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RESUMO

Nesta dissertação propomos uma classe de métodos de busca linear não-monótona para

problemas de otimização multiobjetivo com restrições convexas. São obtidos limitantes de

pior caso para o número de iterações que esses métodos precisam para gerar pontos Pareto-

cŕıticos aproximados. A generalidade da abordagem proposta permite o desenvolvimento

de novos métodos para otimização multiobjetivo.

Palavras-chave: Otimização multiobjetiva, Busca linear não-monótona, Complexidade

de pior caso.



ABSTRACT

In this work we propose a class of nonmonotone line-search methods for convexly con-

strained multiobjective optimization problems. Worst-case complexity bounds are ob-

tained for the number of iterations that these methods need to generate an approximate

Pareto critical point. The generality of our approach allows the development of new

methods for multiobjective optimization

Keywords: Multiobjective optimization, Nonmonotone line search, Worst-case complex-

ity.
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Introduction

Motivation

In this work, we consider convex multiobjective optimization problems. This type of

problem is characterized by a set of objective functions that have to be minimized simul-

taneously. It appears in several important applications, such as seismic design of buildings

[27], planetary exploration [37, 35], maintenance of civil infrastructures [9], planning of

cancer treatment [12, 40], drug design [21, 34], etc. In most cases, there is not a single

point which minimizes all the objective functions at once. This fact motivates the notion

of Pareto optimally or efficiency. Roughly speaking, a point is said to be Pareto optimal

or efficient when from this point it is impossible to obtain an improvement in any of the

objective functions without worsening the value of some other objective.

There are many strategies to solve multiobjective optimization problems [29, 30].

Among them, one of the most popular is the weighted sum method [28]. In recent years

several methods that do not scalarize the problem by weighted sums have been developed

(see, for instance, the surveys [3, 10]). Many of these methods were obtained by extending

well-known scalar optimization algorithms. Notable representatives of this group are the

steepest descent methods proposed in [8], the projected gradient methods proposed in [22,

12, 11, 25], the Newton’s method proposed in [20], the proximal-point methods proposed

in [13, 18] and the trust-region methods proposed in [14, 23].

So far, the theoretical study of the methods mentioned above has focused mainly in

the asymptotic convergence analysis. However, in the context of scalar optimization, the

worst-case complexity analysis of algorithms for smooth and possibly nonconvex problems

has become a very active research area in the past few years (see, for instance, [2, 42,

41, 31, 36, 38, 24]). The goal of the worst-case complexity analysis is to estimate the

maximal number of iterations (or function/gradient evaluations) required by the algorithm

to produce an approximate first-order critical point of the problem.

In the context of multiobjective optimization, Grapglia, Yuan and Yuan [42] proved tha

the trust-region algorithm proposed in [34] takes at most O(ε−2) iterations to generate an

ε-approximate Pareto critical point. More recently Fliege, Vaz and Vicente [19] obtained a

bound of the same order for the gradient descent method proposed in [8] to unconstrained

nonconvex multiobjective problems. In both contributions [19, 42] it is assumed that the



gradients of the objectives are Lipschtiz continuous and only the unconstrained case is

considered.

In this dissertation, we proposed a general class of nonmonotone line-search meth-

ods for convexly constrained multiobjective optimization problems. The methods are

nonmonotone in the sense that they do not impose a decrease in the merit function at

successive iterations. The proposed class generalizes the class of nonmonotone methods

propose by Sachs and Sachs [33] for unconstrained single-objective optimization. The

nonmonotonicity is controlled by a sequence of non-negative numbers {νk}. We study the

worst case complexity of the methods in the proposed class when each one of the m objec-

tive functions has Hölder continuous gradient with smoothness parameter θi ∈ (0, 1]. In

particular, when {νk} is summable we show that the corresponding nonmonotone meth-

ods take at most O
(
ε
−
(

1
θmin

+1

))
iterations to generate an ε-approximate Pareto critical

point, where θmin = mini=1,...,m{θi}. Numerical experiments with difference choices for

{νk} are also presented. They suggest that nonmonotone methods compare favorably

with the monotone method.

Contents

This dissertation is organized as follows. In Chapter 1, the problem is defined and results

about multiobjective optimization are reviewed. Chapter 2 contains the new class of

non-monotone methods and its worst-case complexity analysis. In Chapter 3, specific

non-monotone methods are proposed and analyzed. Finally, in Chapter 4, numerical

results are reported.

Notations

In that follows, ‖.‖ denotes the euclidian norm and I = {1, . . . ,m}. Given Ω ⊂ R
n and

x ∈ Ω, we define Ω − x = {y ∈ R
ny + x ∈ Ω}. Besides that, given a ∈ R

m, mean(a) =∑m
i=1 ai/m, and ϕ(a) = maxi∈I{ai}. JF (x) denotes the Jacobian of F at a point x and

L(x0) = {x ∈ Ω : ϕ(F (x)) ≤ ϕ(F (x0))}. We also consider the sets

R
m
+ = {z ∈ R

m : zi ≥ 0, ∀i ∈ I}

and

R
m
++ = {z ∈ R

m : zi > 0, ∀i ∈ I}.

Moreover, the relations � and �ω is given respectively by

y � x ⇐⇒ y − x ∈ R
m
+ , and y �ω x ⇐⇒ y − x ∈ R

m
++.

2



Chapter 1

Problem Definition and Auxiliary

Results

In this work we consider methods for multi-objective problems on the form:

min F (x) = (f1(x), . . . , fm(x))
T

s.t x ∈ Ω
(1.1)

where F : Rn → R
m is a continously differentiable function and Ω ⊂ R

n is a closed and

convex set.

Definition 1.1 (Guerraggio and Luc [16], page 619). Given a point x∗ ∈ Ω.

(a) x∗ is an efficient solution of (1.1) when there is no y ∈ Ω such that F (x∗) � F (y)

and F (x∗) �= F (y);

(b) x∗ is said to be a weakly efficient solution of (1.1) when there is no y ∈ Ω : F (x∗) �ω

F (y);

(c) x∗ is a local (or local weakly) efficient solution of (1.1) when there exist a neigh-

borhood N(x∗) of x∗ for which there is no y ∈ N(x∗) ∩ Ω : F (x∗) � F (y) and

F (x∗) �= F (y) (F (x∗) �ω F (y)).

Lemma 1.2. Let F : Rn → R
m be a continous differentiable function and Ω ⊂ R

n be a

closed and convex set. If x∗ is a local weakly solution of (1.1) then

− R
m
++ ∩ {JF (x∗)(x− x∗) : x ∈ Ω} = ∅. (1.2)

Proof. See Theorem 5.1 (item(ii)-(a)) in Guerraggio and Luc [16].

Definition 1.3. A point x∗ ∈ Ω is said to be a Pareto critical point for (1.1) if it satisfies

condition (1.2).

3



Remark 1.4. If m = 1 and Ω = R
n, (1.1) reduces to the unconstrained scalar optimiza-

tion and the Pareto criticality condition (1.2) is equivalent to the usual critical condition

∇f(x∗) = 0.

Remark 1.5. Let x ∈ Ω be a point which is not Pareto critical. Then there exists a

direction d ∈ Ω − x : JF (x)d ∈ −R
m
++, that is, JF (x)d ≺ω 0 and d is a descent direction

for F at x.

For each x ∈ Ω consider the following subproblem

min
d∈Ω−x

hx(d) = max
i∈I

{∇fi(x)
Td}+ ‖d‖2

2
(1.3)

The next lemma establishes important properties of subproblem (1.3).

Lemma 1.6. The following statments holds:

(a) The subproblem (1.3) has only one solution.

(b) If x is a Pareto critical point of F and d(x) = argmind∈Ω−xhx(d) then d(x) = 0 and,

consequently, hx(d(x)) = 0.

(c) If x is not a Pareto critical point of F , therefore d(x) �= 0 and hx(d(x)) < 0. In

particular, d(x) is a descent direction for F at x.

(d) The mapping x → d(x) is continuous.

Proof. See Proposition 3 in [5] and Lemma 1 [7].

Remark 1.7. From statments (b) and (d), it follows that ‖d(x)‖ is a suitable Pareto

criticality measure for x.

In what follows we will consider the following assumption:

A1 For i = 1, . . . ,m, fi ∈ C1,θi
Li (Ω), that is, fi is continously differentiable and its

gradient ∇fi is Hölder continuous with constant Li > 0 and smoothness level θi ∈
(0, 1] :

‖∇fi(x)−∇fi(y)‖ ≤ Li‖x− y‖θi , ∀x, y ∈ Ω.

Lemma 1.8. Suppose that A1 holds and let i ∈ I. Then, for all x, y ∈ Ω

fi(y) ≤ fi(x) +∇fi(x)
T (y − x) +

Li

θi + 1
‖y − x‖1+θi .

Proof. See Lemma 1 in [39].

4



Lemma 1.9. Suppose that A1 holds and let

x+ = x̄+ αd(x̄) (1.4)

for some x̄ ∈ Ω and α > 0 where

d(x̄) := argmin
d∈Ω−x̄

hx̄(d) (1.5)

with hx̄(.) defined in (1.3). Given ε > 0, define

L(ε) = max
i∈I

{(
4Li

1 + θi

) 1
θi

(
1

ε

) 1−θi
θi

}
. (1.6)

If

‖d(x̄)‖ ≥ ε and α ≤ 1

L(ε)
, (1.7)

then

ϕ(F (x+)) ≤ ϕ(F (x̄))− α

4
‖d(x̄)‖2. (1.8)

Proof. By the first inequality in (1.7) and equality (1.4) we have, for all i ∈ I,

ε ≤ ‖d(x̄)‖ =
1

α
‖x+ − x̄‖ =⇒ αε ≤ ‖x+ − x̄‖ =⇒ α1−θiε1−θi ≤ ‖x+ − x̄‖1−θi . (1.9)

First we will show that

Li

1 + θi
‖x+ − x̄‖1+θi ≤ ‖x+ − x̄‖2

4α
, ∀ i ∈ I. (1.10)

Indeed, by (1.9) we have

1

4α
‖x+ − x̄‖2 = 1

4α
‖x+ − x̄‖1+θi‖x+ − x̄‖1−θi

≥ 1

4α
‖x+ − x̄‖1+θiα1−θiε1−θi

=

(
1

4

)(
1

αθi

)
ε1−θi‖x+ − x̄‖1+θi , ∀ i ∈ I. (1.11)

On the other hand, by the second inequality in (1.7) and the definition (1.6) we get

5



(
1

4

)(
1

αθi

)
ε1−θi ≥

(
1

4

)
L(ε)θiε1−θi

≥
(
1

4

)[
4Li

1 + θi

(
1

ε

)1−θi
]
ε1−θi

=
Li

1 + θi
, ∀ i ∈ I. (1.12)

Then, combining (1.11) and (1.12) we see that (1.10) is true. Now, it follows from A1,

Lemma 1.8, (1.10) and (1.4) that

fi(x
+) ≤ fi(x̄) +∇fi(x̄)

T (x+ − x̄) +
Li

1 + θi
‖x+ − x̄‖1+θi

≤ fi(x̄) +∇fi(x̄)
T (x+ − x̄) +

1

4α
‖x+ − x̄‖2

= fi(x̄) +∇fi(x̄)
T (x+ − x̄) +

α2

4α
‖d(x̄)‖2

= fi(x̄) +∇fi(x̄)
T (x+ − x̄) +

α

4
‖d(x̄)‖2. (1.13)

In view of (1.5) and (1.3) we have

hx̄(d(x̄)) ≤ hx̄(0) =⇒ max
i∈I

{∇fi(x̄)
Td(x̄)}+ ‖d(x̄)‖2

2
≤ 0

=⇒ ∇fi(x̄)
Td(x̄) ≤ −‖d(x̄)‖2

2
, ∀ i ∈ I. (1.14)

Combining (1.13) and (1.14), it follows that

fi(x
+) ≤ fi(x̄)− α

2
‖d(x̄)‖2 + α

4
‖d(x̄)‖2

=⇒ fi(x
+) ≤ fi(x̄)− α

4
‖d(x̄)‖2. (1.15)

Since (1.15) holds for all i ∈ {1, . . . ,m} we have

ϕ(F (x+)) ≤ ϕ(F (x̄))− α

4
‖d(x̄)‖2.

6



Chapter 2

A Class of Nonmonotone

Line-Search Methods

Let us consider the following general algorithm

Algorithm 1: General Nonmonotone Line-Search Method

Given : x0 ∈ Ω, ε, β ∈ (0, 1), α0 ∈ (0, 1], set k := 0.

Step 1 Compute d(xk) = argmind∈Ω−xk
hxk

(d) where

hxk
(d) = max

i∈I
{∇fi(xk)

Td}+ ‖d‖2
2

.

If ‖d(xk)‖ ≤ ε, then STOP.

Step 2.1 Find the smallest integer � ≥ 0 such that αkβ
� ≤ α0.

Step 2.2 Choose νk ≥ 0. If

ϕ(F (xk + αkβ
�d(xk))) ≤ ϕ(F (xk))− αkβ

�

4
‖d(xk)‖2 + νk (2.1)

set �k = � and go to step 3. Otherwise, set � := �+ 1 and go back to Step 2.2.

Step 3 Set xk+1 = xk + αkβ
�kd(xk), αk+1 = αkβ

�k−1, k := k + 1 and go back to

Step 1.

Remark 2.1. The applicability of Algorithm 1 strongly depends on our ability to solve

subproblems of the form

min
d∈Ω−x

max
i∈I

{∇fi(x)
Td}+ ‖d‖2

2
. (2.2)

In many pratical applications, Ω is a polyedron, Ω = {x ∈ R
n : aTj x ≤ bj, j = 1, . . . , p}.

7



In this case, the solution d(x) = y∗ − x of (2.2) can be obtained by solving

miny∈Rn,ν∈R ν + ‖y−x‖2
2

s.t ∇fi(x)
T (y − x) ≤ ν, i = 1, . . . ,m

aTj y ≤ bj, j = 1, . . . , p.

(2.3)

Remark 2.2. When νk > 0 we may have ϕ(F (xk+1)) ≥ ϕ(F (xk)) resulting in a non-

monotone sequence {ϕ(F (xk))}k≥0.

Remark 2.3. When Ω = R
n and m = 1, Algorithm 1 reduces to a version of Algorithm

1 in [15], which is a general line-search method for single-objective optimization based on

a nonmonotone Armijo line-search.

In view of Lemma 1.9, Step 2 of Algorithm 1 is well defined. The next lemma gives a

lower bound for {αk}.

Lemma 2.4. Suppose A1 holds, then, for all k ∈ N

αk ≥ min

{
1

L(ε)
, α0,

}
= ᾱ(ε). (2.4)

Proof. For k = 0 the result is true. Now, assume by contradiction that

αk+1 < min

{
1

L(ε)
, α0

}
= ᾱ(ε)

for some k > 0.

By the definition of αk+1 it follows that

αkβ
�k−1 < min

{
1

L(ε)
, α0

}
= ᾱ(ε).

In this case, Lemma 1.9 implies that

ϕ(F (xk + αkβ
�k−1d)) ≤ ϕ(F (xk))− αkβ

�k−1

4
‖d(xk)‖2 + νk

which contradicts the minimality of �k. Therefore, we must have

αk+1 ≥ min

{
1

L(ε)
, α0

}
= ᾱ(ε), ∀k ≥ 0.

8



Lemma 2.5. Suppose that A1 holds and let Nk be the total number of function evaluations

up to the k − th iteration of Algorithm 1. Then

Nk ≤ 3 + 2k +
1

log(β)
(log(ᾱ(ε))− log(α0)).

Proof. Since αk+1 = β�k−1αk, log(αk+1) = (�k − 1) log(β) + log(αk).

This means that �k + 1 = 2 +
log(αk+1)− log(αk)

log(β)
.

So, since β ∈ (0, 1), log(β) < 0 and

Nk ≤ 1 +
k∑

�=0

�i + 1 = 1 +
k∑

�=0

(
2 +

log(α�+1)− log(α�)

log(β)

)

= 1 + 2(k + 1) +
k∑

�=0

log(α�+1)− log(α�)

log(β)

= 3 + 2k +
log(αk+1)− log(α0)

log(β)
≤ 2(k + 1) +

log(ᾱ(ε))− log(α0)

log(β)
.

From now on, let us consider the following assumptions:

A2 There exist ϕ�ow : ϕ(F (x)) ≥ ϕ�ow, ∀x ∈ Ω.

A3 limT→∞
1

T

T−1∑
k=0

νk = 0.

Under assumption A3, given ε > 0 there exists T0(ε) such that

T ≥ T0(ε) =⇒ 1

T

T−1∑
k=0

νk ≤ ᾱ(ε)β

8
ε2 (2.5)

where ᾱ(ε) is defined in (2.4). The next theorem establishes that Algorithm 1 performs

at most O(max{T0(ε), ᾱ(ε)
−1ε−2}) iterations to generate xk such that ‖d(xk)‖ ≤ ε.

Theorem 2.6. Suppose that A1-A3 hold and let {xk}T−1
k=0 be generated by Algorithm 1

with

‖d(xk)‖ > ε for k = 0, . . . , T − 1. (2.6)

Then,

T ≤ max{T0(ε), 8(ϕ(F (x0))− ϕ�ow)β
−1ᾱ(ε)−1ε−2}. (2.7)

9



Proof. By (2.1) and Lemma 2.4 we have

νk + ϕ(F (xk))− ϕ(F (xk+1)) ≥ αkβ
�k

4
‖d(xk)‖2 = αk+1β

4
‖d(xk)‖2

≥ ᾱ(ε)β

4
‖d(xk)‖2 ≥ ᾱ(ε)β

4
ε2,

for k = 0, . . . , T − 1. Summing up these inequalities and using A2 it follows that

T
ᾱ(ε)β

4
ε2 =

T−1∑
k=0

ᾱ(ε)β

4
ε2

≤
T−1∑
k=0

(νk + ϕ(F (xk))− ϕ(F (xk+1)))

=
T−1∑
k=0

νk +
T−1∑
k=0

ϕ(F (xk))− ϕ(F (xk+1))

=
T−1∑
k=0

νk + ϕ(F (x0))− ϕ(F (xT ))

≤
T−1∑
k=0

νk + ϕ(F (x0))− ϕ�ow.

So,

ε2 ≤
(

1

T

T−1∑
k=0

νk

)
4

βᾱ(ε)
+

4(ϕ(F (x0))− ϕ�ow)

Tβᾱ(ε)
. (2.8)

Assume that (2.7) is not true, i.e.,

T > max{T0(ε), 8(ϕ(F (x0))− ϕ�ow)β
−1ᾱ(ε)−1ε−2}.

Then, by (2.5) in (2.8) we would have the contradiction

ε2 <
ᾱ(ε)β

8
ε2

4

βᾱ(ε)
+

βᾱ(ε)ε2

8(ϕ(F (x0))− ϕ�ow)

4(ϕ(F (x0))− ϕ�ow)

βᾱ(ε)

=
ε2

2
+

ε2

2
= ε2.

Therefore, (2.7) must be true.

Remark 2.7. By (2.4) and (1.6), we have

ᾱ(ε)−1ε−2 =
1

min{ 1
L(ε)

, α0}ε
−2

= max{L(ε), 1
α0
}ε−2

= max

{
maxi∈I

{(
4Li

1 + θi

) 1
θi

(
1

ε

) 1−θi
θi

}
,
1

α0

}
ε−2.

10



Thus, if we consider ε ∈ (0, 1) and denote θmin = mini∈I{θi}, it follows that

ᾱ(ε)−1ε−2 =max

{
max
i∈I

{(
4Li

1 + θi

) 1
θi

(
1

ε

) 1−θi
θi

}
,
1

α0

}
ε−2

≤max

{
max
i∈I

{(
4Li

1 + θi

) 1
θi

}
ε
−
(

1−θmin
θmin

+2
)}

=max
{
max
i∈I

{(
4Li

1 + θi

) 1
θi

,
1

α0

}
ε
−
(

1
θmin

+1
)

= κθε
−
(

1
θmin

+1

)
(2.9)

where

κθ = max

{
max
i∈I

{(
4Li

1 + θi

) 1
θi

}
,
1

α0

}
. (2.10)

Consequently,

βᾱ(ε)ε2

8
≥ β

8κθ

ε

(
1

θmin
+1

)
(2.11)

In view of Theorem 2.6 and Remark 2.7, Algorithm 1 performs at most

O
(
max

{
T0(ε), ε

−
(

1
θmin

+1
)})

iterations.

The next two corollaries describe situations in which a T0(ε) can be obtained.

Corollary 2.8. Suppose that A1-A2 hold and that
∞∑
k=1

νk < ∞. Let {xk}T−1
k=0 be generated

by Algorithm 1 with

‖d(xk)‖ > ε, for k = 1, . . . , T − 1,

for some ε ∈ (0, 1). Then,

T ≤ max

{
8

( ∞∑
k=1

νk

)
β−1κθ, 8(ϕ(F (x0))− ϕ�ow)β

−1

}
ε
−
(

1
θmin

+1
)

(2.12)

where κθ is defined in (2.10).

Proof. Note that 0 ≤ 1

T

T−1∑
k=1

νk ≤
∞∑
k=1

νk for all T > 1. Since
∞∑
k=1

νk < ∞, it follows that

A3 holds. Moreover, using (2.9), since T > 8

( ∞∑
k=1

νk

)
β−1κθε

−
(

1
θmin

+1
)
, we have

11



T ≥ 8

( ∞∑
k=1

νk

)
β−1ᾱ(ε)−1ε−2 which means

1

T

( ∞∑
k=1

νk

)
≤ βᾱ(ε)

8
ε2.

Therefore, we can consider T0(ε) = 8

( ∞∑
k=1

νk

)
β−1κθε

−
(

1
θmin

+1

)
. Then by Theorem

2.6 and Remark 2.7, (2.12) holds.

Corollary 2.9. Suppose that A1-A2 hold and that limk→∞ νk = 0. Let c > 0 such that

νk ≤ C for all k ≥ 0. Moreover, given δ > 0, let k0(δ) be a positive integer such that

k ≥ k0(δ) =⇒ νk ≤ δ.

If {xk}T−1
k=0 is generated by Algorithm 1 with

‖d(xk)‖ > ε for k = 1, . . . , T − 1

Then,

T ≤ max

{
16k0(

δ
2
)Cκθ

β
ε
−
(

1
θmin

+1

)
, 1 + k0

(
δ

2

)
, 8(ϕ(F (x0))− ϕ�ow)ε

−
(

1
θmin

+1

)}
(2.13)

for δ =
β

8κθ

ε

(
1

θmin
+1

)
.

Proof. In the proof of Corollary 2 in [15] it was shown that if

Δ ≥ max

{
2k0(

δ
2
)C

δ
, 1 + k0

(δ
2

)}
,

then
1

Δ

Δ−1∑
k=1

νk ≤ δ. Therefore {νk} satisfies A3 and by (2.11) we can consider

T0(ε) = max

{
2k0(

δ
2
)C

δ
, 1 + k0

(δ
2

)}
,

with δ =
β

8κθ

ε

(
1

θmin
+1

)
. Then, by Theorem 2.6 and (2.9), (2.13) holds.

12



Chapter 3

Specific Nonmonotone Methods

The generality of our results allows several choices for the sequence {νk} in Algorithm

1. Each choice gives a different method for multi-objective optimization problems. In

the context of single-objective unconstrained optimization, one of the most efficient non-

monotone line-search techniques is the one proposed by Zhang and Hager [43]. The next

algorithm is a particular version of Algorithm 1 inspired by Zhang and Hager nonmono-

tone line-search.

Algorithm 2: Nonmonotone Line-Search Method inspired by Zhang and Hager

Given : x0 ∈ Ω, ε, β ∈ (0, 1), α0 ∈ (0, 1] and a sequence {ηk} ⊂ (0, ηmax] with

ηmax ∈ (0, 1) , set Q0 = 1, C0 = ϕ(F (x0)) and k := 0.

Step 1 Compute d(xk) = argmind∈Ω−xk
hxk

(d) where

hxk
(d) = max

i∈I
{∇fi(xk)

Td}+ ‖d‖2
2

.

If ‖d(xk)‖ ≤ ε, then STOP.

Step 2.1 Find the smallest integer � ≥ 0 such that αkβ
� ≤ α0.

Step 2.2 Set νk = Ck − ϕ(F (xk)).

If

ϕ(F (xk + αkβ
�d(xk))) ≤ ϕ(F (xk))− αkβ

�

4
‖d(xk)‖2 + νk (3.1)

go to step 3. Otherwise, set � := �+ 1 and go back to Step 2.2.

Step 3 Set xk+1 = xk + αkβ
�kd(xk), αk+1 = αkβ

�k−1, Qk+1 = ηkQk + 1,

Ck+1 =
ηkQkCk + ϕ(F (xk+1))

Qk+1

k := k + 1 and go back to Step 1.

13



Theorem 3.1. Suppose that A1 and A2 hold and let {xk}T−1
k=0 be generated by Algorithm

2 with

‖d(xk)‖ > ε, for k = 0, . . . , T − 1,

for some ε ∈ (0, 1). Then,

T ≤ 8max

{
κθ

(1− ηmax)
, 1

}
(ϕ(F (x0))− ϕ�ow)β

−1ε
−
(

1
θmin

+1

)
. (3.2)

Proof. In view of Corollary 2.8, it is enough to show that for all T we have

T−1∑
k=0

νk ≤ ηmax

1− ηmax

(ϕ(F (x0))− ϕ�ow).

Indeed, realize that

Q0 = 1

Q1 = η0 + 1

Q2 = η1Q1 + 1 = η1 + η1η0 + 1
...

...

Qk = 1 +
k∑

j=1

j∏
i=1

ηk−i

for k > 0. Since ηk ≤ ηmax,

Qk ≤ 1 +
k∑

j=1

j∏
i=1

ηmax ≤
k−1∑
j=0

ηjmax

≤
∞∑
j=0

ηjmax =
1

1− ηmax

.

Besides that,

Ck =
ηk−1Qk−1Ck−1 + ϕ(F (xk))

Qk

=
ηk−1Qk−1Ck−1

Qk

+
ϕ(F (xk))

Qk

=
(Qk − 1)Ck−1

Qk

+
ϕ(F (xk))

Qk

.

Because Ck = νk + ϕ(F (xk)),

νk + ϕ(F (xk)) =
(Qk − 1)Ck−1

Qk

+
ϕ(F (xk))

Qk

=
(Qk − 1)(νk−1 + ϕ(F (xk−1)))

Qk

+
ϕ(F (xk))

Qk

= νk−1 + ϕ(F (xk−1))− νk−1

Qk

− ϕ(F (xk−1))

Qk

+
ϕ(F (xk))

Qk

.

14



Then,

1

Qk

(vk−1 + ϕ(F (xk−1)− ϕ(F (xk))) = νk−1 − νk + ϕ(F (xk−1))− ϕ(F (xk))).

This equality with the facts that exist ϕ�ow: ϕ�ow ≤ ϕ(F (x)) for all x, ν0 = 0 and νk ≥ 0

for all k ≥ 1 implies

T−1∑
k=1

1

Qk

(vk−1 + ϕ(F (xk−1)− ϕ(F (xk))) =
T−1∑
k=1

(νk−1 − νk) +
T−1∑
k=1

ϕ(F (xk−1))− ϕ(F (xk)))

=ν0 − νT−1 + ϕ(F (x0))− ϕ(F (xT−1)))

≤ϕ(F (x0))− ϕ�ow. (3.3)

Combining (3.3) with the fact that Qk ≤ 1

1− ηmax

for all k, we get

T−1∑
k=0

νk =
T−1∑
k=1

νk =
T−1∑
k=1

Ck − ϕ(F (xk))

=
T−1∑
k=1

(Qk − 1)Ck−1

Qk

+
ϕ(F (xk))

Qk

− ϕ(F (xk))

=
T−1∑
k=1

(Qk − 1)Ck−1

Qk

+
(1−Qk)ϕ(F (xk))

Qk

=
T−1∑
k=1

Qk − 1

Qk

(vk−1 + ϕ(F (xk−1))− ϕ(F (xk)))

≤
( 1

1− ηmax

− 1
) T−1∑

k=1

1

Qk

(vk−1 + ϕ(F (xk−1)− ϕ(F (xk)))

=
ηmax

1− ηmax

(ϕ(F (x0))− ϕ�ow).

As T is arbitrary and ηmax ≤ 1, we have

∞∑
k=0

νk ≤ 1

1− ηmax

(ϕ(F (x0))− ϕ�ow) < ∞

and together with (2.12) we obtain (3.2).

Besides the generalization of known nonmonotone line-searches for single-objective

optimization, our framework allows the development of new methods specially designed

to multi-objective optimization. For example, given M > 0, we can consider a version of

15



Algorithm 1 with ν0 = 0 and

νk =
max{0,min{ωk,M}}

kρ
(3.4)

for all k ≥ 1, where ρ > 0 and

ωk = mean (F (xk−1))−mean (F (xk)). (3.5)

The idea behind this choice of νk is to allow the acceptance of a larger stepsize at the kth

iteration when the (k − 1)th iteration was “successful” in the sense that

mean (F (xk)) < mean (F (xk−1)).

Notice that νk in (3.4) satisfies

νk ≤ M

kρ
, ∀k ≥ 1. (3.6)

The next theorem provides complexity bounds for all versions of Algorithm 1 when {νk}
satisfies (3.6).

Theorem 3.2. Suppose that A1-A2 hold and let {xk}T−1
k=0 be generated by Algorithm 1

with

‖d(xk)‖ > ε, for k = 0, . . . , T − 1

for some ε ∈ (0, 1). If ν0 = 0 and νk satisfies (3.6), for all k ≥ 1 then

T ≤

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

max

{
8M

ρ− 1
β−1κθ, 8(ϕ(F (x0))− ϕ�ow)β

−1

}
ε
−
(

1
θmin

+1

)
if ρ > 1

max

{(16Mκθ
β

) ρ+1
ρ
, 1 +

(16Mκθ
β

) 1
ρ
, 8(ϕ(F (x0))− ϕ�ow)

}
ε
−
(

1
θmin

+1

)(
ρ+1
ρ

)
if ρ ∈ (0, 1].

(3.7)

Proof. Suppose that ρ > 1. Then, in view of (3.6), for all T , we have

T−1∑
k=0

νk ≤
T−1∑
k=1

M

kρ
= M

T−1∑
k=1

1

kρ
≤ M

ρ− 1
.

Thus, Corollary 2.8 provides the corresponding bound in (3.7). Now, suppose that ρ ∈
(0, 1]. By (3.6), we have νk → 0. We also have νk ≤ M for all k ≥ 0 and, given δ, if

k ≥
(M
δ

) 1
ρ
then νk ≤ δ So denoting C = M and k0(δ) =

(
M

δ

) 1
ρ

the corresponding

bound in (3.7) follows from Corollary 2.9, with δ =
β

8κθ

ε

(
1

θmin
+1

)
. Indeed, just notice

that
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k0

(
δ

2

)
= k0

(
β

16κθ

ε

(
1

θmin
+1

))
=

(
16Mκθ

β
ε
−
(

1
θmin

+1

)) 1
ρ

=

(
16Mκθ

β

) 1
ρ

ε
−
(

1
θminρ

+ 1
ρ

)

and so

k0

(
δ

2

)
ε
−
(

1
θmin

+1

)
=

(
16Mκθ

β

) 1
ρ

ε
−
(

1
θminρ

+ 1
ρ
+ 1

θmin
+1

)

=

(
16Mκθ

β

) 1
ρ

ε
−
(

1
θmin

+1

)(
ρ+1
ρ

)
.
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Chapter 4

Numerical Tests

Implementation Details

To evaluate the performance of the methods discussed in Chapters 2 and 3, numerical

experiments were a conducted on a set of 44 problems based-constrained multiobjective

problems obtained with the functions and bounds describe in [26]. In these problems,

most values for n and m vary between 2 and 10 and one of them has n = 100.

For each problem, 300 starting points were generated with a uniform mesh of the

feasible set

Ω = {x ∈ R
n : a ≤ x ≤ b}.

The following Julia implementations were tested:

• M1: the monotone Algorithm 1 by setting νk = 0 for all k.

• NM1: the nonmonotone algorithm obtained from Algorithm 1 by setting ν0 = 0 and

νk =
max{0,min{ωk,M}}

kρ
, ∀k ≥ 1,

where ωk = mean(F (xk−1))−mean (F (xk)), M = 5 and ρ = 0.5.

• NM2: the nonmonotone Algorithm 2 with ηk =
0.85

k
, ∀k ≥ 1.

• FS: the monotone algorithm proposed by [6] with parameters σ = 0.25, ηk =
0.85

k
,and βk = 1.
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In implementations M1, NM1 and NM2 s α0 = 1 and β = 0.5 were considered because

preliminary numerical tests suggest it is a good choice. We used the stopping rules:

‖d(xk)‖ ≤ 10−4, (4.1)

k = 1000 (4.2)

and

� = 20. (4.3)

All the experiments were performed with Julia 1.5.2 on a PC with i7-87000U micropro-

cessor 3.20GHz. We use Gurobi [17] to obtain the solution of the subproblem (2.3).

Performance Evaluation

The efficiency of the codes is compared using performance profile [4]. Specifically, let S

be a set of solvers and P be a set of problems, and denote by tp,s > 0 the performance

of the solver s ∈ S applied to problem p ∈ P . Assume that lower values of tp,s mean the

better performances. Consider the performance. Then the performance profile of solver

s is the graph of the function γs : [1,∞) → [0, 1] given by

γs(τ) =
1

|P |
∣∣∣{p ∈ P :

tp,s
min{tp,s : s ∈ S} ≤ τ

}
.

Note that, γs(1) is the percentage of problems for which solver s wins over the rest of the

solvers.

The natural choice for tp,s is the number of iterations that solver needs to generate

a point xk satisfying (4.1) for problem p. However, in the context of multiobjective

optimization other performance measures are also relevant. For example, it is particularly

interesting to quantify the ability of the algorithms to generate Pareto front, that is,

the set of all efficient solutions. By applying solver s to problem p using a set of N

starting points, one obtains a set of N “final points” in Ω. Removing from this set all

the dominated points1 let PFp,s be the corresponding approximation to the Pareto front

obtained for problem p using solver s. Then, removing from ∪s∈SPFp,s all the dominated

points we can get an approximate Pareto front PFp by combining the points obtained by

all solvers. Using these sets we can defined the following performance measures:

1We say that a point x1 is dominated by a point x2 when fi(x2) ≤ fi(x1), ∀i ∈ I and fj(x2) < fj(x1)
for some j ∈ I.
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• Purity Metric [32]: This metric measures the number of nondominated points be-

longing to PFp. More specifically, t̄p,s :=
|PFp,s| ∩ |PFp|

|PFp| and tp,s :=
1

t̄p,s
. Note that

when a solver s is not able to obtain a single nondominated point in PFp, t̄p,s = 0,

which means that tp,s = ∞ and the solver s cannot solve problem p. When using

the Purity Metric, as suggested in [1] we compare the algorithms in pairs.

• Spread Metrics: According to [1], this type of metric aims to measure the capacity of

a particular solver s to get points well distributed along the Pareto Frontiers. Given

a solver s and a problem p, consider x1, . . . , xN approximate Pareto points. For each

j = {1, . . . ,m} (objective function) sort by increasing order (fj(xi) ≤ fj(xi+1)) and

find x0 and xN+1 ∈ PFp: x0 and xN+1 are the points corresponding to the lowest

and highest values of fj, respectively.

For each j = 1, . . . ,m, i = 0, . . . N we consider δi,j = fj(xi+1)− fj(xi) and for each

j, δ̄j is the average of the distances δi,j

Γp,s = max
j=1,...,m

{ max
i=0,...,N

δi,j}

and

Δp,s = max
j=1,...,m

⎛
⎜⎜⎜⎜⎝
δ0,j + δN,j +

N∑
i=1

|δi,j − δ̄j|

δ0,j + δN,j + (N − 1)δ̄j

⎞
⎟⎟⎟⎟⎠ ,

we name Γ and Δ metric, respectively, when tp,s = Γp,s and tp,s = Δp,s.

Comparing M1 and NM1

As can be seen in the Figure 4.1, comparing the number of iterations as performance

profile, M1 and NM1 have similar robustness (83% and 86%) while NM1 the most

efficient.
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Figure 4.1: Performance profile using number of iterations comparing M1 and NM1

Regarding the spread metrics, Figures 4.2 and 4.3 show that, for the spreads perfor-

mance profile Δ and Γ NM1 is more efficient than M1.

Figure 4.2: Spread Δ performance profiles comparing M1 and NM1.
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Figure 4.3: Spread Γ performance profiles comparing M1 and NM1.

Finally, with to respect to the Purity Metric, we can see in Figure 4.4 that NM1 was

much more efficient than M1.

Figure 4.4: Purity performance profiles comparing M1 and NM1.

Comparing NM1 and NM2

As can be seen in the Figure 4.5, NM1 outperformed NM2 when we comparing number

of iterations.
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Figure 4.5: Performance profile using number of iterations comparing NM1 and NM2.

Regarding the spread metrics, Figures 4.6 and 4.7 show that for spread performance

profile Δ, NM2 and NM1 are very similar. On the other hand, for spread performance

profile Γ, NM1 was more efficient than NM2.

Figure 4.6: Spread Δ performance profiles comparing NM1 and NM2
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Figure 4.7: Spread Γ performance profiles comparing NM1 and NM2

Finally, with to respect to the Purity Metric, Figure 4.8 shows that NM1 outperformed

NM2.

Figure 4.8: Purity performance profile comparing NM1 and NM2.

Comparing NM1 and FS

As can be seen in the Figure 4.9 that, FS outperforms NM1.
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Figure 4.9: Performance profile using number of iterations comparing NM1 and FS.

Regarding the spread metrics, Figures 4.10 and 4.11 show that for spreads performance

profile Δ and Γ, FS was the most efficient.

Figure 4.10: Spread Δ performance profiles comparing NM1 and FS
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Figure 4.11: Spread Γ performance profiles comparing NM1 and FS

Finally, with to respect to the Purity Metric, Figure 4.12 shows FS is more efficient

than NM1.

Figure 4.12: Purity performance profile comparing NM1 and FS.
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Conclusions

In this dissertation we propose a class of nonmonotone line-search methods to solve multi-

objective problems of the form

min F (x) = (f1(x), . . . , fm(x))
T

s.t x ∈ Ω,

where fi ∈ C1,θi
Li

(Ω) for i = 1, . . . ,m, and Ω ∈ R
n is a closed convex set. The methods are

called nonmonotone because they allow the acceptance of xk+1 such that ϕ(F (xk+1)) ≥
ϕ(F (xk)), where ϕ(v) = maxi=1,...,m{vi} is the function using for scalarizing the problem.

The level of nonmonotonicity allowed at each iteration is specified by a sequence {νk}k≥0

of non negative numbers. Different choices for this sequence give different nonmonotone

methods. The worst-case complexity of the general method was analyzed under very weak

assumptions on this sequence.

When the sequence {νk}k≥0 is summable, it was shown that the corresponding methods

take at most O
(
ε
−
(

1
θmin

+1
))

iterations to generate a ε−approximate Pareto critical point,

where θmin = mini=1,...,m{θi}. In particular, if all the component functions have Lipschitz

continuous gradients on Ω (i.e., fi ∈ C1,1
Li

(Ω) for i = 1, . . . ,m) then the complexity bound

reduces to O(ε−2), which agrees in order with the bounds obtained in [19] and [42], for

monotone methods to unconstrained multi-objective optimization. We also obtained a

complexity bound of O
(
ε
−
(

1
θmin

+1
)
( ρ+1

ρ )
)

when νk ≤ Mk−ρ for all k ≥ 1, with ρ ∈ (0, 1].

Exploiting the flexibility of our framework, we designed two new nonmonotone line-

search methods for multi-objective optimization. Numerical experiments suggest that one

of the methods (NM1) is very competitive in comparison with the monotone version of

Algorithm 1 M1, and also in comparison with other nonmonotone solver NM2. Notably, in

our numerical tests, NM1 outperformed M1 in all comparisons. This result illustrates the

potential benefits of the nonmonotone technique and also the use of our class of methods

as a framework for design new methods for multi-objective optimization.
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[1] J.Madeira A. Custódio, I. Vaz, and L. Vicente. “Direct Multisearch for Multiobjec-

tive Optimization”. In: SIAM Journal on Optimization 21 (July 2011), pp. 1109–

1140.

[2] N. Gould C. Cartis and Ph. Toint. “Adaptive cubic regularisation methods for

unconstrained optimization. Part II: Worst-case function- and derivative-evaluation

complexity”. In: Math. Program. 130 (Dec. 2011), pp. 295–319.

[3] C.A.C. Coelho. “A comprehensive survey of evolutionary-based multiobjective op-

timization techniques”. In: Knowledge and Information Systems 1 (199), pp. 269–

308.
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