7;(¢) time series was fitted via the least square method into

The linear coefficient b; is compared with each r;(0), and the relative mean deviation

2It is hard to define how general the results are. They are obtained from very large initial conditions
(no & 22990} to obtain good statistics, but the amount of ignored sample space grows exponentially. The
use of random initial conditions aims to draw the most unbiased hailstone sequences possible.
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Figure 4.4: Distribution of m-vectors dimension r in the ranges of natural numbers (a)
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the binomial distribution for D(r, 32, ).

of b from r(0) is estimated by

1 X — ri(0)]

b= r(0) = 1552 "

(4.9)

obtaining

(b—r(0)) = 0.02095, (4.10)

indicating that b ~ r(0) is a good approximation. Further, the mean of a; is estimated as
(a) = —0.103442. (4.11)
Finally, a model for the mean decay of r(t) can be formulated as

(r (1)) ~ 1(0) — ¢/10. (4.12)

4.3 Statistical Investigation

This section deals with statistical measures of columns of the M-matrix. The analysis
of columns is done by estimating the first four cumulants — mean, variance, skewness
and kurtosis — of each value in column of the M-matrix, i.e., the time series for each m;
component. This study allows us to characterize the distribution of m-values along the
m-vectors and the M-matrix, hence providing a characterization of the internal structure
of the hailstone sequences.

Let {M} — {MY M®P .. MM} beaset of N M-matrices generated from initial
m-vectors with fixed r(0) random components. Let Méz) denote the t-th row i-th column
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Figure 4.5: Dynamics of the dimension r of m-vectors along the hailstone sequences
from 20 initial conditions randomly chosen between 2¢ < ng < 2F! for
k = 100, 200, .. ., 2000.

of the j-th M-matrix. Once only m; can assume zero value, the n-th moment for the 1st

column is simply
1.8

Gy _ 1
e 5 >

t=0

(MD)", (4.13)

where 5 is the total stopping time of the hailstone sequence. Then the n-th moment of
the column i > 1 of the M-matrix MY can be estimated by

=L s () o
' t:{tMt,i#O}

where S; is the number of non-vanishing components #yy, , 4o at the column M, ;-; Then
the mean of the n-th moment of the j-th column over each MY from the set { M}, is

estimated by
. g 1 X
i) = () = 5 >, (4.15)

J=1

From these means, one can obtain the mean cumulants of the j-th column by

@) = (), (4.16)
() = )= () = O, (4.17)
() = () = 3"y (") + 20”")", i, 1]
() = () = 30u8")* — 4 () + 1206 () - 6(u”)t. (4.19)
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Figure 4.6: First four cumulants for each of 200 first columns of 100 M-Matrices, revealing
the (a) mean, (b) variance, (¢) skewness and (d) kurtosis of the distribution of
m-values in the components of m-vectors along the hailstone sequences.

Figure 4.6 displays how each cumulant evolves with the column it represents.

By Figure 4.6(a) one can see that the mean <c<11>> ~ 1 and <c(f>1)> ~ 2 for all i > 1.
The variance — see Figure 4.6(b) — ( Y ~ 2 for all i, revealing that almost the same
distribution holds for the m-vectors components values. The skewness and kurtosis — see
Figures 4.6 (c¢) (d) — are larger than expected for a normal distribution, meaning that
there is excess skewness and kurtosis. Positive skewness <c§>> means that the distribution
is peaked to the left, which is expected given m-vectors contain only positive integers
with mean (m;~1) =2 ({my) = 1). The excess kurtosis <c§f>> leads to the conclusion that
the distribution is very peaked around the mean, with abrupt decay.

These results raise two questions: (1) what is the distribution function D(m) for the
m-vectors components values and (2) if the distribution functions for the components are
similar to each other, given that the first four moments present only small deviations.

The distribution function can be estimated by counting, for each component, how
many of each value appears along the hailstone sequence. From the first cumulant analysis,
one finds one distribution for m; and another for m;~ 1, but it is expected that they have a
similar shape for all i. Figure 4.7 shows the distributions for m; (Figure 4.7 (a)) and m;~
(Figure 4.7) over the sample of 100 M-Matrices, evidencing that they are indeed similar

to each other. In fact, they can be compared with exponential distributions, leading to

griol] =1,

D(m>{ 7M1, A=)

the distribution function for the m-vectors components.
From figure 4.6, it is possible to see a great homogeneity in the mean and variance of
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Figure 4.7: Distribution of values of (a) m; and (b) m;~1 components scattered in the
purple dots and comparison with exponential distribution (a) D(m;) = 2-(m+1
and (b) D(m) =27".

the components. This is obtained starting from randomly chosen initial components, then,
the Collatz process seem to produce certain thermalization in its internal structure, where
the values of its components tend to an equilibrium in the long-term (but finite ¢t < S
where S is the total stopping time).

4.4 Further points to be analyzed

This section will provide some incomplete but promising results on using the m-vectors
formalism. Section 4.4.1 presents an investigation on modeling a Collatz Gas based on
Riemann Gases and ensemble statistical physics considerations. Some explorations on how
to evolve properly the map on the m-vectors space are provided in section 4.4.2. Finally,
the still unsuccessful tentative of directly evolving the m-vectors, leads to representing the
evolution of m-vectors components via graphs and transition matrices in Section 4.4.3.

4.4.1 The Collatz Gas

The interface between number theory and physics has been growing over the last
decades as the Introduction has pointed out. One of the origins of this interface traces back
to Hilbert-Polya conjecture [52], providing a physical reason why the Riemann hypothesis
[54] must be true. One of the most curious connections between the Riemann hypothesis
and physics is placed within statistical physics, by the construction of Riemann Gases
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[136, 137]. The construction starts by defining an ensemble of quantum states of a gas

D@ {12),13) 15,175 |pa) -} (4.21)

where |1) is the vacuum state, and the set of |p,) are states formed only by prime numbers.
This representation is linked to a definition of energy for each state |p) as

E,=1np, (4.22)
such that the ensemble of energies is given by
E,€{0,In2,In3,In5,...,Inp,,...}. (4.23)

If we second quantize this system, one can define the existence of creation operators
&p and then, non-prime states can be generated from vacuum

Op,Qp; -+ O |1) = |pipj -~ - ) - (4.24)

This implies that the created states, and the primes themselves, are bosonic-like, where
the creation operators commute &, d,, = &, ¢p,. Another possibility would be to create
fermionic states, where &y, ay,, = —ay, Gy, -

From this construction, every natural number is associated with an energy state. A
partition function Zp of a gas whose particles can be in states with energy Inn can be
constructed, in the Canonical Ensemble, where the system is in contact with a thermal
reservoir with temperature 1/3

Zp=">Y e Fbn (4.25)
=1
but once E, = Inn, then
Zp=> e M =3"n="F=((p). (4.26)
=1 i=1

In other words, the partition function Zg of the system is the Riemann-Zeta-Function!
From this partition function, average energy and entropy can be calculated for this gas.

Now, let us consider an ensemble of N non-interacting particles forming another gas,
whose Hamiltonian is given by

H = eollogynl, n = no, f(no), f2(no),...,4,2,1, (4.27)

for f(n) the Accelerated Collatz Map 2.2. Then, given ng, associated to an energy
Ey = ep|logy no|, each particle can assume the following S energy values:

{50 llog, no], 0 |log, f(no)], ..., 20, €0, O} . (4.28)

Hence the partition function for one particle of this system, using base two instead of e, is

T
7z = Z 9—Bzollogy ne | (4.29)
=0
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By using the relation 4.3, |log, n| = Zwi m;(t), the partition function becomes

j=

s 5 r(t)
Zy =3 2P Sl mal) — SO 2Peomi(t) (4.30)

=0 t=0i—=1
or, considering a degenerecy g¢,, for each m value

S max(m(t))
=1

Z =3 [I g2, (4.31)
t=0

and once gop = 1 because, at every time-step, only my can be zero, the partition function

can be written as
T max(m(t))

Zr=>" [ gm2 "™ (4.32)
t=0  m=1
The value of max(m(t)) can be obtained from the previously presented statistical analysis
and a still ongoing investigation might lead to a partition function with fruitful energy
and entropy measurements for this gas. These results are not concluded yet, hence they
will not be presented here.

4.4.2 On how to evolve m-vectors via Collatz Map

The analysis developed here only details more on the discussion presented by [92]. In
order evolve the m-vectors using the Accelerated Collatz Map f, it is useful to rewrite it
as

f( ) 27 1n, if m; > 0; (433)
N1 = f(neg) = .
o ' ne + 27120 +ng)  if my = 0.
When m(t) > 0, the m-vector is evolved simply as ?

m(t+1) = (mi(t) = Lmat), ma(t),. .., M (1)) (4.34)

Now, for m4(t) = 0, in base-10 one finds

ne - 2—1(20 +n) = 90 4 omalt) y gme(tms(B | 4 ol tmalE)temae) |
R (20 4ogma(®) 4 gma®+ma(t) 4 ... 4 2mz<t>+m3<t>+~~+mf<t>) )

by reorganizing as

ne + 2—1(20 + nt) _ 20 + 2m2(t) + 2m2(t)+m3(t) + . + 2m2(t)+m3(t)+~~+mr(t) +
+20 + 2'm2(t)—1 + 2'm2(t)—1+'m3(t) + L. + 2m2(t)—1+m3(t)+~~~+m7«(t)

)

30nce for m4(¢) > 0 one finds

iy =27y = 2071 (2’”2“) ( = (2’”T<t>(t> ot 1) + 1) + 1)
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the m-vector becomes, for m4(t) = 0,
m(t+ 1) = (0,mz(t),ms(t), -+ ,m.(t)) & (0.ma(t) — 1,ms(t),--- ,m.(t)), (4.35)

where @ denotes the proper form to sum two m-vectors with the same dimension. All
the discussion so far leads to questions on how to sum two m-vectors. Answering this
question is still an open problem and no conclusive results were obtained now. But this is
a problem that, if solved, given the important description of the internal structure of the
hailstone sequences, could lead to new insights into the dynamics of the map, or maybe
the conjecture itself.

The problem of defining a proper way for summing the m-vectors are attached to the
larger effort of defining an algebraic and topological structure for the m-vectors. In order
to do that, one can lean on the mathematical foundations presented in section 3.1.1 about
topological algebra concepts on ultrametric spaces and p-adics, respectively. In addition
to defining how to sum two m-vectors, one can try to define a field M for the m-vectors,
by obtaining the proper multiplication and testing for commutative and distributive laws.
Further, one can try to find an absolute value, similar to the p-adic, in order to study the
topology of the m-vector’s field. These are all greater efforts, that go beyond the scope of
the present dissertation, but the author hopes that the foundations of Chapter 3, together
with these future analysis ideas, might light up the will of performing such tasks.

4.4.3 Graph of m-vectors

Another way to investigate the m-vectors’ internal structure of the hailstone sequences
is via transition matrices and graphs. Given that no deterministic rule has been developed
yet to determine the evolution of the components when n; is odd, and that it is only when
ne is odd that the m-vectors components change substantially, a probabilistic view of the
problem can be addressed.

First, assuming that the components of the m-vectors evolve in a markovian process*
then one can define the probability

Pro(my(t + 1)|my(t)), (4.36)

that the i-th component assume the value m;(t+1) at time ¢+ 1, given that it has assumed
the value m;(t) at time t.

Second, consider that the transition probability between every pair of possible m;
values does not vary with time. Then, one can write, for any pair (k¥ ¢®) of possible m;
values

Pk 00 = TIE?? (4.37)

where Téé)

is a matrix element of the so-called transition matriz® T, indicating the
probability of transition from k to £ in the i-th component of the m-vector. The transition
matrix 7% can be used as an adjacency matrix to create a directed graph G, whose

vertexes are all the possible values assumed by the i-th component and an edge is

4Characteristic of discrete processes where the state in the next step depends only on the current
time state [138]. This assumption for the m-vectors components can be enhanced by calculating the
autocorrelation function of the components, this is also a possible future analysis.

5In this notation, the matrix elements are Ty, for k£ = 0,1,2, ..., to be concise with the possibility of
finding zero values along the m-vectors components.
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constructed from vertex k towards £ if the element T,i@? # 0 (equivalently an edge is created

from ¢ towards k if Télk) #0).
As a simple example, consider ng = 13, whose M-Matrix is given by

(4.38)

S =N WO~ NO

S OO ON N NN
S oo oo oo

The first column of M (S) represents the m; time series. It is easy to check that there
are four possible states {0,1,2,3}. For state 0, there are two possible transition 0 — 2
and 0 — 3 that occurs in equal quantities, hence, one can associate equal transition
probabilities for each Té}; = Té}g) = 1/2. For states k = 1,2, 3, there is only one transition
k +— k—1 and, for each of them, one can associate equal transition probabilities T} 51 = 1.
From this, the transition matrix for m; can be written as

T = (4.39)

e BN en BTN o)
(et e B e
— O Ol
o O ONl

The second column of M (S) represents the my time series. In this case, there are only
two possible states {0,2}. State 0, in this case, represents non-existing components and
contains only one possible transition 0 — 0, then T(%) = 1. State 2 there are two possible
transitions 2 — 2 and 2 +— 0, where the first one occurs in 3 of the 4 transitions and the
latter only once, leading to T2<§> = 3/4 and T2(§> = 1/4. From this, the transition matrix

for mqy can be written as

100
T@ =10 0 0], (4.40)
L5 3
4 4

where the second row and line are null once they represent the transitions for state {1},
which does not exist for this component.

For the third column of M (S), representing the ms time series, there are only {0, 1}
possible states. For state 0, there is only the transition 0 +— 0, and for 1 there is only
1 — 0 transition, leading to the transition matrix

76 _ G 8) . (4.41)

The graphs G for my, ms, and ms are very simple in this case and will not be
presented here. In order to present a more meaningful example, from larger time series,
Appendix F shows the Transition Matrices for the m-vectors components starting from
no = 27, and Figure 4.8 presents each of G graphs of the eight m-vectors’ components,
showing the large variability of connections that can be characterized in future studies. The
important statement of this section is the potential analysis that the transition matrices
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Figure 4.8: m-graphs GY for j = 1,2,...,8 representing the transitions of values in the
j-th component of m-vectors evolved by the Collatz Map from ny = 27. See
Appendix F for the complete transition matrices.

and graphs can generate, enabling a better characterization of the internal structure of
the hailstone sequences using network and graph analysis.

4.4.4 Chaos in Hailstone Sequences

Another study that seems very promising is the study of chaotic properties in the
transient orbit of the Collatz Map. Chapter 2 has reviewed briefly some studies of the map
in Dynamical Systems theory and explorations on defining measures such as Lyapunov
exponents for the dynamics. One of the main difficulties of defining a measure such as the
Lyapunov exponent for the dynamics are: (i) the space in which the hailstone sequences
evolve is discrete, such that the initial separation of orbits can’t be infinitesimal to measure
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its evolution, and (ii) the orbits are not bounded. The m-vector space might prove itself
useful in this definition, once it changes the one dimensional space of natural numbers
to a space that has connections with non-archimedean spaces with higher dimension. In
these higher dimension spaces, if future efforts from section 4.4.2 are fruitful, orbits can
be started from m-vectors as close to each other as possible, in their space, and maybe
some bound can be defined for the orbit. In the paragraphs bellow, two possible studies in
measuring the Lyapunov exponent for Collatz Map will be sketched.

Consider a finite subset of the positive integers B € Z" such that all hailstone sequences
with ng € B are bounded with S, the largest expansion factor over all orbits initiated
within B. Then consider the set Bg ., a extension of B to be the bounding space of all
sequneces starting in B.

Now let max (Bg,,., ) to be the largest element of Bs, ., and consider the transformation

T

e ey~ & € [/ max (B, 1

for n; € Bs,,... Then, with this transformation, the hailstone sequence O transforms as
O(ng) = {no,n1,...,n5 =1} = X(x9) = {20, 21,...,25 = 1/ max (Bgs__ )},

where the set X'(xg) is bounded and, if the conjecture is true, xg can be as small as needed
for computing a Finite Size Lyapunov Exponent [139] for the X orbit, that is isomorphic
to the hailstone sequence.

As a second approach, utilizing the m-vector space and a — still to be found — proper
metric definition d(m,, my), one can calculate two sets of m-vectors evolved by the
Collatz Map, starting from two m-vectors m(0) and m(0) + 6(m(0)) where 6(m(0)) —
min (d(m,, m,;)) is the minimum distance in the m-vector space for the given metric.
Then, by applying the methods from Finite Size Lyapunov Exponent, a measurement of
the average distancing of the near initiated orbits.



Chapter

Stochastic-like characteristics in
Collatz hailstone sequences

Up to this point, this dissertation has presented a literature review on the Collatz
Map in Chapter 2, a review of mathematical methods in Chapter 3, and an exploratory
study on the m-vectors evolved by the Collatz Map at Chapter 4. The present Chapter
shall present a study on the characterization of the pseudo-random behavior of typical
hailstone sequences via time series analysis techniques, reviewed in Section 3.2. Further,
a characterization of correlation between the m-vectors is presented aiming to obtain
entropy measures for the hailstone sequences.

In order to study and characterize the more general hailstone sequences but also capture
their variability, a very careful sampling of initial conditions was conducted and must be
presented first in Section 5.1. Moreover, a few specific data treatments must be carried
over in order to apply correctly the time series analysis methods. These specific data
treatments will be explained also in Section 5.1 for the hailstone sequences in base-10
and the m-vectors. Then, Section 5.2 contains the main results of this dissertation,
which are now submitted for publication. Subsections 5.2.1,5.2.2 and5.2.3 presents the
Power Spectrum and DFA, Autocorrelation function, and von Neumann Entropy results,
respectively, together with the discussion on the implication of each result.

5.1 Methodology of Data Analysis

It is impossible to analyze every hailstone sequence once the set of natural numbers
is infinite. Furthermore, any statistical analysis of these orbits comes from a sample
with measure zero in the space of all possible orbits. In order to avoid studying too
specific orbits, one needs to find “typical” hailstone sequences to analyze. The concepts of
“typical” and “atypical” hailstone sequences are heuristic for our purposes but very useful
to understand the sampling made in this study. Atypical orbits consist of too-structured
orbits, e.g., with very short lengths or those with a very repetitive succession of ascents
and descents. The typical orbits contain fairly heterogeneous patterns of up and down
fluctuations. The former should be avoided in the present study, while the latter gives
material to statistical analysis, and a sample of initial conditions that leads to them will
be used.

The sampling process for the initial conditions ng is done by selecting the components
of m—vectors, generating a m(0). The values are selected in two manners: randomly,

70
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or following a certain structured pattern, namely, all odd, even, oscillating (in a sine-
or cosine-like function), elements drawn from lines of the pascal triangle, and a steady
increasing or decreasing linear in a saw-tooth pattern.

The code that generates the initial m-vector receives the parameter mVectorSize= rg,
stating the value of the dimension of the initial m-vector'. For structured types, a
parameter of construction called BlockSize is given, stating the size b of the building
blocks of each structured m-vector. For prime, even and odd types, the building block is
formed by the first BlockSize= b elements of that type. For oscillatory type, BlockSize= b
indicates the “wavelenght” of the oscillation, while for pascal triangle types, parameter b
indicates from which line of the pascal triangle the elements must be drawn (remember
that line b contains b elements). Finally, for linear type, BlockSize= b it indicates that
an arithmetic progression from 1 to b will be used as building block. For instance, if one
intends to create a structured initial condition of prime type with ro = 12 and b = 3,
then the building block is formed by the first 3 prime numbers (2,3,5) and it is repeated
r(0)/b = 4 times to form m(0) = (0,2,3,5,2,3,5,2,3,5,2,3,5).

In total, 997 initial conditions were generated. All the samplings, hailstone sequences,
and statistical analysis were done using Julia Language [140]. The main details of this
sampling process are presented in Appendix G.

In this chapter, all the analyses are made using the Accelerated Hailstone Sequence
generated by Equation (2.2), then, from now on n; = f(ng). The time series in base 10
representation is non-stationary, but the analysis of the semi-logarithmic scale of hailstone
sequences — as in Figure 2.5 —, reveals an exponential decay for the orbit towards
the unit. Once there is an interpretation for the base-2 logarithmic of the Hailstone
Sequence (Equation (4.3)), one must fit the hailstone sequences into a base-2 exponential
n: ~ ng 27, obtaining a relaxation exponent ~y, for each initial condition ng. The exponent
v is obtained simply by connecting only the initial and final points of the sequence, no
regression, least squares, spline is performed.

In order to obtain a stationary orbit, one can subtract the logarithm in base-2 of the
hailstone sequence from its logarithmic tendency, generating a deviation-from-drift time

series A,,, = (dg, 01,02, ..., 07) where §; = logy|[n| — (logy[ne] —2t). Taking the increments
of the deviation-from-drift time series I, = 9;,1 — d;, and forming another time series
for the increments Jp = (ly, I1,...,I7_1), the analysis of Power Spectrum, Detrended

Fluctuation Analysis (DFA), and autocorrelation function were carried over.

Given the increments of the deviation-from-drift J; time series, the FFT is estimated
using the FFTW package [141, 142] from Julia Language, and Power Spectrum is obtained
by

P(f) = 132 (/). (5.1)

el

from Equation 3.37.

Also from the increments time series, the DFA is calculated by dividing the time series
into contiguous segments of equal length £, with £ € [4,(T + 1)/2], leading to the subsets
3§£> = (Lg—vyes - Digm) with = 1,... (T +1) /€. Then, each 3§£> is fitted via least square
fitting, obtaining the piece-wise linear functions y;(7), with 7 continuously defined in the
segment ([ —1)¢ < 7 < [£— 1. We then consider the quadratic deviation written as
di(t) =T —y(r=1t)* fort = (Il —1)¢,...,1€£—1. Finally, we calculate the detrended

!Actually, once we create only odd initial conditions m(0) = (0, M2, M3, ..., Mp0)4+1), the true
dimension of the m-vector is r(0) + 1, and (0) is related to the size of the structured part.
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fluctuation as

t=1{—1

FO) =T +1)7" 13 3 a2 (5.2)
lot=(1-1)

L

This is a detailed version of Equation (3.39).

The exponents 8 and « for Power Spectrum and DFA, respectively, are evaluated for
all orbits in the sample, allowing a characterization of the type of process and correlations
governing the dynamics of typical hailstone sequences.

Finally, the autocorrelation function for the steps of the deviation-from-drift time series
is estimated using the Equation (3.32).

The m—vector representation for the terms of the hailstone sequences allows proper
analysis of correlations. Indeed, each exponent m;(t) can be viewed as a time series and
so, the Pearson correlation matrix can be estimated by using Equations (3.28) and (3.29).
From it, a recently developed method is employed to ascribe an entropy measure for the
full sets of {m;(t)}.

Therefore, let m; = (m;(1),m;(2),...,m;(s)) be the time series of the first s steps of
the i-th m—vector component. Define M,; = m;(t) — (m;) as the deviations from the
estimated mean (my;), with a variance 02 = (M?). The correlation between the 7'-th and
i"-th terms is given by the Pearson correlation coeflicient.

Ry — }ZS: (mi/(k) — <mz‘/>> (mz‘”(k) — <mw>> (M MW>. (5.3)

gyl T gt O

From the first N components of the m—vectors, a N x N Pearson correlation matrix R
can be calculated with entries R;;» given by Equation (5.3).

Finally, from R, the von Neumann Entropy is obtained using the methods of Sec-
tion 3.2.5,

S(p) = =Tr(plnlp]) = =3 AjlnA;, (5.4)

where ); is the j—th (from a total of N) eigenvalue of p. If the time series are completely
non-correlated, Ry;» = d;;» and all eigenvalues are A\;y = 1/N, leading to the maximum
value Spmax = In[N]. Otherwise S < Sy, indicating some degree of correlation between
the time series.

For the present analysis, it is worth mentioning that, by considering the Collatz step n;
as resulting from a sum of r(t) variables at each time step — refer to Equation (4.3) — then
if the time-series of the m;’s are non-correlated, this would mean that these variables are
associated with non-correlated processes and a kind of central limit theorem would hold
for In[n] as a sum of independent random variables. On the other hand, m;(t), originated
from a dynamical process, must be correlated, and the correlation analysis should identify
this.

From the approach above, we must define a sample of N time-series, all with size s.
For the numerical ranges used in the present work, we have verified that taking N = 100
components already leads to proper averages. In this way, for each orbit, the correlation
matrix and entropy are then computed for various sizes s, say, for s ranging from 7'/4 to
T. For each s, a value of entropy is obtained. The maximum entropy value between all s
sizes is selected as the entropy of that orbit.
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Figure 5.1: Distribution of relaxation exponents v, overall 997 initial conditions with its
estimated mean (7,) in black dashed line and (y2) + 20 in the gray dashed
line.

5.2 Results and Discussion

The first result to be presented is the distribution of v, relaxation exponents for
the 997 initial conditions, given that this result is crucial for transforming the proper
hailstone sequences into stationary sequences. The estimated mean () was obtained
as {v2) = —0.21 with estimated standard deviation of ¢ = 0.02. The distribution of ~,
values over all the sample is presented in Figure 5.1, showing that the distribution is well
centered with just a few orbits deviating more than 2¢ from the mean.

With the estimation of expected (vs), one can estimate the expected total stopping
time S from ng by

(S) = _bgiﬂ ~ 478858 log, 1o, (5.5)
2
This result is considerably close to that obtained from stochastic models in Equation
(2.31)2.

5.2.1 Power Spectrum and DFA Results

The mean values of the power spectra and DFA exponents for the increments of the
deviation-from-drift time series (over our full sample of orbits) are (3) = 0.00 £ 0.16 and
(o) = 0.49 £ 0.07. Note that these averages are in good agreement with the relation
in Equation (3.40). By separating the time series in types — according to the specific
feature of the corresponding m-vectors — the resulting (#) and (), together with their
respective standard deviations, are summarized in Table 5.1. In Figures 5.2 (a) and (b) it
is displayed typical examples of power spectrum and DFA curves, respectively. Box plots
for the distribution of the 3 and « exponents for each initial condition type are depicted in

2To obtain equation (2.31) in log, just consider

_ logy (a) - logy (a)
log,(e) — 1.4426°

Ina
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type (B) £ 204 (o) £ 20, (S) £ 205
Random —0.01£0.16 0.48+0.06 0.992+£ 0.005
Prime —0.01£0.16 0.49+£0.07 0.98+£0.03
Even —0.02£0.16 0.49+0.07 0.96 £0.04
Odd 0.00£0.17 048£0.06 0.97+£0.06

Oscillatory 0.00£0.10 0.49+0.06 0.98+0.06
Pascal Triangle 0.02+£0.22 0.4940.08 0.97+£0.10
Linear 0.00+£0.10 0.49+0.06 0.98+0.04

Table 5.1: Summary of the mean 3, a and relative von Neuman entropy S values, with their
respective standard deviation for the samples of each type of initial m-vector.

Figures 5.2 (¢) and (d), respectively. Remarkably, they present the characteristic behavior
of white noise time series.

—o— Random (b)

02 #— Prime

10° £ Even

—&—0dd

—&— Oscilatory
#— Pascal

F (f) 10'F Linear

— 2

10 10% 16
£
®
0.8 (d)
0.7}
3 0.6 , g

mASA AL,

Even Oscilatory Pascal Linear Random Prime Odd  Even Oscilatory Pascal Linear
type type

Figure 5.2: For a representative orbit of each m-vector type, typical plots of the power
spectrum P(f) and of the DFA F({), respectively, in (a) and (b). Note that
the behavior in (a), for which ¢ = 0.3, indicates the usual trend of white
noise. The curves in (b) are also compared with £'/2. The good fitting once
more points to white noise. Box-plot distributions of (¢) g and (d) a for
the sample orbits of each m-vector type. In (b) the F'(¢) for Pascal type (in
purple) is depicts the deviating o dot in Pascal box-plot in (d), obtained for a
very specific initial condition m(ng) = (0,1,1,...,1,1), the Mersenne number
ng = 280 _ 1.

The sample of orbits with random initial m-vector components can be regarded as
the most unbiased sample that can be generated. Consequently, a null hypothesis can be
formulated stating that structured types contain the same distribution of o and 3 that the
random type. A t-test was performed using Julia Language’s HypothesisTests.jl package
to compare Prime, Even, Odd, Oscillatory, Pascal and Linear distributions of o and £
with the Random distribution.
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For the prime type, the p-value for o (8) is 0.086 (0.78). Although relatively small for
a, it is still above the gold standard (of p > 0.05). Of course, for 3 it is considerably high.
Thus, the prime has no statistically significant difference from the random type. The same
is true for the odd and even types. For the former, the p-values are 0.44 and 0.65 for 3
and «, respectively. For the latter, they are 0.13 and 0.067, so smaller than for the odd
case, but still larger than the gold standard of significance. For Oscilatory, Pascal and
Linear types, the p-values for o (3) are 0.09 (0.22), 0.11 (0.0078 < 0.05) and 0.65 (0.10),
respectively. The only type with statistically significant difference from random type is
the 5 distribution for pascal type. This can be seen in Figure 5.2 (d), where the Pascal
type has way more distributed o values, and in Table 5.1 where the standard deviation of
Pascal type is more than twice the others. Further, Pascal type seem to contain the largest
deviations, hence the F'(¢) with most deviating o value in Figure 5.2 (d) for Pascal type is
depicted in Figure 5.2 (b). It refers to a very specific initial condition with 181 components
in the m-vector, zero in the first, and one in the rest, i.e. m(ny) = (0,1,1,...,1,1) for
the Mersenne number ny = 2" — 1. This type of deviating behavior is, as can be seen
from the size of our sample, very rare.

Therefore, the above results strongly support the following

1. The increments of the deviation-from-drift are mostly white noise (characterized by
B =0, a=1/2), leading to the conclusion that the deviation-from-drift is Brownian
and, once the drift is exponential, the original hailstone sequence indeed performs
GBM;

2. The Power Spectrum and DFA exponents 3 and « distributions are very similar
for random and structured initial m-vectors, indicating, in a first glimpse, that the
initial m-vector’s structure does not play any roll in deviating the series from GBM,
except in normally distributed fluctuations.

Random components of m-vectors also describe a larger fraction of all the typical orbits
than structured, meaning that the results and measurements obtained for them are the
results and measurements for most typical hailstone sequences. Hence, once the exponents
of o and [ are significantly equally distributed both in random and structured initial
conditions, one can point out with more certainty that GBM is a feature very common in
hailstone sequences. These findings agree with the literature review presented in Chapter 2,
especially in Sections 2.4.3 and 2.5.2.

5.2.2 Autocorrelation Results

The Power Spectrum and DFA analysis confirms the pseudo-random behavior of the
sequences, but still, some determinism must be hidden inside the general trend, once we
are dealing with a deterministic system. If the time series increments are pure white noise,
then the autocorrelation function must go towards zero after T = 0. That is, for white
noise Rwn(T =0) =1 and Rwn(T > 0) = 0. In the investigation of the autocorrelation of
the increments of the deviation-from-drift time series, it is found that it decays towards
zero, with no power law or exponential behavior. Instead, R(0) = 1, and for T > 0 an
abrupt decay on auto-correlations is perceived.

To testify whether the auto-correlations are non-significant — Section 3.2.2 — after
T = 0 one must calculate the error of R(T) by estimating the standard deviation of R for
each T. The calculation of o(R(T)) is done twofold: first considering that the time series
values are i.i.d. such that o(R(t)) = 1//T, where T is the length of the signal; but this is
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Figure 5.3: Comparison between the autocorrelation function of (a) increments of deviation-
from-drift time series for random type initial condition and (b) a pure white
noise time series. Dark-red circles indicate significant correlation considering

i.i.d. correlations.
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Prime, (b) Even, (¢) Odd, and (d) Oscillatory types of initial conditions. Dark
circles indicate a significant correlation considering i.i.d. correlations and dark
stars indicate significant correlation considering Bartlett’s approximation.

not necessarily the case, once we are trying to investigate the existence of correlations,
hence, second, we consider Bartlett’s approximation from Equation (3.34), denoted as
o(R(T)) = oR(), for autocorrelation of finite time series.

Figure 5.3(a) shows the autocorrelation function for one representative time series of
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Figure 5.5: Mean autocorrelation functions up to 7 = 2500 over the entire sample of
each types (a) random, (b) prime, (c) even, (d) odd, (e) oscillatory, (f) pascal
triangle and (g) linear, compared with the mean autocorrelation function over
100 white noise time series with T = 2500.

random type initial condition in comparison with Figure 5.3(b) for a white noise signal,
indicating that the most unbiased case (random type) is indeed very similar to a white
noise. This plot was repeated and analyzed — but not shown — for all hailstone sequences
of random type and the same behavior was found for all. This means the increments of
time series for random type initial condition are uncorrelated. But Figure 5.4 presents
representative examples of the autocorrelation function for structured types with the
smallest blocksize parameter b = 2. In this case, various significant short- to mid-range
correlations appears, indicating that for some specific initial conditions there are deviations
from the GBM — a feature that confirms the hypothesis raised by [92]. These figures are
only representative examples for each type of initial conditions, relevant for the discussion
bellow. In order to investigate de general trend, the mean autocorrelation (R(7)) for each
lag 7 over the sample of each type is presented in Figure 5.5(a)-(g). Figure 5.5(h) presents
the mean autocorrelation over 100 white noise time series, providing comparison between
the general trends of each type and stochastic behavior.
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Figure 5.6: (a) Hailstone sequence for a prime type initial condition with b = 2 in base-2
log-scale; (b) Heat-map representation of the M-Matrix for the hailstone
sequence in (a), enabling one to perceive that the initial structure is preserved
and directly related to the periodic ascents and descents; Zoom into the first
250 points (c¢) and from ¢ = 100 to ¢t = 150 (d) of the hailstone sequence,
detailing and evidencing the presence of periodic ups and downs stretches; (e)
and (f) zooms into the M-Matrix correspondent to the piece of the hailstone
sequence in (¢) and (d), respectively.
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Further, the presence of significant auto-correlations is directly related to the plateaus
of periodic ascents and descents in the orbits of specific initial conditions, already pointed
out by ref. [92]. This is exemplified in Figures 5.6 (a), 5.6 (c¢) and 5.6 (d) where the
hailstone sequences for a prime type initial condition with b = 2 is shown with zoom-ins
into the first steps (the same orbit whose auto-correlation is depicted in Figure 5.4(a)).
Every observed hailstone sequence with these plateaus of periodic ascents and descents
contains significant short- to mid-range correlations. The presence of these correlations
and periodic ups and downs strictly in structured initial conditions indicates that the
sequences are initial condition dependent, leading to the presence of richer dynamics other
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Figure 5.7: Autocorrelation function for structured types with blocksize b = 5 for (a)
Prime, (b) Even, (¢) Odd, and (d) Oscillatory types of initial conditions. Dark
circles indicate significant correlation considering i.i.d. correlations and dark
stars indicate a significant correlation considering Bartlett’s approximation.

than GBM.

These finds could, at a first sight, indicate against the possibility of proving the
conjecture by associating the map as a model for a random walker (RW) with an absorbing
barrier. But the peaks in auto-correlations presented in Figure 5.4 only appear for some
specific structured initial conditions, where the BlockSize parameter b (see Appendix G
for details) is small, essentially, b = 2 and b = 3 are the only parameters that create
various significant peaks. Figure 5.7 presents the autocorrelation for structured types with
larger blocksize parameter b = 5, and the short-to-mid range correlations disappear, with
the ACF resembling those from random type in Figure 5.3. This indicates that orbits
deviating from GBM are very rare, representing only fluctuations around 8 = 0,0 = 1/2
as Figure 5.2 presents, leading, in fact, to a reinforcement of the idea of proving the
conjecture by the association with an RW.

These peaks in auto-correlations and the structured plateaus can be better understood
by studying the M-Matrix. By observing heat-map representations of the M-Matrix
in Figures 5.6(b), 5.6 (d) and 5.6 (f), and comparing with the orbit that generates this
M -Matrix in Figures 5.6 (a), 5.6(c) and 5.6(d), it is possible to see that the structured
plateaus in the base-10 representation, only exists while some periodic structure persists
in the M-matrix. The structure is more evident in Figure 5.8, for an oscillatory type
with b = 2, and can be slightly identified in Figure 5.9 for a prime type with b = 5. It is
remarkable by Figures 5.8, and by observing the others structured types with b =2 and
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Figure 5.8: (a) Hailstone sequence for for an oscillatory type initial condition with b = 2
and initial m-vector size r = 2100 (e.g. no = (0,1,2,1,2,...,1,2,1,2)); (b)
M -Martix of hailstone sequence in (a), revealing that for the first 2500 steps,
some very intricate structure is preserved, being gradually destroyed and
replaced by stochastic behavior; Zoom into the first 250 points (c) and from
t = 100 to t = 150 (d) of the hailstone sequence, detailing and evidencing
the presence of periodic ups and downs stretches; (e) and (f) zooms into the
M -Matrix correspondent to the piece of the hailstone sequence in (c¢) and (d),
respectively.
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Figure 5.9: (a) Hailstone sequence for a prime type initial condition with b = 5 in base-2
log-scale; (b) Heat-map representation of the M-Matrix for the hailstone
sequence in (a), evidencing some weak structure that does not appears in (a)
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from ¢ = 100 to ¢ = 150 (d) of the hailstone sequence, detailing and evidencing
the presence of periodic ups and downs stretches; (e) and (f) zooms into the
M -Matrix correspondent to the piece of the hailstone sequence in (¢) and (d),
respectively.
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b = 3 (not shown, but exhaustively analyzed) that the initial structure in the M-Matrix
is preserved as long as there are structured plateaus in the base-10 orbit. In the instant
when no structure is left on the M-Matrix, the structure in base-10 disappears and GBM
takes control. So the dynamics of the m-vectors components seem to be as fundamental,
or even more, as the base-10 orbit itself. The dynamics of the m-vectors components
unveil more than it is on the “surface” of base-10 orbits.

5.2.3 von-Neumann Entropy Results

In the last section, it was stated that the presence of short- to mid-range correlations,
the plateaus of periodic ascents and descents, and the structures inside the M-Matrices are
linked. But the plateaus and short- to mid-range correlations only appear when b = 2 and
b = 3, hinting that the structure of larger building blocks has no structure. Still, when one
looks into the M-matrix of a prime type initial condition with b =5 in Figure 5.9 (a)-(c),
one can perceive the existence of some weak structures in the m-vectors components time
series. This weak structure in the M-Matrix does not reveals itself as a structure in the
base-10 orbit, nor is perceived by the autocorrelation analysis. Hence, another type of
analysis must be done in order to testify if these weak structures represent a significant
change in the M-Matrix and m-vector components dynamics. To perform this analysis,
the von Neumann entropy measurement of m-vector components time series is obtained.
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Figure 5.10: Heatmap of the Pearson correlation matrices for examples of each type (a)
random (b) prime (c¢) even, (d) odd, (e) Oscillatory, and (f) Pascal.

In order to obtain the von Neumann entropy, the Pearson Correlation Matrix R must
be calculated. In Figure 5.10 examples of the R matrices are presented for each type
of initial conditions for m-vector initial dimension equal to 2100. For random type, the
matrix is very similar to the identity, implying in uncorrelated m-vector’s components
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Figure 5.11: Box-plot of the entropy distribution for the (a) Random, prime, odd, even
and pascal types, and (b) oscillatory and linear types, evidencing the decrease
in the entropy for the structureds in (a) and a different distribution, with
presence of lower entropy values in the structureds of (b).

time series, while for structured the non-diagonal terms are larger, implying a correlation
between m-vectors time series components. For the structured types, the correlation
matrices present some patterns, indicating that the correlations between time series follow
a pattern between themselves.

The mean m-vectors von Neuman entropy measurements over all orbits in the sample
is (S) = 0.9800. This result by itself points out in the direction that, independent of any
attempt to create organization in the m-vectors, its components are still very uncorrelated,
leading to an entropy value close to the maximum. For each of the specific types of
initial m-vectors, the relative entropy values, together with their standard deviations, are
summarized in Table 5.1. The mean relative entropy for structured types is lower than for
random types.

The distribution of S values for each type are presented in Figure 5.11 and the structured
distributions can be compared, employing a t-test, with the null hypothesis of random
type distribution. For all three structures whose samples are large enough, i.e. prime,
even, and odd types, one finds p < 0.05, meaning that the null hypothesis is rejected with
statistical significance.

This allows the conclusion that structured initial conditions generate different dis-
tributions of entropy, with a lower mean. This lower entropy for structured types is a
strong indicator that indeed, the von Neumann entropy method can spot the presence
of the weak structures in Fig. 5.9 and these structures represent significant changes in
the M-Matrix and m-vector dynamics. Besides the decrease on the entropy values for
some initial conditions, the values continue to be close to Sy.x, meaning that, even for
structured types, the m-vector’s components time series are very uncorrelated.



Chapter

Conclusions and Remarks

The area of stochastic arithmetic dynamical systems is still an emergent area heading
toward its first steps. By the end of the present dissertation, the author hopes to have
helped with a small “knee-step” in the direction of establishing stochastic arithmetic
dynamical systems as a research area. In an overview, what has been done and presented
in this work, at a first sight, could look like just a bunch of statistical investigations
of orbits from a number theory problem with few application. But there is more than
that, there is a take-home message attained after various statistical analyses, about how
complicated and seemingly unpredictable dynamics can arise from a very simple and
deterministic mathematical rule with natural numbers. In this sense, it is possible to
affirm that the main objectives of this work, about exploring the hailstone sequences and
their stochastic-like behavior using arithmetic dynamics and time series methods was fully
completed.

First, the various methods of time series analysis employed to study the base-10
hailstone sequences provide reinforcements to the literature. The power spectrum and
DFA analysis are very coherent and complementary with each other, both indicating white
noise in the increments of time series, meaning that the deviation-from-drift time series
itself is Brownian — and the hailstone sequences are GBM as the literature indicates. The
autocorrelation function, besides providing pieces of evidence for deviations from GBM,
and indicators of the presence of determinism inside the sequences, confirms that most
orbits are indeed uncorrelated, reinforcing power spectrum and DFA findings.

Results presented on Chapter 4 about the dynamics of the map in the m-vectors space
were very important in order to characterize the internal structure of the natural numbers
that compose the hailstone sequences. By defining the M-Matrix, it was possible to observe
how the m-vectors components seem to follow an unpredictable pattern when subjected
to the Collatz Map. Equation (4.3) stating that the sum of the m-vectors’ components
equals to the integer part of log,| ft(no)] allowed an interpretation of the proper hailstone
sequence in base-10 as a sum of various other time series, i.e. the m-vectors components
time series. Further, the large relative von Neumann entropy measurements presented
in Chapter 5 showed that m-vectors components are mostly uncorrelated, meaning that
these variables are associated with non-correlated processes, and a central limit theorem
might hold for log,[f!(no)]. It is also important to remark that von Neumann’s entropy is
sensitive to the internal organization of the m-vectors in a way that neither autocorrelation
nor power spectrum nor DFA is.

Besides the important findings of deviations from GBM by autocorrelation and en-
tropy measurements, randomness is still very common in the set of hailstone sequences.
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Consequently, these finds reinforce the possibility of proving the conjecture by associating
the map with a random walker with an absorbing barrier. This is so because, even when
one tries to force structures and deviates from GBM, the evolution of the map pulls the
sequence towards stochastic-like behavior. The calculation of Power Spectrum, DFA, and
R(7) confirms the randomness taking control in base-10, besides the deviations for some
specific initial conditions. But one of the great conclusions here is that the presence of
randomness in base-10 hailstone sequences must be related to the presence of randomness
in the m-vectors time series as Equation (4.3) states. By pure observation of M-matrices,
it is possible to conceive the Collatz map as a structure destroyer, that creates random
patterns in a slow process of destruction of order. The statistical analysis and the measure-
ments made for Collatz hailstone sequences and its M-Matrix indicate strongly that this
simple mathematical system is one of the most primitive structure underlying complexity
and stochastic behavior in Nature.

The findings presented in this dissertation connect two seemingly contradictory views
raised in the first paragraphs of the introduction: the Occam’s razor and the constant
interplay between simplicity and complexity cited by [3]. Occam’s razor is contemplated
by finding one of the simplest models for stochastic and complex phenomena, hinting that
these features, besides appearing in very complicated systems, are rooted in very simple
rules. On the other hand, the rise of complex and stochastic behavior surely maintains the
interplay between simple and complex, indicating again that these concepts are holding
hands.

To conclude, we discuss some remarks on number theory and physics, followed by a
brief list of future works.

Although hard to solve in a number theoretic framework, because of the aforementioned
dichotomy between the deterministic character of number series and the randomness of
these sequences, some number theory problems might be very useful as models for physical
systems. One of the most remarkable examples of number theory and physics merging is
the Riemann Hypothesis [54]. Therefore, by the present study presented here, we expect
to have created another bridge between a number-theoretical hard-to-solve problem, and
other areas, specifically, physics and complex systems. The Collatz Map, besides providing
very rich dynamics for natural numbers as pointed out in this dissertation, only recently
has been explored in the context of physical models and phenomena. In this context, in
the present work, several features of the dynamics of natural numbers were explored, as
well as a brand new representation, similar to p—adics, that unveils natural phenomena
emerging from pure mathematics.

From all results presented in this dissertation, the following topics might be interesting
of pursuing in future works:

o Describing the Collatz Gas, as subsection 4.4.1 has presented, would provide an
enhancement to this bridge between number theory and physics, akin to the Riemman
Gas, perhaps leading to insights about proving or disproving the conjecture.

+ Related to the Collatz Gas topic, the dictionary between the Collatz Map and the
Operators of Quantum Harmonic Oscillator of Perelman [96] seems to be very fruitful
and useful in order to give physical meaning to the conjecture.

+ Defining the algebraic structures governing the m-vector’s space, as subsection
4.4.2 has presented, providing some metric and defining how to evolve them by the
Collatz Map would fasten the algorithm of generating the M-Matrices for very large
numbers, and enlighten the apparently random behavior of the M-Matrix.
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» The characterization of transition graphs of m-vectors, as idealized in subsection 4.4.3
would allow another level of understanding of this internal structure, maybe providing
connections to another natural phenomena displaying these types of behaviors.

+ Defining chaos in discrete arithmetic systems seems like a very non-trivial task. But
it has been shown in this dissertation that, besides the stochastic-like behavior, some
determinism is still present on the orbits. From these, we ask if the sketches of
Lyapunov Exponent drawn in Section 4.4.4 can be a trust measurement of chaos?

These are all interesting questions that urge future works to be answered.
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Appendix

Brownian and Geometric Brownian
Motion (GBM)

Brownian Motion receives its name from Robert Brown (1773-1858), Scottish Botanic
and Physicist [143]. Brown was not the discoverer of the movement, once in the 19th
Century, anyone with a microscope could detect the random movement of small particles
in water. Nonetheless, Brown’s description of the movement discarded other theories, such
as those that assigned random movement to life, while studying the movement of flowers’
pollen and inorganic particles [144]. His theory about movement conjectured that matter
is composed of small particles, displaying fast and irregular movement originating in the
particles themselves [145].

From the 19th Century, until 1905, the Kinetic Movement Theory has shown itself the
most plausible explanation for the particles’ movements. However, until that time, it was
very hard to define velocity for particles in Brownian Motion and compare it with the
theoretical and experimental energy equipartition theorem. Einstein’s theory of Brownian
Motion was successful in establishing this relationship.

Einstein’s argumentation about the Brownian Motion involves considering a probability
density p(x,t) that a particle is in the position z at time t. Hence, Finstein finds the
diffusion equation

op _ %

ot i
where D is the diffusion coefficient of the movement, related to the probability of finding
a particle around its initial position in a posterior instant of time. Considering that the
particle is at x = 0 when ¢t = 0, the solution for p(z,t) is found as

1 |z ]?
plxt) = (4r DO exp <_4—Dt> (A.2)

with |x| the distance between the particle and the origin.
Einstein’s work is very important because it provides a quantitative measure for
diffusion, D, allowing great advances in the atomic structure of matter theory [131].

(A.1)
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A.1. Statistical Measures of Brownian Motion 98

A.1 Statistical Measures of Brownian Motion

The Brownian Motion presents specific characteristics, that can be found in variables
following markovian processes [138], such as symmetric random walks with equal probability
of unitary step in each direction P,;; = F;;_; = 1/2. Let X(¢) a variable following the
symmetric random walk describer above, with steps of size Ax given at every At time, so

X(t) = Az (tft Xi) , (A.3)

where X; = +£1.
In this process, once (X;) = 0,var(X;) = (X?) =1 then
(X(t)y = 0, (A.4)
(AXOP = @05, (A5)

and if one lets Ax and At go to 0 such that Axr = oV At, one finds the stochastic
process called Brownian Motion where the variance ((AX(t))* = o%t. Ross [82] defines
the Brownian Motion as follows.

Definition A.1. A stochastic process {X(t),t > 0} is said to be a Brownian Motion if
1. X(0) = 0;
2. {X(t),t > 0} has stationary and independent increments;
3. for every t >0, X(t) follows the normal distribution with mean 0 and variance o*t.

From its definition, one concludes that the density function of X () is

1
V2Tt

which has the same behavior from Equation (A.2) obtained by Einstein for the particle’s
density under diffusion with D = 1, called standard Brownian Motion.

According to reference [82], one says that {X(¢),t > 0}, with drift coefficient x and
variance o%t, is a Brownian motion with Drift if

Fel) = exp (—x2/2t) : (A.6)

X(t) =oB(t) + put, (A.7)

for B(t) a variable under standard Brownian Motion.

A.2 Geometric Brownian Motion (GBM)

If {Y(¢),t > 0} is a continuous variable in a Brownian Motion process with a drift
coeflicient y and variance o2, then a process {X(t),t > 0} defined by

X(t) = exp (Y (£)). (AR)

is called Geometric Brownian Motion (GBM) with drift [82].
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For a discrete variable X, written as
Xn = Tnlpn—-1""" 7'17'0X0, (A9)

with r; iid, then, taking In (X,,) one finds
In(X,,) =Y In(r;) +1In(Xo). (A.10)

i=1

Once the steps In(r;) are iid, then Y,, = In (X,,), when compared to Equation (A.3) will

come closer to a Brownian Motion with Drift for an appropriate normalization — equivalent
to At — 0 and Ax = ov At —, hence

X, =exp[In(X,)] =exp[Ys], (A.11)

will become a Geometric Brownian Motion.



Appendix B

Proofs on Ultrametric Spaces

B.1 Proof of Ultrametric Inequality Lemma 3.1.4

Proof. We want to prove the if-and-only-if relation between non-Archimedean absolute
value and the ultrametric inequality, so we must go both ways.

To go one way, from non-Archimedean absolute value to ultrametric inequality, applying
the non-archimedean property to

d(zy) = v —y| = [z = 2) + (2 — v)| (B.1)
one finds
dlzy) = l(x—2)+ (2 —y)| <max{|z — 2|z — y[}
d(zy) < max{d(r,z),d(zy)}. (B.2)

And the metric respects the ultrametric inequality.
The converse, from ultrametric inequality to non-Archimedean absolute value, is found
by taking y = —y;, 2 = 0 in Equation (B.2), leading to

dlx,— ) = |r+wy| < max{d(x,0),d(0,—y;)} = max {|x — 0[,|0, — (—11)|}
|l’+y1| = max{|x|,|y1|}, (B?))
and the space has non-archimedean absolute value. O

B.2 Proofthat the space (Z,,| |,) is ultrametric (Lemma
3.1.6)

First of all, let us define the + operation for this set as in [18]. The sum of a = ;54 a;p’
and b = 3,5 b;p' is defined component-wise

B a; +b;  ifa; +b; <p,
(anb)i{aieri—p if a; + 0; > p, >

and the second case adds a carry to the next component.
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The proof consists on showing that the absolute value | |, on Equation (3.4), rewritten

here for  # 0
1

Bl =~y B.5
olo = =5 (B.5)
induces the metric d(x,y) from Equation (3.5)
d S B.6
(x,y) o p”p(x—y)’ ( ' )
and follows the ultrametric equality from Lemma 3.1.4
d(x,y) < max {d(x,2), d(zy)} . (B.7)

This is done by demonstrating that the absolute value | |, is non-Archimedean on Z,,
i.e., it obeys the strong triangle inequality at Equation (3.1)

|7+ ylp < max (|2]p,]yln) (B.8)

for all x,y € Z,.

Proof. To prove that any x,y € Z, obeys the strong inequality for the metric | |,, lets
write

m = avp(x)p”Per Z aip’, (B.9)

i>vp(x)
y = a0 ap’. (B.10)

i>vp(y)

Then, the sum x + y is
Thy = @ a3 '+ Y ap, (B.11)
i>vp(2) i>up(y)
Qo erpp” Y Y (B.12)
k>vp(2+y)

where v,(x + y), i.e., the order of x + y must be
vp(x +y) 2 min (vp(z), vp(y)) - (B.13)

The equal sign comes from when v,(x) 7 vp(y), or vp(x) = vp(y) With Gy, (@) + Gu,y) 7 s
then wv,(x 4+ y) must be equal to the minimum between both. The > sign comes from
when v, (x) = vp(y) and @y, + @y, = p (case when the v,(x) component vanishes), then
vp(x + y) must be larger than v,(x) and v,(y).

Now, by using Inequality (B.13), the absolute value of the sum |z + y| becomes

1
p”p(wry)

— p—vp(ﬁf+y) (B.14)

)

|$+y|p =

then
— vp(x + y) zlogp(|x+y|p). (B.15)
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And once —v,(x +vy) < max(—vy(z), —vy(y)), one finds
log,(|lz +ylp) < max(—vy(x), —up(y)), B.16)
o) o pmax(u(e) ) (B.17)
and once v,(x) and v,(y) are both non-negative integers, then
p ) < max(p—vp(r))pvp(y))’ (B.18)
and one finds
|+ ylp < max(faly, |ylp), (B.19)

the strong triangle inequality. Hence | |, is non-Archimedean on Z,, and the space (Z,, | |,)

is ultrametric

O



Appendix

Fast Fourier Transformation (FFT)
Method

The present Appendix presents details of a tool for performing the Fast Fourier Transfor-
mation method for discrete time series. Given a discrete time series @ = {xg, T2, ..., T7r_1},
its Discrete Fourier Transform (DF'T) is given by the set of Z such that

1 T-1

A - —2mitf/T
x = = X .
;T ; ¢

That is, the sequence
&= {%o,...,07_1}, (C.1)

is the DFT of the signal x.

Notice that for the computation of each DFT term, one has to perform 7" multiplications,
and there are T terms to be computed. Consequently, the Computational Complexity
(CC) of the entire & calculation is C'Cz = T2. In 1965, Cooley and Turkey popularized an
algorithm called Fast Fourier Transform (FFT), that cleverly groups terms in the sum.
This algorithm was first discovered by Carl Friedrich Gauss at the beginning of the 19th
century.

For the specific case where T' = 2", let wpr = ¢
For M = %, first defining some important relations

~2m/T he a complex T'th root of unity.

(want = () = (Y = (o), (©2)
()M — (6—2m/M)M<€—2m/M)f:(wM)f) (C.3)
i
5 = () ()]
\—_/1_/ "J;M
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With these relations above, Equation (C.1) can be written as

1 2M—1

4 _ T e—ﬂ'itf/M
! oM Z; !

1 M-1

N | —

—_

—_
D
—_

M-1
t

_ ! tf
= Topwpr + i Z Topr1Wyr ~Wapg | »
t=0

2 sodd
peven 7O
f

f
or
seven ~odd /

@%(:cf + 5 -w2M),

And with this relation, the following can be obtained

| M-l 4 , ,
( $2t€—27mtf/M + M Z x2t+1e—2mtf/M—7mf/M> ’
t=0

2

1 p 1 = FM g ing i(f+M)(2t+1) /M
Tf+M  — 5| 7 Z Tot Wy + Z $2t+1€m<f+ J@t+L)/ )
t=0 ‘ﬁ;—’ t=0
Wi
1| 1 M2 ; M+1 i A A
= 5 M Z TorWiy + Z $2t+1€_ M i
t=0 t=0 S
_ng
1 1 M+1 s M+1 if it P
_ —2mi
- 5l ; Ty + ; Tat1Wpy € ; (—wan) |
. L/, .
Ly = 5 (fjcven - »T(}dd : ng) -

Hence, the  terms can be calculated only for f = 0,1,2,...

(C.9)

(C.10)

M —1=T/2—1, and

all the terms f = M, M +1,...,T can be calculated by relation (C.10). This procces
can be done recursivelly for M = T/2" reducing the Computational Complexity from
CCy = T? = 2*" as referred before, to CCrpriz) = %log2 F =51,



Appendix D

On details and examples for
Equation (4.3)

In order to show that Equation (4.3) hold true, first, apply base-2 logarithm to Equation
(3.9), one finds

logyn = log, [2™(2™(2™3(- - (2™ (2™ + 1) +1)...) + 1) + 1)]
= my +logy [2™( - (2 2™ 4 1) 1)+ 1) + 1] (D.1)

the argument of logarithm in Equation (D.1) can be written as 22&;, + 1 for
Lap =28 (2™ (- 2™ (2™ + 1) -+ 1) + 1), (D.2)
This leads to

log,n = my + log, {2m2€3,t -+ 20}
= my + log, [27”2 (&4 + 2_7”2)} = mq + mqy + log, {537,5 4 2_m2} (D.3)

by substituting &, from Equation (D.2)
logyn = my+my+log, [273(2™ (- 21 (2™ + 1)+ 1) + 1) + 27|, (D.4)

one can proceed in the same manner by setting &, ; = 2™4(--- 2™ (2™ +1)--- 4+ 1) and
writing the logarithm argument as 2™&, ; + 1 leads to

logon = my +my + log, {27”3547,5 +20 2_””}
= my+matms +log, [G + 27 27T (D.5)
This process can be carried over until reach

logon = my+me+... +m_1 +log, {(2”” + 1) 27 e 2_m2_"'_m“1}
= mitmat . b melytmy Flogy [14 27 4 4 27T (DL6)

It is possible to see that the sum of powers of two inside the logarithm assume the largest
value when my =ms = ... =m,_; = m, = 1, i.e., the exponents are the smallest. In this

105



106

case, one finds
r—1
Bt GVt s f Il gl L g8 gl N o (D.7)

a well-known geometric series, that converges monotonically increasing to 1 when r — oo,
leading to the conclusion that

ol L§#, g1 22— <1 (D.8)

and
e =logy [1+ 27 4 2 mr—mrt  grma—rmme] o (D.9)

This allows one to write any natural number as

logon => m; +e¢ (D.10)

=1

with € < 1, or, to the conclusion that, in fact

|logyn| = me (D.11)

and this is exactly Equation (4.3).
As an example, let’s consider the orbit from ng = 29, m(0) = (0,2, 1, 1). The orbit is
simply
O(29) = (29,44,22,11,17,26,13,20,10,5,8,4,2, 1) .

In the m—vectors representation, m(0) = (0,2,1,1), m(1) = (2,1,2), m(2) = (
(0,1,2), m(4) = (0,4), m(5) = (1,2,1), ( ) = (0,2,1), m(7) = (2,2), m(8) =
(1,2), m(9) = (0,2), m(10) = (3), m(11) = (2() m(12) = (1), m(13) = (0). Then the

M (S) (recall that S is the time step when f(*)(ng) = 1) matrix is represented by

1,1,2), m(3) =

(D.12)

SN WOFRFIDNOFROOoOFNO
S OO ODNDNDNNNN =N
SO OO OO ONDNN -
OO O O O oo oo

Now, by applying the M (7T") matrix into a 4—dimensional unitary vector w = (1, 1,1, 1),
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one gets
0 211 4
21 20 5
11 20 4
01 20 3
0400 4
12 10 1 4
0210 1 3
M(T)u = o920 ollil =14 (D.13)
12 00 1 3
0200 2
30 00 3
2000 2
1 00 0 1
00 00 0

and then, when comparing M (T)u with the orbit O(19), it is readily checked that the
components of M (T)u are exactly [log, O(19)].



Appendix E

Initial condition of M-Matrix of
Figure 4.2

The base-10 value of the initial condition is of the order of 2%%% once Z:iof m;(0) = 968.
The exact value is

no = 2894406445 530 459 127801 439 587166 010 579 412 407 598 002 616 655 783 985
410974 349 944 946 862 195 562 886 153 303 107407672 503 643 211 159 480 461
019488 145877004 631 620 273 117409 567 837 533 855974 893 812 026 396 228
244923764 634974437 339 099 166 982 117 371 483 584 490 457 851 959 726 133
386 848412 321 139 544 078 287 519 197 379890 553 765 278 925 825.

The initial m-vector is

m(0) (0,10,4,3,8,6,3,9,8,3,6,7,10,7,6,7,2,10,10,5,1,7,5,1,10,4, 1,5,5,6, 3,
2,9,7,7,5,4,1,5,1,10,5,6,2,3,1,10,6,1,10,9,8,1,8,10,3,9, 1,2, 3,4,6,7,
5,6,4,6,3,5,10,2,1,4,7,4,4,2,7,7,1,4,5,8,4,8,3,2,7,8,6,7,10,8,2,6, 5,
10,3,5,5,9,3,2,2,4,2,9,9,4,7,3,4,7,2,3,9,7,9,7,10,6,1,9,9,7,5,5,7, 6,
6,5,9,9,4,10,6,2,3,1,7,9,6,5,9,2,2,7,6,6,2,3,4,9,9,3,9,6,4, 1,3, 1,8,

3,1,7,1,7,9,6,7,8,5,5,5,7,4,2,8,3,2,3)
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Appendix

Method for sampling the set of
initial conditions

The process of generating suitable initial conditions was very careful and systematic
and will be described below. The source codes for this and all other analysis can be found
in the following GitHub repository. The code that creates the initial conditions receives
these four arguments:

| typelfor the type of components, it can be assigned as |Random| ,for random initial
components, and prime, even, odd, Pascal Triangle, Oscilatory or Linear for
structured initial components;

+ mVectorSize = ry for the length of the m—vector;

« MaxRand used when type = "Random", defining the maximum random value of the
m—vector components;

o BlockSize = b used for structured initial components, describing the size of the
building block of the m—vector, e.g, for BlockSize = b the m; components will be
formed by blocks with b (denoted generically as [e1,...¢;]) elements of that type,
repeating until 4 = mVectorSize. This imposes that mVectorSize must be divisible
by b.

This method for sampling allows one to estimate how large are the initial conditions

being created. Using Equation (4.3) it is possible to estimate log, ng. For the structured
initial conditions, given mVectorSize = ry and BlockSize = b one finds

|log, ng| = %Z (G.1)

where the sum goes along the ¢; elements of that type. For type = Random, it is possible
to estimate the sum of components by their average value:

|logy no | =~ 1o{m;). (G.2)

Once the decay of the orbit towards the asymptotic state is exponential ny — ng27%,
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the average total stopping time (T'), starting from ng is approximately

(T) = %Uog2 no| =~ 5|log, no | (G.3)
where v, &~ 1/5 was used from results of transforming the sequences into stationary
described in section 5.1. This enables one to estimate the orbit length from the estimation
of logy ng.

For the type = Random, all the components of the m—vectors are randomly chosen
values with a maximum value given by MaxRand argument. In total, 168 initial conditions
of Random type were generated, all of them with MaxRand = 10, then {(m;) = 5.5. From all
168, there are 152 with mVectorSize = 180 and 16 with mVectorSize = 2100.

For type = prime, the components of the initial m—vector will be prime numbers. The
BlockSize = b argument states that the first b primes will be used to generate the building
blocks. In total b! different initial conditions are generated from different permutations of
the first b prime numbers as building blocks. For example, type = prime and b = 3 cre-
ates the following 3! building blocks: [2, 3, 5], [2, 5, 3], [3, 2, 5], [3, 5, 2],
(5, 2, 31, [5, 3, 2]. Then, each building block is concatenated with itself until
fill the entire mVectorSize = ry components to form one initial condition. As an-
other example, consider the building block [2, 3, 5] with ro = 12, then mi(ny) =
(0,2,3,5,2,3,5,2,3,5,2,3,5). Notice that m; = 0, and this is a rule applied for all initial
conditions, in order to create odd ng and avoid more bias.

For type = even (type = odd) the m—vectors components will be even (odd)
numbers. The BlockSize = b argument states that the first b even (odd) numbers
will be used to form the building blocks. In total, b! different initial conditions are
generated from different permutations of the first b even (odd) numbers as building
blocks. For example, |type= even| and b = 3 creates the following 3! building blocks:
(2, 4, 61, [2, 6, 4], [4, 2, 6], [4, 6, 2], [6, 2, 4], [6, 4, 2]. Each build-
ing block is also concatenated with itself until fill the entire mVectorSize components to
form one initial condition.

For each of the three types described above, it was used 0 = 2,3,4,5, generating
2!+ 3! + 41 4+ 5! = 152 initial conditions with mVectorSize = 180. Another 4, one for each
b=2,3,4,5 value, were created with mVectorSize = 2100 in order to include very large
orbits in our study. In total, 156 initial conditions were generated for each of Prime, Even
and 0dd types.

For type = Pascal Triangle, the building blocks of size BlockSize = b are formed
by elements of the bth row of the Pascal Triangle. In this case, the rows contains repeated
elements, and then the permutations are taken discarding repetition. For example, b = 3
takes elements from 3rd row of the pascal triangle [1, 2, 1] with 3 different permutations,
generating the following building blocks: [1, 2, 11, [1, 1, 2], [2, 1, 1]. Theneach
building block of the row is then concatenated to itself until fill the entire mVectorSize
components to form one initial condition. For this type, b = 2,3,4,5,6 were used, creating
130 initial conditions with mVectorSize = 180. Another 4, one for each b = 2,3, 4,5 were
created with mVectorSize = 2100.

The type = Oscillatory is formed by sine-like building blocks [1, 2,..., A, A-1,

., 2], and cosine-like building blocks [A, A-1, ..., 2, 1, 2, ..., A-1] where
A is the amplitude of the block. The amplitude is directly related to the blocksize
bby A= (b+2)/2, and the mVectorSize = r( is set according to the amplitude in
order to obtain control on the size of the initial condition. For this type, both sine-
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and cosine-like, b needs to be even and no permutation is allowed, then it was chosen
b=2,4,...,100, generating 50 initial conditions for each sine- and cosine-like oscillatory
types, creating 100 initial conditions with 7o = (|logyno|0)/ S &, given e, = b2/4+ b
and fixed [log, no| = 3000. Another 8 initial conditions were generated for b = 2,4,6, 8 in
sine-like building blocks, 4 with ry = 180 and 4 with rq = 2100.

Finally, the type = Linear creates a building blocks that are arithmetic progressions
from 1 to BlockSize = b, and another building block with its reverse sequence, from
b to 1. For b = 30, the building block is [1, 2, 3, ..., 29, 30], and the reversed
is [30, 29, ..., 2, 1]. This arithmetic progression is concatenated with itself until
fill the entire mVectorSize= ry components, that is also set according to the blocksize
parameter to control the initial condition size. For this type b = 3,4, ...60 was used,
creating 57 initial conditions for ascendant linear and 57 for descendent linear with
ro = ([logyno]b)/ > i, given Y e; = b(b+ 1)/2 and fixed |log, no] = 2000. Another 3
initial conditions were generated for b = 30, 60, 180 with ro = 180 fixed.

All information given in the last paragraphs is summarized in Table G.1, together with
information about the magnitude of the initial condition from |log, ng] from Egs. (G.1)
and (G.2), and estimations of total stopping time from Eq. (G.3).



114

Table G.1: Summary of the sample of orbits and initial conditions. For each type, it is
presented: the size of the initial m—vector (mVectorSize), the size of the
building block for structured m—vectors (BlockSize), the average of the
components for random m—vectors or the sum of the building blocks for
structured ((m;) or Y ¢;), the magnitude of the initial condition (|log,ng]),
the average total stopping time ({(S)) and the number of initial conditions of

that type generated

type b = BlockSize mVectorSize |[log,ng] () n® of i.c.
Random - 180 990 4950 152
- 2100 11550 57750 16
Subtotal = 168
Prime 2 180 450 2250 2
2 2100 5250 26250 1
3 180 600 3000 6
3 2100 7000 35000 1
4 180 765 3825 24
4 2100 8925 44635 1
5 180 1008 5040 120
5 2100 11760 55800 1
Subtotal = 156
Even 2 180 540 2700 2
2 2100 6300 31500 1
3 180 720 2600 6
3 2100 8400 42000 1
4 180 900 4500 24
4 2100 10500 52500 1
5 180 1030 5400 120
5 2100 12600 63000 1
Subtotal = 156
0dd 2 180 260 1800 2
2 2100 4200 21000 1
3 180 540 2700 6
3 2100 6300 31500 1
4 180 720 3600 24
4 2100 8400 42000 1
5 180 900 4500 120
5 2100 10500 52000 1
Subtotal = 156
Oscilatory |log, ng b
i) 2h0 100 SRS 3000 15000 50
2.4.6,8 180 45b + 180 5|log, no] 4
2.4,6,8 2100 45b + 180 5|[log, ng 4
Oscilatory |log, ng | b
(Cosinolike) 246,100 S22 3000 15000 50

Subtotal = 108
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Pascal 2 180 180 900 1

2 2100 2100 10500 1

3 180 240 1200 3

3 2100 2800 14000 |

4 180 360 1800 6

4 2100 4200 21000 |

5 180 576 2880 30

5 2100 6720 33600 1

6 180 960 4800 90

6 2100 11200 56000 |

Subtotal = 134

(achlerrli;lt) 3 to 60 Lgﬁ ZOJb 2000 10000 57

Linear 3 to 60 LloganoJb 2000 10000 57
(decreasing) e

Linear 30, 60, 180 180 90(b + 1) 5[log, o] 3

Subtotal = 119

Total = 997




