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RESUM O

O comportamento cooperativo de neurônios e áreas neuronais associadas ao compor­
tam ento de sincronização se apresenta como mecanismo fundamental para o funciona­
mento cerebral. Além disso, níveis anormais de sincronização têm  sido relacionados 
a estados patológicos. Ao longo desta tese, abordam-se diferentes fenômenos de sin- 
cronização que surgem por meio da dinâmica coletiva de modelos de neurônios acopla­
dos em um a rede. Primeiramente, mostra-se uma forte correlação entre a dinâmica 
individual do neurônio com o comportamento global da sincronização da rede, em que 
a periodicidade observada no neurônio isolado é refletida em um a sincronização de fase 
ao considerar um acoplamento fraco. Em segundo lugar, estuda-se o papel da biesta- 
bilidade na sincronização de uma rede de neurônios idênticos, acoplados através de um 
esquema de campo médio. Mostra-se que a simples existência de dois estados estáveis 
distintos pode levar a rede a diferentes estados de sincronização, dependendo da ini- 
cialização do sistema. Por fim, é investigado o mecanismo de sincronização explosiva 
de um a rede neural complexa composta por neurônios não-idênticos. A presença deste 
regime é acompanhada por um loop de histerese na dinâmica da rede, à medida que o 
parâmetro de acoplamento é adiabaticam ente aumentado e reduzido. Demonstra-se que 
as transições de sincronização abruptas estão associadas a rotas para o caos e que os 
mecanismos dinâmicos para a região de biestabilidade são dados em termos de um a bi- 
furcação de sela-nó e um a crise de fronteira. Portanto, os resultados desta tese mostram 
um a riqueza de comportamentos de sincronização associados a pequenas mudanças na 
dinâmica neuronal, trazendo novos insights para o estudo teórico das redes neurais.

P a lav ra s-ch av e : Redes neurais, Dinamica local, Sincronizaçao de Fase, Transicão 
de Sincronizaçcãao, Sincronizaçcãao Explosiva.



A BSTR A C T

The cooperative behavior of neurons and neuronal areas associated with the synchro­
nization behavior proves to be a fundamental neural mechanism. In addition, abnormal 
levels of synchronization have been related to unhealthy neural behaviors. Throughout 
this thesis, it is explored different synchronization phenomena which emerge through the 
collective dynamics of models of neurons coupled in a network. Firstly, it is shown a 
strong correlation between the individual dynamics of the neuron with the global behav­
ior of the synchronization, in which the periodicity seen in the isolated neuron is reflected 
in a phase synchronization in the weak coupling region. Secondly, it is studied the role 
of bistability in the synchronization of a network of identical neurons coupled through a 
mean-field scheme. It is shown th a t the simple existence of two distinct stable states can 
lead the network to different states of synchronization, depending on the initialization 
of the system. Lastly, it is investigated the mechanism for explosive synchronization 
of a complex neural network composed of non-identical neurons. The presence of this 
regime is accompanied by a hysteresis loop on the network dynamics as the coupling 
param eter is adiabatically increased and decreased. It is shown th a t the abrupt synchro­
nization transitions are associated with routes to chaos. The dynamical mechanisms for 
the bistability region, are given in terms of a saddle-node bifurcation and a boundary 
crisis. Therefore, the results of this thesis show a richness of synchronization behaviors 
associated with small changes of the neuronal dynamics bringing new insights to the 
theoretical study of neural networks.

K ey w o rd s: Neural Network, Local Dynamics, Phase Synchronization, Synchroniza­
tion Transition, Explosive Synchronization.
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Chapter 1 

Introduction

T he synchronization phenomenon is studied for centuries since the scientist Christi­
aan Huygens reported his observations th a t two weakly coupled pendulum clocks 
become synchronized in-phase [1] (English translation [2]). After tha t, this phe­

nomenon was detected in a wide range of biological systems [3, 4, 5], as in the rhythmic 
flashing of fireflies [6], in the crickets which synchronize their chirps by responding to the 
preceding chirp of their neighbors [7], groups of women whose menstrual periods become 
mutually synchronized [8], in the synchronous of rabbit sino-atrial pace-maker cells [9], 
and also in the action potentials of the nervous system [10, 11].

A healthy human brain is composed of ~  1011 neuronal cells interconnected by ~  1015 
synapses creating groups of connected neurons divided into brain regions, each with spe­
cific functions [12]. In particular, the complex behaviors seen in the brain are directly re­
lated to the emergence of spatial-tem poral activation patterns th a t comes spontaneously 
as a result of the cooperative interaction among neurons. The role of neuroscience is to 
understand how does the behaviors produced by the brain like perception, movement, 
language, thought, memory, etc; can be explained in terms of the activity patterns of 
neurons since all the behavioral disorders th a t characterize psychiatric illness are distur­
bances on the brain functioning [12]. In this context, the cooperative behavior of neurons 
and neuronal areas associated with the synchronization behavior proves to be a funda­
m ental neural mechanism [10]. It supports memory process [10, 13], information process 
[14], and is relevant for many cognitive processes [15, 16]. In addition, abnormal levels 
of synchronization have been related to unhealthy neural behaviors [12]. While a high 
degree of synchronization is detected in epileptic seizures [17], where the increase in the 
synchronization of some groups of neurons generates seizure episodes, and in Parkinson’s 
disease, where there is an excessive synchronization in basal ganglia [18, 19], reduced lev­
els of synchronization among cortical areas can be associated with brain disorders such 
as autism  [20], and Alzheimer’s disease [21].

From the theoretical point of view, the use of complex networks proves to be useful 
for the study of an ensemble of coupled sites, in which the global behavior of the system 
results from the interaction among the sites achieving an ample possibility of phenomena 
even in the case of simple interactions [22, 23]. Particularly, for neuronal systems, each 
site of the network is composed of a neuron and the edges of the network represent its 
synaptic connections. This approach can be used to improve our knowledge and give 
theoretical insights into the understating of brain functioning. In studies of neuronal 
systems, there are always two critical choices: what model describes the firing dynamics 
of each neuron and how the neurons are connected [24]. While several works are focused
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CHAPTER 1. INTRODUCTION

on understanding the role of the connection architecture, also called topology of connec­
tion, in the synchronization of dynamical systems [25, 26, 27, 28, 29, 30, 31, 32], this 
thesis, it is studied the sensibility of the synchronization features to the dynamics of the 
isolated neurons.

In the last decades, after the success of the Hodgkin-Huxley model, being the first 
quantitative description of the regenerative currents generating the action potential [33, 
34, 35], dozens of models were created to reproduce more complicated firing patterns 
exhibited by neurons [24, 36]. From the simplest models described by iterated maps 
[37, 38], to more sophisticated models of several non-linear differential equations [35, 
39, 40, 41, 42]. Often, by changing param eters of the models it is possible to change 
the dynamical behavior of the neuron, from regular activity to a chaotic one, where 
the activation patterns of the neurons occur in a non-periodic way [33]. In addition, 
some dynamical models also can exhibit multistable states, where a neuron initialized 
with different initial conditions can present different stable states, with different firing 
patterns, frequencies, regularity, and chaoticity [43, 44, 45, 46].

Throughout this thesis, it is studied how the individual dynamics of the neurons 
affect the synchronization of the neuronal network. For neurons th a t individually exhibit 
chaotic behavior, synchronization occurs similarly to the transition of chaotic oscillators 
known in the literature [47, 48]. However, the knowledge about the synchronization 
of non-chaotic neurons th a t lose these features when coupled, acquiring characteristics 
of chaotic neurons, is still being studied [47]. It is shown tha t, in some cases, these 
neurons tend to synchronize in phase to weak coupling regimes (a coupling param eter 
close to zero) due to the influence of the regularity of the individual dynamics. This 
synchronized state is lost with the increment of the coupling strength, due to the influence 
of the collective behavior of the dynamics [49, 50, 51], characterizing a non-monotonic 
evolution of the synchronization phenomenon as a function of coupling.

On the other hand, for neurons tha t individually present periodic dynamics, i.e., a 
well-defined frequency, the phase synchronization of a network with identical neurons 
can be achieved for any non-zero coupling strength, with more weakly-coupled networks 
needing more time to reach the phase-synchronized state. In this sense, the existence of 
identical bistable neurons in the network can delay the achievement of a complete-phase- 
synchronized state, demanding transitions to a unique and identical state for all neurons 
in the network. These transitions are induced by the coupling of the network and occur 
according to the stability of each state, in which the less stable state transitions to the 
more stable state.

Moreover, the synchronization of periodic neurons also can be disturbed with the 
existence of heterogeneity in the network, in which non-identical-periodic neurons are 
coupled. Neurons simulated with different param eters may depict different activation 
patterns. This dissimilitude in the neuronal dynamics can influence both frequency 
and am plitude of each neuron generating a chaotic non-synchronized regime instead 
of a complete-periodic synchronization. It is show th a t the increase of the coupling 
strength can transits the system abruptly to the phase-synchronized state, characterizing 
an explosive synchronization [52, 53, 54, 55, 56].

Given this context, this thesis aims to understand the effect of individual dynamics 
in the synchronization of neural networks. This objective can be divided into three 
independent topics, described as:

• Understand the non-monotonic evolution of the synchronization as a function of
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the coupling in neuronal networks where the chaoticity arises from the synaptic 
currents.

• Investigate the role of bistability in the synchronization of a network of identical 
bursting neurons coupled through a generic electrical mean-field scheme.

• Study the mechanism for explosive synchronization of a complex neural network 
composed of non-identical spiking neurons and coupled through a small-world net­
work.

This thesis is divided into two parts, the first part, from Chapters 2 to 5, is devoted 
to introducing all the theoretical frameworks used in this work, while the results and 
conclusions are presented in the second part from Chapters 6 to 9.

Chapter 2 presents a general review of the main concepts related to dynamical systems 
and nonlinear dynamics, like fixed points, stability of fixed points, dynamical features of 
chaotic systems, Lyapunov exponent, and routes to chaos. Chapter 3 is focused on the 
presentation of properties of physiological neurons. Moreover, it is introduced the formu­
lation ideas of dynamical systems which display a qualitative behavior of real neurons. 
The models can be described by differential equations, like the Hodgkin-Huxley model, 
and also by iterated maps like the Chialvo model. Also, it is introduced the synaptic 
structures th a t perm it the communication between presynaptic and postsynaptic neu­
rons. After this, Chapter 4 shows some concepts of the graphs theory used to construct 
the complex networks which rule the connections between the neurons. Finally, Chapter 
5 explores some properties of coupled oscillators, and also it is presented a powerful tool 
used to quantify phase synchronization, the Kuramoto order parameter.

In Chapter 6, it is studied the effect called non-monotonic synchronization, where 
using a Hodgkin-Huxley-like (HHl) neuron, proposed by Braun et al. [57], which in a 
periodic-bursting regime, it is possible to achieve phase synchronization for small values 
of coupling. It shows a clear relation between the individual dynamics of the isolated 
neuron w ith the type of phase synchronization transition of the network. After tha t, it 
is shown th a t the same correlation occurs for neurons under external perturbations and 
with other similar neuronal models.

By investigating the param eter space of the HHl model, it is found a param eter 
region where the neuron exhibits bistability behavior. One of the states named state 
I is always periodic, while the other state, named state II, goes through a sequence of 
period-doubling bifurcations from periodic to chaotic behavior. In this scenario, Chapter 
7 investigates the stability of each state, and how the existence of bistability can change 
the phase synchronization of a network. To isolate this behavior, the neurons are coupled 
through a generic mean-field scheme (all-to-all connection) where the only difference 
between the neurons are the initial conditions. After all, the simple existence of two 
distinct stable states in the network can produce distinct synchronization states.

Chapter 8 analyzes the mechanism for an abrupt transition to phase synchronization, 
called explosive synchronization, which is found in a complex network composed of non­
identical spiking neurons, simulated with the neuronal model proposed by Chialvo [37]. It 
is shown th a t this regime is accompanied by a hysteresis loop on the network dynamics 
as the coupling param eter is adiabatically increased and decreased, characterizing a 
bistability regime. The abrupt synchronization transitions are associated with routes to 
chaos, and the dynamical mechanisms for the bistability region are given in terms of a 
saddle-node bifurcation and a boundary crisis.

17



CHAPTER 1. INTRODUCTION

At last, the conclusions based on the results and open questions for further investi­
gation are presented in Chapter 9.
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Chapter 2 

Dynam ical system s and chaos

T his chapter presents some concepts about dynamical systems, which are funda­
mental for the understanding of the time evolution of real systems, both regular 
and chaotic systems. In this sense, Edward Lorenz has studied a simplified m ath­

ematical model for atmospheric convection [58, 59, 60]. The model is a system of three 
ordinary differential equations where x, y, and z denote variables proportional to con­
vective intensity, horizontal, and vertical tem perature differences

where the (•) symbol represents the derivative of a function of time and a, r, and b 
are parameters, called the P randtl number, Rayleigh number, and a geometric factor, 
respectively. This system becomes very popular due to the “butterfly effect” which 
emphasizes the sensitive dependence on initial conditions in which a small change in one 
state of a deterministic nonlinear system can result in large differences in a later state. 
Figure 2.1 (a) presents the projection of the Lorenz a ttracto r in the phase space, with 
the shape th a t may also be seen to resemble a butterfly, and panels (b -  d) show the time 
evolution of two slightly different initial conditions. The sensibility to initial conditions 
which evolve in such a way th a t their trajectories diverge exponentially is one of the 
signatures of a chaotic motion. This chapter shows how a dynamical system can achieve 
chaotic dynamics and how to quantify it.

2.1 D ynam ical system s

A dynamical system is a concept in which a m athem atical function describes the 
behavior of particles under the action of a set of laws. In this sense, for a given configu­
ration, called initial condition, a dynamical system is deterministic and presents only one 
possible solution. There are two ways to describe the evolution of a dynamical system: 
with differential equations, which describe the evolution of the system considering time 
as a continuous variable, such systems are called flows; and through difference equations 
th a t consider time as a discrete variable, such systems are called maps.

Considering a continuous system with D  dimensions characterized by the variables 
(xi, x 2, • • • , x D), the tem poral evolution of these variables are described by the set of

x  =  a(y — x), 
y  =  x(r  — z) — y, 
z  =  xy  — bz,

(2.1)
(2.2)
(2.3)
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Figure 2.1: P ro je c tio n  o f th e  L o ren z  a t t r a c to r  in  th e  p h a se  sp ace  a n d  th e  
se n s ib ility  to  in itia l co n d itio n s . (a) Projection of the Lorenz attractor x x  z. (b -  
d) Dynamical variables of the Lorenz system using x1(0) =  x2(0) =  0, ^ (0 )  =  y2(0) =  
1 , z 1 (0) =  1.05, z2(0) =  1.051 and a  =  16, r =  45.92 and b =  4, with an integration 
tim estep of 0.01. After some integration steps due to the chaotic behavior, even for close 
initial conditions the orbits tend to diverge from each other.

D  equations in which,

Xi =  f i  (xi,X 2, ••• ,XD ),
X2 =  f 2 (x i ,x 2, ••• , xd ),

x D =  f D (xi ,x2, ■■■ , x D),

or rewriting
x =  f(x ). (2.4)

In this sense, if the elements of f  presents products, power, and functions of x, such 
as x i x j , x3, or even cos(xix j ) the system is characterized nonlinear, or linear, otherwise
[61]. The system is periodic if exists a time T  where:

x (t +  T ) =  x(t). (2.5)

The simple pendulum is an example of a system where the time is a continuous 
variable, represented in Fig. 2.2, where a particle of mass m  is attached to a wire of
length I  which under the action of the gravitational acceleration oscillates with an angle
d(t) around a fixed point. Even though it is two-dimensional system, when considering 
the constraint (wire), the movement of the particle is restricted to an arc of angle 0 of 
radius I. Consequently

0 =  — g  sin 0, (2.6)

where g is the absolute value of the gravitational acceleration, and I  is the length of the
wire. The therm  sin 0 characterizes the nonlinearity of the system.

20



2.1. DYNAMICAL SYSTEMS

Figure 2.2: S im p le  p e n d u lu m . A particle with mass m  attached to an inextensible 
wire with length l  th a t oscillates with an angle 9(t) around a fixed point due to the 
gravitational acceleration g.

The nonlinearity in the equations makes it difficult to find an analytic solution to
the problem, tha t is, writing 9 as a function of t. To make the things simple, the small
oscillation approximation is used, where sin 9 ~  9,

9 « -  j 9 .  (2.7)

Considering the angular frequency u  =  \Jg/l,  and as initial conditions 9(0) =  90, and 
9(0) =  0, the analytical solution is described by

9(t) =  90 cos(ut), (2.8)

and the period of oscillation is
u

Tinear =  2 n d - ,  (2.9)
g

such equation (Eq.(2.7)), now linear, is equivalent to the harmonic oscillator equation, 
where the period of oscillation is independent of the amplitude of the system.

The fact th a t a system does not present an analytical solution is not necessarily a 
limiting factor. Using any integration m ethod it is possible to find a numerical solution 
(point-by-point) for the system. The nonlinear pendulum  is one of the special cases in
which can be solved analytically, the solution is given in terms of elliptic integrals [62],
where the period of oscillation is described by

Tnonlinear =  (^in 9°, | )  , (2.10)

where F  represents the elliptic function of Legendre of the first kind [62] defined as
r v 1

F ( k , c ) =  /  h  . 2 . 2 fld9. (2.11)
Jo v  1 — k 2 sin2 9

Considering x\  =  9 and x 2 =  9 the Eq. (2.7) th a t has a second-order derivative, can 
be rewritten in terms of two first-order derivatives.

Xi =  x 2, (2.12)

X2 =  — g  sin x 1, (2.13)
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Figure 2.3: G e n e ric  p h a se  sp ace  (x x, x 2). For a set of initial conditions (xi(0), x 2(0)) 
the solution of the system (x1(i), x 2(t)) corresponds to a curve in the phase-space called 
trajectory.

th a t is, a two-variable system, where x 1 is the position of the particle, and x 2 is the 
velocity. Assuming th a t the solution of this system for a given initial condition is known, 
this solution will be a set of functions x 1 (t) (position) and x 2(t) (velocity). Considering 
an abstract space with coordinates (x1, x2), then the solution (x1(t), x2(t)) corresponds 
to a point moving along a curve in th a t space. Figure 2.3 represents this abstract space, 
known as phase space, in which the curve represents the evolution of the system solution, 
called trajectory.

The phase space is completely composed of trajectories and every point in phase space 
can be considered an initial condition. W hen analyzing the system equations, several 
restrictions or transitions can be found in its dynamics in phase space. For example, 
there are solutions known as equilibrium solutions where for x(t) =  x* the tem poral 
evolution of the system is

£ | . =  f (x *> = 0 (2-14>x=x*
and the point x* is denominated equilibrium point. W hen the trajectory reaches such a 
point it is confined to it. In this sense, the equilibrium points of a system can be stable 
or unstable. W hen disturbing the system in the vicinity of the point, if the trajectory 
is attracted  (repelled) the equilibrium point is considered stable (unstable). For the 
case of the pendulum, the equilibrium points are x* =  (x* =  j n , x * =  0) where j  E Z. 
However, physically there is no difference between 0 and 2n, so only two equilibrium 
points are considered x (*,:1) =  (0 , 0) and x (*,2) =  (n, 0), th a t is, the lower and upper 
extremes of the pendulum, respectively. As this is an idealized system (without friction, 
or damping), intuitively, it is possible to notice tha t there is a difference between the two 
equilibrium points. W hen disturbing the system at the equilibrium point x (*,2), tha t is, 
the pendulum at the top end, the system is autom atically repelled. On the other hand, 
when perturbing the point x (*,:1), the trajectory will be kept very close to it. Note tha t 
for this case without damping, the system will never stabilize at the equilibrium point 
again, because even if it returns to the point x 1 =  0, the velocity will be x 2 =  0.

In general, the stability of the equilibrium points can be determined by analyzing the 
vicinity of the points. Considering a equilibrium point x * of a D -dimensional system,
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and a perturbation in the vicinity of the point Sx =  x(t) — x*, the tem poral evolution 
of the disturbance can be described in terms of

d
s x = n ( x ( t ) — x *>■

and since x* is a constant 5x  =  X, and 5x  =  f(x) =  f(x* +  Sx). The Taylor series
expansion is

f  (x* +  Sx) =  f  (x*) +
d f  (x)

d x
Sx  +  O(Sx2),

where f(x*) =  0 due to the equilibrium definition and O(Sx2) representing the higher­
order terms of Sx. Disregarding the terms of order greater than  or equal to 2, as long as 
the disturbance is sufficiently small,

Sx d f  (x)
d x

Sx, (2.15)

the partial derivative of the equation is known as Jacobian matrix and is defined by

j  (x-) = df(x)d x

rdfi f9xi dx2
df2 df2
dx1 dx2

dfD dfD
xi dx2

ML
fdxD

dfD
dxD

(2.16)

so
Sx =  J  (x* )Sx, (2-17)

where J (x * )  is the Jacobian m atrix evaluated at the equilibrium points x*. According 
to the theory of differential equations, the solution can be described in terms of the 
complex eigenvalues of the Jacobian matrix. If the real part of all eigenvalues of J  is 
negative, the point is stable. However, if at least the real part of one of the eigenvalues 
is positive, the point is unstable [60].

For discrete systems, instead of differential equations, it is used the iterative maps

x i+i =  f  (xt), (2.18)

in which the index t represents the t-th  iteration of the map. T hat is, the state of the 
variable x t+1 is described in terms of x t , where t E N. Compared to a continuous system

dx x (t +  At) — x(t) x (t +  A t) — x(t)
—— =  lim ---------  ~ ------------------------ ,
dt At^o A t A t

th a t is, ignoring the limit of A t ^  0, Eq. (2.4)

dx =  f  x ( t +  At) -  x (t)
dt 1 J ~  A t

isolating the term  x (t +  At)

x (t +  At) ~  x (t) +  f  (x)A t,

th a t is, on the left, there is a state x (t +  A t), and on the right-side terms th a t depend 
only on x(t), something analogous to Eq. (2.18). Therefore, maps can be understood as

X

*X

*X
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Figure 2.4: I te ra t io n s  o f th e  lo g is tic  m a p  for d iffe ren t va lues o f r. (a) For r =  0.9
after a transient time the system reaches x t =  0. (b) For r = 1 .5  the system reaches a 
fixed point. (c) For r =  3.5 the system presents a 2-periodic dynamics. (d) For r =  4, 
there is no specific period. (e) Bifurcation diagram of the logistic map, after discarding 
the first 100 iterations to avoid the transient effects, is plotted for all iterations x t as a 
function of r .

discrete approximations of continuous systems. In addition, the fact th a t an integrator 
is not required to perform the numerical calculations the maps are known to exhibit high 
performance in the com putation of the system.

The classic example of a map is the logistic map [63], which, despite being a dis­
crete and one-dimensional model, by varying the single param eter of the map, different 
dynamical regimes can be reached, having applications in several areas such as physics 
[60, 61], biology [64], economy [65], electronics [66], etc. The map is described by the
following equation

x t+i =  r x t (1 — x t ), (2.19)

where r is a positive param eter, and x t is the ratio of existing population to the maximum 
possible population which varies from 0 <  x t < 1 if 0 <  r < 4. In this sense, the 
logistic equation describes population growth, where the growth rate is controlled by 
the param eter r. In Fig. 2.4 it is studied the iterations for the logistic map considering 
different values of r. In panel (a) r =  0.9, the map starts from the initial condition and 
evolves to a x t =  0, th a t is, the extinction of the population. In panel (b) r =  1.5, the 
map evolves to an equilibrium point x t =  1/3. In panel (c) r =  3.5, the system evolves 
to an orbit of period 2. In panel (d) r =  4 the dynamics of the map presents a great 
variability of values of x t , indicating an absence of period.

A more robust way to understand the role of a control param eter is through a bi­
furcation diagram, which is a graphical representation of the qualitative behavior of a 
dynamical variable (xt) as a function of a control param eter (r). Figure 2.4 (e) presents 
the bifurcation diagram as a function of r , in which for each value of r , the system evolves 
by 500 iterations. Discarding the first 100 iterations, more than  the necessary time for 
the system to reach the equilibrium point, known as transient time, from this point all 
map iterations are plotted as a function of r. For r < 1 the system evolves to x t =  0.
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For 1 < r < 3 the system reaches an equilibrium point. For 3 < r < 1 +  \/6  the orbit 
th a t was periodic is doubled, generating an orbit of period 2 , where x t+2 =  f  ( f  (xt)). 
For 1 +  \/6  < r <  3.54409 each orbit splits into two, generating orbits of period 4. As 
r > 3.54409 is increased orbits of period 8 appear, and in sequence 16, 32, . . .  This cas­
cade of period doublings occurs repeatedly until r ~  3.56995 where an infinite number 
of values of x t appear. This aperiodicity is one of the characteristics of chaotic behavior. 
For r =  1 +  \/8  the system loses chaoticity, and presents a 3-period dynamics, these 
orbits become 6-periodic orbit, until for 3.57 <  r < 4 the system presents, again, chaotic 
behavior [60].

For discrete systems, a fixed point is defined as the point th a t maps itself, from Eq. 
(2.18)

x* =  f  (x*). (2.20)

Considering a point in the vicinity of the fixed point Sxt =  x t — x*, and expanding f  (x) 
in Taylor series

f  (xt) =  f  (x* +  Sxt) = f  (x*) +  9 f  (xt) Sxt +  O(Sx2t ),
d xt

disregarding the second-order (and higher) terms, and isolating the derivative

d f  (xt)
f  (x* +  Sxt ) -  f  (x* )

d xt  

and

Sxt

x t+1 =  Sxm  +  x*, (2.21)

isolating the term  Sxt+1 and substituting the Eqs. (2.18) and (2.20) at Eq. (2.21),

d f  (xt)Sx■t+i d xt
Sxt , (2.22)

X’

and taking into account th a t the term  of the partial derivatives is the Jacobian m atrix 
of the map, evaluated at the fixed point x *

Sxt+1 =  J  (x*)Sxt, (2.23)

and, analogously to a flow, the stability of the fixed points can be studied from the 
eigenvalues of the Jacobian matrix, in which, if the modules of the eigenvalues are < 1, 
it implies th a t the trajectory converges to the fixed point for t ^  (stable). If at least 
one of the eigenvalues is >  1, Sxt diverges. In this sense, considering the case of the 
logistic map Eq. (2.19), the fixed points satisfy the following equation,

x* =  rx *(1 — x*),

so, the logistic map presents two fixed points x (*,1) =  0 and x (*,2) =  1 — 1 /r. Due to the 
restriction on the map domain (0 <  x t < 1), x (*,2) is fixed point for r > 1. 

Differentiating the Eq. (2.19)

f ( x t )  = r(1 — 2xt), (2.24)

and, the first fixed point,
f ' ( x (*'1) =  0) =  r, (2.25)

X
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Figure 2.5: T e m p o ra l e v o lu tio n  o f a  b id im e n s io n a l sp h e re  o f in itia l co n d itio n s .
For a set of initial conditions in a sphere of the radios r 0, the expansion and the retraction 
of the directions ^ ( t ) ,  r 2(t) indicates the chaotic divergence in the initial conditions.

and x (*,1) is stable for r < 1, and unstable r > 1. The second fixed point,

f  (x(*’2) =  1 -  1/ r )  =  2 -  r, (2.26)

th a t is, x (*,2) is stable for 1 < r < 3, and unstable for r > 3. It is noteworthy th a t for the 
study of orbits with period >  1, it is necessary to analyze the stability of the fixed points 
of subsequent iterations, e.g., x t+2 =  f  ( f  (xt)) for the case of period orbits 2, where a 
fixed point is the point th a t maps itself every two iterations x* =  f  ( f  (x*)).

2.2 Chaos in dynam ical system s

As shown at the beginning of this chapter with the Lorenz system, one of the main 
characteristics of a chaotic motion is the sensitivity to initial conditions, being two 
conditions arbitrarily close, after a sufficiently long time the trajectories tend to diverge 
exponentially from each other [60, 61, 67]. In nonlinear dynamics, systems th a t exhibit 
such behavior are often studied.

Considering a D-dimensional system x  =  f  (x). Given an arbitrary initial condition 
x (0), exists a hypersphere of radius r 0 of infinitesimal volume centered on x (0) tha t 
involves infinitely close initial conditions to x(0). The tem poral evolution of this sys­
tem  comes from both  x ( t ) and the rate of expansion (or retraction) of the axis of the 
hypersphere, transforming it into an ellipsoid whose directions are given by the set of 
D  vectors r 1 (t), r 2(t), ■ ■ ■ , r D(t), as illustrated in the two-dimensional example in Fig. 
2.5.

To distinguish regular and chaotic dynamics for a multidimensional system, the 
Lyapunov spectrum  is computed using B enettin’s algorithm [59, 68] and including a 
Gram -Schm idt re-orthonormalization procedure [59]. The m ethod consists of the com­
putation in parallel of the evolution of the system x  =  f  (x) and the set of vectors r ( t ) .  
It is defined a m atrix M  in which the elements M j  describe the j -th  component of the
i-th vector T*(t),

M (t)

M l,l(t) M l,2(t)
M 2,l(t) M 2,2(t)

M D ,l( t )  Mü,2( t)

M 1,D (t) 
M 2,D (t)

M d ,D (t).

(2.27)
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where the tem poral evolution of the m atrix is based on the Jacobian m atrix

M  =  J  (x )M , (2.28)

and the initialization of M (0) is equal to a identity m atrix I.
In order to kept the vectors r ( t )  in an orthogonal direction, in each integration step 

it is used the Gram-Schmidt reorthonormalization procedure on the vector frame [59]. 
After discard the transient effects, the Lyapunov spectrum  are evaluated using the norm 
of the vectors

1
Ai

t f t i t=ti
E ln |r*(t)|, 1, 2, • • • ,D, (2.29)

where t  and t f are the initial and final times of computation, respectively, to obtain the 
stationary solutions of the dynamical system. If at least one of the exponents Xi > 0, it 
usually taken as an indication tha t the system is chaotic, since there is an exponential 
divergence at the i-th direction, even if Xj < 0, V j  =  i. In this sense, it is useful to 
define the largest Lyapunov exponent (A) where

A =  max{Ai, A2, ■ ■ ■ , AD} (2.30)

which means tha t if A >  0 the system depicts a chaotic behavior.
In the case of a unidimensional discrete system described by Eq. (2.18), the (n +  1)-th 

iteration of the map can be w ritten in terms of the initial condition x0

Xn+1 =  f  (X„) =  f  “ (X„ )■ (2.31)

Consider a nearby point xo +  S0, where the initial separation £0 is infinitesimal and 5n 
the separation after n  iterations which can be described by

Sn =  f"(XO +  So) -  f n (Xo), (2.32)

and assuming th a t the separation evolves exponentially

I E  -  ISolenX,

isolating X

A «  — ln
n

Sn
So

and by Eq. (2.32)

A ~  — ln
n

f  n(xo +  So) -  f  n (xo)
So

taking the limit S0 ^  0 Eq. (2.34) yields

A ~  — ln
n

lim f n (xo +  So) -  f n(xo)
So

=  — ln |( f n(xo))'|,

expanding the logarithm term  using the chain rule

(2.33)

(2.34)

(2.35)

A ~  — ln
n

n— 1
n f / ( x i)
i=o

n 1
Y E l n  | f '( x i
n i=o
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Figure 2.6: L y ap u n o v  e x p o n e n t o f th e  lo g istic  m ap . Bifurcation diagram of the 
logistic map (left scale) and the Lyapunov exponent A (right scale).

and, if the limit of n  ^  œ  exists, this limit is defined to  be the Lyapunov exponent of 
the map

a = . f e i  n  § ln i f  ,(x ,) |} • (2.36)

In the same way th a t for the Lyapunov spectrum, a positive exponent A > 0 is a signature
of chaos. In the case of the logistic map, explored in the last section,

A =  t o n f  n  §  ln | r (1 -  2Xx)|} ’ (2.37)

the lyapunov exponent depends on the control param eter r, which is expected since as 
shown in Fig. 2.4, different values of r depict different dynamical behaviors. Figure 2.6 
depicts the bifurcation diagram (left scale) and the lyapunov exponent A (red line, right 
scale) as a function of r. The chaotic dynamics takes place at r «  3.57 due to a known 
route to chaos called period doubling cascade [60] which will be presented in more details 
in the next section.

2.3 R outes to  chaos

As shown in the last section, the chaotic behavior can emerge in the dynamical system 
with the simplest change of a parameter, which causes a change in the stability of fixed 
points of the system. In this section, it is explored three of the most famous route to 
chaos: period doubling, intermittency, and crisis [60].

2.3 .1  T h e p eriod  d ou b lin g  cascade
In a doubling period bifurcation, a stable fixed point loses stability to an attracting 

2-period orbit as the param eter reaches a critical value [60]. An illustration of this route
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logfjoo -  r)

Figure 2.7: P e r io d  d o u b lin g  ro u te  to  chaos. (a) A stable point loses stability when 
a control param eter reaches a critical value, creating a 2-periodic stable fixed point. (b) 
The evolution of successive doubling of periods. The length of r  of the range of stability 
for an orbit of period 2m decreases as m  increases, collapsing an accumulation of an 
infinite number of period doublings when r ra making the system converges to a chaotic 
attractor.

can be seen in panel (a) of Fig. 2.7. In the logistic map, the fixed point x (*,2) =  1 — 1 is 
stable for 1 < r < 3 since I f1 (x*,2)| =  |2 — r| is <  1 at this range. For r > 3 the fixed point 
loses stability since | f f(x*’2)| >  1, and, simultaneously, f  ( f  (x)) leads the creation of a 
2-periodic stable fixed point (which is not a fixed points for f  (x)). As r is increased to 
1 +  ̂ ( 6) & 3.449, the 2-period fixed point loses stability leading the creation to a 4-period 
fixed point (due to the stability of f 4(x)), etc. This process continues indefinitely; at 
each bifurcation, the periodic orbit is replaced by a new attracting  periodic orbit of twice 
the period, producing an infinite cascade of period doublings with ranges rm -1 < r < rm, 
in which a 2m orbit is stable. Panel (b) of Fig. 2.7 presents the evolution of successive 
doubling of periods on a logarithmic scale. Since the length of r of the range of stability 
for an orbit of period 2m decreases as m  increases, there is a saturation value r ra where 
there is an accumulation point of an infinite number of period-doubling bifurcations

r ^  =  lim rm & 3.5699, (2.38)

with the property of

lim rm — rm-1 = 6 & 4.6692, (2.39)
m r r1 m+1 1 m

where 6 is called Feigenbaum constant [60, 69]. It is remarkable th a t 6 is a universal 
constant for functions approaching chaos via period doubling.

2.3 .2  In term itten cy  rou te to  chaos

Considering a generic system, the interm ittency route to chaos refers to how a periodic 
orbit is replaced by a chaotic a ttractor when the control parameter, namely r reaches a
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Figure 2.8: In te rm it te n c y  ro u te  to  chaos. (a) Bifurcation diagram for the logistic 
map as a function of r. (b) 3-periodic orbit for r =  2.83. (c) For r =  2.8282 — r* a 
remnant nearly-3-period orbit is seen (the 3-periodic orbit no longer exists), this orbit 
is interrupted by chaos th a t occurs intermittently. (d) For r =  2.82 there is no apparent 
evidence of the 3-period orbit anymore.

critical value r* [60, 70]. Supposing th a t the periodic orbit exists for r > r*, for values 
r <  r* the periodic orbit no longer exists and it is possible to see “nearly-period” orbits 
which are interm ittently interrupted by a finite chaotic behavior. An example of this 
behavior can be seen in the logistic map where for r* =  1 +  2y/2 ~  3.8284 a 3-periodic 
orbit is created, and the chaotic behavior occurs for r < r*. Figure 2.8 (a) exhibits 
a magnification of the bifurcation diagram of the logistic map in the critical value r * 
when the 3-period orbit appears. Panels (b -  d) show an illustration of the interm ittent 
behavior, where the system presents a 3-periodic orbit for r =  2.83 (b). At panel (c) for 
r =  2.8282, it is possible to see a remnant nearly-3-period (approximately regular), this 
orbit is interrupted by a chaotic behavior th a t occurs intermittently. And panel (d) or 
r =  2.82 there is no apparent evidence of the 3-period orbit anymore.

Different from the doubling period cascade, where the stable fixed point loses stability 
and creates a 2-periodic stable fixed point, and the chaotic attracto r is achieved due to the 
successive creation of an infinite number of period-doubling bifurcations. In this route, 
the stable fixed point either becomes unstable or is destroyed as the control param eter 
reaches a critical parameter. In this sense, three types of interm ittency are distinguished 
corresponding to three types of bifurcations [70]. Figure 2.9 depicts an illustration of the 
three types of interm ittency route to chaos. Type I: saddle-node bifurcation, where stable 
and unstable fixed points of a dynamical system collide and annihilate each other; Type 
II: Hopf bifurcation, where a stable fixed point of a dynamical system loses stability; 
Type III: inverse period-doubling bifurcation, where there is a stable fixed point with
2-periodic unstable fixed point, the stable fixed point collides with the unstable fixed 
points and lost its stability.

It is possible to define (rint(r)} as the mean characteristic time of occurrence of an 
interm ittency behavior with

hm (Tint(r)} =  œ  (2.40)
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Type I Type II Type III

Q uasiperiodic
o rb it

Figure 2.9: T h re e  ty p e s  o f in te rm it te n c y  ro u te  to  chaos. In this route to chaos, 
the chaotic state is reached in three different ways. Figure inspired by Fig. 8.6 of Ref 
[60].

where r is studied in the chaotic regime. In this sense, for each type of interm ittency 
case, this mean time decays with

|r  — r *| 1/2 for Type I,

|r  — r *|-1 for Type II and III.t a t W M L  . J - 1 ^ „ T ^ T T T  (2.41)

2.3 .3  C risis
In the crisis route, the chaotic attractor is changed with the variations in the control 

param eter [60]. In particular, in the boundary crisis, the chaotic a ttracto r is annihilated 
with the collision of an unstable periodic orbit on its basin boundary [60, 71, 72]. For 
example, for a dynamical system th a t is chaotic for r < r* and periodic, otherwise. 
For values r sightly greater than  the critical value the a ttracto r no longer exists but 
is replaced by a chaotic saddle th a t does not a ttrac t trajectories but allows a chaotic 
transient. This means th a t an initialization of the system in some region of the phase 
space inside the chaotic saddle spend some time behaving as chaotic until leaving the 
a ttractor and never return. The mean transient lifetime th a t the system spent near the 
chaotic transient (rcrisis) becomes longer as r ^  r*, the decay with the distance of the 
critical point following

(^crisis(r)) rc |r  -  r* |-K (2.42)

where k is called critical exponent of the crisis [60]. A simple example of a crisis is given 
by the logistic map, where the chaotic a ttracto r exists for r =  4, but for r > 4 the chaotic 
a ttractor is replaced by a chaotic transient and for a initial condition inside the basin of 
attraction, i.e. x0 <G [0,1], after (rcrisis) the system diverges to —to. Figure 2.10 presents 
the numerical result of (rcrisis(r)) for the logistic map, in this case as well as for other 
one dimensional maps the critical exponent of the crisis is k =  1/ 2 (solid magenta line) 
[60]. In the case of multidimensional system is expected k > 1/2 [60].
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Figure 2.10: C ris is  ro u te  in  th e  lo g istic  m ap . The mean transient life time of th a t 
the system spent near the chaotic transient (rcrisis). The theoretical result rc |r  — r *|-1/2 
is plotted as a line.
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Chapter 3 

Neuronal m odels and synapses

T his chapter presents some properties of the neuron, the main cell of the nervous 
system [12, 33]. Then, it is presented the Hodgkin-Huxley (HH) model [35], where 
the equations to modeling the time-evolution of the membrane potential are cre­

ated based on an electrical circuit. After tha t, it is presented one of the adaptations 
of the HH model proposed by Braun et al. [41, 57], here called the Hodgkin-Huxley- 
like (HHf) model, where the adaptation consists of the addition of two ionic currents 
and some tem perature-dependence parameters, th a t makes it possible the neuron to 
depict a different dynamical feature, called burst dynamics. Then, it is presented the 
Hindmarsh-Rose (HR) model [40], a model of neuron of three coupled first-order differ­
ential equations. Therefore, the model proposed by Dante R. Chialvo [37], in which, with 
two discrete equations, the dynamics of the action potential seen in the neuron can be 
reproduced. Lastly, it is briefly presented the equations th a t ruled the synaptic interac­
tions among neurons, which enables the transfer of information between the presynaptic 
neuron to the postsynaptic neuron [12].

3.1 T he action  p oten tia l

The neuron is one of the main cells of the nervous system, being responsible for the 
conduction of electrical impulses. In a general point of view, the neuron can be divided 
into three regions: soma, which contains the nuclei and cytoplasm; dendrites, whose 
main function is the reception of signals which comes from other neurons; axons, which 
carry the signals from the soma to other neurons [12] (Fig. 3.1).

The main function of the neuron is the transmission of action potentials, which are 
electrical signals which propagate information at the nerve system. The action potential 
consists of a depolarization followed by repolarization, depicting a spike shape. These 
variations at the membrane potential occur due to the variations of the ion concentrations 
between the intracellular and extracellular media. In this sense, the membrane potential 
can be defined as

V (t) =  Vint — Vext, (3.1)

where Vint and Vext are the potentials of the intracellular and extracellular media, re­
spectively.

The ions perm eate the neural membrane by proteins which work as ion channels. 
There are gated channels and non-gated channels. While non-gated channels are always 
open, allowing the entry and exit of ions from the intracellular side, gated channels have
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Figure 3.1: B asic  a n a to m y  o f a  n e u ro n . A typical neuron can be separated into three 
basic regions: the soma, dendrites, and axons [12]. This figure is adapted from [73].

potential-dependence gates, th a t is, the permissiveness of the channels depends directly 
on the potential of the membrane. The predominant ions found on either side of the cell 
membrane are potassium ions (K+), sodium (Na+), and chlorine (Cl- ). One illustration 
of the ionic channels is presented in Fig. 3.2, where one channel is open allowing the exit 
of a K+ ion, the other is closed, and a non-gated channel allows the entrance of a Cl-  
ion.

At the equilibrium point also called the resting state, there are no ionic changes 
between the media. In this case, the intracellular side contains in m ajority K+ ions in 
comparison with Na+ and Cl-  th a t are more abundant in the extracellular side [33]. 
Hence, the membrane potential is determined primarily by the K+ resting potential,

V(t)  — Vint — Uext — Veq ~  —70mV.

W hen the cell is stim ulated above a threshold, the Na+ channels open allowing the 
entrance of ions inside the cell, this influx of Na+ tends to depolarizes the cell, resulting 
in a positive variation in V (t). This abrupt increase of V  inverts the polarity of the 
cell, closing the Na+ channels and opening the K+ channels, allowing the efflux of K+ 
ions to repolarizes the cell, which takes the membrane potential to a level below the 
Veq (hyperpolarization). Until the K+ channels close up again, the membrane is in a 
refractory stage. During this time, the cell pumps the exchange excess Na+ ions inside 
the cell with excess K+ ions outside the cell, and a new cycle can be started  if the stimulus 
is kept [33]. The Fig. 3.3 represents the first intracellular record of an action potential
[12] of the giant axon of squids Loligo forbesi, published by Hodgkin and Huxley at 1939 
[34] where tem poral pulses was applied each 2 ms.
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Figure 3.2: C ell m e m b ra n e  re p re se n ta tio n . The cell membrane contains proteins, 
th a t function as channels th a t allow the ions to move through it. The ion flux changes 
the concentration of the intracellular (and  extracellular) side, inducing variations in the 
membrane potential.

3.2 N euron m odels

3.2 .1  T h e H od gk in -H u x ley  (H H ) m od el
Alan Lloyd Hodgkin and Andrew Fielding Huxley were the firsts to describe m athe­

matically a regenerative current th a t generates an action potential. They were awarded 
the Nobel Prize in Physiology or Medicine in 1963, together with Sir John Carew Eccles 
for their discoveries about the ionic mechanisms involved in the excitation and inhibition 
of the membrane of nerve cells [74].

To describe the action potential of the cell, Hodgkin and Huxley have used a circuit 
model, considering the contribution of two ionic currents (K+ and Na+) plus a passive 
current which takes the contribution of the non-gated channels and the less abundant 
ions in the media. The circuit, illustrated in Fig. 3.4, is composed of three components: 
resistors, which represent the ion channels; sources, which represent the ion concentration 
gradient; and capacitors, which represent the charge th a t can be stored in the membrane 
[33].

The charge stored in the capacitor is proportional to the membrane potential, where 
the proportionality constant is the capacitance

Q =  Cm V, (3.2)

where Cm is the specific capacitance of the membrane, measured in p F /cm 2. V  is the 
membrane potential measured in mV. Differentiating both  sides in relation to time

dQ _  . _  dV
~dt =  *cap =  M ~dtUap CM j, (3.3)

where icap is the specific current referring to the capacitance divided by the area. 
Applying Kirchhoff’s law to the circuit at Fig. 3.4 implies tha t

0 =  icap +  I k +  ^Na +  heak — 1 ( t) . (3.4)
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Figure 3.3: A c tio n  p o te n tia l  o f th e  g ia n t ax o n  o f sq u id s. Action potential between 
inside and outside of axon was recorded by Hodgkin and Huxley at 1939 using a micro­
electrode consisted of a glass tube filled with seawater. Figure taken from [34]. Adapted.

where IK and I Na are the ionic currents, I leak is the passive current, and I (t) is an external 
applied current. Since the currents are Ohmic it can be rewritten as I^ =  g^(V — E M). 
Substituting icap w ith E q.(3.3)

dV
CM ~df =  —gK(V — E K) — gNa (V — E Na) — gleak(V — E leak) +  I  (t) , (3.5)

in which E k , E Na and E leak are the resting potential of each channel, and gK, gNa and 
gleak are the conductances of each channel.

The conductances of the gated channels are voltage-dependent and are directly re­
lated to the permissively of the ion channels, which means th a t it rules the probability of 
opening/close the channels. Using voltage-clamp techniques Hodgkin and Huxley have 
fitted the equations for each conductance as

gK — 4=  gKn , (3.6)

gNa

COlOi (3.7)

gleak g leak, (3.8)

where gK, gNa and gleak are the maximum values of conductance of each current, n, m  
are activation functions and h an inactivation function, these functions are related to 
the probabilities of opening and closing the channels.

Considering a ^ ( V ) as the probability of the channel being open, and f3^(V) closed 
(with fi =  m, n, h) these functions satisfy the following equations

d t  =  a ^ ( V )(1 -  ß ) -  ßß( V )h , ß  =  n , m , h ,
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^  l e a k  ^ N a

Figure 3.4: E q u iv a le n t c irc u it  m odel. The circuit consists of three components: 
resistors, which represent the ion channels; sources, which represent the ion concentration 
gradient; and capacitors, which represent the charge th a t can be stored in the membrane
[33].

in which a^  and f3̂  are described

an(V  )
0.01(V +  55)

=  (1 -  ex p [-(V  +  55)/10]) ’
(3.10)

a m(V )
0.1(V +  40)

=  (1 -  ex p [-(V  +  40)/10]) ’ (3.11)

a h(V ) =  0.07 ex p [-(V  +  65)/20], (3.12)
l3n(V ) =  0 .125exp[-(V  +  65)/80], (3.13)

Pm(V ) =  4 ex p [-(V  +  65)/18],
1

=  (1 +  e x p [-(V  +  35)/10]),

(3.14)

A (V  ) (3.15)

taking into account th a t V  is measured in mV, and, for simplicity, the dimensions re­
quired in the other values are omitted.

Substituting the Eqs. (3.6-3.8) at Eq. (3.5), it is achieved the Hodgkin-Huxley 
equations [33]

dV
CM ~dt =  - ^K^ 4(V -  E k ) -  gNam3h(V -  E Na) -  gleak(V -  E leak) +  1 (t)- (3.16)

The Fig. 3.5 demonstrates the dynamics of the HH model using the constants of 
Table 3.1 and I  =  10 pA /cm 2. Each panel depicts the time evolution of a variable of the 
model. V  is presented in panel (a) and exhibits a sequence of action potentials (spikes). 
The other panels (b - d) depict the activation variables n  and m, and inactivation h, 
respectively. It is noted th a t when V  reaches a threshold, n  and m  increases quickly 
reaching their maximum values. In contrast, h has the opposite effect, characterizing its
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Figure 3.5: T im e-ev o lu tio n  o f th e  v a ria b le s  o f  th e  H o d g k in -H u x le y  m o d e l. For
I  =  10 pA /cm 2 the membrane potential presents a sequence of action potentials.

inactivation effect, repolarizing the cell starting  a new cycle. The neuron continues with 
this dynamics of periodic spikes while I  is kept active.

To understand the role of the applied current I , Figure 3.6 presents the bifurcation 
diagram of the inter-spike-interval (ISI) of the neuron. The occurrence of a spike is de­
fined when V  reaches a threshold value of -2 0  mV (with positive derivative). After that, 
it is evaluated the time between two consecutive spikes as a function of I  disregarding 
the first second to avoid the transient effect. It is noted th a t for I  < 8.39 the current is 
not strong enough to keep the neuron spiking. For I  — 8.39 the model pass through a 
Hopf bifurcation [60] and the ISI jumps from ro to 15.55 ms. Panel (b) and (c) depict 
the time evolution of V  for I  =  5 and I  =  10, respectively. (b) The neuron depicts one 
spike, but after this, the equilibrium state  is recovered since the current is not strong 
enough to  keep the neuron spiking, as seen in panel (c).

Table 3.1: Constants used for the simulation of the Hodgkin-Huxley model [33]
Membrane capacitance (pF /cm 2) Cm 1

gNa 120
Maximum conductances (m S/cm 2) gK 36

gleak 0-3
E Na 50

Resting potentials (mV) E k -7 7
E leak -54-4

3.2 .2  A  H od gk in -H u xley-lik e (H H f) m odel
The model proposed by Braun et al. [41] consists in an adaptation of the HH model in 

order to reproduce similar patterns observed in thermally sensitive electroreceptors of the
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/(piA/cm2) i(ms)

Figure 3.6: B ifu rc a tio n  d ia g ra m  o f th e  H o d g k in -H u x le y  m o d e l. (a) Inter-spike­
interval (ISI) as a function of the applied current I , for I  & 8.39 there is a Hopf bifur­
cation point where the ISI jumps from œ  ^  15.55 ms. (b) For I  =  5 after a transient 
time, the membrane potential reaches an equilibrium point. (c) I  =  10 the membrane 
potential depicts periodic spikes.

catfish (Ictaluris nebulosus) [57]. This dynamical behavior is called burst, is characterized 
by a silent phase of near-steady-state resting behavior alternating with an active phase 
of rapid spike oscillations. Bursting occurs in the activity of some thalamic cells, e.g., 
can implicate in the generation of sleep rhythms, whereas patients with parkinsonian 
tremors exhibit increased bursting activity in neurons within the basal ganglia [33].

The adaptation consists of the addition of two sub-threshold currents with slower 
frequency, and some tem perature-dependence parameters. The main equation of the 
model is defined as

CM ~dt =  —Id — Ir — Isd — Isr — I l, (3.17)

where, again, CM is the membrane capacitance; Id and I r represent the classical HH ionic 
currents related to Na+ and K +, respectively. I sd and I sr are sub-threshold currents of 
depolarization and repolarization, respectively, which can be related to the Ca2+ ions 
[75]. Ii represents the passive current which takes the contribution of the non-gated 
channels. The currents are described by

Id =  Q9dad(V  -  Ed ), (3.18)

Ir =  Û9r «r (V -  Er ), (3.19)

Isd =  Û9sd «sd (V — E sd )> (3.20)

Isr Q9sr «sr (V E sr )? (3.21)

Il =  gi (V -  Ei ), (3.22)

in which gd, gr, gsd, gsr, and gl are the maximum values of the respective conductances, 
and ad, ar , asd, and asr are the activation functions of the ion channels. g is a tem perature- 
dependent param eter defined by

T -To
g =  1.3 To , (3.23)

where T  is the tem perature of the system, T0 and t 0 are constants.
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The tem poral evolution of each activation term  follows a differential equation

=  — (aÂ  -  ad), (3.24)
dt Td
dar — f \ innr l— K ,^ , -  ar), (3.25)

rdt Tr

~T7~ =  —  («sd,œ -  «sd, ) (3.26)
dt Tsd

~TT =  —  (-nIsd  -  Y«sr), (3.27)dt Tssr

in which — represents another tem perature-dependent param eter given by — =  3(T-To)/to ; 
Td, Tr , Tsd, Tsr are characteristic times which correspond to each activation function [41]. 
The term  n is a factor which relates the mixed N a/C a current to the increment of the 
intracellular Ca2+, and 7 is the decrease rate of Ca2+ [75].

And finally the functions
1

ad,̂ > z : ; jtj tywrr, (3.28)
1 +  exp[—Sd(0  — V0d)]

1
1 +  exp[—Sr{V — V0r)]

(3.29)

asd,^ T i l  i'iZ t /  , (3.30)1 +  exp[—Ssd(U — L0sd)]

where sd, sr , ssd, V0d, V0r and V̂ sd are parameters. The Fig. 3.7 presents the tim e­
evolution of the 5 variables of the model, using the parameters of the Table 3.2. In 
panel (a) the membrane potential V  depicts a bursting oscillation, a sequence of 4 spikes 
followed by a resting time. At panels (b) and (c) the activation variables ad and ar 
present a similar dynamics. In panels (d) and (e) the activation variables asd and asr 
show a slower oscillation which follow the bursting oscillation.

Considering different parameters it is possible to change the dynamics of the model. 
Figure 3.8 displays the bifurcation diagram of the ISI as a function of the tem perature T  
measured in °C. The spike is computed in the same way as the HH model when V  crosses 
-2 0  mV (with positive derivative). The bifurcation diagram represents a classical route 
to chaos called doubling period [60]. The first doubling occurs at T  ^  6.765 and the 
second T  ^  7.195, and for T  > 7.31 the system reach the chaoticity [77]. For T  ^  10.66 
the ISI depicts extremely higher values, in Ref. [77], the authors show evidences tha t 
this behavior is associated with a homoclinic bifurcation. For T  > 13 the system loses 
its chaoticity but presents two branches of ISI associate with the fast and slow tem poral 
scales, associated with the spikes and bursts respectively. Panels (b -  d) depict the 
dynamics of V  for T  =  5, 10, 15, respectively. For T  =  5 the neuron depicts periodic 
spikes in a similar way th a t the HH model. For T  = 1 0  the neuron presents chaotic 
bursts, and T  = 1 5  periodic bursts. It should be noted th a t the transitions to chaos can 
also be achieved with the change of other parameters, as the maximum conductances for 
example.

3 .2 .3  T h e H in d m arsh-R ose m odel

In addition to the model described in the previous section, in the literature, it is 
possible to find several models th a t present the bursting dynamics [33, 38, 40, 42]. Most

a ,
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Figure 3.7: T im e-ev o lu tio n  o f th e  v a riab le s  o f th e  H H l m odel. For the values of 
the Table 3.2 the membrane potential V (t) (a) depicts the burst dynamics: a sequence 
of spikes followed by a resting time. The activation variables ad (b) and ar (c) follow the 
V  fast dynamics, while asd (d) and asr (e) present a slower dynamics. In particular, asr 
oscillates with the bursting frequency slightly influenced by the spike occurrences.

of the models are purely dynamical, which means tha t, besides the dynamics, there is 
no relation with the real neuron. In this sense, the Hindmarsh-Rose (HR) model [40] 
is composed of three dimensionless variables ( x ,y , z )  in which the x  variable depicts a
similar-bursting dynamics observed in the membrane potential of real neurons [33]. The
model is described by three differential equations

—  =  y  — ax3 +  bx2 — z + I ,  (3.31)

- y  =  c — dx2 — y, (3.32)

—  =  r[s(x — xr) — z], (3.33)

where a, b, c, d, r, x r , s, and I  are param eters of the model. The I  param eter acts 
similarly to an external current being applied to the neuron, often used as a control 
param eter [40]. In this sense, Fig. 3.9 depicts a bifurcation diagram of the ISI as a 
function of I ,  using the other param eters of Table 3.3. The spike is evaluated when x  
crosses 0 (with positive derivative). This model depicts periodic bursts for I  <  2.92, 
chaotic bursts for 2.92 <  I  <  3.4, and periodic spikes for I  >  3.4. Panels (b -  d) present 
the dynamics of the three variables of the model for I  =  2.92 to clarify the chaoticity of 
the bursting dynamics of this model.
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Table 3.2: Values of the parameters of the K 8 o CD Y
f

Membrane Capacitance (pF /cm 2) CM 1
Qd 1.5
Qr 2

Maximum conductances (m S/cm 2) Qsd 0.25
Qsr 0.4
Ql 0.1
Td 0.05

Characteristic times (ms) Tr
Tsd

2
10

Tsr 20
Ed 50
Er -9 0
E sd 50

Reversal potentials (mV) E sr
Ei

-9 0
-6 0

V0d -2 5
Tor -2 5
Tsd -4 0
To 25

Temperature param eters (°C) T 13
To 10
sd 0.25 mV- i
sr 0.25 mV- 1

Other parameters ssd 0.09 mV- i
n 0.012 cm2/pA
Y 0.17

Table 3.3: Constants used for the simulation of the Hindmarsh-Rose model [40]. 
a = 1  b = 3  c = 1  d = 5  xr =  - 8 /5  s =  4 r =  0.006

3 .2 .4  T h e C hialvo m od el

The model proposed by Dante R. Chialvo [37] contains two dimensionless map equa­
tions described by

xt+i =  x 2t exp(yt -  xt) +  k , (3.34)
yt+i =  aVt — bxt +  c, (3.35)

where x t acts like the potential of a membrane, and yt like an recovery variable. The
model depends of four parameters, a, b, c e k. In particular k acts like an external
current. In Fig. 3.10, the time evolution of both  variables x t and yt is shown using 
a =  0.89, b =  0.6, c =  0.28, for different values of k. For k < 0.03 (blue line) the system 
is at an equilibrium state. For k >  0.03 the dynamics of the model consists of periodic 
spikes, but for higher values of k , smaller is the am plitude of the spikes and higher the 
frequency [37].
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Figure 3.8: B ifu rc a tio n  d ia g ra m  o f th e  H H l m o d e l. (a) Inter-spike-interval (ISI) 
as a function of the tem perature T  measured °C. The membrane potential dynamics 
consists of (b) periodic spikes T  =  5, (c) chaotic bursts T  =  10, and (d) periodic bursts 
T  =  15.

2.8 3.0 3.2 3.4 3.6 0 100 200 300 400 500 600
X  (a.u.) t

Figure 3.9: B ifu rc a tio n  d ia g ra m  o f th e  H R  m o d e l. (a) Inter-spike-interval (ISI) as 
a function of the applied current I .  The time of each spike is calculated when x  crosses 
0.0 with a positive derivative. (b -  d) Dynamics of each variable of the model, x, y and 
z respectively. Using I  =  2.92 and param eters of Table 3.3.

3.3 Synaptic current

The synapse is the region responsible for carrying electrical signals initiated in the 
presynaptic neuron tha t propagate within a postsynaptic neuron [12]. This connection 
is often represented by a current term  called synaptic current. The synapses generally 
consist of three components: the axon terminals of the presynaptic neuron, a target 
on the postsynaptic neuron, and a zone of apposition. The structure of the apposition 
rules the type of the synapse, which can be electrical or chemical synapses [12]. While 
electrical synapses provide almost instantaneous signal transmission, chemical synapses 
can amplify the signal.
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Figure 3.10: T im e  e v o lu tio n  o f th e  v a ria b le s  o f th e  C h ia lv o  m odel. Evolution of 
the variables x t (a) and yt (b). For a =  0.89, b =  0.6, c =  0.28, and different values of 
k. For k < 0.03 the systems stays at a fixed point while k > 0.03 the model depicts a 
periodic motion.

The electrical synapses are characterized by a direct interaction among ions of the 
two cells, where the presynaptic terminal and the postsynaptic cell are in very close 
apposition at regions called gap junctions. The signal produced by the action potential 
of the presynaptic neuron reaches the postsynaptic neuron at a gap junction which 
connects both neurons [12]. In this sense, the postsynaptic neuron receives a synaptic 
current described as

Issyn gsyn(bpre bpost ) , (3.36)

where gsyn is the conductance of the channels, Vpre and VpOSt are the membrane potentials 
of the presynaptic and postsynaptic neuron, respectively.

In a chemical synapse, the connection does not occur directly. The action potential of 
the presynaptic neuron leaves neurotransm itters, the most common in cortical neurons 
are glutam ate and y-Aminobutyric acid (GABA) [33]. These neurotransm itters diffuse 
through the synaptic cleft to reach the postsynaptic neuron, inducing the opening or the 
closing of channels. For these cases, the synaptic current is given by

Isyn gsynr  (t)(E syn ^post^ (3.37)

where E syn is the reversal synaptic potential which characterizes if the synapse is exci­
ta to ry  or inhibitory, and r(t) is a function th a t simulates the neurotransm itter kinetics 
[78].

A way of modeling r(t) is considered a sigmoidal function [33]

r(t) 1 +  exp(-As(Vpre(t) -  f3s)) ’ (3.38)

where As and f3S are constants related to chemical synapses, adjusted for the respective 
neuronal model.
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Another way to model r(t) is with a kinetic function, which takes into account the 
fraction of open channels th a t allow the transmission of neurotransm itters,

dr /  1 1 \  1 — r r = ________  (3.39)
dt \ r r rdJ 1 +  exp[-So(Upre(t) -  V0)] rd

in which Tr and Td are characteristic times, s0 =  1/mV is a unitary constant, and V0 is a 
reversal potential [78].
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Chapter 4 

Com plex networks

T he study of the global behavior of a group of connected entities is made using 
a complex network. A dynamical system is called complex if its final state does 
not depend on the existence of a central controller, i.e., the cooperative behavior 

depends only on the interactions among entities [22]. In this chapter, it is introduced 
some concepts of the graphs theory, which is used in the network study. The way th a t the 
connections are distributed characterizes the network connection topology. In this thesis, 
all the networks were generated using a Python language package called “NetworkX” [79] 
which was developed for exploration and analysis of networks and network algorithms.

4.1 G raphs theory

The graph theory is a section of discrete mathem atics th a t was developed in part 
by Leonard Euler to solve the challenge of the Königsberg bridges. The Pregel river, 
when cross the Königsberg city is ramified creating two islands, which were connected 
to the city by seven bridges. The challenge consisted at to cross all the bridges without 
repetition, independently where the journey was started  or finished. Figure 4.1 depicts 
one adaptation of the original illustration of the challenge made by Euler [80, 81].

The idea used to solve this challenge was to represent each earth  region and the 
bridges as sites connected by edges. It was found tha t, since all the earth  regions have 
an odd number of bridges, there is no solution for this challenge. The challenge could 
be solved if any of the bridges were removed. The way in th a t Euler obtained his results 
gives a start to the study of graph theory [82].

A graph G is an ordered pair of distinct sets V and E , where V is a non-empty 
discrete set of elements called sites or nodes, and E a subset constituted of ordered 
pair of V elements, called edges or connections. For two given elements of V, the pair 
(vi, Vj) e  E is a line which connects and Vj. The connections among sites can be 
binary or weighted: for binary connections, (vi , Vj) =  1 if the sites are connected or 0 , 
otherwise; when weighted, some connections are more relevant than  others (vi , Vj) e  R. 
On the other hand, the connections can be directed and non-directed: when non-directed 
the connections are reciprocal which means tha t, if vi is connected to v j , implies tha t 
vj is connected to vi ; when directed, the connections are not reciprocal. The notation 
G(N ,n)  represents a graph with N  sites and n  connections. The graph G(N ,n)  can be 
represented as a squared m atrix G, called connection matrix, where N  is the number of 
rows and columns, and n  is the number of non-zero elements. In this sense, the element
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Figure 4.1: I l lu s tr a t io n  o f th e  K ö n ig sb e rg  b rid g es . The Pregel River ramifications 
and form two islands A  and D , which are connected to the city (B  and C ) by the 7 
bridges a, b, c, d, e, f  and g. Figure taken from [81], an adaptation of the original work 
of Euler [80].

eij of the m atrix G represents the connection between the site i and j .

4.2 C om plex networks

The graph theory can be used in the study of networks, in particular, neural networks, 
where each node of the network is a neuron and their connections are the synapses. The 
way of the connections are distributed in the network determines its topology which 
plays a role in the global dynamics of the network [25]. In this sense, besides the size of 
the network N  and the number of connections n , it is possible to classify the topology 
of the network using some properties.

The average shortest path  length L is a quantity th a t refers to the shortest path 
between the i-th site and j -th  site. This path  relates to the number of sites th a t the 
information needs to pass to reach the target [22]. If L j  is the shortest path  between i 
and j , the average shortest path  length of the network is

1 N N

L =  N ( N  -  1) g  g  L  ^
j=i

The clustering coefficient C is a quantity of how the sites tend to cluster. The eval­
uation is based on the number of sites which groups in trios [22, 83]. Considering three 
sites, a closed trio is when all sites are connected while an open trio one of the connec­
tions is missing. The clustering coefficient is defined by the ratio between the number of 
closed trios divided by the to tal number of trios (open and closed),

C =  7 Ï T Â  ■ <4'2)

where 7 a  and 7g are the number of closed trios and open trios, respectively. If 7 a  ^  7g, 
C ~  1, which means in a clustered network [22].

The simplest network topology is called a regular network, where all the sites de­
pict the same number of connections, as is the case of a first-neighborhood network,
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Figure 4.2: E x am p le s  o f re g u la r  n e tw o rk s . Using 20 sites. (a) First-neighborhood 
network. (b) Second-neighborhood network. (c) Global network (complete network).

Figure 4.3: E x am p le s  o f ra n d o m  g ra p h s . Using 20 sites. (a) For prand =  0.05 there 
are 20 connections. (b) For prand =  0.5 there are 190 connections. (c) For prand =  1 there 
are n (n  — 1) connections.

where the i-th site is connected to the i +  1 and i — 1 sites (closest neighbors), or the 
second-neighborhood network, and global network where all the possible connections 
exist. Figure 4.2 depicts an example of these three regular networks with N  =  20 sites.

Another topology often used in the literature is the random topology, where their 
connections are randomly distributed [22]. One of the possibilities to build such network 
is using the Erdos-Renyi algorithm [84], which consider a probability of connection 0 <  
prand <  1, where the number of connections in the network is given by nrand =  prandN ( N — 
1). Figure 4.3 depicts examples of random networks with N  =  20 and (a) prand =  0.05 
and n  =  20 connections, in this case the small number of connections makes possible to 
find isolated sites from the network, (b) prand =  0.5 and n  =  190 connections, and (c) 
prand =  1 all possible connections.

However, regular and random networks are idealization cases, real networks are be­
lieved to be between these extremes of order and randomness [25]. W atts and Strogatz 
have found th a t with the substitution of local connections for random connections in a 
regular network, it is possible to create a network with shortcuts th a t presents the fol­
lowing properties: low average shortest path  length and a high clustering coefficient (in 
comparison with random networks). These networks were called small-world networks 
[85]. In addition to being networks optimized from the point of view of information, 
propagation [85], it was found th a t some real networks have the same topological char­
acteristics of a small-world network, like social networks such as the world-wide-web [86,

49



CHAPTER 4. COMPLEX NETWORKS

Figure 4.4: E x a m p le  o f th e  W a tts -S tro g a tz  ro u te . (a) Regular network pws =  0, (b) 
Small-world network pws =  0.05, (c) Random network pws =  1. The small-world regime 
is achieved between the extremes of order and randomness.

87, 88], electric power grids [87], and even neural networks, as in the case of the nema­
tode nervous system C. Elegans [85, 89], and in the anatomy of the human brain and 
other mammals [90].

One of the ways to generate a small-world network is using the W atts-Strogatz algo­
rithm  [85]. Starting with a regular network with N  sites and n0 connections, the idea 
is to replace n ws connections randomly. Controlling n ws with a probability pws, where 
nws =  pwsn. For lower values of pws — 0 the network depicts the same features of a 
regular one, and higher values pws — 1 of a random one. But for intermediate values of 
pws the number of shortcuts can put the network in the small-world regime, presenting a 
high cluster coefficient and low average shortest path  length. Figure 4.4 presents an ex­
ample of the W atts-Strogatz route, at panel (a) a second-neighborhood regular network 
(pws =  0), (b) a small-world network (pws =  0.05), and (c) a random network (pws =  1).

However, in the W atts-Strogatz route, since the connections are randomly replaced, 
it is possible to disconnect a neuron from the network. To avoid this, Newmann and 
W atts proposed an alternative algorithm to achieve the small-world regime [91], the idea 
is to add random connections instead of replacing [22]. For this route, the number of 
connections depends on a probability pnw, if n0 is the number of connections of the 
regular network, the new number of connections is given by nnw =  (1 +  pnw)n0. This 
means th a t for each existing connection (n0), a new random connection can be added 
with a probability pnw. The Fig. 4.5 represents an example of the Newman-W atts route, 
at the panel (a) a regular network (pnw =  0), (b) a small-world network (pnw =  0.1) and 
(c) a network which is no longer in the small-world regime.

Despite the fact th a t there is no ideal way to characterize the small-world regime 
[86, 92], it is possible to define a quantity to quantify the small-worldness of a generic 
network using

S  W =  W  <4.3)

where L and C are the average shortest path  length and the clustering coefficient of a 
generic network, and Lr and Cr for a random network. A network is commonly classified 
as a small-world if S  ^  1, which happens when C >  Cr and L <  L r. Figure 4.6 presents 
S  as a function of the probability pws (at the first row) and pnw (at the second row) for 
networks with different sizes N  =  100 (a) and (d), N  =  1000 (b) and (e), N  =  10000 
(c) and (f). The W atts-Strogatz route has a maximum of S  at pws — 0.1, and for the
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Figure 4.5: E x a m p le  o f th e  N e w m a n -W a tts  ro u te . (a) Regular network pnw =  0, 
(b) Small-world network pnw =  0.2, (c) Network with pnw =  1 in this case the network is 
no longer at the small-world regime.

Pnw Pnw Pnw

Figure 4.6: S m all-w o rld n ess  coeffic ien t. S  as a function of the probability pws (first 
row), pnw (second row), for networks with N  =  100 (a) and (d), N  =  1000 (b) and (e), 
N  =  10000 (c) and (f). Each color refers to an initial number of connections on a regular 
network. The error bars are the standard deviation over 10 different initialization.

Newman-W atts the maximum occurs pnw ~  0.3. Therefore, the network is in a small- 
world regime for values close to these maxima.
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Chapter 5 

Phase synchronization

Synchronization, this basic nonlinear phenomena, detected in the 17th century when 
the scientist Christiaan Huygens reported his observations tha t two very weakly 
coupled pendulum clocks become synchronized in phase [1] (English translation 

[2]). In the context of dynamical systems, many different synchronization states have 
been studied: complete synchronization, also called identical synchronization, is the sim­
plest form of synchronization, it consists of the exact convergence of all the trajectories 
of the system to a unique synchronization manifold; frequency synchronization consists 
in the frequency locking of the system, where all elements of the system evolve with the 
same periodicity; and phase synchronization were beyond the frequencies the phases are 
also locked [93]. In this chapter, it is introduced some concepts of the synchronization 
of dynamical systems, based on the Kuramoto oscillator model. In particular, it shows a 
powerful tool to quantify phase synchronization, called the Kuramoto order param eter, 
which can be generalized to measure phase synchronization of distinct oscillator models 
[5], and in special, to neuronal models.

The Kuramoto model consists of an ensemble of N  oscillators with a nonlinear cou­
pling where the phase of the i-th oscillator evolves as

£ N
Oi =  Ui +  N  ^  sin(Oj -  Oi) i =  1, ••• ,N ,  (5.1)

j=i

where u i is the natural frequency of the oscillator and £ the coupling strength. For £ =  0 
each oscillator evolves linearly which his own frequency Oi(t) =  u it +  Oi (0), where Oi (0) 
is the initial condition of the i-th  oscillator.

For the particular case of identical oscillators u i =  u0, V i, and, without losing
generality u 0 =  0 (since for u 0 =  0, it is always possible to choose a frame th a t rotates
at the same frequency u0), therefore

£ N
Oi =  NyX! sin(Oj -  Oi) i =  1, ••• ,N .  (5.2)

j=i

W ith the definition of a vector 6 =  (O1,O2, ■ ■ ■ ,ON), it is shown th a t Eq. (5.2) is a 
gradient equation (6 =  —VU [94], where the potential function is given by

£ N N
U =  — 2N  cos(Oj — Oi) , (5.3)

i=i j=i
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which means th a t the trajectories of such systems flow monotonically at the potential 
surface and asymptotically approaching the equilibrium point 6) =  0. For e > 0, any 
symmetric initial condition around the circle [0, 2n] will lead the system to a steady- 
state solution, called twisted states [94], since the sinusoidal sum among all oscillators 
mutually cancel. For non-symmetric initial conditions, the coupling drives the system 
to the phase-locking stable state, where 91 =  92 =  ■ ■ ■ =  9N , also called complete phase 
synchronized state.

Figure 5.1 depicts the time evolution of the phases of N  =  100 identical oscillators, 
at panel (a) a symmetric initial condition given by a uniform distribution 9* (0) =  2 n i / N , 
where even for e =  0 the solution is an unstable equilibrium state. At panels (b -  d) a 
random initial condition is studied (9* (0) G [0, 2n]), the phases asymptotically approach 
to the phase-synchronized state, for e =  10- 4, 10- 3, 10- 2, respectively. The time 
required for the system to reach the synchronized state is called the relaxation time t 
[27, 95]. t  is presented in panel (e) using different values of N , it is observed th a t t 
decreases with the increase of the coupling param eter in such a way th a t t (e) x  e- 1. 
Hence, despite of the particular cases of e =  0 and the twisted states, a network of 
identical coupled oscillators always reach the synchronized state.

On the other hand, for non-identical oscillators, the natural frequency of the oscil­
lators can be described according to a probability density x (u )  which is defined to be 
symmetric as a function of a mean frequency 0 ,

k ( 0  — u) =  k (0  +  u ) . (5.4)

W ith this exact configuration, Kuramoto had defined a complex mean-field Z , defined
as

1 N
Z  =  R(t)e i m  =  — £  el°j(t), (5.5)

where ^  is the circular average frequency. The absolute value of Z , called Kuramoto 
order param eter R , quantifies the degree of phase coherence in the oscillators and can 
be used as an indicator of phase synchronization.

Considering N  ^  to  oscillators, the phase transition from the non-synchronized to 
the phase-synchronized state occurs in a critical value e* given by

e* =  — , (5.6)n x ( 0) ’ V J

and the modulus of the Kuramoto order param eter is equal to

'0, for e <  e*,

R = {  I —16 q _  e* y  for ^  <5 7 )
n(e*)3x " (0) V e

which means tha t, if e is lower than  a critical value e*, R  ~  0 (desynchronization) and 
for e >  e*, R(e) approaches asymptotically to 1, and is equal to 1 at the limit of e ^  to. 
The results of the Eqs. (5.6) and (5.7) are deduced in the appendix A .

Considering the case where natural frequency of the ensemble of oscillators tha t 
follows a zero-centered Cauchy-Lorentz distribution,

K(u) =  2 +  u 2) ' (5-8)
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Figure 5.1: T im e  e v o lu tio n  o f th e  p h ase s  o f id e n tic a l K u ra m o to  o sc illa to rs  
a n d  th e  re la x a tio n  t im e  o f th e  n e tw o rk . (a) For a initial condition which follows a 
uniform distribution, i.e., 6* (0) =  2 n i / N , the symmetry of the system cancels the network 
dynamics, which is kept in a steady state called twisted state. (b -  d) For a random initial 
condition (6*(0) E [0, 2n]), the phases evolve asymptotically to the phase-locking state 
(synchronized state), where 61 =  62 =  ■ ■ ■ =  6N , w ith e =  10- 4, 10- 3, 10- 2, respectively. 
Greater the coupling strength e, fastest is the time to reach the synchronized state t 
(relaxation time). (e) (t ) as a function of e for different N  values (number of oscillators), 
where a clear inverse relation is observed t (e) ~  '~- 1 
1000 realizations.

a: e 1 . The (■) denotes the average over

where (  is related to the width of the distribution. In this sense,

k ( 0) = 4 - * » = - ^  r 3^  ^  * " (0) = - X ,n ( ( 2 +  u 2)3 3

therefore the critical coupling for the Cauchy-Lorentz distribution

e* =  2(,

and the order param eter, for e >  e*,

(5.9)

R =  - 16
V n (8Z3) ( - 2/ n Z e e .

(5.10)

Figure 5.2 presents the Kuramoto order param eter R  as a function of the coupling e 
considering a Cauchy-Lorenz distribution (Eq. (5.8)) with (  =  0.5 which gives a critical 
coupling e* =  1. The dashed line represents the exact solution of R  (Eq. 5.10) and the
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Figure 5.2: P h a se  sy n c h ro n iz a tio n  o f th e  K u ra m o to  m o d e l. Kuramoto order 
param eter R  as a function of the coupling e using a Cauchy-Lorenz distribution with 
Z =  0.5, which gives e* =  1.

solid lines show the numerical results for different values of N . The greater the value of 
N , closer is the numerical result to the exact solution.

Despite the order param eter being created to calculate the phase synchronization of 
Kuramoto oscillators, this m ethod can be effectively applied to distinct oscillators and 
also neurons regardless of periodicity presence. To do this, it is necessary to associate 
a phase to the dynamical model. The phase can be obtained with a projection of the 
dynamical system d(t) =  h(x) and also with the definition of an appropriate Poincare 
section where the orbit crosses once for each 2n rotation. In this sense, the phase can 
be defined

0i(t) =  2nki +  2n—t — , tk,i < t < t k+hi, (5.11)
tk+1,% t k,i

where t k>i represents the kth time where the i-th  system crosses the Poincare surface. 
Therefore, for every t =  t k , the second term  of the equation vanishes and the phase is 
equal to 2nki , for the other instants of time, the second term  interpolates these times until 
the next cross occurs in t =  tk+i. The phase is increased by a factor of 2n every t k+1ti- t kti
[96]. After this association, it is possible to quantify the phase synchronization of the 
system using the Eq. (5.5) for the order parameter. Different from the Kuramoto model, 
a dynamical system might not present an stationary state of R (t) =  R. To measure phase 
synchronization in distinct models, the average order param eter is defined, which consists 
of the tem poral average of the order param eter module

1 tf
(R> =  t T  E  R(t), (5.12)

(f -  (i t.t,

where t i and t f are the start and end times of the order param eter computation, respec­
tively. If (R> =  1 represents a completely phase-synchronized state, in which all elements 
s tart to cross the surface at the same time. On the other hand, (R> =  0 means tha t 
each element in the network has a corresponding pair th a t is completely out-of-phase.
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This can correspond to a completely incoherent state (completely unsynchronized) or a 
state with clusters of in-phase neurons th a t are anti-phase between themselves. If the N  
phases were to be randomly distributed, the result would be (R) ~  ^  1 /N  [26].
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Chapter 6

The role of the individual dynam ics 
in the synchronization processes of 
neural networks

M ost of the neuronal behaviors produced by the brain are directly related to 
the collective patterns of activation of groups of neurons, generating (partially) 
synchronized dynamics of these groups [12]. However, the brain activity can be 

disturbed by pathological states caused by some neuropathies, as in the case of epilepsy, 
where the increase in neuron synchronization generates seizure episodes [17], and in 
Parkinson’s disease, where an excessive synchronization in the basal ganglia is evidenced 
[18, 19, 97]. In this sense, drugs and other treatm ents are used to normalize brain 
activity, allowing the neurons to depolarize and repolarize in a healthy way [98, 99, 100]. 
In this scenario, the use of simulated neural networks have proven to be very useful to 
understand the synchronization mechanism to optimize or suppress the synchronization 
of neurons [51, 101, 102].

This chapter is devoted to studying the influence of the dynamics of the neurons in 
their synchronization processes of a neural network with HHl neurons. It is shown that 
exists a strong correlation between the individual dynamics of the neuron with the type of 
synchronization of the network. For neurons th a t individually exhibit chaotic behavior, 
phase synchronization occurs analogously to the transition of chaotic oscillators known 
in the literature [48]. However, when non-chaotic neurons are coupled, the network may 
present phase synchronization to weak coupling regimes (a coupling param eter close to 
zero) due to the influence of the regularity of the individual dynamics, and the increase 
of the coupling param eter can decrease the phase synchronization of the network [49, 
50, 51], characterizing a non-monotonic evolution of synchronization as a function of 
coupling.

This phenomenon has already been explored in other works using different approaches: 
network of networks [49, 103], detection of nonstationarity [50], suppression of phase 
synchronization [51, 104, 105, 106] and by tem perature changes [107, 108]. Here, the 
dynamics of the neurons are changed by variations in the ion conductances of the model, 
and with the application of an external pulsed current to the neurons, both situations 
show similar results. To confirm the generality of this behavior, a verification test is 
successfully performed with another neuron model in the same conditions. In conclu­
sion, the occurrence of this non-monotonic phase transition occurs due to an interplay 
between the individual-regular behavior of the neurons and the influence of the synaptic
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current. Hence, it is possible to change the phase synchronization in the weak coupling 
regime just with small variations to achieve a chaotic transition in the neuron dynamics. 
Most of the results of this chapter are published in the article “The role of individual 
neuron ion conductances in the synchronization processes of neuron networks” Neural 
Networks 137 (2021) 97-105 [109].

6.1 N etw ork properties

It is considered a network with N  =  1000 HHl  neurons coupled in a small-world 
network, generated with the W atts-Strogatz route with n0 =  6000 connections and 
pws =  0.1. The membrane potential of the i-th  neuron is described by

dVi
CM~dtt =  - I i,d — ^i’* — ^i’Sd — I i’sr — +  1i,syn, (6.1)

where the ionic currents are given by the Eqs. (3.18-3.22). For this specific case, the 
neurons are coupled with a chemical synapse

£ N
A’Syn — n (Esyn Vi) ^  ) ei,jr j ( t )  (6.2)

n j = 1
with £ being the coupling strength parameter, n  is the average of the number of con­
nections in the network, E syn is the synaptic reversal potential. It is used E syn =  20 
mV, since E syn >  Vi , the synaptic term  I syn is always positive featuring an excitatory 
synapse. ei,j gives the element of the connection m atrix, so th a t if i and j  are connected 
ei,j =  1, otherwise ei,j =  0. The variable ri represents the fraction of bound receptors in 
the synapse where the kinetics model is described by [78]

dri (  1 1 \  1 -  ri ri
(6.3)—     —

dt \ r r r j  1 +  exp[-So(U  -  Vo)] rd

where s0 is an unitary constant 1 mV-  , V0 =  -2 0  mV, Tr =  0.5 ms, and Td =  8 ms are 
constants.

Figure 6.1 presents the dynamics of the membrane potential (a) and the variable asd 
(b) for one neuron simulated using the values of Table 3.2. The temporal dynamic is 
composed of a set of (four) spikes followed by a resting time, characterizing bursting 
dynamics. The bursting dynamic is maintained for all parameters used in this Chapter. 
The asr variable, described in Eq. (3.27), is used as an auxiliary variable to compute the 
bursting time since the local minimum of asr coincides with the beginning of a burst. 
After compute all the bursts of all the neurons, using Eq. (5.11) it is possible to evaluate 
9i and the phase synchronization (R) with Eq. (5.12), here, considering t  =  150 s 
(avoiding transient effects) and t f =  250 s as a final time of computation. The initial 
conditions for each neuron are randomly distributed to avoid any initial synchronization 
bias. Each synchronization result ((R)) is a mean value over 10 distinct initial conditions 
and 10 different networks preserving the same connection properties.

6.2 R esu lts

The effects of variations in neuron dynamics due to changes in the ion conductance 
can be illustrated by a bifurcation diagram of the Inter-Burst-Interval (time between
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Figure 6.1: P h a s e  a sso c ia tio n  o f th e  H H 1 m o d e l. Time evolution of the: (a) 
membrane potential of the neuron, (b) asr variable, using the param eters of Table 3.2. 
The local minimums of asr (dashed line) can be used as an auxiliary to compute the 
beginning of a burst.

two successive bursts, IBI). Figure 6.2 (a) depicts the IBI (x-axis) for one single isolated 
neuron (s =  0) as a function of gr (y-axis). It is observed for 1.90 < gr <  2.03 th a t the 
neuron dynamics has a periodic behavior. W hen gr is increased above 1.95 a cascade of 
period-doubling bifurcations occurs producing infinite orbits and finally, for gr > 2.03, 
the large variability of IBI illustrates tha t the neuron dynamics is chaotic [60]. At panel 
(b), it is computed the Kuramoto order param eter (R) in color codes from blue tones 
({R} =  0, non-synchronized) to red tones ((R) =  1, complete phase synchronized), 
as function of £ and gr. It is noted tha t for values of gr > 2.03, the transition for 
the non-synchronized state  to the synchronized state is very similar to the transition 
seen in chaotic oscillators [48, 101], which means th a t for s < 0.01, R  & 0, and for 
s >  0.01 the network gains phase synchronization, R  & 1. On the other hand, for lower 
values of gr, the network starts to synchronize for very low values of s, this behavior is 
associated with the fact th a t the neurons, which individually present regular dynamics, 
are susceptible to synchronize since the synaptic current is not strong enough to disrupt 
the periodic features of the neurons. Hence, due to the frequency-locked phenomenon, 
the synaptic current acts to aligning the neurons in phase generating the partial phase 
synchronization behavior. As the coupling strength increases, the synaptic current gains 
relevance, inducing chaoticity in the neurons, resulting in a sharp decrease in the phase 
synchronization level, characterizing the non-monotonic evolution of the synchronization.

Figure 6.3 shows how this transition occurs for gr =  1.92 (regular individual dynam­
ics), where at the panel (a), the IBI for one arbitrary neuron of the network is plotted 
as a function of s (left scale) with (R) which is presented in red (right scale). In this 
case, a weak coupling initially leads the network to a partial phase-synchronized state 
(R) & 0.8, but as the coupling is increased the phase synchronization is decreased and 
for even stronger coupling a chaotic-phase-synchronized behavior is achieved. It is im­
portan t to mention tha t a weak chaotic synchronized dynamic is still preserved for a
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Figure 6.2: N e u ra l d y n am ics  o f H H l m o d e l as a  fu n c tio n  o f g r. (a) Bifurcation 
diagram of the inter-burst-interval (IBI) for the individual neuron as a function of the 
maximum conductance gr. (b) The Kuramoto order param eter of the network {R) as a 
function of the coupling param eter (e) and the conductance gr.

m oderate dispersion of the IBI and some intervals of the coupling parameter. Panels 
(b -  e) present raster plots of the network where each dot corresponds to the beginning 
of a burst. In panel (b), £ =  0.002, an incoherent behavior is observed. For panel (c) 
e =  0.004, some vertical structures are noticed in the raster plot, this characterizes a 
partial phase synchronization behavior, where bursts of neurons occur at close time in­
stants. In panel (d), e =  0.008 it shows the decrease of the phase synchronization, and 
(e) e =  0.020 the chaotic-phase-synchronized behavior. On the other hand, Fig. 6.4 
depicts the same configuration, but with gr =  2.05, which confirms th a t once the indi­
vidual dynamics is already chaotic only the final transition from desynchronized state 
to the chaotic-phase-synchronized state is observed. This can be seen at the monotonic 
evolution of R  (panel (a)), and at the raster plots (panels (b -  e)).

Another option to study the individual dynamics of the neuron, and correlates to 
the type of transition of the phase synchronization, is comparing the largest Lyapunov 
exponent (A) of the individual neuron with the synchronization features of the network. 
The panel (a) of Fig. 6.5, presents the largest Lyapunov exponent (A) presented in 
Chapter 2 of one isolated neuron for a param eter space gr x gd using a grid of 800 x 
800 parameter-pairs. The color bar codifies the value of A going from black A <  0 to 
hot colors A > 0. It is selected two sets of 4 points each in the param eter space where 
the colored triangles represent points where A <  0, gr x  gd =  {(1.90,1.30), (2.00,1.50), 
(2.00,1.68), (2.24,1.60)} and the colored dots represent points where A > 0, gr x gd =  
{(1.80,1.40), (1.90,1.60), (2.10,1.50), (2.20,1.70)}. In panels (b) and (c) it is measured 
the phase synchronization transition for each selected point, plotting {R) as a function of 
e for each triangle (b) and dot (c) point (with the respective colors). It is noted th a t at 
the panel (b), the 4 curves depict a non-monotonic transition, which means th a t for lower
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Figure 6.3: S y n c h ro n iz a tio n  t r a n s i t io n  o f in d iv id u a l re g u la r  n e u ro n s . (a) Bifur­
cation diagram of the IBI (left scale) for an i-th  coupled neuron in the network, as a 
function of the coupling param eter (£), the red curve, represents the Kuramoto order 
param eter of the network (right scale) using gr = 1 .9 2 . (b -  e) Raster plots of the net­
work where each dot corresponds to the beginning of a burst (tk,i). The colored arrows 
indicate the coupling values when the raster plots are obtained, which match with the 
colors of the dots.

coupling values there is a local maximum of phase synchronization, for the magenta line 
it happens at £ =  0.006, brown £ =  0.004, purple and yellow £ =  0.002. On the other 
hand, at the panel (c), all 4 curves the intrinsic chaoticity of the neurons is sufficient 
to avoid phase synchronization for the weak coupling regime, and the network presents 
phase synchronization only for couplings greater than  a critical coupling £* which its 
value depends on the param eter space. It is noted th a t a synchronization transition can 
be easily achieved for weaker values of £ with the change of more than  one param eter 
since it is necessary to achieve a bifurcation point in the param eter space to change the 
individual dynamics. In these cases, small changes in one specific ion-conductance may 
act as a catalyst to the second conductance change [109].

To investigate further the relation between the individual dynamics with the phase 
synchronization, assuming tha t other conductances also can play a similar role in the 
network, it is fixed gr and gd in 2.00 and 1.50 (original values of Table 3.2 [76]), but with 
the variations of the slow currents of the model gsr and gsd. The results are depicted 
in Fig. 6.6 (the same methodology of Fig. 6.5 is used). Panel (a) A is plotted as a 
function of gsr and gsd, and, once again panels (b) and (c) depict the (R) as a function of 
£ for two sets of 4 points selected in the parameters space where (b) corresponds to the 
colored triangles (regular individual dynamics) gsr x gsd =  {(0.395, 0.210), (0.395, 0.235), 
(0.400, 0.250), (0.410,0.275)} and (c) the colored dots (chaotic individual dynamics) gsr x 
gsd =  {(0.385,0.200), (0.395, 0.220), (0.396, 0.248), (0.400, 0.260)}. Even for very similar 
parameters, as the purple triangle (0.400, 0.250) and the the blue dot (0.396, 0.248) the
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Figure 6.4: S y n c h ro n iz a tio n  t r a n s i t io n  o f in d iv id u a l ch ao tic  n e u ro n s . (a) Bi­
furcation diagram of the IBI (left scale) for an i-th  coupled neuron in the network, as 
a function of the coupling param eter (e), and the red curve, represents the Kuramoto 
order param eter of the network (right scale) using gr =  2.05. (b -  e) Raster plots of 
the network where each dot corresponds to the beginning of a burst (tk,i). The colored 
arrows in panel (a) indicate the coupling values when the raster plots are obtained, which 
match with the colors of the dots.

phase synchronization evolves in each case in completely different ways when the lower 
coupling regime is considered.

6.2 .1  E xtern a l p ertu rb ation  by electrica l pu lses

In the last section, it was shown a correlation between the individual dynamics of 
the neuron with the transition of the phase synchronization of the network. Precisely, 
the synchronization transition of periodic neurons is different from chaotic ones. In this 
sense, instead of change the param eters of the neuron to achieve a bifurcation transition, 
it is possible to induce chaoticity with the application of external perturbations. To do 
this, it is made the addition of an external current C(t) in Eq. (6.1), which describes a 
sequence of electrical pulses

C(t) =  Tv +  £  ~  sin(2m nvt), (6.4)
2 m=1,3,5,- m n

where Co is the amplitude of the pulse measured in pA /cm 2, v is the frequency measured 
in Hz, and m  is an odd integer, and for the simulations it is used the m  < 1000 terms. 
The choice for a pulsed current is inspired in the Deep Brain Stimulation procedure, 
where electrodes are placed deep in the brain and are connected to a stim ulator device. 
W hen turned on, the stim ulator emits electrical pulses, which in high frequencies (>  100
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Figure 6.5: C o rre la tio n  b e tw ee n  th e  in d iv id u a l d y n a m ic s  a n d  th e  p h a se  sy n ­
c h ro n iz a tio n  v a ry in g  th e  p a ra m e te r  sp ace  g r x  g d. (a) Largest Lyapunov Exponent 
(A) obtained for one isolated neuron in the param eter space gr x gd. Two sets of 4 points 
are selected inside chaotic A >  0 (colored dots) and regular A «  0 (colored triangles) 
param eter space regions. (b, c) {R) as a function of e for the two sets of 4 points of the 
param eter space, (b) regular dynamics (triangles in (a)) and (c) chaotic dynamics (dots 
in (a)).

Figure 6.6: C o rre la tio n  b e tw ee n  th e  in d iv id u a l d y n a m ic s  a n d  th e  p h a se  sy n ­
c h ro n iz a tio n  v a ry in g  th e  p a ra m e te r  sp ace  gsr x  gsd. (a) A obtained for one isolated 
neuron in the param eter space gsr x gsd. Two sets of 4 points are selected inside chaotic 
A > 0 (colored dots) and regular A «  0 (colored triangles) param eter space regions. (b, 
c) {R) as a function of e for the two sets of 4 points of the param eter space, (b) regular 
dynamics (triangles in (a)) and (c) chaotic dynamics (dots in (a)).

Hz [110] in comparison with the frequency of the inter-bursts ~  1 Hz) suppresses tremor 
symptoms associated with essential tremor or Parkinson disease [100].
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Figure 6.7: C h ao s  in d u c e d  by  th e  a p p lic a tio n  o f e x te rn a l p u lses . (a) Bifurcation 
diagram of IBI for an individual neuron as a function of the amplitude of the current £0. 
(b) The Kuramoto order param eter of the network {R) as a function of s and £0.

The results are depicted in Fig. 6.7, where panel (a) presents the IBI of the individual 
neuron as a function of the amplitude of the applied pulse £0 with a fixed frequency of 
v =  100 Hz, for fixed param eters as in Table 3.2. It is seen tha t the regular dynamic 
exhibited by the neuron is kept until £0 & 0.02, where a great variability of IBI appears 
in the dynamics. At panel (b), it is measured the phase synchronization ({R)) as a
function of the coupling param eter £ and £0. Similarly, the individual dynamics of the
neuron rule the synchronization transition, since for £0 < 0.02 there is a local maximum 
of synchronization for s & 0 .006, which is associated with the non-monotonic evolution of 
{R). On the other hand, for £0 > 0.02, the individual neuron presents chaotic dynamics, 
and the phase synchronization is reached only for coupling values greater than  a critical 
value s* & 0 .01, corroborating with the results of the previous section.

6.2 .2  V erification  te s t  w ith  th e  H in d m arsh -R olse  m odel

To generalize the non-monotonic of the synchronization phenomenon, the same situ­
ation is studied as a verification test using a second network in the same conditions, i.e. 
same size, connections, and topology, but simulating the Hindmarsh-Rose neuron model 
described by Eqs. (3.31 -  3.33), which now reads

yi — axi  +  bxf — Zi +  X +  Ŷ syn? (6.5)

c — dx2 — yi , (6.6)

r[s(xi — xr) — Zi], (6.7)

dxi
dt
dyi
dt
dzi
dt
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I

Figure 6.8: V erifica tio n  te s t  w ith  th e  H in d m a rsh -R o se  m o d e l. (a) Bifurcation 
diagram of IBI for an individual Hindrmarsh-Rose neuron as a function of the param eter 
I . The Kuramoto order param eter of the network {R) as a function of s and I .

where a, b, c, e, r, s, and xr are constants whose values are depicted in Table 3.3, I  is a 
free param eter, and I*,syn is the dimensionless “synaptic” param eter defined as

I ,■%, syn
s N 
n  (xs — x i ) ^ 2  ei,jn A — 1

1
l +  exp[-As(Xj -  & )]'

(6.8)

where £ is the coupling param eter, n  is the average of connections, and ei,j is the element 
of the connection matrix. x s, As and f3s are constants related to the chemical synapses, 
as described in Chapter 4 where it is used x s =  2, As =  30, and f3s =  0. To evaluate 
the bursting times t kji to compute the phase of the z-th neuron (d*), it is used the local 
minimum values of z*(t) which correlates with the beginning of a burst, as shown in Fig. 
3.9 (analogously to the asr variable of the HHl model). The dynamic of the individual 
neuron is depicted in panel (a) of Fig. 6.8 where is computed the IBI as a function of I . 
The neuron presents a periodic behavior for I  <  2.92, and vast variability of IBI (chaotic 
dynamics) >2.92. At panel (b) it is evaluated the {R) in color codes as a function of s 
and I . In a similar way to the results of the previous sections, the transition from non­
synchronized state to the synchronized state varies with the individual neuron dynamics: 
non-monotonic transition for < 2.92 and monotonic for > 2 .92.

6 .2 .3  T opologica l effects
In this project, it is opted to couple the neurons in a complex network with a small- 

world topology. This choice is justified since, as discussed in Chapter 4 , the small- 
world features are detected in real neural networks. However, one can believe tha t the 
non-monotonic evolution of the network can arise due to the small-world topology. To 
disprove this hypothesis, in Fig. 6.9, it is studied {R) as a function of the coupling
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Figure 6.9: S y n c h ro n iz a tio n  t r a n s i t io n  for d iffe ren t n e tw o rk s ’ to p o lo g ies . (R)
as a function of e (a) for gr =  1.92, and (b) gr =  2.05 comparing different topologies the 
same number of connections. The error bars are the standard deviation over 10 different 
realizations.

e for different networks’ topologies generated with approximately the same number of 
connections (nsw =  nrandom =  6000 and nsf =  5982). In panel (a) gr =  1.92 (individually 
periodic) is used and the phase synchronization transitions are non-monotonic and panel 
(b) gr =  2.05 (individually chaotic) is used and the transitions are monotonic. These 
results confirm th a t the same effects of the individual dynamics can be detected in 
different complex networks’ topologies.

6.3 D iscussions

Throughout this chapter, the phenomenon of non-monotonic synchronization was an­
alyzed, which arises in the weak coupling regime when neurons th a t individually exhibit 
non-chaotic behaviors are coupled. A network composed of 1000 neurons was simulated, 
firstly with the HHl model, secondly with the HR model. The bifurcation diagram of 
a coupled neuron shows tha t in the lower coupling regime, the phase synchronization 
behavior occurs due to the partial-regular behavior of the neurons. This phase synchro­
nization signal is lost with the increase of the coupling param eter since the synaptic 
current gains relevance inducing chaoticity in the neurons. After tha t, for greater values 
of coupling strength, the partial-regular behavior no longer exists, and the neurons phase 
synchronize in a chaotic regime.

This phenomenon is explored with different approaches, by varying intrinsic param ­
eters of the model with the change of ionic conductances and disturbing the neuron dy­
namics with external disturbances by applying an external pulsed current. In both cases, 
it is possible to transition the neuronal dynamics of one isolated neuron from periodic 
to chaotic, and consequently, change the phase synchronization transition of a network 
composed of such neurons. In this context, this bifurcation point can be achieved more 
easily with the m utual change of more than  one ion conductance, where small changes 
in one specific ion-conductance may act as a catalyst to the second conductance change
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[109]. On the other hand, the direct application of external currents in the neuron can 
induce chaoticity in the regular dynamics, suppressing the non-monotonic transition. It 
is im portant to mention tha t, for the param eters used in this work, it was not possible 
to find a situation in which the pulsed current applied to individually chaotic neurons 
induces a regular behavior in neurons. Nevertheless, this possibility should not be dis­
carded, as several works use the application of external disturbances as a chaotic control 
mechanism [111, 112, 113].

Also, it is im portant to notice th a t similar results can be obtained using the other 
networks’ topologies of connections and other neuron models with the same conditions, 
i.e., bursting behavior, and chemical coupling. Hence, this correlation between the in­
dividual neuron dynamics and the collective behavior of the network can be directly 
applied to the suppression (or optimization) of phase synchronization of the network.
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Chapter 7

Bistability in the synchronization of 
identical neurons

s shown in Chapter 2, nonlinear dynamical systems are known to exhibit a com­
plex behavior with the variation of a control param eter, going from a stable pe-
riodic orbit to a chaotic state. Another interesting dynamical behavior is called 

multistability, which is the coexistence of different states for a given set of parameters 
[43, 60, 61]. This dynamical feature has been studied for several years and it is observed 
in areas such as Physics [114], Chemistry [115], climatology [116], and also neuroscience 
[117, 118]. In this sense, m ultistability can be associated with different states of the 
brain and was proposed as a possible mechanism for memory storage and pattern  recog­
nition [117, 118]. On the other hand, in simulated neuronal systems, this coexistence 
can mean tha t a neuron may depict distinct stable states, with different firing patterns, 
frequencies, regularity, and chaoticity [43, 44, 45, 46].

In this Chapter, it is studied how a bistable state can affect the synchronization of a 
neural network. Firstly, it shows the existence of a param eter region where the neuron 
exhibits bistable behavior, th a t is, a neuron initialized with different initial conditions 
can present two different stable states. Using the Lyapunov spectrum, it is detected 
th a t one state, namely state I, is always periodic while the other state, namely state 
II, depending on the parameters used, can exhibit periodic behavior or a chaotic one. 
Furthermore, it is shown th a t state II is more sensitive to noise than  the state I, and 
the meantime tha t the system spends before escape from state II to state I follow a 
Kramers law [119, 120]. After tha t, a network of identical neurons is constructed using 
a generic mean-field electrical coupling. If all the neurons are initialized in the periodic 
state, as shown in Chapter 5 for identical oscillators, the network always reaches phase 
synchronization, with more weakly-coupled networks needing more time to reach the 
phase-synchronized state. But if there is bistability in the network, for high coupling 
values the synchronization state is reached, but, it takes longer compared to the case 
without bistability. On the other hand, in the situations where both  states are periodic, 
smaller values of coupling strength are not able to make the network reach the phase 
synchronized state, and the system depicts two groups with different synchronization 
features. In both  cases, interesting dynamic phenomena are observed such as chimera 
states and anti-phase synchronization [121]. The results of this Chapter are published 
in the article “Bistability in the synchronization of identical neurons.” Physical Review
E 104.2 (2021): 024204 [122].
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Figure 7.1: B is ta b ili ty  on  th e  H H l m o d e l. (a) Bifurcation diagram of the Inter­
Burst-Intervals (IBI) as a function of gd, where two different initial conditions are shown 
- cyan and magenta points. The magnification in the inner panel exhibits the bistability 
region where state I (magenta) and state II (cyan) are defined. The former is always 
periodic, while the latter can depict periodic and chaotic behavior depending on the gd 
value (see inner panel). (b -  c) Two-dimensional projection V (t) x asr(t) of the system ’s 
phase portrait, at (b) gd =  1.1350 resulting in two periodic states, and (c) gd =  1.1415 
a periodic (magenta) and chaotic (cyan) states are detected. Each color corresponds 
to  a distinct initial condition: magenta (cyan) line with IC-1 (IC-2). The inner panel 
exhibits a magnification of the chaotic attractor. (d) Maximum values of asr as a function 
of V (t  =  0) and asr(t =  0) for ad(0) =  a r(0) =  asd(0) =  0 using gd =  1.1350. The black 
(yellow) rectangle delimits each initial condition regions to obtain the initialization at 
each state I (state II).

7.1 B istab ility  on th e  H H l m odel

The bistability in the HHl model can be seen in Fig. 7.1. In panel (a) it presents 
the bifurcation diagram of the IBI of one single neuron, using Eqs. (3.18-3.22) for the 
same parameters of the Table 3.2, bu t varying the sodium maximum conductance gd. 
The different colors refers to different initial conditions { V (0), ad(0), a r(0), asd(0), asr(0)}: 
where the magenta dots represent { -1 0 ,0 ,0 , 0, 0.45}, named IC-1, and the cyan dots 
represent { -7 0 , 0, 0,0,0.45}, named IC-2. It is noted th a t the region 1.120 <  gd <  1.142, 
the neuron is bistable, since IC-1 (IC-2) leads to an upper (bottom) state called state 
I (state II). The inner panel exhibits a magnification of the two states: while state  I is 
always periodic, the state II goes through a sequence of period doubling bifurcation at 
gd >  1.1385 and becomes chaotic due to mechanisms discussed in Chapter 2.

To proceed with the study of bistability, two values of conductances are selected, 
gd =  1.1350 (before the period doubling) and gd =  1.1415 (after the period doubling). 
Figure 7.1(b) depicts the evolution of a two-dimensional projection of the phase portrait 
V  x asr for gd =  1.1350 where the magenta (cyan) line represents the IC-1 (IC-2). The 
variations in the am plitude of asr distinction the two states, while the state I m ax(asr) ^
0.47, for state II m ax(asr) ^  0.43. Figure 7.1(c) gd =  1.1415, it is observed th a t state  II
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(cyan) depicts a greater thickness, indicating chaotic dynamics. The inner panel exhibits 
a magnification of this orbit, showing a projection of the chaotic a ttracto r [60]. Figure 
7.1(d) displays the maximum values of asr in color tones (from cyan ^  0.43 to magenta 
~  0.47) (gd =  1.1350) as a function of different initial conditions { V (0), 0, 0, 0 ,a sr(0)}, 
varying V (0) and asr(0). It is seen th a t the m ax(asr) can be used to characterize each 
state, since the initial conditions leading to state I (state II) are represented in magenta 
(cyan). The black and yellow rectangles delimit the initial conditions used in this work 
to initialize the neurons in each state: (V (0),asr(0)) E ([-20 , 0], [0.40, 0.48]), for state I 
and (V (0),asr(0)) E ([-80 , -60], [0.40, 0.48]) for II. It has to mention th a t the results of 
panel (d) changes subtly with gd =  1.1415, but the rectangles still lead to their respective 
states.

To verify the chaotic features of the states, Table 7.1 depicts the Lyapunov spectrum 
for the two values of gd and computed for both  IC-1 and IC-2. As mentioned in Chapter 
2 the Lyapunov exponent computes the divergences of orbits arbitrarily closed [59]. If 
at least one of the exponents Xi > 0, it is an indication of chaos. For gd =  1.1350 both 
initial conditions depict a non-chaotic behavior since the largest Lyapunov exponent A =  
max{Xi, ■ ■ ■ , X5} 0 while for gd =  1.1415, the IC-2 produces a state with A ^  10 4 >
0, evidencing its chaoticity. Besides this, the smaller Lyapunov exponents indicate a 
difference in the stability of each state, thereby showing th a t state I is more stable 
than  state II, and state II periodic is more stable than  state II chaotic. In order to 
dem onstrate the convergence of the exponents, panels (a) and (b) of Fig. 7.2 present 
the time evolution of the absolute value of the largest Lyapunov exponent (A) for IC-1 
(magenta) and IC-2 (cyan) after discarding 105 ms to avoid transient effects. It is seen 
tha t, despite the IC-2 with gd =  1.1415 where A is stable ~  10-4 (positive), for the other 
three cases A converges asymptotically to zero, exactly to zero if t ^  <x>, denouncing the 
regular dynamics.

Table 7.1: Lyapunov spectra for IC-1 and IC-2 computed for two values of gd.
gd =  1.1350 Xi X2 X3 X4 X5
IC-1 -0.000007 -0.001657 -0.102236 -0.197086 -5.466736
IC-2 -0.000002 -0.001059 -0.122687 -0.213510 -5.420790
gd =  1.1415 Xi X2 X3 X4 X5
IC-1 -0.000006 -0.001818 -0.099646 -0.195736 -5.471647
IC-2 0.000173 -0.000017 -0.122036 -0.217536 -5.418144

It is known th a t multistable systems are generally sensitive to noise [43, 120, 123, 124]. 
The mean time to perform a noise-induced transition from one state to another gives an 
insight into the stability of the system. In this sense, a current term  is summed to Eq. 
(3.17), characterized by a noisy signal which follows a random normal distribution with 
average 0 and standard deviation a. It is noted th a t for the values of a and considering 
a maximum simulation time of 108 ms, state II switches to state I only, and never the 
other way around. Panels (c) and (d) of Fig. 7.2 show the meantime th a t the system 
spends in state II before escaping to state I as a function of the inverse of the noise 
strength 1 /a 2 considering a 1000 simulations. The time when a transition from state II 
to state I occur is evaluated when asr crosses the threshold 0.45. The results show that 
the meantime to perform a transition follows a Kramers law (t (a)) ~  exp (U /a2) where 
U corresponds to the height of the potential barrier [119, 120]. In panel (c) gd =  1.1350
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Figure 7.2: S ta b ility  o f each  s ta te .  Time evolution of the Largest Lyapunov exponent 
for IC-1 and IC-2 (a) gd =  1.1350 and (b) gd =  1.1415. Mean time th a t the system 
spends in state II before escaping to the state I, as a function of the 1 /a 2 (a is the noise 
strength) considering 1000 simulations and the threshold time of 108 ms. The slope U 
correspond to the height of the potential barrier of a Kramers law (t (a)) ~  exp (U /a2). 
(c) gd =  1.1350 (periodic state) U ~  2.2 x 10-3 . (d) gd =  1.1415 (chaotic state) 
U w 2.0 x 10-6 .

(periodic state) U ^  2.2 x 10-3 . In panel (d) gd =  1.1415 (chaotic state) U ^  2.0 x 10-6 . 
Based on this test, the results indicate th a t the chaotic state II switches more easily than 
the periodic state II.

7.2 N etw ork properties

To explore the role of bistability in synchronization, is considered a neural network 
composed of N  = 1 0 0  HHl identical neurons. The evolution of the membrane potential 
for the i-th neuron is given by

dVi
Cm~dtt =  —Ii,d — ^ir — ^i’Sd — ^i’Sr — +  1i>sy», (7.1)

where the ionic currents are given by the Eqs. (3.18-3.22) and the synaptic current is
characterized by a mean-field coupling (all-to-all)

£ N
C.y» =  N  £ ( V  -  V,) =  £(<V) -  V,), (7.2)

j = 1
where £ is the coupling (synaptic) strength measured in m S/cm 2 which, for simplicity, 
is subsequently omitted. And

1 N
<V) =  N  £  Vi (7.3)

i=1
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is the mean-field of the network. This configuration is chosen because allows the isolation 
of the bistability effect since e and (V) are the same for all neurons, the only difference 
between them  is the initial conditions.

Moreover, the network is artificially subdivided in two groups U  =  {1, ■ ■ ■ , N 1} and 
U2 =  { N 1 +  1, ■ ■ ■ , N } w ith N 1 and N2 neurons, respectively. W ith this definition, it 
is possible to adapt the Kuramoto order param eter (defined to the whole network) to 
analyze the phase synchronization level of each group separately. To do this, Eq. (5.5), 
for the l- th  group is

l  =  1,2. (7.4)

Finally, to measure if there is a difference in the synchronization of each group is 
defined the absolute difference between R 1 and R 2:

A R  =  |R2 -  R i|. (7.5)

The initial conditions for the network simulations were selected to be in a random 
position on the a ttracto r of each state. To do so, an uncoupled neuron is simulated 
for 106 ms with random initial conditions according to the rectangles of Fig. 7.1(d) 
(for each state). To select the initial conditions for each neuron it is selected a random 
time instant of the last 5 x 105 ms of the simulation. This approach avoids any initial 
synchronization bias (R (t =  0) ~  1) and allows the initialization of each desired state. 
All simulations are performed using a time limit of 108 ms.

7.3 N etw ork results

The investigation of the role of the bistability in the network is made by considering 
three different situations:

(i) - All neurons are in the state I (periodic) with gd 
bility);

(ii) - Half of neurons of the network in each group 
neurons in U1 are initialized in state I (periodic) and 
with gd =  1.1415;

(iii) - Half of neurons of the network in each group (N 1 =  N2 =  N /2), where
neurons U1 are initialized in the state I (periodic) and U2 in the state II (periodic)
with gd =  1.1350.

In Fig. 7.3, it is evaluated the time-evolution of the Kuramoto order param eter R (t ) 
for the three different values of coupling e, 10-3 (black line), 10-4 (red line), and 10-5 
(blue line). Panel (a) shows the result for the situation (i) (absence of bistability), for 
the three values of e the system monotonically evolves from a non-synchronized state 
R  ~  0 to a complete phase synchronized state R  = 1 ,  with the time needed to reach 
phase synchronization decreasing as the coupling strength increases. A similar scenario is 
observed in panel (b), where situation (ii) is studied, but the transition is not monotonic 
as in panel (a). Panel (c) depicts the result for situation (iii) where the stable phase 
synchronized state is achieved only for e =  10-3 , otherwise, for e =  10-5 , 10-4 the system

=  1.1350 (absence of bista-

(N 1 =  N2 =  N /2), where 
U2 in the state II (chaotic)

Ri
1 i8j (t)
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Figure 7.3: T h e  ro le  o f th e  b is ta b il i ty  a t  th e  sy n c h ro n iz a tio n  in  a  n e tw o rk  of 
id e n tic a l H H l n e u ro n s . Kuramoto order param eter R(t) for three values of coupling 
e =  10- 3 (black lines), e =  10- 4 (red lines), and e =  10- 5 (blue lines). Three network 
configurations are used: (a) - a network with all neurons in state  I; (b) - a mixed network 
with half of neurons in state  I (periodic) and half in state  II (chaotic); (c) - a mixed 
network with half of neurons in state  I (periodic) and half in state II (periodic). (d) 
Magnification of the last 105 times of panel (c).

stays in an oscillatory state  where R  vary between 0 and 1. This behavior is maintained 
for a long period as observed in panel (d), which shows the last 105 of the simulation. The 
difference between the panels highlights tha t the bistability can influence the final state 
of the system. While situation (i) the network depicts the same behavior of periodic 
coupled oscillators, the existence of two different states in the network makes things 
more complicated. To reach the synchronized state, the coupling first needs to induce a 
transition in the neurons leading them  to a final unique state, with the same frequency, 
and only then, it can align their phases. The details of these processes are analyzed in 
the next sections.

7.3 .1  B ista b ility  w ith  p eriod ic-ch aotic  con figuration  (s itu a tio n
(ii))

In this section, it is considered a network with gd =  1.1415 with neurons Q1 initialized 
in state  I (periodic), and neurons of U2 in state  II (chaotic). As shown in Fig. 7.3 (b) 
the network presents the same behavior for the three e values. In order to study this 
situation it is used e =  10- 4 (red line). The results are presented in Fig. 7.4 wherein 
panel (a), the black line in panel corresponds to R  (whole network), the magenta and
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Figure 7.4: T e m p o ra l e v o lu tio n  o f th e  sy n c h ro n iz a tio n  in  th e  n e tw o rk  a t  th e  
s i tu a t io n  (ii) w ith  e =  10- 4. (a) R, R i , R 2, and A R  (black, magenta, cyan, and orange 
lines, respectively). (b - d) Raster plots of the network where each dot corresponds to 
the beginning of a spike. The colored arrows indicate the times when the raster plots 
are obtained, which match with the dots’ colors.

cyan lines represent the local order param eters R 1 and R 2, respectively, and the orange 
line presents AR. As expected the network starts from the non-syncrhronized state and, 
as the system evolves, R 1 increases slowly while R 2 remains close to 0, leading to a local 
maximum of AR. After the first group reach the synchronized state R 1 =  1, R 2 quickly 
rises to 1. The colored arrows above panel (a ) are three instants to be analyzed separately 
in raster plots in panels (b -  d). In this sense, each dot corresponds to the beginning of a 
spike for each neuron, evaluated when V (t) reaches -2 0  mV (with a positive derivative). 
Panel (b) shows the raster plot for a non-synchronized state of the network. Panel (c) 
presents an interesting behavior where the first group is synchronized (R1 ~  1) while 
the second one does not (R2 ~  0). This behavior is called chimera, where the system 
displays the coexistence of one coherent-phase-locked group with an incoherent-non- 
synchronized one [121]. In this case, the chimera is transient [125, 126] and disappears 
when the second group gains synchronization, shown in panel (d), where the network as 
a whole is synchronized.

7.3 .2  B ista b ility  w ith  p eriod ic-p eriod ic  con figuration  (s itu a tio n
(iii))

In this section, it is consider a network with gd =  1.1350 with neurons U  initialized 
in the state I (periodic), and neurons of U2 in the state II (periodic). As shown in 
panels (c) and (d) of Fig. 7.3, the final state of the network depends on the e. Firstly 
it is studied the non-synchronizaed state where e =  10-4 (red line of Fig. 7.3 (c - d)). 
Figure 7.5 (a) depicts the synchronization features of the network, where R, R i , R 2,
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Figure 7.5: D e ta ile d  an a ly s is  in  th e  sy n c h ro n iz a tio n  o f s i tu a t io n  (iii) w ith  e =  
10- 4. (a) R, R 1, R 2 and A R  (black, magenta, cyan, and orange lines) as a function of 
time. (b) Last 105 ms of the simulation, where an oscillatory behavior of R  is evidenced 
while each group assumes phase synchronization separately. (c - f) Raster plots obtained 
for the network in the times indicated by the colored arrows.

and A R  are represented by the black, magenta, cyan, and orange lines, respectively. 
The network goes from the non-synchronized state (R k  0) and, as time evolves, the 
R  oscillates with increasing amplitude. On the other hand, R 1 and R 2 grows, but R 1 
increases more quickly than  R 2, leading to a local maximum of AR. After tha t, R 2 also 
increases, leading both R 1 and R2 close to 1, but R 1 > R2. Panel (b) depicts the last 
105 ms of the simulation, suggesting a beating process of R .

In order to understand this oscillatory behavior of R  in Fig. 7.5, 4 time instants of 
the simulation are selected, represented by the colored arrows above panels (a) and (b). 
Panels (c - f) represent the raster plots corresponding to the colors of the arrows. First, 
at the panel (c) an incoherent behavior is observed in the red dots. As time evolves, in 
panel (d) the network depicts a transient chimera state since A R  increases. Eventually, 
each group depicts phase synchronization separately, since R 1 and R 2 show values close 
to one. However, each group evolves following its frequency, which leads to momentary 
non-synchronization (e) and phase-synchronization (f) (the oscillatory behavior of R).

The detailed analysis for the situation (iii) with e =  10-3 (black line of Fig. 7.3 (c 
- d)) is presented in Fig. 7.6. The color scheme follows the same one of the previous
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Figure 7.6: D e ta ile d  an a ly s is  in  th e  sy n c h ro n iz a tio n  o f s i tu a t io n  (iii) w ith
e =  10- 3. (a) R, R 1, R2, and A R  (black, magenta, cyan, and orange lines) as a 
function of time. (b - d) Raster plots for the network where the dots’ colors m atch the 
arrows’ colors, which indicate the analyzed times.

figure. The network starts in a non-synchronized case and R  gains amplitude in an os­
cillatory way, reaching the phase synchronized asymptotic state (R =  1) as time evolves. 
While R 1 approaches monotonically the state of phase synchronization, R 2 approaches 
in an oscillatory manner. In addition, for t ~  2 x 105 ms, the R2 momentarily loses 
synchronization and a peak can be observed in A R ^  0.9. Three-time instants (colored 
arrows) are selected to evaluate the raster plots. Panel (b) depicts the non-synchronized 
case. Panel (c) depicts the raster plot for the network in the time instant where the R 2 
loses synchronization and A R  assumes a maximum characterizing a transient chimera 
state [125]. This behavior occurs for a short period. Panel (d) shows the raster plot 
for the network when phase synchronization is reached and maintained until the end of 
the simulation. Different from the previous case, with e =  10- 4, here, the coupling is 
strong enough to induce a transition in the network which yields a phase synchronized 
state, the oscillatory behavior of the neurons in U2 indicates th a t it undergoes a series 
of transitions to the state of the U1.

To understand the influence of the coupling strength e in the final state of the network 
in Fig. 7.7 it is simulated 100 different initials conditions for the situation (iii). At the 
panel (a) is computed the number of simulations N  where there is a complete transition 
from state II to state I and the entire network reaches phase synchronization. The 
transition from state II to state I is recorded when asr crosses the threshold 0.45 for the 
first time. For e > 0.00030 (dark-gray area) the network depicts phase synchronization 
for all simulations N  =  100, for 0.00014 < e < 0.00030 (light-gray area), a fraction of 
simulations induce the network to present phase synchronization 0 < N  < 100, and, at 
last, for e < 0.00014, no transitions are observed N  =  0. At panel (b) it is computed 
the time when the last neuron initialized in state II transitions to state I, named Tlast.
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Figure 7.7: A  c o m p le te  t r a n s i t io n  to  s ta te  I d e p e n d s  on  th e  in itia l co n d itio n s .
(a) Number of simulations where the network as a whole depicts phase synchronization, 
meaning all neurons transition to state I, as a function of £. For £ < 0.00014, no 
transitions are observed. For 0.00014 < £ < 0.00030 (light-gray area), a fraction of 
simulations induce the network to present phase synchronization, and, at last, for £ > 
0.00030 (dark-gray area), the network depicts phase synchronization for all simulations.
(b) The time when the last neuron transitions to state I occur (riast) as a function of £. 
Here, 100 simulations with different initial conditions are performed.

In this case, the higher the coupling, the smaller the time at which this happens.
An interesting behavior can be seen at the light-gray-area 0.00014 < £ < 0 .00030, 

where the final state of the network depends on the initial condition even for the same 
value of £. In this sense, in Fig. 7.8 it is studied the sensibility of initial conditions for 
£ =  0.00016. Panels (a -  c) depict the time evolution of R(t)  (left scale) and the number 
of neurons in state I (n1 (t), magenta) and state II (n2(t), cyan) (right scale). Panel (a) 
presents an initial condition where R  evolves to an oscillatory behavior and n 1 =  n 2 =  50 
during all the simulation. Panel (b) depicts an initial condition where R  evolves to a 
phase synchronized state and at the end of simulation n 1 =  100 and n 2 =  0, a complete 
transition. An interesting behavior is described in panel (c), for this initial condition, 
a partial transition to state I is observed. In this case, R  oscillates between 0 and 1 as 
t evolves, but after a certain time, the oscillation becomes restricted between 0.5 and
1. To understand this behavior it is selected a time instant (red arrow) to analyze the 
phase synchronization and the spatiotem poral of the network. Panel (d) shows R, R 1, 
R 2 and AR, where it is observed th a t neurons in Q1 are phase synchronization while 
R 2 oscillates between 0 and 1. The raster plot of the network (bursts only), depicted in 
panel (e), shows the coexistence of two frequencies in the D2, explaining the oscillations 
in R 2 and R . In this situation, chimera states occur: they appear when the second group 
is non-synchronized, then disappear when it synchronizes and reappears later again.

In Fig. 7.9 it is studied the meantime to reach a synchronized state (R >  0.99) <t ) as 
a function of £ considering 100 initial conditions where different network configurations 
are considered, varying the number of neurons initialized in each state [N1 ,N 2]. The
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Figure 7.8: T h e  d e p e n d e n c e  o f sy n c h ro n iz a tio n  fe a tu re s  on  th e  in itia l co n ­
d itio n s  an a ly z e d  for e =  0.00016. (a), (b), and (c) present the Kuramoto order 
param eter for the entire network (left scale) and the number of neurons in each state as 
a function of t (right scale). Here, different initial conditions are considered, in which 
no transition (a), complete transition (b), and a partial transition (c) from state II to 
state I are observed. (d) Synchronization features of the network for the case of partial 
transition considering the time region indicated by the red arrow. (e) Raster plot of the 
network (bursts only) for the same condition.

black dots correspond to the situation (i) (all neurons in the state I with gd =  1.1350) 
where the mean time decays with a power-law f  (e) ^  e- 1 represented by the black solid 
line. It has to be mentioned tha t this is the same situation of periodic oscillators studied 
in Chapter 5, the relaxation time is inversely proportional to the coupling param eter. 
The squares represent configurations where state I is periodic and state II is chaotic 
(gd =  1.1415) in red [50:50] (situation (ii)), purple [60:40], green [75,25], and cyan [90:10], 
and the triangles both states are periodic (gd =  1.1350) in in blue [50:50] (situation (iii)), 
brown [60:40], gray [75:25], and yellow [90:10]. In a general point of view the existence 
of bistability in the network increases the time necessary to the system reach phase 
synchronization, greater is the proportion of neurons in the state I closest is the result to 
the black line. In particular, the absence of triangles on the left side of the figure can be 
explained since for coupling values lower than  a critical value no transition is observed, 
consequently there is no phase synchronization to compute.
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Figure 7.9: M ea n  c h a ra c te r is t ic  t im e  (t ) n e ed e d  for th e  n e tw o rk  to  re a ch
p h a se  sy n c h ro n iz a tio n  as a  fu n c tio n  o f e for 100 in itia l co n d itio n s . The initial­
ization of the network is made in different configurations of states [N1 : N2]. The black 
dots correspond to all neurons in state I (situation (i)), following a power-law curve (solid
black line) f  (s) £-1 The squares represent configurations where state II is chaotic.
in red [50:50] (situation (ii)), purple [60:40], green [75:25], and cyan [90:10]. For the 
triangles, state II is periodic, in blue [50:50] (situation (iii)), brown [60:40], gray [75:25], 
and yellow [90:10].

7.4 D iscussions

Throughout this chapter, the effects of bistability on the synchronization process 
of neural networks were analyzed. The HHl neuron presents a bistability region when 
the sodium conductance is varied. It is shown th a t one of the states, namely state I, is 
always periodic, while the other state, namely state II depending on gd can be periodic or 
chaotic. By evaluating the Lyapunov spectrum  and with noise application it was found 
th a t state I is always more stable than  state II, and state II periodic is more stable than 
state II chaotic.

To understand the impact of bistability in the synchronization, it was built a network 
of identical neurons with a global coupling, where the only difference between neurons is 
their initial conditions. In this sense, three network configurations have been considered:
(i) all neurons in the state I; (ii) half of the network in the state I and half in state II 
(chaotic); (iii) half of the network in the state I and half in state II (periodic). The 
existence of bistability in the network increases, on average, the time to reach a syn­
chronized state. This can be explained due to the fact th a t the phase synchronization 
is only possible with a unique and final state. Hence, a transition from the initial states 
to a final and unique state is mandatory. The transitions occur from state II (periodic 
or chaotic) to state I (periodic). If the state II is periodic small coupling values may 
not induce the transition, resulting in a local synchronization in each of the groups (not 
global synchronization), or even in a partial transition of neurons. At last, using different
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fractions of neurons in each state, the time the network takes to reach phase synchro­
nization decreases, on average, as the coupling strength increases and the behavior gets 
closer to configuration (i) as the fraction of neurons initialized in the state I increase.

In summary, bistability plays an im portant role in the synchronization of neural 
networks. The simple existence of two distinct stable states can lead the network to 
different states of synchronization, depending on the initialization of the system: from a 
non-synchronized state to a complete phase synchronized state. Bistability also leads to 
the existence of a variety of chimera states where the network displays the coexistence of 
one coherent-phase-locked group with an incoherent-non-synchronized one [121]. These 
synchronization and chimera states occur due to the difference in the stability of the 
states of the uncoupled neurons, thus highlighting the importance of the individual 
neuronal dynamics.
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Chapter 8

M echanism for explosive 
synchronization of neural networks

T he phenomenon of explosive synchronization in oscillators was first studied in 
chaotic networks by Gomez et al. [52], in which, for the particular case of Ku- 
ramoto oscillators coupled by a network with scale-free topology [22], when the 

natural frequency u* of each oscillator is given by the number of connections u* =  n*, the 
transition from the non-synchronized state to the synchronized state occurs abruptly. 
This abrupt phase-variation regarding the synchronization is named explosive synchro­
nization. This behavior occurs due to the existence of hubs (sites with a high degree of 
connectivity), a characteristic of the topology of the scale-free network [127]. From the 
point of view of neural networks, this effect is not necessarily reproduced. This chap­
ter explores how explosive synchronization appears in a network of spiking neurons. It 
is considered an ensemble of Chialvo neurons coupled in a network generated with the 
Newman-W atts route [91]. For different values of the connection probability pnw (which 
controls the number of shortcuts added in the network) it is possible to found different 
synchronization transitions, in particular, the behavior of explosive synchronization [52, 
128, 129]. In addition to this abrupt phase transition, a range of coupling strength values 
depicts a bistability behavior, where for the same param eters there is a coexistence of 
both  synchronized and non-synchronized states. In the end, it is shown tha t the dy­
namical mechanisms of this bistability are described by a saddle-node bifurcation and a 
boundary crisis [60, 71, 72]. These results are published in the article “Mechanism for  
explosive synchronization of neural networks.” Physical Review E 100.5 (2019): 052301, 
[130].

8.1 N etw ork properties

A network with N  =  10000 Chialvo neurons is considered. The neurons are coupled 
using a complex network generated with the Newman-W atts route (with n 0 =  40000 
connections for pnw =  0). The dynamics of the i-th  neuron is described as

e N
Xi,t+i =  exp(yi,t -  Xi,t) +  k  +  n ^  e ,jXj,t, (8.1)

n j=i
yi,t+i =  ayi,t -  bxi,t +  c, (8.2)
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Figure 8.1: P h a se  a sso c ia tio n  in  th e  C h ia lv o  m o d e l. (a) Dynamics of the Chialvo 
model for a =  0.89, b =  0.6, c =  0.28, and ki =  0.03. The red dashed line delimits 
x 0 =  0.5. (b) The cosine of the phase of the neuron, where a spike begins 0  is 2^ 
multiple and cos(^) =  1.

where Xi,t and yi}t are the activation and recovery variables, respectively as defined in 
Chapter 3. a =  0.89, b =  0.6, and c =  0.28 are constant param eters and ki acts like an 
addictive disturbance in the neuron tha t affects both the amplitude of oscillation and 
the frequency of neurons. n  is equivalent to the average number of connections on the 
network, ei,j the element of the connection matrix, and s is the coupling parameter. As 
shown in Chapter 3, for this set of param eters this model depicts periodic spikes, different 
from chaotic oscillators, the synchronization state of periodic oscillators is achieved for 
any s > 0. This synchronization can be avoided with the introduction of a dissimilitude 
param eter a  =  0.001. In this sense, for each neuron, the param eter ki is randomly 
selected between [0.03, 0.03 +  a] imposing a network with non-identical neurons.

To compute the occurrence of the spikes of each neuron, and further define a phase 
9i in the Chialvo model, a threshold is defined with a value of x 0 =  0.5, which means 
th a t a spike occurs when x i,t crosses x0 (with positive derivative). After computing all 
the spikes of all the neurons, with Eq. (5.11), it is possible to evaluate 9i, and hence, 
the phase synchronization with Eq. (5.12) using t  =  150000 and t f =  200000. Figure
8.1 depicts at panel (a) the time-evolution of x i,t for s =  0, where the red dashed line 
delimits x 0. At panel (b) is computed the cos(di), at each spike the phase is 2^  multiple 
and cos(0 ) =  1.

8.2 R esu lts

The topological effects of the probability of connection pnw are presented in Fig. 8.2, 
by evaluating the Kuramoto order param eter (R) as a function of s for different values 
of pnw. To produce this results, it is considered a continuation process as follows: for 
s =  0 a random initial conditions is selected for the neurons in the network. After 
evaluating (R) for this s, the coupling is increased adiabatically from s to s +  5s (with 
5s =  0.001). For this new s, the initial conditions are the final conditions of the previous 
s, without rebooting the system. The increment is made until s =  0.5. After that, it
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Figure 8.2: T h e  ro le  o f th e  to p o lo g y  in  th e  sy n c h ro n iz a tio n  b e h a v io r . (R) as a
function of the coupling £ for a fixed a =  0.001 and 5 p^w values. The coupling strength 
is evolved adiabatically (fe =  0.001) in two different directions: forward (increment) 
and backward (decrement). (a) For p^w =  0.10, the network does not depict phase 
synchronization. (b) For a larger value of pnw =  0.15, a large interval is observed where 
explosive synchronization is likely to occur, the vertical dotted (dashed) line represents 
the transition points of £* (£*). (c) and (d) for pnw =  0.25 and pnw =  0.35, explosive 
synchronization still may exist but for a smaller range of £. (e) For larger values of 
pnw =  0.45 the transition from unsynchronized to phase-synchronized state  is smooth. 
The inner panel displays a magnification of the transition region.

is made the adiabatic decrease (fe =  -0.001) until £ =  0. Therefore, each £ value is 
studied two times, in the forward direction (positive variations) and backward direction 
(negative variations). If a t each £ value the system was restarted, i.e. without the 
continuation method previously described, there would be a probability th a t the chosen 
initial condition would fall into one of two possible states. In this situation, it has been 
found th a t the backward direction is more likely than the forward direction.

At panel (a) pnw =  0.1 the network is kept in the non-synchronized state in both 
directions due to the small number of non-local connections which forbids the phase 
synchronization. Panel (b) pnw =  0 .15, for the forward direction (cyan triangles), as the 
coupling is increased there is a non-synchronized region ((R) «  0) which is kept until 
the critical coupling £ =  £  when the network transition abruptly to the synchronized 
state  ((R) «  1). On the other hand, for the backward direction (magenta triangles), 
the network starts at the synchronized state, which is maintained until £ =  £* =  £*. 
Hence, the forward and backward directions are different, creating a hysteretic behavior
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Figure 8.3: N u m e ric a l re s u lts  fo r Sh as a  fu n c tio n  o f p nw. The vertical lines delimit 
three different scenarios: (I) the network does not show synchronization and only a 
chaotic-asymptotic state is observed; (II) the network depicts explosive synchronization 
as the result of attraction basin changes. At the same time, the network displays a 
hysteretic loop; (III) the network shows a smooth transition from the unsynchronized 
state to the synchronized state. The error bars are the standard deviation over 50 
samples.

tha t characterizes a bistability region delimited s* < s < s^, where at this range it is 
possible to achieve both synchronized and non-synchronized states depending on the 
initial conditions. Panels (c) and (d) where pnw =  0.25 and 0.35, respectively, present 
the same behavior of panel (b), but for distinct values of critical couplings s*, s^. At 
panel (e) pnw =  0.45 the transition is not explosive, for this case, the phase transition 
occurs smoothly in both directions, which can be easily seen in the magnification at the 
inner panel.

The synchronization features caused by the topological changes can be summarized 
with the definition of the hysteretic area

Sh (pnw ) / (R)(s,Pnw) ds -  (R)(s,Pnw) ds' forward J backward
(8.3)

Figure 8.3 presents Sh as a function of pnw considering 0 < s <  0.5, the error bars are 
the standard deviation over 50 different simulations. As discussed in Fig. 8.2, it can be 
identified three different regions. The region (I) 0 <  pnw < 0.1 with Sh ~  0 since the 
network does not synchronize. The region (II) 0.11 < pnw < 0.4 with Sh >  0 where the 
network presents its bistability behavior, and Sh decreases as pnw increases. Region (III) 
s >  0.4 with Sh =  0 different from region (I), Sh ~  0 due the smoothly transition in 
both directions.

To investigate the bistability region, Fig. 8.4 explores the neuron dynamics and the 
synchronization behavior of the network for a fixed probability of pnw =  0.15, where it 
is computed the maxima of ymax variable of one arbitrary neuron (left scale), comparing 
with the (R) (right scale) of the network. In the forward direction (a), the dissimilitude 
among neurons allows a chaotic-non-synchronized state, until s =  s^, where the chaotic

88



8.2. RESULTS

Figure 8.4: T h e  exp losive  sy n c h ro n iz a tio n  o ccu rs  d u e  to  a  c h ao tic  t ra n s i t io n .
Bifurcation diagram of the ym&x of an arbitrary neuron (left scale), (R) of the network as 
a function of £ (right scale). (a) The coupling is adiabatically increased, the chaotic-non- 
synchronized state is kept until £ =  £  & 0.4 where the chaotic attractor loses stability 
to a periodic orbit. (b) The coupling is adiabatically decreased (from £ =  0.5 to 0), 
the periodic-synchronized state exists for £ & £* & 0.01 (inner panel) in which the non­
synchronized state is reached.

attractor is subtly replaced by a stable periodic orbit for £ >  eL In the backward 
direction (b), the synchronized state is maintained from e =  0.5 until £ =  e*, after that, 
for e <  e* (inner panel) the coupling is not sufficiently strong enough to keep the non­
identical neurons in the same period, consequently, the synchronized state is lost. Hence, 
abrupt transitions in the phase synchronization occurs due to the chaotic transitions 
when the coupling strength e reaches a critical value, in the forward direction, and e* in 
the backward direction. In the next section, it is investigated the dynamical mechanisms 
of the chaotic transitions of both directions.

8.2 .1  T h e d yn am ica l m ech an ism  o f th e  loss o f  sta b ility  o f th e  
ch aotic  a ttractor

The physical mechanism responsible for the abrupt transition in the forward direction, 
where the network changes abruptally from the non-synchronized to the synchronized 
state which occurs for £ =  £^(pnw), can be described in terms of a route to chaos called 
boundary crisis [60, 71, 72]. As described in Chapter 2 , a boundary crisis is characterized 
by the collision of a chaotic attractor with an unstable periodic orbit [60]. In this sense, 
the attractor loses stability when the control param eter reaches a critical point £ =  £̂ . 
For £ > £  the chaotic a ttracto r no longer exists but is replaced by a chaotic transient. 
If it is considered an initial condition in the basin of attraction (which exists only for 
£ <  £*) and increase the £ > £*, for a period, the orbit is similar to the chaotic attractor,
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Figure 8.5: I l lu s tr a t io n  o f th e  ch ao tic  t r a n s ie n t  in  a  crisis. Time evolution of the 
mean-field of the network X t =  (1 /N ) Z A i x i,t with a initial condition inside the chaotic 
saddle, where (a) e <  eb (b) e > e^ and (c) e > A .

however, after a chaotic transient, called r crisis, the system loses this behavior [60]. The 
Fig. 8.5 illustrates this chaotic transient where it is calculated the mean-field of the 
networks, defined as

1 N
X t =  N  ^  ^  (8.4)i=1

W ith the initial condition of the network being chosen within the chaotic saddle (s <  s^). 
In panel (a) £ <  s^ the mean-field shows an incoherent low amplitude behavior, related 
to the out-of-sync state of the network. At panel (b) s > T  the chaotic a ttractor no 
longer exists, and after a transient time, Tcrisis & 3 x 104 the amplitude of the mean-field 
increases, showing periodic behavior related to the synchronization state. In panel (c) 
s > s  (greater than in panel (b)), the coupling value is already far from the critical 
point, making the transient time extremely short Tcrisis ~  0.5 x 104.

In order to evidence the post-crisis behavior, Fig. 8.6 presents how this chaotic 
transient (Tcrisis) changes as a function of |s — A |. To do so, firstly an initial condition 
is evolved from s =  0 until s < T , to ensure tha t the initial condition belongs to the 
chaotic saddle. After tha t, for this initial condition (s <  s^), it is computed how much 
time the system spends until reach the periodic synchronized state (R =  0.9) for values 
s >  sb  The (■) represents the average over 50 distinct orbits initialized in the chaotic 
saddle, using a representative value of pnw =  0.15. In a crisis, it is expected a power- 
law decay (Tcrisis) ~  |s — s^|-K, where k is namely the crisis exponent, and k > 0.5 for 
multidimensional systems [60, 71, 72, 131]. For sufficient close values |s — s^| <  2 x 10- 2 
the power-law decay occurs with k =  0.85. For |s — s^| >  2 x 10- 2 a power-law decay 
is still expected, but due the numerical impossibility of start the system exactly in the 
saddle point s^ the power-law decay is replaced by an exponential decay.
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Figure 8.6: E v id en ce  o f b o u n d a ry  c risis  in  th e  n e tw o rk . Average chaotic transient 
(Tcrisis) as a function of |s — s^| for the system initialized at the chaotic saddle s < s  ̂
(but, iterated with s > s^). The average is evaluated over 50 distinct initialization. For 
values sufficient close to the critical point s  ̂ the chaotic transient decays with a power- 
law (rcrisis) ~  |s — s^l~K with k =  0.85.

8.2 .2  T h e d ynam ica l m ech an ism  o f th e  loss o f sta b ility  o f  th e  
phase-synchron ized  a ttractor

For the backward direction, the network transition from the synchronized periodic 
state to a non-synchronized chaotic one, tha t is, the network presents a periodic dynamics 
for s < s* (pnw), the periodic orbit loses stability to a chaotic one due a saddle-node 
bifurcation [60]. In such transition, for s < s* interm ittency can be detected in the 
traces of periodic orbit due to the quasi-stable character of the synchronized state before 
the saddle-node bifurcation of the periodic-synchronized state [60]. Figure 8.7 presents 
an illustration of the interm ittent chaotic interruptions for s < s *. It is calculated the 
maxima values of the y ^  =  ymax variable for three random neurons in the network. At 
panel (a) s > s*, as expected, the three neurons present periodic dynamics. In the other 
panels (b), (c), and (d), s < s* (in descending order), the neurons exhibit some escapes 
of the periodic orbits. The greater the distance between s and s *, the smaller is the time 
between the escapes. It is possible to define a characteristic time of interm ittent events 
Tint where,

fim Tint =  + ro .

As discussed in Chapter 2, if the transition is characterized by a saddle-node bifurcation, 
the occurrence of the escapes decays with a power-law exponent [60] in which

(T in t)~ |e  — s* |- 1/2. (8.5)

To study the mean time of the interm ittent escapes (Tint), it is computed the times in 
which yimmax of the i-th  neuron deviates from two standard deviations below the mean. 
In Fig. 8.8 it is presented the (Tint) value is an average for 50 different initial conditions, 
as function of |s — s* |. The magenta line represents the theoretic curve <x |s — s* |- 1/2,
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Figure 8.7: I l lu s tr a t io n  o f in te rm it te n t  c h ao tic  ev en ts . Maxima values of the 
variable yi, t for three random neurons in the network. (a) e > e* where ymax is constant 
for the three neurons (periodic dynamics). (b), (c) and (d) e < e*, (in descending 
order), the neurons present some escape events from the periodic orbit which occur 
intermittently.

Figure 8.8: E v id en ce  o f sad d le  n o d e  in  th e  n e tw o rk . Average interm ittent time of 
the saddle-node bifurcation (rint ) as a function of the distance from the critical coupling 
£  — s*l for different 50 initial conditions. The magenta line represents the theoretic curve 
a: £  — £*|- 1/2.

characterizing a saddle node bifurcation due to the interm ittency transition of type I
[60].
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8.3 D iscussions

Throughout this chapter, it was explored different features of synchronization using 
a Newman-W atts complex network composed of non-identical spiking neurons. The dis­
similitude is necessary to avoid the phase synchronization behavior detected in periodic 
neurons. While a network with lower connectivity no longer reaches a synchronized state 
Pnw <  0 .1, as the number of connections increases the synchronized state is achieved in 
different ways. For 0.1 <  pnw <  0.4 the transition is characterized by an explosive syn­
chronization, and pnw > 0.4 there is a continuous phase-transition scenario. In particular, 
the presence of the explosive synchronization is accompanied by a hysteresis loop on the 
network dynamics as the coupling param eter is adiabatically increased and decreased. 
It was shown tha t the abrupt synchronization transitions are associated with routes to 
chaos. The dynamical mechanisms for the bistability region, are given in terms of a 
saddle-node bifurcation and a boundary crisis [60].

At last, different from the original findings of Gomez et al. [52] where the explo­
sive synchronization occurs due to the existence of hubs (sites with a high degree of 
connectivity), a characteristic of the topology of the scale-free network, the explosive 
synchronization can be achieved with a set of non-identical periodic neurons coupled 
in a complex network (in a small-world regime). It is concluded th a t this scenario is 
sufficient for the presence of explosive synchronization and opens a new approach with 
application in neural networks.
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Chapter 9 

Conclusions and future perspectives

T hroughout this thesis, the cooperative behavior of dynamical systems which mim­
ics the membrane potential of neuronal cells has been studied, in particular, it 
is explored how the individual dynamics of neurons affect the global behavior of 

phase synchronization of the network. In this sense, different approaches have been used 
with distinct neuronal models and coupling schemes.

The main results of this thesis have been presented in C hapter 6 where the emer­
gence of phase synchronization in weakly-coupled neurons is explored. This phenomenon 
occurs when HHl bursting neurons th a t individually exhibit periodic behavior are cou­
pled. Despite the mechanisms of the non-monotonic transitions are still unknown, one 
of the possible explanations for this observation is due to the interplay of the neural 
activity patterns with the synaptic current because the collective dynamics induced by 
the synaptic currents are not strong enough to dismiss the periodicity of the neurons, 
but is sufficient to lead the network to a phase synchronized state (local maximum of 
phase synchronization). The phase synchronization is lost with the increment of the 
coupling param eter since the chaoticity induced by the synaptic current desynchronizes 
the network but is recovered for higher values of coupling.

Particularly interesting, the results have shown a possibility to control the phase syn­
chronization in weakly-coupled neurons which occurs by varying param eters of the model 
allowing the individual neuron dynamics to migrate from a regular to chaotic behavior 
and, consequently, changing the entire transition scenario of the phase synchronization 
even when just tiny changes in one ion-conductance is performed. In this sense, the ion 
conductance’s variations can be understood as the blocking or activation of ion chan­
nels, and small changes in one specific ion conductance may act as a catalyst to the 
second conductance change. This is one of the working mechanisms of drugs used to 
normalize neuronal functioning to unhealthy neural behaviors. Such results may be of 
great interest in researches on drugs to control individual and collective behavior on the 
brain. This phenomenon has been explored with different approaches, by varying differ­
ent param eters of the model and disturbing the neuron dynamics with the application 
of an external pulsed current. To corroborate these findings, the same non-monotonic 
transition has been found in another neuronal model under the same dynamical condi­
tions, and in complex networks with different topologies. The hypothesis th a t such an 
effect can be found in networks of nonlinear oscillators models which not reproduces the 
neuronal dynamics is not discarded.

Moreover, the same HHl model presents a range of param eters where a bistable state 
has been found. Hence, two identical neurons initialized with distinct initial conditions
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depict different dynamical behavior. The role of bistability in the phase synchronization 
of a network has been explored in Chapter 7. The simplest coexistence of neurons in 
different states can lead the network to different states of phase synchronization, which 
depends only on the initialization of the system. In general, the existence of bistability at 
the network delays the occurrence of phase synchronization, since phase synchronization 
is only possible if the synaptic current is sufficiently strong to induce a transition from 
the less-stable state to a final and unique state. Otherwise, a local synchronization 
is achieved where neurons initialized in their respective states may synchronize with 
neurons in the same state preventing a global synchronized stable state. Furthermore, 
during the synaptic-induced transitions, interesting dynamical phenomena are observed 
such as chimera states and anti-phase synchronization.

Lastly, in Chapter 8 , a discrete model of spiking neurons coupled in a small-world 
network has been studied. The dissimilitude among neurons allows a chaotic-non- 
synchronized regime which is kept with the adiabatic increment of the coupling until 
reaches a critical coupling and abruptly synchronizes. On the other hand, the adia­
batic decrements of the coupling maintain the network in a periodic-synchronized state 
which is lost for a different critical coupling value, characterizing a hysteretic loop. This 
phenomenon, called explosive synchronization, has been explained with Kuramoto os­
cillators coupled in a scale-free topology of connections with the existence of hubs (one 
of the characteristics of this topology). However, the heterogeneity produced by the 
dissimilitude of the neurons is sufficient to achieve such a transition. In conclusion, 
the dynamical mechanisms for the bistability region are given in terms of a boundary 
crisis where the chaotic-non-synchronized loses stability when the chaotic a ttracto r col­
lides with a non-stable fixed point and the periodic-synchronized state loses stability to 
saddle-node bifurcation.

The results of this thesis offer various directions for further research. It will be 
worthwhile to describe the mechanisms of the non-monotonic synchronization reported 
in neurons with individual non-chaotic behaviors but sensitive to transition to chaotic 
behaviors when coupled. In this sense, the use of the m aster stability functions [132] 
and other tools used in data analysis [133, 134, 135] allow the achievement of a general 
description to understand the dynamical properties of the synaptic current, which allows 
the non-monotonic synchronization. Also, this may offer a way of approaching similar 
observations in more general oscillators’ systems. On the other hand, from the point of 
view of the bistability found in the neuron model, the analysis of the network with noise 
application can present an interesting result and will be explored in a future opportunity, 
since it is known th a t the noise may disrupt the synchronized state. However, the 
noise can induce transitions among neuronal states facilitating a possible state of phase 
synchronization. Lastly, the explosive synchronization found in the non-identical spiking 
neurons of Chialvo, future works will be devoted to the generalization of this behavior 
to other spiking neuronal models and oscillators to generalize this phenomenon.
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A ppendix A  

Kuram oto oscillators

T he Kuramoto model consist of the ensemble of N  oscillators with phase 0i , where 
the dynamics of each oscillator depends on a natural frequency and a nonlinear 
coupling [136, 137]. The evolution of the phase of each oscillator is described by

- t  =  u  +  n  ^  £j  s in ( t  — °i)  ̂ * =  1 2  ••• , N > (A.1)

in which u i is the natural frequency of each oscillator, and £ij is the param eter which 
controls the magnitude of the coupling between the i-th  and the j -th  oscillator. In the 
particular case of global coupling where £ij =  £ V i , j ,

-a £ N
—t  =  Ui +  N  ^  sin(0j -  di), i =  1, 2, ••• ,N ,  (A.2)

where £ is the intensity of the coupling. The natural frequencies {ui} are distributed
following a probability density function k (u ), which is assumed to be symmetric for a
given frequency G, th a t is,

k (G — u ) =  k (G +  u ). (A.3)

Kuramoto have defined an order param eter to quantify the phase synchronization of the 
oscillators 1 N

R ( t y m  ^  y i  m, (A.4)
j=i

where R(t)  is the modulus of the order parameters and 'fi(t) is the average circular 
frequency of the oscillators. Multiplying both sides of Eq. (A.4) by e-idi

1 N
R ei(k-8i) =  _L Y ' ei'(ej-8-i)

AT ’N

and taking the imaginary part

1 N
R sin(-0 -  9i) =  n ^  sin(dj -  $*). (A.5)

j=1

Replacing E q.(A.5) at Eq. (A.2),

- d  =  +  eR  sin(^ — d*), i =  1, 2 , ••• ,N ,  (A.6)
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APPENDIX A. KURAMOTO OSCILLATORS

th a t is, the phase of each oscillator is attracted  by the frequency 0  and the intensity of 
the coupling is proportional to the order param eter R.

The Eq. (A.4) can be rewritten as [137]

1 N r n f  1 Nj- X X A O .  / A G  1

N  , - i
Re'*  =  ^  £  e*’ = j_^  e*  I N  £  Hfi — 0,) | d0. (A.7)

Considering infinity oscillators N  ^  to,

Re'* = / e%e p (0 ,u ,t)x (u )d u d 0 .  (A.8)cie
f —n J —00

in which the system can be described in terms of the probability density p(0, u, t). Where 
p(0 ,u ,t)d0  represents the fraction of oscillators with frequency u  which are found be­
tween 0 and 0 +  d0 in a given time instant t.

Since the oscillators are moving in a unitary circle [—n,n] with angular velocity 0it 
described by the Eq. (A.6) , the probability density p obeys the continuity equation

dp d
i  +  do <'"'P> =  °- <A.9>

where u is the angular velocity u =  0 =  u  +  eR  sin(0 — 0). The probability density 
presents the normalization condition described by

/n
p(0 ,u ,t)d0  =  1. (A.10)

-n

One of the possible solutions for this system is to consider R  =  0. This case corre­
sponds to the incoherent solution where the infinite oscillators are uniformly distributed 
around the circle p =  1/(2n). Thus, we say th a t for R  =  0 we have complete desyn­
chronization, in which for each i-th  oscillator with a phase 0i =  0 there will be a j -th 
oscillator in anti-phase 0, =  0 +  n. For the case of complete synchronization, where all 
oscillators have the same phase, th a t is, 0i =  0 , and, consequently, the module R  =  1 
due

|R (t)| ■ |0 * (t)| =
1 N

- TN  j—, - i
iSj(t) —  (ei0l(i) +  eie2(t) +  . . .  +  ei0N(t)) 1  ■ N  |ei*(t)| =  1.

To study the cases where 0 < R  < 1, the stationary solution of the Eq. (A.6) , 

d0
—j^  =  Ui +  eR  sin(0 — 0i) =  0, = ^  eR  sin(0i — 0) =  u ir

For oscillators th a t have a natural frequency U  <  eR, these oscillators are locked at 
0i — 0  =  arcsin(ui/eR ). If |u '| >  eR  the oscillators ro tate incoherently around the circle 
with a probability density p constant over time, th a t is =  0. Therefore, from Eq. 
(A.9) up =  C  (constant), th a t is

C
p |u  — eR  sin(0i — 0 )| ’ 

where C  can be evaluated using the normalization condition of Eq. (A.10),

d0 1
p(0, u, t)d0 =  1, ^

—  |u — eR  sin(0 — 0 ) | C,—n
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being u  > eR, it is possible to remove the absolute value

rn d9
J-n u  — eR  sin(9 — 0 ) ’

and is used the solution

r dx =  —2arctg ( )
J a — b sin x  \Ja2 — b2

where a =  u , b =  eR, x  =  9 — 0  and dx =  d9, so,

■f I —2 ' ( - ? )  nif x =  + n  —>•

o,

^ u 2 — (eR)2 ^ u 2 — (eR)2

—2 ■ i ;  —nif x =  —n —>

hence,

^ u 2 — (eR)2 y^u2 — (eR)2

x/ u 2 — (eR)2
c  = v 2n , ( a .11)

therefore, the probability density can be w ritten as

p (9,u)
6 9 — 0  — arcsin ( >

VeR-.e R j
C

|u  — eR sin(9 — 

p can be replaced using Eq. (A.8) for R,

|u | <  eR  

otherwise.

R  = eie 6
J—nJ l^l<sR

9 — 0  — arcsin ( —- ) 
KeRJ

x(u )d u d 9  +

+  I  I  e%ei-------- ^  C m---- m x(u)dud9.J—n Ji^i>sR |u  — eR  sin(9 — 0 ) |

And with the symmetry of the probability density of p

C C
p(9 +  n, —u)

(A.12)

(A.13)

| — u  — eR  sin(9 +  n  — 0 ) | | — u  +  eR  sin(9 — 0) |
= __________ C___________=  C  =  )

| — (u — e R sin(9 — 0 )) | |u  — e R sin(9 — 0 ) | P ,u  '

Assuming tha t k (u )  =  k ( —u), and with p(9 +  n, —u) =  p(9, u)  the second term  of 
the integral (for |u | >  eR)

/n r ,  rn r—sR
/ e%e p (9 ,u )x (u )d u d 9  = / e%e p (9 ,u )x (u )d u d 9  +

-n Jl^l>sR J—n J — tt
'-------------------V-------------------'

u=—u , e=e+n

/n f+tt
/ e%e p(9 ,u )x (u )d u d 9 ,

-n JsR
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/n r rn rsR
/ ei6 p(Q,u)x(u)dudQ = / ei6 ein p(9 +  n, —u ) x ( —u ) ( —du)dQ+

-n J l^l>sR J—n J

/n r+tt
/ ei6 p(9,u)x(u)dudO,

-n J sR
after the substitutions, the first term  of the integral gains three signals, one due the 
ein =  —1, other from —du, and the last from the inversion of the integral limits at u. 
Finally,

/n r rn f+tt
/ ei6 p(Q,u)x(u)dudQ  =  — / / ei6 p(Q,u)x(u)dudQ  +

-n Jl^l>sR J—n J sR

/n r+tt
/ ei6 p (9 ,u )x (u )d u d 9  =  0.

-n JsR

Consequently, the oscillators with |u | >  £R  do not contribute to the synchronization of 
the system. Remaining

and rewriting,

R  =  ei0S
J—n Jlwl<eR

rsR

9 — é  — arcsin I —- ) 
eR

x(u)dud9 ,

R  =  I x (u )d u  (cos 9 +  i sin 9)S
J—sR J—n

9 — é  — arcsin ( —  ) 
eR

d9,

being 6(x) and cos(x) functions of even parity, and sin(x) with odd parity. By symmetry, 
the sin therm  vanishes, hence,

R
sR

— sR /n
cos 9S

-n
9 — é  — arcsin ( u  ) 

eR
d9

solving the integral in t ,  using the filtering property of the 6, and translating the system 
to t  =  t  — 0

' U
,£R,

and replacing

R y  x M - COs ( aTcsi0  e R ) ) ,

the integral

u  =  eR  sin 9, =>- du  =  eR  cos 9d9,

If u  =  — eR  ^  9 =  —-

If u  =  + eR  ^  9 =  + —

R  =  eR  cos29 x ( e R s in 9)d9, 0 < R <  1. (A.14)

Considering the critical coupling £* in which

hence,

lim x ( e R  sin 9) =  x(O),
r^ q+ v 1 v 1

1 =  e*x(0) J  cos 29d9,
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th a t is, there is an expression for the critical coupling th a t limits the region of desynchro­
nization 0 <  e <  e*. Region which depends only on the probability density of natural 
frequencies, which it is assumed to be unimodal and symmetrical

e* = 2
n x ( 0)

(A.15)

For e >  e*, close to the synchronization transition point, using Eq. (A.14)

n
1 =  e i 2 cos 20x(eR  sin 0)d0,

f

expanding the Taylor function x (u ) centered in 0

x (u ) =  x ( 0) +  x '( 0)(u) +  ~~~~~) (u 2) +-------,

it is know th a t x (u ) =  x ( —u), hence, the first derivative x '( 0) =  0, and disregarding 
the cubic therms, the integral

— n/2

1 =  e cos 20 x(0) +------—  (eR sin 0)2 d0 =  e x (0) / cos 20d0 +
f

— n/8

+
e3R V '(0 )  rn

cos 0 sin 0d0,

soon,
1 =  enx(0) ne3R 2 K '(0)

= e 2 +  16 :
and replacing Eq. (A.15)

e ne R  K ' (0) ne e*R K ' (0) ne3e*R 2x"(0)
1 = -----1---------v y => e* =  e +-------------—— —  = > e -e *  =

16 16 16

Isolating R , finally the expression for the modulus of the order param eter

R
16

n e2e*x ''(0)
1 ------ (A.16)

and since it is an approximation for e >  e*, it is w ritten the first therm  as a e* dependence 
only [137]

R =  —16 U -  L  ,
R  V n(e*)3K '(0) V e

(A.17)

e

*

e
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