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“I f  you are receptive and humble, mathematics 
will lead you by the hand.” 

-Paul A. M. Dirac
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RESUM O
Um dos aspectos mais intrigantes da mecânica quântica rem onta aos trabalhos dos fundadores 

da teoria, Heisenberg e Bohr, que revelaram  aspectos fundam entais não clássicos relacionados 
às medições dentro do domínio quântico. A incom patibilidade é um elemento essencial que faz 
com que os sistem as microscópicos se com portem  de m aneira “inesperada”. Em livros acadêm i­
cos, geralm ente associado com relações de com utação, esse conceito é in terp re tado  como um a 
construção puram ente algébrica no espaço de H ilbert, em vez de um a noção operacionalm ente 
m ensurável em  laboratórios reais. Em  face à esses dilemas, é proposto dois cenários diferentes 
p ara  a medições projetivas sequenciais que definem a incom patibilidade dentro de um contexto 
físico definido não apenas pelos observáveis, m as tam bém  pelo estado  quântico, em bora não 
seja um a abordagem  geral, é um  procedim ento com resu ltados m uito  intuitivos. A prim eira 
noção relaciona incompatibilidade com violações da regra de Bayes em configurações envolvendo 
medições de dois observáveis usando dois ordenam entos opostos. Nesse caso, um  quantificador 
é introduzido  com base na divergência K ullback-Leibler, com um a regularização apropriada. 
A segunda abordagem  vincula a incom patibilidade quân tica  à quan tidade  de inform ação que 
pode ser extraída de um sistem a em um cenário que envolve um canal de comunicação. Aqui, a 
incom patibilidade é reconhecida como um recurso para  tes ta r a segurança de canais de comuni­
cação contra vazamento de informações (espionagem). Além disso, é definida um a m edida para 
quantificar o grau de incom patibilidade de contexto que é facilmente com putável, adm ite um a 
interpretação geométrica e é m áxim a somente se as auto-bases dos observáveis envolvidos forem 
m utuam ente não-enviesadas.

Palavras-chave: incom patibilidade, recursos quânticos, violação da regra de Bayes, informação 
e medições quânticas.



A B ST R A C T
One of the m ost intriguing aspects of quan tum  mechanics tracks back to  the  works by the 

founders of the theory, Heisenberg and Bohr, who unveiled fundam ental non-classical aspects 
related to m easurements in the quantum  realm. Incom patibility is a special element th a t makes 
microscopic system s behave in an “unexpected” way. G enerally associated in academ ic books 
w ith  com m utation relations, this concept has been interpreted as a pure algebraic construction 
in H ilbert space ra ther th an  an operationally  m easurable notion in actual laboratories. In this 
thesis, two different fram eworks concerning sequential projective m easurem ents are proposed 
which define incom patibility w ithin a physical context defined not only by observables but also by 
the quantum  state, although not being a general approach it is an insightful procedure. The first 
one relates incom patibility w ith violations of the Bayes rule in setups involving m easurements of 
two observables using two opposite orderings. In  this case, a quantifier is introduced w ith basis 
on the Kullback-Leibler divergence, w ith  an appropriate  re-scaling. T he second approach links 
quantum  incom patibility  w ith the am ount of inform ation th a t can be extracted  from a system 
w ithin  a scenario involving a com m unication channel. Here, incom patibility  is recognized as a 
resource to  test the safety of com m unication channels against inform ation leakage (espionage). 
Moreover, a m easure to  quantify the  degree of inform ational incom patibility  is defined th a t  is 
easily com putable, adm its a geometrical in terpretation , and is m axim um only if the eigenbases 
of the involved observables are m utually  unbiased.

Keywords: incompatibility, quantum  resources, Bayes’ rule violation, information and quantum  
m easurem ents.
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CHAPTER 1
INTRODUCTION

Likewise superposition, entanglem ent, coherence, non-com m utativity, etc., th e  concept of 
incom patib ility  is only relevant in th e  Q uan tum  M echanics realm  since classical physics has 
not m easurem ent-related  concerns. The relevance of incom patible observables can be tracked 
back to  H eisenberg’s U ncertain ty  Principle [Heisenberg (1928)] and  B ohr’s C om plem entarity  
Principle [Bohr (1928)]. The first states th a t the product of the standard  deviations of position 
and  m om entum  m ust have a lower bound. In H eisenberg’s words “th e  m ore precisely the  
position  is determ ined, th e  less precisely th e  m om entum  is known, and  conversely”. P osition  
and m om entum  are not only com plem entary quantities bu t also incompatible observables; they 
are com plem entary in th e  sense th a t  they  cannot be m easured sim ultaneously. However, the  
com plem entarity  principle goes fu rther s ta tin g  th a t  every m easurem ent is perform ed by a 
macroscopic apparatus over a microscopic object, and it influences the microscopic object state. 
C openhagen in terp re ta tio n  [G om atam  (2007)] expresses th a t  the  microscopic object together 
w ith  th e  ap p a ra tu s  determ ines th e  resu lt of a m easurem ent. In th is  sense, incom patibility  
should not be though t of as p roperty  solely of th e  observables. T he incom patible na tu re  of 
some observables is one of the  defining properties of quan tum  mechanics; one th a t  implies an 
im portant departure from classical principles. On the other hand, the uncertainty  principle and 
com plem entarity have been revisited recently [Saha (2020)].

I t  is possible to  establish a connection between the uncertainty  principle and the com m utation 
relations (com m utators) of two com plem entary observables. Thus, in the scientific literature, it 
is no t uncom m on to  find books re la ting  to  com m utators w ith  com patib ility  or incom patibil­
ity. T he au th ors in [Dirac (1930)-B anks (2018)] s ta te  th a t , if observables com m ute they  are 
com patible and  if not they  are incom patible. A uthors in [Dicke (1960)-M oretti (2019)] define 
com patib ility  and incom patibility  as to  w hether observables can be m easured sim ultaneously 
or not, respectively. References [M andl (1992)-K irsten  (2006)] relate incom patibility  directly  
to  the  uncerta in ty  principle. A uthors in [Schiff (1968), W einberg (2015)] do not even m ake a 
m ention to  com patibility  or incom patibility, a t least directly. From  these samples, it is fair to  
say th a t authors are not cohesive when treating  incompatibility. Surprisingly, the state of affairs 
tu rn s  ou t to  be such th a t  one of th e  m ost fundam ental concepts in q uan tum  theory  is no t a 
solid subject in academ ic books.

An im p ortan t obstacle to  consider com m utators for quantify ing incom patib ility  is th a t  
they  are algebraic struc tu res  th a t  are not directly  m easurable, once w ith  th e  m easurem ent 
resu lts is possible to  o b ta in  only probabilities and  expecta tion  values. It should be expected ,
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therefore, a suitable quantifier of incom patibility  is a function of probabilities and the  ou tputs 
of a m easurement. A nother obstacle is th a t com m utators do not take into account the physical 
s ta te  of th e  system . T he whole s tru c tu re  of th e  q u an tu m  theo ry  is form ulated in a way th a t  
the physical predictions are obtained not only w ith  operators bu t also w ith the quantum  state. 
T hus, one m ay wonder w hether the u ltim ate  notion of incom patibility  should depend only on 
the observables. A fter all, in every actual test of the concept, one always needs to  prepare and 
m easure th e  system , which am ounts to  initially  se ttin g  a q uan tu m  s ta te  for th e  system . In 
o ther words, it is desirable from physics to  have a definition of incom patibility  in the  physical 
space-tim e ra ther th an  in the H ilbert space.

A nother point regarding the im portance of quantum  states in incom patibility  is th a t when 
approaching classicality, there should not exist any m easurem ent of incompatibility. Therefore, 
in tu ition  requires th a t  q uan tu m  incom patib ility  should vanish as th e  system  approaches the  
classical domain—instance th a t is usually accomplished through the quantum  state. Accordingly, 
m easurem ent incom patib ility  has been shown to  d isappear under noise [Schultz (2015)]. In 
such approach, however, one can use the duality relation T r[r ( p ) X] = T r[p  r*(X )] to  m aintain  
a sta te-independen t notion of m easurem ent incom patibility. Indeed , one can always in terpret 
any local noisy channel r ,  leading p to  a classical s ta te , as im plying some degree of fuzziness 
in th e  X m easurem ent. N evertheless, th is  concept seems to  be re la ted  m ore to  experim ental 
im perfections [Designolle (2019)] th an  to  fundam ental classicalization processes involving the 
discard of correlated systems [Zurek (2007), Dieguez (2018)]. A subtler classical scenario can be 
conceived as follows. As far as heavy bodies are concerned, m easurem ents are expected to  be 
nearly nondisturbing, so th a t the resulting physical state  should be independent of the ordering 
w ith which two noncom m uting observables are m easured. We then  have a clear dependence of 
the notion of m easurem ent incom patibility w ith an intrinsic property  (the mass) of the probed 
body. In this case, it is less obvious how to  effectively rephrase classicality in the formal structure 
of the m easurem ent operators. In contrast, the mass is naturally  encoded in the quantum  state 
which is a solution of the  Schodinger equation.

The authors in reference [Cohen (1991)] propose an interesting perspective regarding incom­
patibility. Their argum ent is th a t “when two observables are compatible, the physical predictions 
are the  same, w hatever the  order of perform ing the two m easurem ents (provided th a t the tim e 
interval which separates them  is sufficiently sm all). T he probabilities of ob ta in ing  either one 
observable o u tp u t then  the  o ther observable ou tp u t or the reverse o ther are identical. On the 
o ther hand, if the  observables do not com m ute, the  preceding argum ents are no longer valid.”. 
In the face of th a t, a quantifier first is proposed. W hen performing m easurements of observables 
for a given s ta te , it is convenient to  identify a set called “con tex t” whose elem ents are the  
sta te  in question and the observables. The context generates joint probabilities th a t, according 
to  q uan tu m  m echanics, do not obey Bayes’ rule if all elem ents of a context do not com m ute, 
which m eans th a t  th e  jo in t p robability  d istribu tions differ from each other. If all elem ents of 
a context do com m ute, then  the  joint p robability  d istributions are equal, not v iolating Bayes’ 
rule. This is astonishing, since Bayes’ rule in one of the m ost fundam ental concepts of classical 
p robability  theory. In th is  perspective, it is reasonable to  elect a m easure th a t  quantifies the  
d istance betw een these p robab ility  d istributions. A possible cand idate  is a K ullback-Leibler 
divergence (KL divergence), which is a distance of two probability  d istributions. At first sight, 
this quantifier may manifest two operational drawbacks. F irst, it runs from 0 to  to. However, it 
is not difficult to  introduce a monotonic function confining this large interval to  [0,1]. W ith  th a t, 
the  same inform ation provided by the  K L divergence is entirely rescaled to  a convenient image. 
Second, the com putational effort involved grows w ith  the  H ilbert space dim ension. A lthough,
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as we show later, the  calculations are m apped on vectors of dimension d2 -  1, which, therefore, 
do no involve exponential increase w ith  d .

Some o ther p a th s in th e  lite ra tu re  are taken, instead  of quantifying incom patibility , some 
works contextualize it in a variety of o ther different physical concepts. For instance, a faithful 
sym ptom  of incom patibility  is violations of jo in t  measurability [Busch (1986)-Zim an (2016)]— 
th e  hypothesis th a t  a set of m easurem ents can be decom posed in term s of a single “paren t” 
m easurem ent. Incom patibility  also unveils interconnections between the so-called measurement 
incompatibility  and  nonlocal resources, as for instance Bell nonlocality [Fine (1982)-Bene 
(2018)] and Einstein-Podolsky-Rosen steering [Quintino (2014)-U ola (2015)], in the sense th a t 
incom patibility is a required ingredient to  accomplish them . As for a quantitative assessment of 
the concept, incompatibility robustness measures have been introduced [Busch (2013), Heinosaari 
(2015)] w ith basis on the am ount of noise needed to  render the m easurements (or devices [Haapsalo 
(2015)]) com patible. From  th a t, fu rther developm ents were accom plished w ithin  the  contexts 
of device-independent characterizations [Cavalcanti (2016)-C hen (2018)], state-discrimination  
tasks [Toigo (2018)-Cavalcanti (2019)], and quantum programmability [Buscemi (2020)], through 
which opera tional in te rp re ta tion s were conceived to  m easurem ent incom patibility . Recently, 
however, unexpected features have been noted for some widely used robustness-based measures 
of incom patibility  [Designolle (2019)], some m easures does not satisfy some n atu ra l properties 
of incom patibility , for instance, some m easures are not m axim um  w hen considering m utually  
unbiased bases.

The author in reference [Cohen (1991)] also argues that: “ when two observables A  and B are 
compatible, the measurement of B does not cause any loss of information previously obtained from  
a measurement o f A  (and vice versa) but, on the contrary, adds to it. Moreover, the order of  
measuring the two observables A  and B is o f no importance. This last point, furthermore, enables 
us to envisage the simultaneous measurement of A  and B.” and “ two incompatible observables 
cannot be measured simultaneously. I t  can be seen ... that the second measurement causes the 
information supplied by the first one to be lost. If, for  example, after the sequence: ‘we measure 
A  and find, for  example, a\; the system goes into the state \ u \ ) . We then measure B and find, for  
example, b2 ; the state of the system becomes \o2) : we measure A  again, we can no longer be sure 
of the result, since \2) is not an eigenvector of A. A ll that was gained by the first measurement 
of A  is thus lost ”. In contrast to  the  previous argum ent, th is  is a different perspective to  look 
a t incom patibility ; it involves a different physical concept. T his requires “new” tools to  deal 
w ith  incom patib ility  in term s of inform ation. To th is end, th e  usual ob ject to  com pare two 
quantum  states is the relative entropy, a non-metric ‘d istance’ between two quantum  states. An 
im portan t step toward the introduction of a physical concept w ithin quantum  inform ation field 
is its statem ent in term s of a com m unication task. This move is interesting because it attaches 
an operational in terpretation  of the concept and autom atically indicates th a t such a concept can 
be viewed as a quantum  resource. The task  considered here is the certification of the safety of a 
com m unication channel, which is of prim al relevance for quantum  cryptography [Gisin (2002)]. 
W here th e  idea of a context is still in place, since th e  relative entropy  depends on th e  inpu t 
s ta te  and  also w hat observables are considered. A lthough several quantifiers can, in principle, 
be introduced, it is shown th a t not all are capable of reproducing the expected results.

This work is structured  as follows. In the second chapter, it is introduced the m athem atical 
tools used th rougho ut th is  m anuscrip t. In  it, a b rief review abo u t q uan tum  m echanics is 
presented  regarding density  operators, reduced s ta tes  and  conditional sta tes. A  b rief review 
of classical p robab ility  theory  is also presented, w ith  conditional and  jo in t probabilities. A  
somewhat detailed presentation of “quantum ” probability theory is introduced, which is nothing
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but the adaptation  of conditional and joint probabilities for quantum  measurements. In addition, 
it is shown how to  write states in a general Bloch representation and also in discrete space and 
m om entum  representations.

In th e  th ird  chapter, an incom patibility  fram ework is reviewed intuitively. An argum ent 
is designed to  contextualize Bayes’ rule v iolation in sequential m easurem ents re lating  it to  
incompatibility. Using a symmetric KL divergence of two joint probabilities, a measure of Bayes’ 
divergence is proposed, w ith an appropriate norm alization, which quantifies the incom patibility 
of a context in the interval [0,1]. As an application, a state  of the qubit is considered, together 
w ith its generalization, and a sta te  in discrete space and m om entum  representation.

In th e  fourth  chapter, a fram ework is in troduced  to  te s t th e  safety of a com m unication 
channel, thus linking quantum  incom patibility w ith information—the most fundam ental resource 
for quantum  inform ation and quantum  therm odynam ics tasks [Horodecki (2003)-Costa (2020)]. 
O ur approach employs a key principle powering quantum  cryptography [Gisin (2002)], namely, 
th a t no inform ation can be extracted  from a system w ithout disturbing it [Fuchs (1996), Busch 
(2009)]. As an application, a state  in a d-dimensional space is considered in a generalized Bloch 
representation  and also a system  described in a discrete space and m om entum  representation.

In th e  fifth and  last chapter, th e  conclusions are presented. Some com parisons are shown 
betw een th e  models, and  the ir differences are discussed. In particu lar, we show how our 
information-based framework for contextual incom patibility can be used to  quantify measurement 
incom patibility , thus being re la ted  to  non-com m utativity. We then  close th is  work w ith  
perspectives for fu ture research.
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CHAPTER 2
THEORETICAL BACKGROUND

In th is chapter, we will introduce some im portan t m athem atical tools th a t  will be used in 
this work. To ensure th a t the  reader does not become overwhelmed w ith  all the  m athem atical 
rigour, the  concepts presented  m axim ally simplified to  be possible for one grasp only w hat is 
necessary w ithou t forgetting  th e  underlying physical m otivation. Because th e  m ain subject 
of th is  work is incom patibility  in th e  q uan tum  realm , it is n a tu ra l to  s ta r t  w ith  a review of 
im portan t definitions in quan tum  mechanics. Then, we discuss how to  use quan tum  theory  to 
describe probabilities d istributions, which are quantities th a t  can be obtained  experim entally. 
Although these probabilities describe quantum  systems, i.e., they are ‘quantum  probabilities’, it 
is still possible to  apply the KL divergence to  com pute the  “distance” between two probability  
d istributions. Next, we introduce a som ew hat detailed in troduction  to  Bloch’s representation  
in a d-dim ensional H ilbert space, applying it to  stud y  general p robab ility  d istribu tions. T he 
following subject is a brief in troduction  to  classical and quan tum  inform ation theory. Finally, 
we present a d iscretization m ethod allowing for a simplified trea tm en t of continuous variables, 
such as position and m om entum .

2.1 R eview  of Quantum  M echanics
The most im portan t framework in this m anuscript is the quan tum  theory, whose algebraic 

tools are used throughout. For this reason, a brief review of quan tum  mechanics is given next 
which aim s a t gathering  th e  m ain concepts necessary for th e  com prehension of our findings, 
se tting  the no ta tion , and introducing some advanced notions.

2 .1 .1  Q u a n t u m  S t a t e s
In  th e  previous section, we provide some exam ples of q uan tu m  system s, yet it was not 

discussed how to  describe in a general m athem atica l and  physical s tru c tu re  those kinds of 
qu an tu m  system s. T he qu an tu m  theory  is based on observations th rough  experim ents, which 
give us a p re tty  good view of th e  q uan tum  world. Therefore, th e  theory  gives us postu la tes 
th a t  are sufficient to  describe all quan tum  phenom ena. However, th is physical theory  requires 
a m athem atica l fram ework. In  th is  section, we will in troduce a physical and  m athem atica l 
prescription. T his will give us all the  needed tools to  describe quan tu m  s ta tes  of system s like 
those given previously.
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T he first p o stu la te  is re lated  to  th e  q uan tu m  s ta tes  of physical system s and  sets up  the  
m athem atical structu re  required.
P o s tu la te  1. (Q uantum  state) The ‘s ta te ’ of an isolated physical system in time t is associated 
to a complex vector ( t )) e H  also so-called state vector, where H  is a vector space so-called 
Hilbert space or state space with an inner product and |^ ( t )) must be normalized and describes 
a pure ensemble.

Some systems can be decomposed in a linear com bination of orthonorm al m easurement basis 
{ |^ ;)} e H , referred as ‘superposition’ s ta tes which give us the interference phenom ena, and it 
can be w ritten  as

^ (t)) = X  Ci(t^ ) • (2.L1)i
In the space H  inner products are denoted by ( ^ |^ ), where (^ | is called the ‘dual’ of the vector 
|^ ) and  it is not a vector, b u t a functional, a m athem atical object (a m ap) th a t  takes vectors 
into  a (complex) num ber. T his m eans th a t  (^ | is not an elem ent of H , b u t instead  (^ | e H*, 
w here H* is called th e  ‘dual space’ of H , i.e., th e  space of all linear functionals of H .1 For 
orthonorm al basis we have th a t  ( ^ |^ i-) = Si7-, where Sij is the  ‘Kronecker d e lta ’.

T he sim plest q uan tum  system  is a qub it, which was already m entioned in th e  previous 
section as an example of a quantum  system. In com putation basis, a general state vector can be 
w ritten  as

|^> = cq |0) + cxet6 |1) , 2 (2.1.2)
where cq, ci e C and 6 e IR w ith |cq| + |c i| = 1.

2 .1 .2  Q u a n t u m  S y s t e m s
In th e  present work, we shall deal only w ith  (finite) d-dim ensional H ilbert spaces H  -  Cd, 

i.e., H  is isom orphic to  the  d-dim ensional com plex num ber field Cd, where d > 1 e N. To any 
physical degree of freedom , a space w ith  inner p roduct H  can be defined, whose dim ension is 
determ ined  by the  characteristics of th e  system . Two exam ples of physical system s are given 
below:

•  P h o to n  p o la r iz a t io n :  Photons w ith left-handed and right-handed circular polarization 
have two degrees of freedom, so H  -  C2 and  its eigenbasis is denoted  by { |/) , |r )}, 
respectively. Physical system s w ith  two degrees of freedom are nam ed ‘q u b it’, therefore, 
they  have a two-dim ensional sta te  space.

•  S p in - 1 /2  P a r t ic le s :  F undam ental particles have discrete internal degrees of freedom— 
the spin. The electron, for instance, is a spin-1/2 particle and as such, adm its a description 
H  -  C2 via the so-called ‘com putational basis’ { |0 ) , |1)} (eigenbasis of <r2).

These are the  m ost common and pedagogical exam ples of physical system s whose internal 
degree of freedoms are described by d-dimensional H ilbert spaces. They are pedagogical examples; 
however, one can th ink  of o ther kinds of systems.

1Both spaces, Hilbert space and its dual, are isomorphic H -  H*, thus for all practical purposes (^| is 
the transpose conjugate of ^).Riesz representation theorem affords a convenient description of the dual space 
stablishing a relationship between H and H*

2To avoid confusion, the symbol i is only used for indices and t  is the imaginary number of the set C.
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We can also have composite systems  which are com posed of m ultiple particles. In this 
work, the m axim um num ber of particles th a t we are dealing w ith is two, i .e . , systems w ith two 
particles (or subsystems) w ith d degrees of freedom each are associated w ith a composite Hilbert 
space H XY = H X ® H Y. However, we will not give much emphasis on the composite ones, because 
when treating  incompatibility, we restrain  to  the case of H  (a single system) and not H XY (two 
system s), since it is a simpler scenario and fully captures the  notion of incom patibility.

2 .1 .3  O p e r a t o r s

D e f in itio n  1. (O perato r) A ‘linear operator’ or simply ‘operator’ X  : H  ^  H  acting on a 
Hilbert space H  is a rule that assigns to each ) e H  another vector X ) = |̂ >) e H .3

An opera to r X is said  bounded  if its norm  satisfies ||X |^ ) || < to, V |^ ). T he set of all 
bounded operators of H  is denoted & (H ). O perators also have duality, operators called ‘ad-joint 
operators’ or ‘dual operators’ denoted X^ and acting accordingly to  the rule (^ | X^ = (^ |, where 
(<A|, (^ | e H *.

C o m m u ta to r  a n d  A n t i - c o m m u ta to r
D e f in itio n  2. (C om m utator) Given two operators X and Y the ‘com m utator’ is given by

[X, Y] = XY -  YX (2.1.3)
and the ‘anti-commutator’ is given by

{X, Y}+ = XY + YX. (2.1.4)
Notice th a t X, Y e & (H ) , if X e & (H x ) and Y e & ( H y ) their com m utator is null, one acts 

in one space and the other acts on a complete different space. Two operators X and Y are said 
to  be ‘com m utative’ if [X, Y] = XY -  YX = 0 and ‘non-com m utative’ if [Y, X ] ^  0.

D e g re e  o f  N o n -c o m m u ta t iv i ty
D e f in itio n  3. (Non-com m utativity degree) The ‘non-commutativity degree’ o f two operators X 
and Y is given by

•T{x,y} := 4 ll[X ,Y ]||, (2.1.5)
where ||X|| =  sjTr(X^X) is the ‘Hilbert-Schmidt n o rm ’ of X and 1/4 is only a proper normaliza­
tion factor.

The last definition is a state-independent object whose m ultiplication constant 1/4 is merely 
a norm alization factor. Notice when A{x,y} = 0, X and Y commute.

3An useful way to write an operator is in terms of vectors, X = |^) (^|.
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T ra c e  O p e ra t io n
Given an opera to r X and  two com plete o rthonorm al bases { |^ ) , |^ j )}, th e  ‘tra ce ’ of X  is 

w ritten  as dim H
Tr X = £  <<A>|X|^) .  (2.1.6)

i=1
The trace operation  has the  following properties:

i) B a se  in v a rian c e : £  <<A,|X|^) = £  <& |X |& ) .  (2.1.7)
> j

ii) C y c lic  p e r m u ta t io n :  Tr(XYZ) = Tr(YZX ) = Tr(ZXY ). (2.1.8)

iii) P a r t i a l  t ra c e :  T rX (X <S> Y) = Tr(X)Y and T ry  (X <S> Y ) = Tr(Y)X. (2.1.9)
Here, X <S> Y denotes the ‘tensor p ro du ct’ between X and Y which describes systems consisting 

of m ultiple subsystem s, it acts on th e  com posite space H X <S> H Y. A nd TrX denotes th e  trace  
only in the space where X acts on, i.e., H X. And TrY denotes the trace only in the space where 
Y acts on, i.e., H Y.

P r o je c t io n  O p e r a to r
An example of H erm itian operator is the so-called ‘projection opera to r’ or ‘pro jecto r’. Given 

an o rthonorm al basis {|xjj)} e H  of an opera to r X w ith  eigenvalue xn, th e  p ro jec to r in the  
subspace corresponding to  the eigenvalue xn is given by

9n
x„ = £  |xn )<xn | . (2.1.10)

i=1
Henceforth, the convention is th a t X , Y, . . .  denote generic operators whereas Xn, Ym, . . .  denote 
projectors. Xn is called a projector because it projects any vector |^ ) onto the subspace defined 
by the X-eigenbasis {|xjj)} e H .

Any projector has the following properties:
i) Id e m p o te n c y :  X;( = Xn. (2.1.11)

ii) C o m p le te n e s s :  ^ j X n = 1. (2.1.12)
n

iii) O r th o g o n a li ty :  X„Xm = XmX„ = X„d„m. (2.1.13)

P a u l i  M a tr ic e s
An im portant example of H erm itian operators are the Pauli matrices; they are 2 x  2 complex 

m atrices and also generators of the SH (2) group, w ritten  in the form

■■ -  CD- - -  (; y -- (;:)■ »■"<>
They have the following properties:
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2 2 2  °X = °y = °Z = t ^xOyO'z = -Iff (2.1.15)

ii) d e t (<7;) = -1 , Tr (0 ) = 0; (2.1.16)

iii) [oi,Oj] = 2 tf ijfcofc, {o-;, oy}+ = 2Sij 1; (2.1.17)
where is the Levi-Civita symbol.

O ther useful properties, which can be derived from the previous ones are:
OiOj = S i;l + tfijfcOfc, (2.1.18)

and
(a  • ct)(6  • ct) = (a  • 6)1 + t ( a  x  6) • ct, (2.1.19)

where ct = (ox, oy, <rz) and a, 6 e IR3. Notice th a t the Pauli m atrices in equation (2.1.14) together 
w ith  th e  iden tity  1 form a com plete set of opera to rs in S ^ (2), such th a t  any 2 x  2 m atrix  
representing the  operator X can be w ritten  in term s of them , th a t is

X = cqI + cio-x + C20y + C30z = ( CQ_+ C3 C1 tC^  (2.1.20)y \ci + t c 2 cq + c3 )
where c; e C.

2 .1 .4  Q u a n t u m  S t a t e  G e n e r a l i z a t i o n
P u r e  D e n s i ty  M a tr ix

Representing quantum  states as state  vector |^ ( t) )  is not the most general formulation. An 
alternative m athem atical description of the  quan tum  sta te  is the  so-called ‘density  m a trix ’ or 
‘density opera to r’ p ( t ). Instead of representing a quantum  sta te  as a vector one can represent a 
quantum  state as a m atrix  w ritten  in term s of a state  vector. A lthough m athem atically different, 
s ta te  vectors and  density  operators are equivalent to  pure  ensembles. T he definition of th is 
density operator is

P := |^ ) ( ^ |  • (2.1.21)
A quantum  state  is called ‘pure’ if all elements of an ensemble of a given system are prepared in 
th e  sam e s ta te  |^ i), and  th e  ensem ble is represented  by (2.1.21). However, we do not always 
have full inform ation abo u t th e  sta te . A p roperty  th a t  only pure s ta te s  satisfy  is T r(p2) = 1, 
because a pure density operator is a projector, which is idem potent.

Consider th e  s ta te  vector of a qub it w ritten  in equation  (2.1.2), as a sim ple exam ple. Its 
pure  ensem ble density  opera to r which describes a qub it in a superposition  of th e  norm alized 
orthonorm al vectors |0) and |1) can be w ritten  as

p  = ) # | = | CQ|2 |0) (0| + cqc; |0) (1| + cicq |1) (0| + | c 112 |1) ( 1 |, (2.1.22)
w here |0) (1| and  |1) (0 | are off-diagonal term s responsible for interference effects, |0) (0 | and 
11) (11 are diagonal term s responsible for th e  populations, which can be clearly identified in 
m atrix  representation,

p = (S cci )■ (2 1 2 3 )
2 2The probabilities are encoded in the coefficients |cq| and |c11 , they  are related to  “popula­

tions” (diagonal term s). The off-diagonal term s cqc* and c*c1 are called “quantum  coherences”, 
term s th a t carries the quantum ness of the sta te  differing it from the classical ones.
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M ix e d  D e n s i ty  M a tr ix
Not always quantum  systems are described by pure states. One can have ‘statistical m ixtures’ 

as {pi, | f )}, th e  so-called ‘m ixed’ sta tes. Consider an ensem ble consisting of N  copies of a 
system where n i systems are in the state | f ), w ith N  = £  i ni. The probability of finding a given 
system  in th e  s ta te  | f ) is given by p i = n i/N  (also called s ta tis tica l w eight), w here £ i p i = 1. 
So, we can write the mixed ensemble density operator as a convex sum (classical superposition) 
of pure ensemble density operators p i as

p n X  pipi = X  pi \ f i X i ' i I, (2 d .2 4)

where the density operators pmix stands for mixed ensembles and p i for pure ensem bles.4
Consider an ensemble w ith probability p  of having a qubit in the pure state |0) and (1 -  p) 

for the pure sta te  |1). T he density operator for such a mixed sta te  reads

P = X  pi I^i> I = p  \°> <°\ + (!  -  p )\!>  <!\ . (2.1.25)

Using m atrix  representation, we clearly see th a t this state  has no quantum  coherence in the 
com putational basis:

P = (p  i -  p ) -  (2-l.26)
Example: One can ask w hat the difference is between pure and  m ixed states. Consider, as

an illustrative example, the following three scenarios involving an ensemble w ith N  copies of the
same system.

•  First case -  P ure ensemble for N  copies in sta te  |0):
P = |0 ) ( 0 | . (2.1.27)

•  Second case -  Pure ensemble for N  copies in sta te  | f )  = |0) + e^ a N  |1):

P = NO '°> (° 1 + N  10  0 1 + (e U > {>> 1 + 6 1  ° > ■ (2.1.28)
•  Third case -  Mixed ensemble for N  copies, no in sta te  \ °> and ni in sta te  \1>:

P = no l° > <0| + N  |1><1| ^  ^ > W '■ (2.1.29)
The term  in parenthesis in equation (2.1.28) is responsible for the quan tum  coherence of p 

in th e  com pu tational basis. Also, it is notew orthy th a t  only pure superpositions can encode 
relative phases (^ ), which are measurable in interference experiments. For this reason, we cannot 
always represent quan tum  states by vector states.

In  conclusion, the vector-based description of a physical state  only applies when one has full 
knowledge of the preparation  scheme (pure ensemble). In general, though, the density operator 
approach is th e  only way of considering s ta tis tica l ignorance (fu rther th a n  th e  fundam ental 
quantum  fluctuations). In addition, mixed states also emerge when p art of a m ultipartite  system 
(the environm ent) is discarded, which is always the  case in experim ents.

4Henceforth both density operators will be called a density operator, physical state or simply ‘state’, as one 
can obtain pure ensemble density operators through mixed ensemble density operators.
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P r o p e r t ie s  of P h y s ic a l  S ta te s
Every density operator m ust obey the following properties to  represent a physical state:

i) H e rm itic i ty :  p^ = p .
ii) N o rm a liz a t io n :  Tr p = 1.

iii) P o s i t iv i ty :  <M|p|^) > 0, (V |^ ) ^  0) 5.
For every pure ensemble, we have th a t  T rp 2 = 1. In fact, T r(p 2) is a m easure of the  purity  of 
the  sta te  p. A nd the m ean value of an operator X is given by

(X) = T r(X p) = £  Pi <M|XM) . (2.1.30)
i

C o m p o s i te  S ta te s
For single H ilbert space H , th e  q uan tum  s ta te  is given by equation  (2.1.24). However one 

can consider a system consisting of two parts, each one w ith their own Hilbert spaces, i.e., the 
part X  is associated w ith the Hilbert space H X and the p art Y associated to  H Y. So, the system 
Hilbert space, or the composite space, is the tensor product H XY = H X <S> H Y. Then, the density 
opera tor of the system  is denoted  p = pXY e & (H X <S> H Y). If the  jo in t system  is p repared  in a 
pure sta te , one can w rite

|M) = £  ^  M )x ® |& )y - (2.1.31)U
where { |^ ) X} is a basis in H X and { |^7-)Y} is a basis in H Y. The pure s ta te  w ritten  in term s of 
equation (2.1.31) is

p XY = |M) <M |xy = £  CijCk,l |M) <̂ fc |X ® |^i ) <0*| Y - (2.E 32)

which acts on H XY. The mixed sta te , we have

pxy = £  9i,j \ f i ) <fi|X ® \$i) <0j|Y - (2.1.33)
y

where p ij  is a probability  distribution , pX = |^ i) <M|X e & (H X) and pY = \$j) <^j| e & (H Y).

R e d u c e d  D e n s i ty  O p e r a to r
An im portant concept when only p art of the joint system is accessible is the ‘reduced density 

o p e ra to r’ or ‘reduce s ta te ’. As previously, suppose one has a system  of two p a rts  w ith  space
H X ® H y and  s ta te  p XY. W hen one is in terested  in p a r t X  only or have no access to  th e  p a rt
Y , a density  opera to r p X can be ob ta ined  via p a rtia l trace  over th e  space H X. In th is  way, 
one ensures th a t  the  rem aining p art is only an element of &  (H X). Thereby, a reduced density 
operator belonging to  &  (H X) is w ritten  as

pX = TrY (pXY) ■ (2.E 34)
5 The inequality is only satisfied when p is written in a basis that is orthogonal to the basis of |M) e H.
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If one is interested in the converse, i.e., in a reduced density operator belonging to  & (H Y), one 
m ust trace the p art, which gives

pY = TrX (pXY) • (2^ .3 5)
As an example, let us consider the  singlet sta te

|0) J 1)V- | 1) J 0)V |s) = | )X | )Y— | )X | )Y • (2.1.36)
V2

The density operator is 

pxy = |s) (s| = 1 ( |0) (0|x ® |1) ( 1|y + |1) (1|x ® |0) (0|y -  |0) (1|x ® |1) (0 |y -  |1) (0|x ® |0) (1|y
(2.1.37)

Tracing H y  we obtain  the  reduced density operator
|0) ( 0 |x + |1) ( 1|x 1

and tracing  H x  we obtain
pX = TrY(pXY) = 2 = 2, (2.1.38)

T , N |0 )(0 |y + |1 )(1 |y 1 (2 1 3 9 )
py = Trx (pxy) = -----------2------------= 2 • (2.1.39)

2 .1 .5  Q u a n t u m  M e a s u r e m e n t s
In quantum  theory, possible values obtained from a m easurem ent of a physical quantity  are 

th e  eigenvalues of th e  observable representing  th a t  quantity. However, w hen opera tors were 
introduced in section 2.1.3, it was sta ted  th a t operators act on H ilbert spaces, i.e., they  act on 
complex vectors th a t  can produce complex eigenvalues. B ut in laboratories, we do not obtain  
com plex num bers as m easurem ent results. So, the  following postu la tes are restrictions to  the 
wide range of operators to  consider only those which describe real physical m easurem ents.

O b se rv a b le s
T he only possible way to  investigate quantum  sta tes is through m easurem ents. So, the  next 

definition introduces observables
D e f in itio n  4. (Observable) Observable is a Hermitian operator X whose eigenvectors form  an 
orthonormal basis that span the state space in which that observable exists.

The following postu la te  is abou t w hat describes physical m easurem ents
P o s tu la te  2. (M easurem ents) -  Every measurable physical quantity x  is described by an 
Hermitian operator whose basis span H  which X acts on and is called ‘observable’.

We have seen th a t  p ro jecto rs take a vector s ta te  and p ro ject it into ano ther vector. If we 
have an observable X whose eigenstates are {|x;)} w ith  eigenvalues x;, using the  properties of 
projectors then d d d

X = X !  = X Y j x i = Y  XXi  = Y  x ;X- (2.1.40)
;=1 ;=1 ;=1

This procedure to  write observables in term s of its eigenvalues and projectors is called ‘discrete’ 
spectral decomposition of the observable X.

Now we prove an im portan t theorem  concerning com m uting observables.
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T h e o re m  1. Two observables X and Y can be decomposed on the same eigenstates basis { |xi, )} 
i f  and only i f  they commute  ([X, Y] = 0).
Proof. The eigenvalues of X and Y are denoted by x i and y j , respectively. Consider a sta te  |M) 
whose basis is the eigenstates {|xi, y j )} similarly to  equation (2.1.1). Thus, we can write

XY |M) = X £  ciY |x i- yy) = £  ciyjX |xi- yy)

= £  'ciXiy,|x„y,> = Y £  CiXi|x„y,> (2.M 1 )
i i

= YX £  Ci |xi,y,-) = YX |M) ■
i

We proved th a t if the X and Y have the same basis decomposition, they commute. Now to  prove 
th a t if X and Y commute, they m ust have the same basis decomposition, we consider a generic 
vector |M). It follows th a t

YX |M) = XY |M) = X(Y |M)) = xi(Y |M))■ (2.1.42)

So, |M) is an eigenvector of X and also Y |M), such th a t the action of Y preserves the eigenspace 
of X . □

R e s u l ts  o f  M e a s u re m e n ts
N ot every m athem atica l solution is physically possible. T hus, the  following p ostu la te  is 

about possible results of m easurem ents,
P o s tu la te  3. (Possible results) -  The measurement ‘possible results’ o f  x  are the eigenvalues 
of the observable X .

P r o b a b i l i ty  o f  M e a s u re m e n t  O u tp u t s
W hen doing m easurem ents one can obtain  probabilities of getting eigenvalues of an observable. 

For this reason, the postu la te  bellow is about m easurem ent probabilities for finite-dim ensional 
H ilbert space,
P o s tu la te  4. (P robability ) -  I f  X |xjj) = xn |xjj), where i = 1, 2, . . . , ^ n, the ‘probability’ of  
obtaining xn is given by p xn = p (x n) = Tr(Xnp ), where Xn is the ‘projector’ and p is the density 
operator.

A lthough p xn is a ‘quantum ’ probability, in the  sense, th a t  it comes from a quan tum  sta te , 
it can also result in a ‘classical’ probability, which is the  populations of the  quan tum  s ta te  p n. 
In th e  next section, m ore details are provided concerning th e  differences betw een “quan tum ” 
and classical probabilities.

S ta te s  A f te r  M e a s u re m e n ts
It has been postulated the possible results of a m easurement, but the next postulate provides 

a p icture to  w hat happens to  the  sta te  afterw ard, the famous collapse postulate.
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P o s tu la te  5. (State collapse) -  After obtained x„ in a measurement o f x ,  the state | f ) collapses 
to a normalized state |f) .Vp (x« )

After a m easurement, the quantum  state collapses to  a projection of the eigenbasis {| x*)} e H . 
The postu la te  5 can also be w ritten  in term s of density operators as

p* = . , , (2.1.43)^ T r  (X„pX„)
where p'n is the sta te  after a m easurem ent of X .

D y n a m ic s  o f  Q u a n tu m  S ta te s
The dynam ics of quan tum  sta tes is p ostu la ted  next, the also famous Schrödinger equation, 

which describes the quan tum  sta te  tim e evolution.
P o s tu la te  6 . (Tim e evolution of sta tes) -  A time evolution of state vector | f  (-)) is governed 
by the ‘Schrödinger equation’ rh  J- \ f  (-)) = H (-) \ f  (-)), where H (-) is the ‘Hamiltonian operator’ 
of the system.

T he solution of th e  Schrödinger equation  predicts w hat happens to  th e  in itial s ta te  after 
some tim e - and also the experim entally verifiable objects, such as probability distributions and 
expectation values. The Schrödinger equation is the tim e evolution of the vector sta te  \ f ), but 
one can consider th e  tim e evolution of th e  density  opera to r p , in th is case, th e  equation  th a t  
describes the density operator tim e evolution is the  von Neum ann equation, w ritten  as

rh  |P  = [H, p ]. (2.1.44)

2 .1 .6  C o n d i t i o n a l  S t a t e
Consider the following two types of systems.

S in g le - P a r t i te  S y s te m s
Consider a quantum  system described by a density operator p w ritten  in term s of vectors in

H . After a m easurem ent of an observable X , the system is in an eigenstate of X , nam ely {\x;)}. 
Therefore, the  system  was restricted to  a particular basis, bu t it does not prevent one to  make 
other m easurements, e.g., of an observable Y. The post-collapse state  p = \x;) (x;| is called ps\Xi, 
it is often in teresting  to  call th e  s ta te  ‘conditioned s ta te  to  x ;’ to  em phasize w hat observable 
was m easured w ith  which o u tp u t and is w ritten  as

ps|xi '= Tr(X ;pX;) , (2.1.45)
here, the ‘x ;’ subscript means th a t the system was m easured by the observable X whose projector 
is X;, i.e., reinforcing the  idea th a t the system  is collapsed in one of the eigenstates of X . And 
th e  subscrip t ‘S’ stand s for th e  rest of th e  system  th a t  has no t collapsed; otherw ise, it would 
not be a state.

23



We can show th a t p after the  collapse is the  sta te  pS|x. is, in fact, an eigenstate of X
= X;pX; 

pS|Xi Tr (X;pXi)
= |X;) (X;|^) (^|X;) (x;| 

T r( |X;) (X;^) (^|X;) (X;|)
= |<X;|^)|2 |x ;X x;| i2.1

|(X; |^  ) |2 
= |x;) (x;|
= W

Thus, pS|x. = X; is actually  a projector in the subspace corresponding to  the eigenvalue x ;].

C o m p o s i te  S y s te m s
Given a b ipartite state  p e &  (H X <S> H Y), a measurement of observable X yields the collapsed 

sta te  (2.1.45), which upon partia l trace, gives

Py|x; := Trx X iP
Tr(X lP ) Trx (XiP ) , (2.1.47)Px;

where p Xi = Tr(X ip ), accordingly to  postu late  4.
On the  o ther hand  in the opposite situation , i.e., if one m easures Y first and then  X , then  

the conditional s ta te  is now given by

PX |yj ‘ Tr(Yjp )
TrY (Y/P ) TrY (Y/P )

Pyj
(2.1.48)

E x a m p le s
We provide two simple bu t intuitive examples of how to  calculate conditional states.

1. Single systems: Suppose Alice has a Stern-Gerlach apparatus in the z-axis direction in her 
laboratory  and also Bob in his laboratory. They agree th a t Alice prepares a system w ith 
spin 1/ 2 in a particu la r s ta te  and  makes th e  first m easurem ent, then  send the  resulting  
system to  Bob, so th a t he can make his measurements. Afterwards, she prepares a particle 
in the pure sta te

|^ ) = a  |+) + £ | - ) , (2.1.49)
whose density operator is w ritten  as

p  = | a |2 | +) (+ | + a ^ * |+) ( -  | + ^ a * | - )  (+| + | /1| 2 | - )  ( -  | • (2.1.50)
A fter a m easurem ent of th e  observable o , Alice ob tains + 1/ 2 (spin up) or - 1/ 2 (spin 
down). Thus, she ob ta ins a pure  s ta te  conditioned to  her m easurem ent outcom e. For 
instance, suppose th a t  Alice ob tains +1/ 2 in her labora to ry  and  then , send th e  s ta te  to  
B ob‘s laboratory, the  sta te  th a t she sent is the conditional sta te  w ritten  as

0+p 0+ |+) ( + | p |+) ( + | I . w . i  2011115
pS|+ = Tf<o+po+> = (+ |p |+) (2 ' L51)
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where we simplified it using th e  p roperties of th e  trace  and  replaced equation  (2.1.50). 
Therefore, the  resulting sta te  is an eigenstate of az (the Pauli m atrix  for the z-direction). 
Something expected, since | f ) collapses to  one of the eigenstates of a , which is | +), in this 
case. So, if Alice obtains + 1/ 2, Bob receives a sta te  of a particle w ith spin up w ith 100% 
of resulting + 1/ 2, since his sta te  is conditioned to  Alice’s m easurem ents.

2. C om posite systems: Suppose again the  sam e scenario, th a t  Alice and  Bob have S tern- 
Gerlach apparatuses in z-axis in their laboratories and they agree th a t she makes the first 
m easurem ent. T he system  to  be m easured is two particles w ith  spin 1/2 described by 
a singlet s ta te  given by equation  (2.1.37) th a t  describes two entangled  particles em itted  
from a source. Alice receives one particle and make the first m easurem ent a A. Bob receives 
the  other particle after Alice makes her m easurem ent. T he task  is to  write the sta te  th a t 
Bob receives, since his sta te  is again conditioned to  Alice’s m easurem ents. We can write 
the  sta te  of the two particles em itted  from the source as

p = U  |+) <+1- ® | - )  <-■ +1-) < -1- ® |+) <+| ■)2 V ’ (2.1.52)
; ( |+ M -  |„ ® |- )< + | ,  - | - ) < + |a ® | +) <-| , ) ,2

where, A  and B stands for the spaces where Alice’s and B ob’s observable operate, respec­
tively. If Alice’s result is + 1/ 2, Bob receives the  conditional s ta te

TrA K p ) Tiy ( |+) <+|ap ) (2 1 5 3 )
pB|+ = = <^|p|+)A , (2 '1 '53)

or, simplifying it

2 TrA (| +)<+| A ® |- ) < - |  B - |  + )< - | A ® |- )< +  | B) , w  , , 0 1 r „pB|+ = ----------------------------1/2------------------------------  = | ) < |B , (2 .1.54)

T h a t is, if Alice’s m easurem ent gives spin up, Bob will receive an electron w ith spin down
w ith 100% of chance.

2.2 Generalized Bloch R epresentation
We have seen th a t two-level systems can be represented by qubits which are associated w ith 

a 2-dim ensional H ilbert space. However, one can have system s w ith  N  levels represented  by 
d-dimensional H ilbert space. We will introduce the Bloch sphere first, which is a representation 
for qubits and then  its generalization for d-dim ensional spaces.

2 .2 .1  B l o c h  S p h e r e
Consider a system  described by a 2-dimensional H ilbert space prepared in the sta te

| f ) = C0 |0) + c ie te |1 ) . (2.2.1)
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S ta te s
Since {1, a } form a complete set of operators th a t acts on H  -  C2, we can write the two-level 

system  sta te  as
P = , (2.2.2)

where a  = (ox, <jy, <rz) are the  Pauli m atrices in vector notation, r  is the  Bloch vector, a vector
3 3w ith  any direction in IR w ith  |r| e [0,1]. So, r  • a  = £  rmom, w here ox = <rx , 02 = <ry andm=1

03 = <oz, the  (2.2.2) m aps every p into one vector r ,  therefore, the  set of all physical s ta tes are 
m apped in a solid sphere, the Bloch sphere. W hen r = 1 we have a pure sta te , i.e., pure states 
live in the surface of the Bloch sphere, since

1 rTr (p2) = —  (2.2.3)
therefore, in th is case, T r(p 2) = 1. W hen r < 1, p is m ixed s ta te , i.e., m ixed s ta tes  live inside 
the Bloch sphere, since T r(p 2) < 1.

Equation  (2.2.2) can be w ritten  in the m atrix  form as
p  = 1 ( 1 + r* r,  -  ) .  (2.2.4)

2 \ rx + ^ry 1 -  rz J
Equations (2.2.2) and (2.2.4) are similar to  (2.1.20).

In spherical coordinates, we can w rite r  = (sin 8 cos 0, sin 8 s in 0, cos 8), w here |r |  = 1, 
8 e [0, k ] and 0 e [0, 2k ], thus

= ( cos2 (8 /2) e-i0 sin (8 /2 ) cos(8 /2 )) ( 5)
P \e i0 sin (8/ 2) cos (8/ 2) sin2 (8/ 2) j - ( . . )

O b se rv a b le s
In the particular case where one has a 2-dimensional H ilbert space associated w ith a two-level 

system , we can w rite th e  spectra l decom position of th e  observable X  by equation  (2.1.20) , 
considering a simple case where T rX  = 0, as well as for spin observables, then  we can w rite

3
X = x io i + X202 + X303 = ^  xfcofc, (2.2.6)

fc=i
w ith  the  condition th a t x2 + x^ + x^ = 1, points on unit sphere. We can also w rite it as

X = x  • a ,  (2.2.7)
such th a t X has the eigenvalue equation X |x^) = k  |x^), where k  = ±1. So, the observable adm its 
the spectral decom position 6

X = £  kXk, (2.2.8)
k=-1,+1

and projectors
1 + k x  • a  .Xk = -------2------ . (2.2.9)

It is trivial to  verify th a t (2.2.9) is a projector. Also, pu tting  it in equation (2.2.8) results in 
(2.2.7).

6Where we denote the eigenvalues in the set {-1, +1} rather than {1,2}.
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2 .2 .2  G e n e r a l i z e d  P a u l i  M a t r i c e s
To introduce the  next topic, we have to  introduce a generalization of the  Pauli m atrices, 

which are only valid to  systems w ith two degrees of freedom. The m ain reference to  this subject 
is [Aerts (2014)].

Consider a d X d u n ita ry7 m a trix  U w ith  determ inan t +1. Such m atrix  belongs to  the  
SC (d) group. Consider the  m atrix  U th a t  has d2 -  1 generators A ; and d2 -  1 real param eters 
m; = (ui, M2, . . . ,  Md2_ i) , thus we can w rite in vector notation,

U = ei u -  A (2.2.10)
As the Pauli m atrices, A; has similar properties:

i) Null trace:

ii) P roduct trace:

iii) Com m utator:

Tr(A ;) = 0 (Vi);

Tr(A; A j ) = 2Sij;
d 2- l

[Au Aj ] = 2i  ^  fijkAk; 
k=i

(2.2.11)

(2.2.12)

(2.2.13)

iv) A nti-com m utator:
d2- l

{A;, A j}+ = d S p l  + 2 Y j dpkAk. (2.2.14)
k=l

w here f 7k is an anti-sym m etric  tensor and dpk is a sym m etric  tensor. These tensors are also 
called structure constants of the  algebra and are given by

and
fijk = d i  Tr ( [Ai, Aj ] Ak) ,

dpk = ^  Tr ({A;, A7}+Ak),

(2.2.15)

(2.2.16)
Therefore, for a given dim ension d there are different _fpk and dpk in kind and in num ber.

E x a m p le s
Two examples follow, one for the algebra of the group SU (2) whose generators are the Pauli 

m atrices which describe qubits, thus A1 = ax , A2 = ay and A3 = az. The o ther for SU (3) whose 
generators are th e  G ell-M ann m atrices which describe q u trits  (system  w ith  th ree  degrees of 
freedom), thus Ai = Ai, A2 = A2, A3 = A3, A4 = A4, A5 = A5, Ag = Ag, A7 = A7 and Ag = As.

1. Q ubits: In this case, d = 2, we have 3 generators A;’s which are called Pauli m atrices and 
3 M;’s which form a 3-dim ensional Bloch vector. Their properties are given by equations 
(2.1.15)- (2.1.19).

7Unitary operators must satisfy the condition: UU  ̂ = U^U = 1.

27



2. Q utrits: In th is  case d = 3, we have 8 generators A ;’s which are the  Gell-Mann matrices 
and 3 w; ’s which consist of a 8-dimensional Bloch vector. They are given by:

0
Ai =

A4 :=

A7 =

0 1 0\
1 0

0 )\0 0 0/
0 0 1\0 0

0 )\1 0 0/
0 0 0
0 0 - i

\0 i 0

A2 =

A5 =

\

\

i  
0
0
0 0 
i  0

As = V3

i 0\0
0 ),0 0/

- A
0 ) ’0 /

1 0 0
0 1 0

\0 0 - 2

A3 =

A6 =

1 0 0
0 -1 0

\0 0 0

0 0 0\
0 0 1)

\0 1 0/
(2.2.17)

2 .2 .3  B l o c h  B o d y
We in troduce th e  Bloch body, which is a generalization of Bloch sphere, as nam ed by 

[Appleby (2007)], for a d-dimensional object. The authors in reference [Aerts (2014)] introduce a 
generalized Bloch representation. In this section, we will give an introduction to  some highlights 
which are convenient for us.

S ta te s
T he com plete set th a t  acts in H  -  Cd is {1, A1, A2, •••, Ad2- 1}. Therefore, we can w rite a 

generic sta te  as
1 + Cd r  • A 

p = ------- 4------- , (2.2.18)
d ̂ -1w ith r  = X r ;e , e IRd2 1, { e ,} is an orthonorm al basis and Cd is a quantity  th a t in Grassmanni =1

algebra8 determines the dimension of the vector space of the exterior product of ey, it is given by

Cd = Id (d -  1) (2.2.19)

It is notew orthy th a t not all states are represented by (2.2.18) for d > 3.
By taking the sum (pA ; + A;p )/2 , then, its trace, one obtains the components of r  which are

2(d -  1) Tr (p A;). (2.2.20)

G e n e ra liz e d  V e c to r  P r o d u c t s
In IRd the inner p roduct between two vectors a  and b is given by

d 2-1
a  • b = ^  £yya;&y,

U=1
(2.2.21)

8Also known as ‘exterior algebra’, it is the algebraic system whose product is the exterior product, the product 
between vectors in higher dimensional spaces which forms volumes and areas, cross product is a particular case 
of exterior product.
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and the k-th  com ponent of the  cross product between a  and b is given by
d 2- i

( a  x  b)k = £  fijkOify. (2.2.22)
U=x

However for higher-dimensional vector space, for instance, in IRd -1 , it is required a general­
ization of those products. In IRd -1 , one has the  so-called wedge product,

d2- 1

( a  A b)k := £  ./-jkOi^j. (2.2.23)
U=1

which is an anti-sym m etric product.
Consider now a basis w ith  two un it vectors

e 1 = ( j ) ,  e 2 = (1 ) .  (2.2 .24)

If two vectors u  and v in IR2 are spanned by this basis
u  = u1e 1 + w2e 1 (2.2.25)

and
v = v 1 e 1 + v 2e 1. (2.2.26)

T he area of the parallelogram  formed by u  and v is
fU1 v 1'A =  |det (u v ) | det \«2 V 2 I |U1V2 -  V1W21, (2.2.27)

(2.2.28)

and the wedge product of u  and v is
u  A v = (w1e 1 + W2e 1) A (v1e 1 + v2e 1)

= M1V1 e1 A e1 + M1V2 e1 A e2 + W2V1 e2 A e1 + W2V2 e2 A e2 .
B ut for any bivector which is defined as e i A ey, we have the  properties:

i) ei A ey = -  (ey A e t) ; (2.2.29)

ii) e i A e i = ey A ey = 0. (2.2.30)
Therefore, we can simplify (2.2.28),

u  A v = (u1v 1 -  v 1u2) e 1 A e 2. (2.2.31)
Thus, we in te rp re t p roducts like (2.2.23) as an oriented  area. In th e  case of (2.2.31) it is a 
parallelogram  oriented and  depending on how its vertices are defined we have a clockwise or 
counterclockwise orientation, th is being defined if (2.2.31) is negative or positive, respectively.

A nother relevant operation  is the  so-called star product, which is a sym m etric product. Its 
k -th  com ponent is defined as

C d 2-1
(a  ★ b)k =  d ^ d2 diykfli&y, (2.2.32)

U=1
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(2.2.33)

such th a t  a  ★ b = b ★ a.
W ith  th e  p rodu cts (2.2.23) and  (2.2.32) in hand  w ith  (2.2.14) we can w rite a generalized 

version of (2.1.19) as
d 2- i

( a  • A )(b • A) = £  aibjAiAj
i,j = 1
d2-1 d2-1 d2- 1 2

= ^   ̂ aibj 4 ^   ̂ JijkAk + ^   ̂ dijfcAk + d ^ i j l  
i,j=1 k =1 k =1

which, after simplification, reads
2 d -  2(a  • A )(b  • A) = — (a  • b) t  + 4 (a  A b) • A + — — (a  ★ b) • A. (2.2.34)d Cd

If d = 2 we recover all results (2.2.4) and (2.1.18) for SU (2).
Following th e  sam e idea as for SU(2), we can find th e  conditions th a t  th e  vector r  m ust 

satisfy. We will find th a t , pure  s ta te s  not ju s t  live in th e  surface of th e  Bloch body, b u t also 
satisfy r  ★ r  = r .

O b se rv a b le s
In SU (2), we have seen th a t  observables can be w ritten  as in (2.2.9). Now in SU(d) for a 

given eigenbasis w ith d eigenvectors | | x i)}, an observable X adm its a spectral decomposition in 
term s of the  projectors

1 + Cd x; • A  .X  =   , (2.2.35)

where x ; is an unit vector in IRd -1 . Applying the properties (2.2.35), we find

£ x  =  i = £  i 1 + Cd X i ' A '
(2.2.36)• 1 • 1 v d /i=1 i=1 N '

d
= 1 + —d £  Xi • A.

d Jk

It follows th a t  in the  second step we have to  impose

d £  Xi • A = 0 (2.2.37)
i=1

implying th a t d
£  Xi = 0. (2.2.38)
i=1

Note th a t the d vectors x; do not form a basis in IRd -1 . They are not independent unit vectors
since one can w rite any vector in term s of others. For instance, for qubits we have X1 + X2 = 0,
hence X 1 = -X 2.
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The spectral decom position of a traceless observable X then  reads

X = ^  XiXi
i=l

d
= ^ Xi ( ̂  + Cd X i * A)

i=l
d d

= d  Z  Xi + d  Z  Xi (X  • A)i=1 i=1
which ensures th a t

i=1 i=1
So replacing this result in equation (2.2.39) we have

- d d

(2.2.39)

Tr X = Z  Xi Tr(Xi) = ^  Xi = 0. (2.2.40)

X = -ddX iX i (Xi ■ A) = x  • A  (2.2.41)
i=1

so th a t  we obtain  the  following definition
- d

X =  -d d ^ X iX i. (2.2.42)
i=1

2.3 Classical Probability Theory
T he classical p robab ility  theo ry  was p u t on a axiom atic system  by A ndrey Nikolaevich 

Kolmogorov in 1933 (see [Kolmogorov (1950), Ross (2012)]) which is based on ‘probab ility  
spaces’ (S, F , ^ ). W here S is th e  set of all possible resu lts in a experim ent, called ‘sam ple 
space’. F  is a com m utative algebra called ‘a-a lgebra’, the  space of events whose elem ents are 
subsets of S. And [i, a ‘probability  m easure’, is a function a : F  ^  [0,1]. In this theory, every 
subset A  e F  is a possible event and  p(A ), a function from  F  to  th e  interval [0,1] e IR, is 
th e  p robability  th a t  event A happens. In w hat follows, we will give an in tu itive  definition on 
probability  d istributions.

2 .3 .1  A x i o m s
Any probability  has the following properties or axioms, where A, B and C are subsets of the 

same spaces S.
i) If two events, A and  B, are said im possible events, w here 0  is th e  em pty  set com m on to

both  events, then p (0 ) = 0, and the probability of the intersection p (A  0  B) = p(A, B), the
probability  of “A and B occur” in an experim ent is

p(A, B) = 0. (2.3.1)
ii) If Ac is the com plement event of A, then,

p (A c) = 1 - p ( A ) . (2.3.2)
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iii) If A and B are any two events, then, the probability of the union p (A  U B) is the probability
of “A or B occur” in an experim ent, which is given by

p(A  U B) = p(A ) + p(B ) -  p (A ,B ). (2.3.3)
iv) If A and B are m utually  exclusive events,

p (A  U B) = p (A ) + p (B ). (2.3.4)
v) If A, B and C are any three events,

p (A  U B U C) = p(A ) + p (B ) + p (C ) -  p(A, B) -  p(A, C) -  p(B, C) + p(A, B, C). (2.3.5)

2 .3 .2  C o n d i t i o n a l  P r o b a b i l i t y
Suppose th a t  B is an event in S w ith  p (B ) > 0. The probability  of an event A occur once B

has happened, the conditional p robability  of “A given B” is denoted p(A |B) and defined by

P (A |B) — M(AbB) . (2.3.6)(B)

2 .3 .3  J o i n t  P r o b a b i l i t y
Suppose now A and  B are any two events. Then, th e  p robab ility  of b o th  events A and  B 

occur is the so-called jo in t  probability of “A and B”. It is defined as
p(A, B) := p (A )p (B |A ). (2.3.7)

Similarly, for the  opposite situation, i.e., the  probability  of bo th  events B and A occur is given 
by

p(B, A) := p (B )p (A |B ), (2.3.8)
where p(A, B) = p(B ,A ), this relation will play a central role in pur posterior discussions.

If  A and  B are independent events, i.e., th e  occurrences of A or B do not depend on each 
other, then  equation (2.3.7) tu rns out to  be

p(A, B) = p(A ) p (B ). (2.3.9)
We see clearly th a t  if A and B are independent events p  (B|A) = p  (B), since B does not depend 
on A and p(A |B) = p(A ), because does not depend on B.

2 .3 .4  M a r g i n a l  P r o b a b i l i t y
Suppose th a t one sums equation (2.3.7) over all possible o u tpu ts of event A,

^  p  (A;, B) = ^  p  (A, ) p(B  |A;). (2.3.10)
; ;

The result is the  marginal probability of the  event B:

P (B) =  ^ P  (A;,B) = ^ P (A; ̂ (B |A; X (2.3A1)
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The same can be done w ith  the possible ou tpu ts of B in equation (2.3.8), i.e.,
P(A) =  (A, B j) = ^ p  (Bj )p (A  |Bj), (2.3.12)

j j
where here (A) is called m arginal probability  of event A.

W hen one has a binary variable (events whose elements consist of A and its complement Ac) 
we can w rite the m arginal p robability  of B, for instance, as

p(B ) = p(B |A ) p(A ) + p(B |A C) p (A c). (2.3.13)
Consider, for instance, a simple case to  illustrate conditional, joint and m arginal probabilities. 

Suppose a box contains 24 toasters, 3 of which are defective. If two toaste rs are selected and 
tested , w hat is th e  p robab ility  th a t  b o th  are defective? T he probab ility  of the  first toaste r 
be defective is th e  m arginal p robab ility  p  (d p  = 3/24 = 1/8. Suppose th a t  th e  first is indeed 
defective, now rem ains 23 toaste rs  and  the re  are 2 defective to aste rs left in th e  box, the  
p robab ility  th a t  the  second is defective is th e  conditional p robab ility  p (d 2|d p  = 2/23. T he 
probability  th a t  b o th  toasters are defective is the  join t p robability  p (^1,^ 2) = p ( d p p ( d 2|d p  = 
3 /24 x  2/23 = 1/92. To ob ta in  th e  m arginal p robab ility  p (d 2), th e  inference over th e  result 
of th e  second toaste r be defective not conditioned to  th e  first, we can use equation  (2.3.13), 
p (^ 2) = p (d 1 )p (^ 2|d p  + p ( d p p ( d 2Mi), w here p ( d p  is th e  p robab ility  of th e  first toaste r not 
be defective, since the re  are 21 not defective ou t of 24, p (d£) = 21/24. T he te rm  p (d 2|d p  
is th e  conditional p robability  of th e  second be defective once th e  first is not, as the re  are 23 
to aste rs  left and  3 defective, then  p (d 2|d p  = 3/23. C om puting  th e  m arginal probability , we 
have, p (^2) = 1/92 + 21/24 x  3/23 = 1/8, same result for p (d 1) .

2 .3 .5  B a y e s ’ R u l e
In classical theory, the order of occurrence of two events does not m atte r, in the sense th a t 

events occurring in the order A and B or in the order B and A have the same probabilities, th a t 
is

p(A, B) = p  (B, A ). (2.3.14)
Using (2.3.7) and (2.3.8), we obtain

(A) (B|A) = (B) (A|B). (2.3.15)
Dividing by p(A ) we get the conditional probability  (2.3.6) in a different m anner

P (B )P (A |B) ,0 0 1 ^P (B |A) = ------- TTT . (2.3 .16)(A)
The last equation is called B a yes’ rule, it gives the probability  of an event occurs w ith basis on 
previous knowledge. Bayes’ rule connects two conditional probabilities p(B |A ) and p (A |B ), i.e.,
one is th e  inverse of th e  other. Thus, Bayes’ rule is a form ula to  “tu rn  th ings around”, being
called by its creator Thom as Bayes as inverse probability.

Alternatively, we can w rite (2.3.16) by identifying the  m arginal probability  p (A ), so th a t
, nlA  ̂ P (B )P (A |B) f o o t ^P (B|A) = ^ — , A , , n iA , . (2.3 .17)Z i P (A; m B |A;)

If one has a binary variable, then
/ rMN _ ________P (B )P (A |B)________

P  p (A )p (B |A ) + p (A c) p(B |A C). . .
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2.4 Quantum  Probability
In quan tum  theory, we have already introduced a postu la te  which gives the probability  for

th e  m easurem ent of an observable. Given a s ta te  p and  an observable X , th e  p robab ility  of
obtain ing the  X eigenvalues x„ , is w ritten  as

p„ = Tr (X„p). (2.4.1)
Its classical correspondent is the probability  p(A ) of an event A. Rew riting equation (2.4.1) in 
a basis {|x„)} using the properties of the trace, we get

p n = <XB|p |x„) .  (2.4.2)
For pure states p = |^ ) (^ |, equation (2.4.2) reduces to

P« = |(x„ |^ ) |2 . (2.4.3)
Equation (2.4.1) is the most general way to  write probabilities w ithin the quantum  formalism, 

since it is valid bo th  for pure and mixed ensembles.

E x a m p le :  Q u b it
Consider a qub it s ta te  given by (2.2.2) su bm itted  to  a m easurem ent of th e  observable 

X = X • a  whose projectors Xi are (2.2.9). The probability  of getting the outcom e x i reads
Pxi = Tr (Xip)

Tr [(1 + iX • a ) ( l  + r  • a ) ]
= 4

Tr ( l  + r  • a  + iX • a  + i(X • a ) ( r  • a ) )
= 4 .

Since we can w rite the product (X • a ) ( r  • a )  as (2.1.18) and Tr ( a t ) = 0, then
Tr + r  • a  + iX • a  + i(X • r ) t  + H (X  x  r )  • a]

P x; = --------------------------------- 4---------------------------------
= [1 + i (X • r ) ]  T r l  (2.4.5)

4
1 + i(X • r )

= 2 .
Notice th a t  p Xi depends b o th  on |r| and the angle between r  and ;r.

E x a m p le :  Q u d its
For qudits, a system  w ith  d degrees of freedom , when d = 2 it is nam ed qub it, we can

com pute probabilities using the  generalized Bloch representation. F irst the  probability  of one
obtain ing the  o u tpu ts Xi in a m easurem ent of X over a sta te  p reads

(2.4.4)

m /V \ 1 + (d -  1)Xi • rP x; = Tr(X ip) = ---------- j ---------- . (2.4.6)
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If the input state  is an eigenstate of X , i.e., p = Xi>, then the probability will be p Xi = Tr(X iXi/) = 
T r( |x i) (x;|x ;/) (x;/|) = Sn' , we can w rite  th e  in ternal p ro duct betw een th e  u n it vectors of an 
observable as dSii/ -  1

Xi • Xi' = d _ i  . (2.4.7)
satisfying equation (2.2.38), since £ i x ; • x ;/ = (d -  d ) /(d  -  1) = 0.

2 .4 .1  C o n d i t i o n a l  P r o b a b i l i t i e s
S in g le  S y s te m s

Q uan tu m  m echanics is adap ted  to  describe no t only single m easurem ents. O ne can have 
m ultip le m easurem ents, sim ultaneous or sequentially. T h e  idea is th e  sam e as in classical 
theory. Suppose Alice receives a quantum  state p and makes a measurement of the observable X . 
According to  postu la te  4, the probability  of Alice to  get x ; is p Xi. The post-m easurem ent sta te  
is then  sent to  Bob, who will perform  a m easurem ent of observable Y. The probability  of Bob 
getting  yj is given by p yj \x. , which is a p robab ility  d istrib u tion  conditioned to  every outcom e
x; obtained  in Alice’s m easurem ent. In o ther words, the  probabilities obtained  by Bob can be
affected by Alice’s previous m easurem ents.

A ccording to  th e  q uan tu m  m echanical form alism , th e  referred conditional p robab ility  is 
w ritten  as

Py^|x = P (y j |x;) := Tr (Y'PsX) . (2.4.8)
Given th a t  p S\x. = X;, we can rewrite (2.4.8) as

PyjX = Tr (Y/Xi) . (2.4.9)
If th e  opposite happens, th a t  is, Bob m easure Y and  th en  Alice m easure X, then  the  

probability  th a t  Alice obtains x; is conditioned to  B ob’s action according to
Px;\yj = P (xi|yi') =  Tr (X iPS\yj ), (2.4 .10)

which can be re-w ritten  as
Px,\yj = Tr (XiY;) . (2.4.11)

Notice th a t  p Xi\yj = p yj\X,, by the cyclic p roperty  of the trace.

C o m p o s i te  S y s te m s
Consider now a system  com posed of two subsystem s associated  w ith  a H ilbert space . 

Alice receives one particle , makes a m easurem ent of X w ith  probability  p Xi. Bob receives the  
o ther particle and measures an observable Y. T he conditional probability  reads

PyjX = P (y t|x ;) =  TrY (YjPy\x, ), (2.4 .12)
where p Y\X, is the conditional state  given by (2.1.47). The opposite situation can also occur, i.e., 
Bob measures Y and then  Alice m easures X. T he conditional p robability  now reads

Px,\yj ^ (x iy )  =  TrX (XiPX\yj ) . (2.4 .13)
Notice th a t the difference between single to  composite systems lies in the conditional s ta te  and 
also the  trace in the  probability  formulas.
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E x a m p le :  Q u b it
C onsider a qub it p repared  in the  s ta te  (2.2.2) . R egardless of th e  ordering one chooses for 

the m easurem ent of X and Y, we obtain
P yj\Xl = P Xi\yj = Tr (YjXi)

Tr [ (1 + iX • a ) ( l  + j y  • a )  ]
= -------------------4-------------------  (2.4.14)

Tr (1 + j y  • a  + iX • a  + ij(X  • a ) ( y  • a ) )
= 4 '

Using (2.1.18) and T r(a t ) = 0, we find
Tr [ l  + j y  • a  + iX • a  + i(X • y ) l  + j (X x  y) • a]

Py j |xi = Pxi |y j = 4

[1 + O'(X • y ) ] Tr 1
= 4

where Tr = 2. Finally, we have
_ 1 + U (X • y) 0̂ . 1^Pyj |xi = Pxi |yj = 2 ' (2.4 .16)

E x a m p le :  Q u d its
Using general Bloch representation  2.2.3 we have

(2.4.15)

1 + (d -  1)Xi • y7' 
d

For qubits (d = 2) we have, e.g., X* = iX and y^ = j y  and formula (2.4.16) is readily recovered.

Pxi|yj = Pyfixi = Tr(XiY,) = ----- ( d ) i y7 . (2.4.17)

2 .4 .2  J o i n t  P r o b a b i l i t i e s
S in g le  S y s te m s

Suppose one is given th e  task  to  ob ta in  th e  p robab ility  of m easuring two observables X 
and  Y. In classical physics, m easurem ents ju s t reveal given inform ation abou t th e  system s 
w ithout significantly disturbing the  physical sta te . Then, when two observables, X and  Y, are 
measured, the joint probability of finding x* and yj is p(x*, y7-) regardless of the time ordering w ith 
which these observables are actually measured. In quantum  mechanics, however, m easurem ents 
fundam entally d isturb the state of the system, in a way such th a t the ordering “X then  Y” may 
lead to  ra ther different results from “Y then X”. In this case, it is fair for one to  wonder whether 
some am biguity  will arise concerning th e  description of th e  jo in t p robab ility  p(x*, y7-). This 
rationale reveals th a t, in fact, conditional probabilities may be more fundam ental objects, for 
they  allow us to  w rite ( )

Pxi,yj := PxiPyj |xi = Tr(X ip) Tr (bps|x i). (2.4 .18)
In th e  case, it is clear th a t  th e  jo in t p robab ility  is constructed  under th e  prem ise th a t  X is 
m easured before Y. Using (2.4.9), we further obtain

Pxi,yj := Tr(X ;p) Tr(Y;Xi). (2.4.19)
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Now, when the inverse ordering is taken, quantum  mechanics predicts th a t

Pyj X =  PyjPxj \y j = Tr (Yi'P) Tr (XiPS \yj ) (2.4 .20)
which, along w ith (2.4.11), reduces to

Pyj,x, =  T r(Y p ) T r(X Y ). (2.4.21)
Since equation  (2.4.19) is not generally equal to  (2.4.21), th e  d istinct n o ta tions p Xi,yj and

P yj,X; for th e  jo in t p robab ility  are justified. Recall th a t  such a d istinction  is im m ateria l in
classical physics.

If one sums over all possible values of j  in equation (2.4.19) the result is

£  Px,,yj = £  Tr(X iP) Tr( Y x ;)
j j

= Tr(X ;p) £  T r(Y X )
j

/ \ (2.4.22)
= Tr(X ;p) Tr

j
= Tr(X ip) Tr(X;) 
= Tr(X ;p),

YjXi

where we identify Tr(X ;p ) = p Xi. Then,

Px; = Px; ,y j , (2.4 .23)
j

which, as in classical theory, is called the marginal probability of X . However,

P x; ^  £  £ Pyj,X;. (2.4 .24)
j

is also a m arginal p robability  b u t different from p X;. T his resu lt is in teresting  since it shows 
th a t  the ordering of the m easurem ents really m atte rs  in quantum  mechanics.

On the o ther hand, sum m ing overall x; in equation (2.4.21) we find

£  Pyj,x; = £  T r(Y p ) T r(X Y )i i
= Tr (Y p ) £  Tr (Y X )

(2.4.25)
Tr (Yjp) Tr Yj Xi

i
= Tr(Y/'P) Tr(Y/')
= Tr (Y/'P),

where we identify Tr(Y/p) = p yj. Then

Pyj =  £  £ Pyj,x;, (2.4 .26)
i
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which is the marginal probability of Y. Once again, though, we have
P yj ^  Px;,yj . (2.4.27)

i
Therefore, equations (2.4.24) and (2.4.27) violate th e  principles of classical theory. As we 

have seen in classical theory  p x; = £  • p x.,yj = £  • p yj,x;, b u t th is  fails in q uan tum  theory. T he 
reason lies in the  order th a t  one m easures observables X and Y, since in general p x;,yj ^  p yj,x;. 
We are finding clues th a t  somehow q uan tum  probability  theory  differs from th e  classical one. 
Later on, we will show th a t it is connected to  incom patibility, som ething inexistent in classical 
theory.

C o m p o s i te  S y s te m s
Given a b ipartite  state  p  e &  (HX ® Hy), upon m easurem ents of X e &  (HX) and Y e & (H y) 

in this sequence, the joint probability  d istribution  is given by
Px; ,y j = Px;P yj |x; = T r(XiP) Try (YjPy fa ) , (2.4 .28)

whereas for the  opposite sequence, we find
Pyj,x; = PyjPx;|yj = Tr(YjP ) Trx (X ipx |yj ) . (2.T 29)

E x a m p le :  Q u b its
W ith  probabilities (2.4.5) and conditional probabilities (2.4.16) for qubits we can w rite the 

joint probabilities
1 + i (x  • r )  + i j [(x  • y) + j (x  • y ) ( x  • r ) ]Px; ,yj = -----------------------------4----------------------------, (2.4 .30)

and [ ]
1 + j  (y  • r ) + ij  [ (x  • y ) + i (x  • y ) (y  • r ) ]Pyj,x; = -----------------------------4----------------------------. (2.4 .31)

E x a m p le :  B lo c h  B o d y
W ith  probabilities (2.4.6) and  the conditional probabilities (2.4.19) we can w rite the joint

probabilities in generalized Bloch representation  for outcom es x i and yj in respective m easure­
m ents of X and Y:

1 + (d -  1) [x i • y j + x i • r  + (d -  1) ( x i • y j ) ( x i • r ) ]Px; ,yj = -----------------------------------J 2 , (2.4 .32)
whereas for the  converse order one has

1 + (d - 1) [x i • y j + y j • r  + (d -  1) ( x i • y j ) (y j • r ) ]
Pyj ,x; = ------------------------------------J 2-----------------------------------. (2.4 .33)

For one qubit (d = 2) we have, e.g., x i = i x  and y j  = j y ,  thus
1 + i (x  • r )  + ij  [ (x  • y) + j  (x  • y ) (x  • r )  ]Px; ,yj = ----------------------------4----------------------------  (2.4 .34)

and [ ]
1 + j (y  • r )  + ij [(x  • y ) + i(x  • y ) (y  • r ) ] . or,Pyj ,x; = ----------------------------4---------------------------- , (2.4 .35)

already obtained in equations (2.4.30) and (2.4.31).

38



2.5 Inform ation Theory
In this section, a brief review is m ade abou t inform ation theory. This is necessary because 

all quantifiers th a t  will be defined in th e  m ain topics of th is  work are based on th e  quan tum  
notion of inform ation.

Our m ain interest is the physical meaning of information; however, it is a general subject, in 
the sense th a t it can be applied in a variety of contexts. We tre a t here, therefore, inform ation 
as a physical quantity. The references which we follow are [W itten (2020), Preskill (2019-20)]. 
As usual, we s ta rt w ith  the  classical theory  and then  move to  the quan tum  theory.

2 .5 .1  C l a s s i c a l  T h e o r y
The classical inform ation theory  does not take into account superposition phenom ena, this 

means th a t quantum  mechanics is not applied to  the theory. The smallest am ount of information 
is called bit, being denoted  by 0 or 1. T he b it can be used to  quantify  dichotom ous variables 
only: the parity  of a num ber, the face of a coin, the  sta te  (on or off) of a lam p, etc.

S h a n n o n  E n tr o p y
To illu stra te  th e  idea behind  Shannon entropy, suppose th a t  Alice has a w eather radio 

sta tion 9. She is hired by Bob to  inform him every day if it the  next day will be sunny or rainy 
w ith equal probability, i.e., a probability of 50% of each happening. If she tells Bob th a t it will 
be raining the  next day, then , Bob has gained ‘1 b i t ’ of useful inform ation abou t the weather, 
or in o ther words, his u ncerta in ty  has d ropped  by a factor of 2 . Since his uncerta in ty  was 
about 2 possibilities, now there is only 1 possibility. Thus his uncertainty has been divided by a 
factor of 2. I t does not m a tte r how m any bytes she used to  encode the  message sent to  Bob’s 
receptor; every single exceeding bit of inform ation is useless. The useful am ount of inform ation 
about raining or not raining is 1 bit since we have 21 = 2. The num ber of bits is ju st log of the 
numerical factor by which his uncertainty  is divided. In  this case, the num ber of bits is given by 
log2 2 = 1

Alice is also hired by Charlie, b u t he has a bigger dem and. He w ants to  know 8 equally 
possible states, depending on how m any clouds and rain  there will be the next day. W hen she 
informs Charlie about the weather, his uncertainty will drop by a factor of 8, i.e., he will gain 3 
bits of useful inform ation, since 23 = 8. In this case, the  num ber of bits is log2 8 = 3.

However, suppose th a t  the  w eather s ta tes  are not equally possible. In B ob’s case, assum e 
th a t  there is 25% = 0.25 of chance of the  next day to  be sunny and  75% = 0.75 to  be rainy. If 
Alice informs Bob th a t it will be sunny the next day, Bob’s uncertain ty  has been divided by a 
factor 4. So, Bob has gained 2 bits of useful information, since 22 = 4. In this case, the num ber 
of b its  is log2 4 = log2 1/0.25 = 2 or -  log2 0.25 = 2. If Alice informs th a t  it will be rainy the  
next day, the  num ber of b its  of useful inform ation is -  log2 0.75 = 0.415. Therefore, when the  
next day is rainy, Bob gains less inform ation th an  when it is sunny. B ut one can ask how much 
inform ation Bob gains every day on average. The answer is

0.25 x  2 + 0.75 x  0.415 = 0.81125 bits. (2.5.1)
This is the Shannon entropy, introduced by Claude Shannon in his 1948 paper [Shannon (1948)]. 
The Shannon entropy can be sum m arized by the  following statem ent

9Weather radio station, telephone cable, etc...are examples of a classical channel of communication.
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The Shannon entropy H (X ) quantifies the uncertainty degree about the random  
variable X  before the message reception. Or, it quantifies the information degree 
about the random variable X  after the message reception.

Considering a more general case, for instance, a message encoded as a string of two symbols 
a w ith  probability  p  and b w ith  probability  1 -  p  like

abaabbabbaaa . . . ,  (2.5.2)
one can ask how m any b its  one can ex trac t on average from th is  message w ith  N  b its. T he 
answer is

H (p) = - p  lo g p  -  (1 -  p ) log(1 -  p), (2.5.3)
where H  is called binary Shannon entropy 10. The num ber of bits in the  message is N H .

In a even m ore general scenario, we can im agine a collection X  = {x \ ,X 2 , .. .,Xk}, e.g., an 
alphabet, w ith probabilities p i , p 2, . .  . ,P k . The entropy per le tter is given by

k
H ( p i) = -  ^  P; lo g p i. (2.5.4)

i=1
C o n d it io n a l  E n tr o p y  a n d  J o in t  E n tr o p y

Consider now th a t Alice sends a report to  Bob about the next day w eather state  w ith many 
letters X  = {x1,X2, .. . ,Xk}. However, her signal is too weak since she employs a noisy channel of
com m unication. Bob receives a slightly different message, b u t w ith  le tters  Y = {y1, y2 , . . . ,  yk}.
One can ask how m any bits Bob gains after Alice transm itted  her report.

We have first to  analyze what are the probability distributions. Suppose th a t in these rough 
conditions the probability  th a t  Alice sends Xi and  Bob receives yj is p (x u y j ). The probability  
th a t  Bob receives y j , sum m ing over all w eather possibilities, i.e., sum m ing over all A lice’s 
intended symbols, is k

v (y j) = J ]  p f e y j ) . (2.5.5)
i=1

If Bob receives y j , he can estim ate  th e  p robability  th a t  Alice has sent Xi by w riting  the  
conditional probability

p (x;\yj) = P  ̂ X(l , y ) . (2.5.6)P (y j)
The ignorance th a t Bob attribu tes to  Alice signal after he receives yj is the Shannon entropy 

conditioned to  the  acquisition of knowledge, th a t is
k

H  ( X \yj) = -  ^ p  (x ;\yj) log ( p  (x ;\yj ̂ . (2.5.7)
i=1

If one averages over all symbols th a t Bob receives, one obtains the average entropy th a t remains
in Alice’s signal once Bob receives yj or the so-called conditional entropy, th a t is

k
H  (X  \ Y) = £ p  (yj )H  (X \y j), (2.5.8)

j= 1

10If one uses log2, H has units of ‘bits’. If one uses ln, H has units of ‘nats’. It is conventioned that 0log0 = 0.
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or, k k
j-1 =1 p ( y j ) \ v i y j ) )

or, simply,

H  ( x  y  := -  Z  ^ y j  ) log ( i X y ^  ) • (2-5-10)
It can be interpreted as information content th a t Bob still does not have about X  after receiving 
y j . A fter further m anipulations, we find

H ( X |Y) -  -  ^  p (Xi,yj) to g p (Xi,yj) + ^  p (x ;,y i-) log p (y j )
k

T>(xi,yj) log p (y j ) (2.5.11)i,j =1 i,j =1
= H (X, Y) -  H(Y),

where we identify the jo in t  entropy
k

H ( X ,Y ) -  -  ^  P (x i, y j) log P (x i, y j) . (2.5.12)
i,j=1

Notice th a t it is similar to  Shannon entropy, the difference being th a t it has two sums and joint 
probability  d istributions.

P r o p e r t ie s  o f  E n tr o p y
The following properties take from [Chuang (2000)] are properties of the  entropy:

i) H (X ,Y )  = H ( Y ,X );
ii) H (X ) < H (X , Y ), equality if and only if (iff) Y = f  (x );

iii) If there are k  possible results for X , then  H (X) < log k , equality iff p  (x) = 1 /k ;
iv) S u b a d d it iv i ty :  H ( X ,Y ) < H ( X ) + H (Y ), equality iff X  and Y  are independents;
v) H (X \Y ,Z )  < H ( X |Y).

M u tu a l  In fo rm a t io n
However, noisy th e  signal m ay be, Bob can still gain inform ation ab o u t A lice’s original 

message by reading Y . This is possible whenever the  messages X  and Y  share some correlation, 
which is quantified via the  m utual information:

I ( X  : Y) -  H (X) + H (Y) -  H (X, Y), (2.5.13)
or,

i(X  : Y) - i > (* - yj) lo g ( ï l t é J  • (2 5 1 4 )i, j -  1
This quantity  gives us how much inform ation X  has about Y  and vice-versa. Accordingly, it 

can be shown th a t I (X : Y ) -  0 if and only if X  and Y  are uncorrelated.
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K u llb a c k -L e ib le r  D iv e rg e n c e
Suppose Alice w onders if Bob got th e  right inform ation th a t  she sent every tim e, despite 

th e  noisy com m unication channel they  have. T he inform ation associated  w ith  th e  messages 
is quantified by m eans of th e  p robability  d istribu tions p  and  q. To verify how different the  
d istributions are, one can com pute the quantity

D P (xi ) log
i=1

' p f a  ) ' 
, q (^i ), (2.5.15)

which is called Kullback-Leibler divergence (KL divergence) or relative entropy. If the probabilities 
are equal, i.e., p (x ) = q (x ) we have D = 0, m eaning th a t  th e  b roadcast was perfect, w ith  no 
inform ation lost. If p  (x ) ^  q  (x ), Alice can establish a interval for D th a t she considers th a t  it 
was a good broadcast. One may wonder w hether D is a proper m etric to  quantify how “d istan t” 
th e  d istribu tions are from each o ther. For th is  reason, we in troduce th e  following theorem  
regarding K L divergences.
T h e o re m  2. ( N o n - n e g a t i v i t y  o f  K L  D iv e rg e n c e )  For any two probability distributions p (x ) 
and q (x ), the K L  divergence is always non-negative, i.e., D ^ p (x ) ||q (x )j > 0, where the equality 
is satisfied i f  and only i / p ( x ) = q (x ).
Proof. To proof the  previous theorem  we have to  introduce the  useful inequality:

log(x) ln(2) = ln (x ) < x -  1 (2.5.16)
or

log (x) > 1 -  x
m 2 ).

Therefore, we can rewrite (2.5.15) as

D c) ) = | >  (xi >log (Ü  )

= - 1  ^ (xi ) log f ê  )

> ï - 5  Ê p (xi) I 1i=1
k

q  (xi) '
p (xi) ,

{p (xi) - q (xi) )
i=1

(2.5.17)

(2.5.18)

ln 2 
1 -  1 
ln 2 

0.

Based on the previous theorem  we can say th a t KL divergence is a good distance, 
does not satisfy triangle inequality, therefore it is not a metric.

O ther im portan t theorem s presented in [Cover (2006)] follow.

□

however it
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T h e o re m  3. (L o g -s u m  in e q u a l i ty )  I f  x 1, X2 , . . . , x n and y1, y 2 , . . . , y n are non-negative numbers 
then

Xi i n
§ Xi log \ v , '  " Z q  log w\ i=l

m =i  x a  
zn=i V i) ’

(2.5.19)

with equality i f  and only i f  Xi/y ; = const.
T h e o re m  4. (C o n v e x i t y )  D (p \\q ) is convex in the pair  (p, q ), so that fo r  the probability 
distributions (p  n q O  and (P 2, <42), we have fo r  all X e [0,1]

D + (1 -  X)p2IIM1 + (1 -  X)q2) < X D (p 1 ||q1) + (1 -  X) D (p 2||q2), (2.5.20)
T h e o re m  5. (K L  D iv e rg e n c e  is  n o t  s y m m e t r i c )  For any two probability distributions p (x ) 
and q (x ), the following equality is not always valid

D (2.5.21)
in general, fo r  a given x  e X .

Example: Suppose th a t Alice selects two different weeks in the year to  analyze the broadcast 
quality.

1. Week 1: During this week there were few clouds in the sky and sunny most days, therefore 
th e  b roadcast should be good. Alice has th e  following d a ta  of w hat she sent and  w hat 
Bob received for the  probability  of raining in th a t day:

D a y  1 D ay  2 D a y  3 D a y  4
Alice
Bob

1/4
1/2

1/2
1/4

1/4
1/8

1/4
1/8

W ith  this data , she com putes the  KL divergence:

d = 4  iog
«  0.52

1) * H II * 1iog t ) *  4 log\ s /

11 
t  
1\8 , (2.5.22)

so, D is a small num ber, indicating th a t  the broadcast in th a t  week was good.
2. W eek 2: D uring  th is  week there  were a lot of clouds in th e  sky and  w ith  storm s m ost 

days; therefore the broadcast should be bad, which caused a m isunderstand in one of the 
messages lines by Bob.
Then, the  KL divergence w ith  this d a ta  will be:

D 4 log
11 1

t  * -  log 0 2 t ) *  4 log\4

/ 1
t

\8 , *  4 log
t 1

t1\8 , (2.5.23)

where the convention used is p  log 1/0 = p  log to = to, for any p  > 0. Thus, Alice concludes 
th a t  in week 2 the  broadcast was much significantly worse th a n  week 1. In o ther words, 
Bob lost more inform ation during week 2 th an  during week 1.

=
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D a y  1 D ay  2 D a y  3 D a y  4
Alice
Bob

1/4
0

1/2
1/4

1/4
1/8

1/4
1/8

J o in t  K u llb a c k -L e ib le r  D iv e rg e n c e
Suppose now th a t Alice wants to  include Charlie in her broadcast analysis to  verify how bad 

or how good are their communication channels. In this case, instead of (2.5.15) w ith probability 
d istribu tions p (X ) and  q (X ), she needs to  ad ju st her m easure, once now her probab ility  
distributions are the joint probability distributions p (x , y) and q(x , y). This is so because, using 
different channels to  com m unicate, Alice ac tually  delivers sym bols xi, x2, . . . ,  xfc to  Bob and 
yi, y2, . . . ,  yi to  Charlie. So, the KL divergence th a t she com putes is now given by

D
k

(p (x , 7 ) ||q (X, Y)J = 2 , 2 j p (xi, y/) log
i=1 j=1

' p (x» y j) '
^ q f e y / ) ,

(2.5.24)

where p  and q  are the probabilities received by Bob and  Charlie, respectively, concerning the 
next day weather.

If Bob and Charlie also decide to  compare the quality of their communication channels w ith 
Alice, then, they  com pute the following K L divergence

D T ) | |p  (x , y )) q (xi, y,-) log
i=1 j=1

' q f e y / ) '
, p (xi, y j) ,

(2.5.25)

The sym m etric K L divergence is w ritten  as
1Ds = -à 2 D , y) |k (x, y n  + D q (x ,y) |b (x ,y (2.5.26)

or,
Ds Ê Êi=1 j=1

p (xi, y/) log /p (xi, yj) ' 
^q(xi, y j) , + q f e  y/) log /q (xi, y j) ' 

^p(xi, yj) , (2.5.27)1
2

2 .5 .2  Q u a n t u m  T h e o r y
In classical theory, we saw th a t inform ation is represented by bits {0,1}, which can describe, 

for example, states of current and no-current in a wire. However, in quantum  systems, we have 
seen physical quantities are not always well defined, so th a t two-level system s can be prepared 
not only in the orthogonal sta tes |0) and |1), b u t also in a coherent superposition a  |0) + ^  |1). 
In this capacity, one has a quan tum  bit (qubit).

For a given q uan tu m  s ta te  p  Shannon entropy  does not apply  since it provides us w ith  
inform ation associated w ith a probability distribution of a random  variable x .  In other words, 
it was not conceived to  deal w ith  q uan tu m  s ta tes . For th is reason, we introduce the  following 
subject.
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V on  N e u m a n n  E n tr o p y
A reasonable measure for quantum  inform ation m ust include quantum  states, in some limit, 

the Shannon entropy. Thus, John von Neum ann introduced in 1927 in his paper [von Neumann 
(1927)] the von N eum ann entropy

S(p ) = -  T r (p  logp ) . (2.5.28)
w ith properties.

i) S (p ) > 0, the  equality if and only if p is a pure state;
ii) S (p ) < log d , the  equality if and only if p is a m axim ally mixed state;

iii) S (p ), is invariant under un itary  transform ations, S (p ) = S(U pU -1) ;
iv) C o n c a v ity : For p ; > 0, i = 1, 2 , . . . ,  n, w ith  £ ”=i p ; = 1, we have;

I n£  Pip; > £  P ;S(pi) ; (2.5.29)
\ i=1 ! i=1

v) S u b a d d it iv i ty :  S (p ) < S(pX) + S(py), the equality if and only if p = p X <g> py;
vi) For p i > 0, i = 1, 2 , . . . ,  n, w ith  Y!i=1 V i = 1, and an orthonorm al basis we have th a t

S (p ) <  £  P ;S(p;) +  H (p ;); (2.5.30)
i=1

such th a t n / n \ n
£  P iS(p i) < S ^  p i#  < ^  P iS(Pi) + H ^ i ) . (2.5.31)
i=1 i=1 i=1

As Shannon entropy we can summarize the  von N eum ann in the  following short statem ent: 
The von Neum ann entropy S (p ) is an uncertainty measure associated with p .

Being a H erm itian operator, p can be w ritten  in diagonalized form (spectral decomposition):

p = ^  Pi W i I = ^  Pipv (2.5.32)
i i

where { I ^ )} is an orthonorm al basis and p i are the p eigenvalues (which have in terpretation  of
probabilities). Let the eigenvalue relation be: A  |a) = a |a). Since f  (A) |a) = f  (a) |a), where f  is
any function. Then simply using the trace in a convenient base we have

T r f  (A) = £  ( a |f  (A )|a) = £ f  (a ). (2.5.33)
a a

Using f  (x ) = - x  log(x), we obtain

S(p ) = -  £  Pi log (2.5.34)i
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which is the Shannon entropy w ith  probability  d istribution  p ;. Because (2.5.34) can always be 
w ritten , the  non-negativity of the Shannon entropy implies th a t

S (p ) > 0, (2.5.35)
the equality only if we have pure states, i.e., one of the p ;’s is 1 and the others are 0. The upper
bound  is th e  sam e as for Shannon entropy, th a t  is, a s ta te  associated  w ith  a d-dim ensional
H ilbert space satisfies

S (p ) < lo g d, (2.5.36)
w ith equality only if the sta te  is m axim ally mixed

p = d .  (2.5*7)

For a qubit, e.g., the  sta te  w ith  m axim um  entropy S (p ) = lo g 2 is therefore,

P = 2 .  (2.5.38)

R e la t iv e  E n tr o p y
We have in troduced  th e  KL divergence or relative entropy in (2.5.15). Given two density  

operators, the quantum  counterpart of the KL divergence is the so-called relative entropy, which 
is defined as

S(P Ik )  := T r(p  lo g p ) -  T r(p tog a ) . (2.5.39)
As its classical analogue, S ( p \\a ) > 0, w ith  equality if and only if p = a .

Relative entropy has the following properties:

i) M o n o to n ic ity :  S ( N (p ) | |N (a ) )  < S ( p ||a), where N  are quan tum  operations on p .
ii) C o n v e x ity : S (Xp1 + (1 -  X)p 2 ||Xa1 + (1 -  X)a2) < AS (p1 | a 1) + (1 -  A)S (p2 ||a2) , where 

0 < X < 1.

M u tu a l  In fo rm a t io n
For the quan tum  analogue of (2.5.13), we simply replace the  probabilities p ’s by the quantum  
sta te  p  and the entropies, such th a t

:= S (px) +  S (py) -  S (p ). (2.5.40)

In fo rm a t io n  Q u a n tif ie r
We have talked  abo u t uncerta in ty  abou t a q uan tum  system  so far. However, we did not 

introduce w hat exactly is the inform ation of a quantum  system. Naturally, it can be introduced 
as a com plem entary quan tity  to  entropy; the  la tte r is an uncertain ty  m easure abou t the  sta te
p . The m axim ally mixed sta te , here denoted by p = 1 / d , encodes no useful inform ation, as its
entropy is m axim um  S (p ) = log d . So we can define the amount of information  in a s ta te  p  as 
an entropic distance between p  and p as

I  (p ) = S (p \\p ). (2.5.41)
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C alculating the relative entropy between p and ^ we have
S (p || ̂  = T r(p log p ) -  T r(p t o g l /d)

= T r(p  log p ) + log d Tr (p ) (2.5.42)
= log d -  S (p ) .

Therefore, we can define the am ount of inform ation encoded in p as
I (p ) := log d -  S(p ) . (2.5.43)

Pure state is the state  w ith maximum inform ation I ( p ) = log d , since S (p ) = 0. On the other 
hand, maximally mixed state is the state  w ith minimum inform ation I (p ) = 0, once S (p ) = 1 / d . 
In the  case of qubits, the  pure sta te  has inform ation I ( p ) = log 2.

2 .5 .3  C o h e r e n c e  a n d  D e c o h e r e n c e
In this section, we only will scratch the surface of the subject of coherence which is not the 

m ain topic of this work by far, following the m aterial in [Landi (2018)].
In section 2 .1 .4 , we discussed th e  differences betw een pure and  m ixed sta tes. To briefly 

recapitulate, mixed states are those states th a t consist of an ensemble of particles in a statistical 
m ixture, i.e., not every particle are in the same state. In this case, the off-diagonal term s of the 
density m atrix  tend to  vanish in some basis, and the interference effects are suppressed in th a t 
basis. However, pure s ta te s  represent ensem bles in which each copy of th e  system  are in the  
same state. In this case, the  quan tum  superposition present in each sta te , and its interference
properties, are not chased out when we combine the statistics. I follow th a t interference effects
can be observed and the density m atrix  has significant off-diagonal term s at least in one basis.

These ideas of ‘quantum ness’ and ‘classicality’ (absence of interference effects) can be defined 
in a more operational way through the concept of coherence. Given an orthonorm al basis {|W)} 
in a d-dim ensional H ilbert space, we say th a t  a s ta te  is incoherent  (in th is  p articu la r basis), 
sta tes which only have diagonal term s, if it adm its a diagonal decom position as

d-1

p = £  P i W ) ( ^ i | . (2.5.44)
i=0

As suggested, coherence is a concept th a t depends on the basis th a t one uses. Thus, depending 
on the changing of the  basis, one can no longer have coherence.

We can track the origin of coherence w ith the process of decoherence (see for instance [Zurek 
(2003)]). Decoherence is the process of loss of coherence to  the environment. In the sense th a t it 
s tarts w ith a state  like (2.1.23) and end up like (2.1.26). Generally speaking, the ‘environm ent’ is 
any system (or set of systems) th a t interacts w ith the system but is discarded (via partia l trace) 
from th e  q uan tu m  s ta te  description, e ither for operational or foundational reasons. T he very 
quantum  vacuum can play the role of the environment since it actually is an infinite collection of 
electromagnetic modes which couples w ith physical systems. This explains, for instance, why an 
excited hydrogen atom  always decays to  its ground state after some lifetime. In this process, the 
atom  sta te  loses coherence in the energy basis. In practice, it is not an easy task  to  completely 
isolate a quantum  system  from its surroundings.

On the o ther hand, the maximally coherent states in the  same basis is
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C o h e re n c e  Q u a n tif ie r
In reference [Baumgratz (2014)], the authors introduce a measure of coherence based on the 

relative entropy (see section 2 .5). F irst, we define the  set I of the  incoherent s ta tes in a given 
basis { |^ ;)} as the  set of all diagonal sta tes in the form

8 = ^  8, M )< M - (2.5.46)
,= 1

The coherence quantifier is then  defined as
C (p ) = m in S (p | |8). (2.5.47)

8 el
To m easure th e  “distance” betw een p and its  closest incoherent s ta te  delta  norm s could be 
used, b u t for our purposes, it is sufficient th e  last definition. For a given general s ta te  p , let 
us consider its ‘incoherent co u n te rp a rt’ in the basis { |^ )}, d isregarding the  term s outside the 
diagonal:

8- 1

pdiag = E pn |M )< M |. (2.5.48)
, = 1

One can w rite then  the relative entropy in equation (2.5.47) as

S(p ||8) = - S ( p ) -  T r(p log 8) . (2.5.49)
For all 8 e I once shows th a t

T r(p  log 8) = Tr (pdiag log 8), (2.5.50)
and

S (pdiag ||8) = - S  (pdiag) -  Tr (pdiag log 8), (2.5.51)
or, rew riting the  last equation,

T r(pdiag lo g 8) = -S(pdiag||8) -  S(pdiag). (2.5.52)
Thus, we can replace it in the original relative entropy (2.5.49) to  obtain

S (p ||8) = S (pdiag) -  S (p ) + S(pdiag||8) > S (pdiag) -  S (p ). (2.5.53)
The minimum is when S(pdiag ||8) = 0 which occurs only when pdiag = 8. Then, we can define in
a b e tte r way equation (2.5.47) as the m inim um  of (2.5.53), then  the am ount of coherence is

C (p ) := S (p d iag )- S (p ). (2.5.54)
N otice th a t  if p is w ritten  as equation  (2.1.26), i.e., in diagonal form, such th a t  p = pdiag we
have C (p) = 0 , which means th a t  p does not have any coherence, as expected.
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C o h e re n c e  a s  R e s o u rc e
In this section will be briefly discussed a way to  study information processing under a limited 

set of allowed operations which are nam ed free operations, since they  do not generate resource, 
in th is  case, coherence (2.5.54) is a resource. Incoherent  operations defines a set of all s ta tes 
which are diagonal in a particular basis which m ust be explicitly specified.

S ta tes w ith  no resource are said to  be free states  and in th is  p articu la r case of coherence, 
free s ta tes  are called incoherent states. W h at quantifier (2.5.54) does is m easure the  distance 
between p  and the closest state  w ithout coherence w ithin the set of all states which do not have 
coherence, which is the set I. The m ain question in resource theory  is which set of operations 
one can perform  and  do not increase resource (see references [C hitam bar (2019), B aum gratz  
(2014)]).

2.6 D iscrete Position and M om entum  R epresentation
In quantum  mechanics, the conjugate variables position Q and m om entum  P are represented 

by H erm itian operators in a H ilbert space H. However this H ilbert space H is not exactly th a t 
one we are considering in this work; it is an extended version of H  presented in the section 2.1.3. 
T h at is, H  c  H, since it deals w ith infinite continuous basis, i.e., ‘unbounded operators’ can act 
on it, which m eans th a t  HR\a)|| ^  to. Here, \a) e H and  R e M (H), w here M(H) is th e  set of 
all unbounded operators th a t act on H. Hence, Q,P e M(H) and Q,P £ & (H ).

In the reference [Freire (2019)] the  au thors introduce the concept of ‘discrete position and 
m om entum  representation’ and their form ulation restricts the position Q and m om entum  P to  be 
bounded operators acting only in H , i.e., in their description Q,P e & (H ), th a t requires certain 
m athem atical care. This discrete space will be very useful for us to  study the incom patibility of 
position and m om entum  operators. For this reason, th is subject is now briefly reviewed.

2 .6 .1  B a s i c  D e f i n i t i o n s  a n d  S t a t e s
The m ain idea relies on the fact th a t real m easurem ent apparatuses have a finite resolution. 

T h at is, one-dimensional detectors, for example, can be divided into other small one-dimensional 
detecto rs w ith  resolution Sq e IR+, in position  m easurem ents, and  Sp e IR+, in m om entum  
measurements. An incident particle will be detected by the k-th  detector if it is in such detecto r’s 
resolution range. In the limit Sq, Sp ^  0 one should recover continuous position and momentum 
spaces.

The discrete position and m om entum  bases are denoted {\qk)} and |\p ; )}, respectively, where 
the  index k(I) will be used only for position (m om entum ) quantities. The eigenvalue equation 
for the position operator Q reads

Q \qk) = qk \qk) , (2.6.1)
where the eigenvalue qk = kSq  is associated w ith the eigenvector \qk), where Sq has a dimensional 
unit of length and k  e Z. As we are dealing w ith Hilbert spaces, we must define an inner product 
between position eigenvectors, which is

(2.6.2)

w here it is divided by Sq to  include th e  dim ensional u n it of length. In th e  lim it Sq ^  0 we 
obtain  the Dirac delta function. The authors in reference [Freire (2019)] propose the projection

(qk \qk' ) = Skk' 
Sq ,
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operator associated w ith  the  operator Q as

Qk = 8g |gfc) | . (2.6.3)
The quan tity  in equation (2.6.3) has the  desired properties:

Lq
QfcQfc' = 8fcfc/Qfc/ and ^  Qk = 1, (2.6.4)

k = Lq
where Lg is a param eter related to  the position space dimension, whose definition will be provided 
later.

Given the above discrete position basis, any sta te  vector |^ ) can be expanded as

| f )  = X  ^ (^k) |^k) , (2.6.5)
k =-Lq

where f  (gk) = (gk I f ). Thus, the probability of one obtains gk in a measurement of Q is given by

Pk = p(gk) = 8g | f ( gk) |2 , (2.6.6)
which satisfies the  norm alization condition

Ê  Pk = 1. (2.6.7)
k

Analogous definitions apply  to  th e  m om entum  space, th e  eigenvalue equation  for th e  mo­
m entum  operator P  reads

P IPi) = Pi IPi) , (2.6.8)
where the eigenvalue pi = i 8p  is associated w ith the eigenvector |pi), where 8p has a dimensional
unit of length and i G Z. The inner product between m om entum  eigenvectors is then

(Pi |pi') = ^ , (2.6.9)

which also contains inform ation about the spatial resolution. The projector associated w ith the 
m om entum  operator P  is

Pi = 8p  |p i ) (p i |, (2.6.10)
which also has the  following properties

Lp
PlPv = SivPv and ^  Pi = 1 . (2.6.11)

i=-Lp
In m om entum  basis expansion the sta te  vector | f  ) can be w ritten  as

Lp
| f )  = X  ^ p f ( p i) | p i) , (2.6 .12)i =- Lp
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where W(pi) = (pi |W). And the probability  of one obtains pi in a m easurem ent is

Pi = P (Pi) = ^P |W(Pi)|2 , (2.6 .13)
w ith

2 > i  = 1. (2.6.14)

The inner product between eigenvectors of the  different bases is given by
- 2wifci/f

(gk |pi) = . (2.6.15)V2^  h
As shown in reference [Freire (2019)], the dimensions of the spaces are constrained as f  = 2L + 1, 
w ith L = Lg = Lp, where

2^  h
f  = T ^ “ . (2.6.16)5g 5p

Moreover, it is shown th a t the resolutions 5g and 5p cannot be arbitrarily  large, if one (naturally) 
requires th a t  L > 0, then  it is needed th a t f  > 1, which implies 5g5p < 2 ^ h.

A nother im p ortan t p rescrip tion  of th e  inform ation is th e  trace  of an opera to r O  in the  
m om entum  and position basis:

Tr O  = £  5g (gk|O |gk) = £  5p (p i|O |p i) .  (2.6.17)
k i

Notice th a t the trace is invariant under basis changes, a property th a t also holds for continuous 
variables like position and m om entum .

2 .6 .2  E n t r o p y  i n  P o s i t i o n  a n d  M o m e n t u m  R e p r e s e n t a t i o n
Using the discretization procedure, we can write the von N eum ann entropy for any quantum  

sta te  a  as
S (a) = -  Tr ( a ln  a)

= - ^  5g (gk |a  ln a  |gk)
k

= - ^  5p (pi |a  ln a  |pi) .
(2.6.18)

One can w rite the  general m ixed sta te  (2.1.24), e.g., in position basis as

a  = £  Wk^g |gk) (gk |, (2.6.19)
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where Wk is a probability  d istribution . Hence, using equation  (2.6.2) and the  trace  properties 
given by equations (2.1.7)- (2.1.9), one com putes

Tr (Qka) = ^  Tr ( (Sq)2wk/ \qk) (qk\qk' ) (qk'\)

= ^  w k /(Sq)2 ̂  Tr ( \qk) (qk , \)
k' (2.6.20)= WkSq (qk\qk) 

* Skk = w„Sq-  
= Wh

resulting in the  probability  Wk. This means th a t we obtain  the  usual result of discrete variable 
quan tum  mechanics used so far in the  tex t, thereby validating this procedure.

C om puting the eigenvalue equation using equation (2.6.2) ,

\qk) = Wk/ Sq\qk /) (qk/\qk) = Wk \qk) , (2.6.21)

we see th a t  th e  a  eigenvalues are Wk. We then  ob ta in  th e  von N eum ann entropy in term s of 
Shannon entropy, L

S (a) = -  ^  Wk ln Wk = H(Wk). (2.6.22)
k=-L

Notice th a t  th is series diverges as L ^  to.
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CHAPTER 3
CONTEXT INCOMPATIBILITY VIA BAYES’ 

RULE VIOLATION

3.1 Introduction
Previously  we proved theorem  1, which s ta te s  th a t  for any two com m uting observables X 

and Y, w ith eigenvalues x i and y j , respectively, there is a common eigenbasis { |xi, y7-)} belonging 
to  them , such th a t

X |Xi, yi-) = Xi |Xi, yi-),
Y |x i, y j) = y j |x  ̂y j) .

This implies th a t m easurements of X in the input state |x i, y7-) will result in x i, leaving the state 
unchanged, and a sequential m easurem ent of Y will result in y7-, also leaving the system  in the 
eigenstate |x i, y7-) . For a preparation like |x i, y7-) the observables are said to  be compatible. But if 
X and Y do not commute, one cannot either find or prepare a simultaneous eigenstate for them. 
Accordingly, it is widely accepted th a t  these observables cannot be sim ultaneously m easured, 
which renders X and Y to  be term ed incom patible.

3.2 Incom patibility V ia Sequential M easurem ents
As discussed in m any textbooks, the notion of incom patibility can be appreciated through a 

schem e involving sequential m easurem ents. Let p , X , and  Y be opera tors acting  on a single- 
p artite  H ilbert space H . Now, consider the experim ents illustrated  in 3.1, where it is assumed 
th a t [X, Y] = 0. We see th a t the Y m easurem ent does not change the state  prepared by the first 
X m easurem ent, which justify  the validity of Bayes’s rule p xiy  = p yj,xi.
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Figure 3.1: Schematic picture of compatible observables being measured in the input state as common 
eigenstates of both X and Y. In the whole process, the state is unchanged (or not spoiled) by the 
measurements. Therefore, they can be simultaneously measured.

On the  o ther hand, w hen [X, Y] ^  0, the  Y m easurem ent destroys the  inform ation, the  
observer gets w ith  the  first X  m easurem ent (see 3.2). In fact, the  second X m easurem ent will 
not generally give the  sam e outcom e as the  first. In  addition, it is clearly seen th a t  the  final 
sta te  depends on the ordering one chooses for the  m easurem ents.

F igure 3.2: Schematic picture of incompatible observables being measured in the input state as a 
general state |^ ). The system is never left in the same state if different observables are measured 
sequentially, the state is spoiled by new measurements. Therefore, the state cannot be simultaneously 
measured.

In the present discussion, the role of the input sta te  |^) seems to be innocuous. However, this 
cannot be the u ltim ate narrative for the  incom patibility concept, because we know th a t such a 
notion does not exist in the  classical limit. Moreover, the classical limit is usually implemented 
through decoherence process over the quantum  state. We then expect th a t a more refined notion 
of incom patibility  has to  take the quan tum  sta te  into account necessarily.
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3.3 B ayes’ Rule V iolation
We have seen in section 2.3.5 th a t the so-called Bayes’ rule is a formula in classical probability 

theory, allowing one to  ob ta in  the  inverse conditional probability. However, th is form ula does 
not always apply to  quantum  systems, since m easurem ents are invasive and hence, the ordering 
m atters. As we show in this section, th is is direct related to  incompatibility.

3 .3 .1  C o m p o s i t e  S t a t e s
Consider a system  associated w ith  a H ilbert space H xy whose b ip a rtite  inpu t s ta te  is p xy. 

Suppose one m easures observables X  e & (H x) and Y  e & (H y), also in the  reverse order, w ith 
probability distributions p Xiyj and p yj,Xi. It is trivial to  see th a t in this case [X, Y ] = 0 and then, 
according to  the last section, X  and Y  are com patible observables. W riting the Bayes’ rule for 
these probabilities

PXi ,yj = P  yj ,Xi, (3.3.1)
using equations (2.4.28) and (2.4.29), bo th  sides of last equation can be rew ritten  as

Pxi Try (YjpY \xi) = Pyj Trx (X ipX\yj), (3.3.2)
and from equations (2.1.47) and (2.1.48), last equations tu rns out to be

Pxi Try [Yj  Trx (X;pxy) ) = P yj Trx (Xi Try (Xjpxy)) (3 3
Pxi Pyj , . .

using the properties of partia l trace, it leads to
Tr (Xi <g> Yj pxy) = Tr (X; <g> Yj pxy), (3.3.4)

therefore when comparing two probability distributions of compatible observables w ith composite 
systems as input states, the Bayes’ rule is valid. Observables X  ® 1 and 1 ® Y that acts on H xy 
are compatible, there is no Bayes ’ rule violation what so ever in this space.

3 .3 .2  S i n g l e - P a r t i t e  S t a t e s
Now consider a system  associated to  a H ilbert space H  w ith  input sta te  p  and observables 

X , Y  e & (H ), to  be m easured in b o th  orders, w ith  probab ility  d istribu tions p Xiyj and  p yj,Xi. 
There are two possibilities regarding the observables in this space, [X, Y ] = 0 and [X, Y] ^  0.

C o m m u tin g  O b se rv a b le s
Assuming the validity of Bayes’ rule for the  given joint probabilities,

PXi ,yj = P  yj ,Xi, (3.3.5)
and using equations (2.4.19) and (2.4.21), we have

Tr(X;p) T r(YjXt) = T r(Yjp) T r ( X Y j ). (3.3.6)
W hen [X, Y ] = 0, bo th  observables have common eigenbasis. This means th a t Xi = Yj,  resulting 
in

T r(X;p) Tr(XjX;) = T r(Yjp) Tr(XiX,-), (3.3.7)
which is indeed an equality. Therefore, if X  and Y  are com patible, p Xiyj and p yj,Xi obey Bayes’ 
rule.
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N o n -c o m m u tin g  O b se rv a b le s
If X and Y do not commute, joint probability of obtaining outcomes x i and y7- can be w ritten

as
Pxiy = T r(^*p) Tr(Yj'pS|xi)

= Tr(X ip} Tr ( y  U p ) )
= Tr(Y7XipXi) (3.3.8)
= Tr ( |y j) (yj |x i) |x i) (xi |p  |x i) )
= | (xi \yg ) |2 (xi |p  |x i) .

The opposite ordering has joint probability  of obtain ing outcom es y7- and x i reads
P yj,xi = Tr(Y,p ) Tr(X ipS y )

= Tr(Y^p) Tr (Xi T r f ) )
= Tr(XiY;pY;) (3.3.9)
= Tr ( |x i) (xiy )  y )  (y7-|p y ) )
= |(x i |yi- ) |2 (yj |p  y )

therefore, p xi,yj ^  p yj,xi, th a t  is, q uan tu m  m echanics adm its Bayes’ rule violation. Therefore, 
when p is not MU w ith X and  Y, X and  Y not com m uting, the Bayes’ rule is not valid .1 This
has to  do w ith  th e  ordering of th e  m easurem ents: since th e  order m atte rs , in th is  case, jo in t
probability  d istributions differ. W hich is a surprising result.

3.4 B ayes’ D ivergence
In this section is proposed a quantifier for incom patibility of two observables based on Bayes’ 

rule v iolation and a possible ' normalization ’2 for it. Here th e  quantifier com pares two jo in t 
p robab ility  d istribu tions, referring to  opposite m easurem ent orderings. If p xi,yj = p yj,xi, then  
we should have com patibility in place, bu t whenever p xi,yj ^  p yj,xi, then, incom patibility  arises. 
See figures 3.3-3 .4  for a depicted exam ple for com patibility  and figures 3.5-3 .6  for a depicted 
example for incompatibility.

As we show below, KL divergence tu rn s  ou t to  be th e  best cand idate  for a reasonable 
measure of incompatibility. O ther measures, such as quantum  relative entropy and trace norms 
of post-m easurem ent s ta tes  0XY (p ) and  0 YX (p ), as d iscarded since they  fail to  provide the  
expected result in some limits.
D e f in itio n  5. (Bayes’ divergence) For a given system described by a quantum state p associated 
with a d-dimensional non-degenerate discrete Hilbert space H ,  a pair of  observables X and Y with

1 Since, incompatibility is dependent on the state, when p is MU with the observables one does not have 
complete knowledge about the measuring system. In this case, although satisfying Bayes’ rule, it is not possible 
to say whether the observables are incompatible or not.

2Normalization here is meant to be a re-scaling of the image of quantifier. For instance, instead of lying in 
the interval [0, +«>] a normalization puts the quantifier [0, +1].
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eigenvalues x ; and y j , respectively, the ‘B ayes ’ divergence’ of the context C  = {p,X, Y} c  & (H ) 
is defined as the symmetric Kullback-Leibler divergence between the joint  probability distributions 
Px;y  andjpyj ,x; ,

d d

;=i j=1E E U  ,y j ln
Pxi ,y j
Py j ,Xi + Pyj ,Xi ln Py j ,Xi

Pxi,yj
with mathematical  conditions  - 0 l n 0 = 0 and  - p Xi,yj l n 0 = - p yj,Xi l n 0 = to i f  p Xi,yj > 0 and
Pyj,Xi > 0 ­

3 .4 .1  P r o p e r t i e s
It is w orth to  recall how probabilities, conditional probabilities and jo in t probabilities were 

defined in quan tum  mechanics. F irst, from postu la te  4 we see th a t

and
Pxi := Tr(X ;p ),

Pyj =  Tr (Y'p) .

(3.4.2)

(3.4.3)
For conditional probability, we have

Pxi |y j =Pyj  |xi =  Tr (XiYj ) . (3.4.4)
Jo in t probabilities, consequently, are w ritten  as p roducts of equations (3.4.2) and (3.4.3) w ith
equation (3.4.4), th a t  is

Pxi,yj = V x tVyj |xi =  T r(X p ) Tr(X ;Y,-), (3A 5)
and

Pyj,Xi = PyjPxi|yj =  Tr(Yj'P) Tr(X iY ) . (3.4.6)
By replacing equation (3.4.5) and (3.4.6) in the  definition (3.4.1), it results in

D c  = 1 2  l Tr(Xi^ ) T r (X Y ) lnU=1 

d
2  jT r(X ;p ) T r(XiYj) ln
U=1

d

Tr (Xip) Tr(XiYj) 
Tr(YiP ) Tr(X;Y;)

Tr (X;p)
Tr(Y/'P)

+ Tr(Yjp) Tr (X;Y;) ln 

Tr(Y/'P)

Tr (Yjp) Tr(XiYy) 
Tr(X ;p) Tr(X;Y;)j

+ Tr(Y7p ) Tr(X;Y;) ln Tr (X;p)

+

U=1 
d

2p =1

2  Tr(X ;p) Tr(XiYj) ln Tr(X ;p) -  Tr(X ;p) Tr(X;Y7') ln [Tr

Tr(XiYj) ln [Tr(Y,p)] -  Tr(Y;p) Tr(X;Y7') ln Tr(X ip)

1

2

+

2  T r (X tp ) Tr(XiY7) ln [ Tr(X ip) J -  2  Tr(X ;p) Tr(X;Y;) ln [Tr( Y7p )]
OJ=1 i,j=1

d d
2  T r(Y p ) Tr(X ;Y ) ln [T r(Y p )] -  2  Tr(Ytp ) T r (X Y ) ln T r(x ;p )OJ=1 y =1

1

2

2

1

2
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Since, the trace is a linear m apping and using the completeness property  of the projectors, i.e., 
YjiXi = 1 and Yjj Yj = 1 , last equation can be simplified to

1 r d j /  d \ \  d
D c  = 2 j X  T r(x ;p) Tr X  X  Y ln Tr(X ;p ^  -  X  T r(x ;p) T r(x y j ) ln [T r(yj p ) ]i=1

d
V =1
II d

j=1
d

i,j=1 
d

+ ^ \ X Tr(Yj p )T r  2 X i \ Yj ln [T r (Yj p )] -  X  Tr(Yj p ) T r (Xip ) ln  T r(x ;p)i=1 ;,j=1

-  X  T r(^ ;p ) Tr (X;) ln [ Tr(X tp )] -  X  Tr(X ;p) Tr(X ;Yj) ln [T r{Y}p )]
i=1
d

i,j=1 
d

+ p \ X  Tr(Yj p ) Tr (Yj ) ln [T r(Yj p )] -  X  Tr(Yj p ) T r(x ;Y ) ln T r(Xip)
j=1 i,j=1

(3.4.8)
w here we used T r(X ) = (x;\x; ) = 1 and  Tr (Yj) = (yj \yj) = 1, com bining term s w ith  sam e 
logarithm s, we find

D c  = - 1 X  \ X  T r(Yj p ) Tr(X ;Yi ) -  T r(x ;p) [ ln T r (X ip)
d d

i=1 f j =1
d d

X  1X  T r(X[p ) T r ( x Y ) -  T r (Yj p ) r ln [Tr(Yj p ) ]
(3.4.9)

j=1 V i=12

Identifying each te rm  w ith  th e  probabilities given in equations (3.4.2)- (3.4.6), th e  obtained  
result is

'C 2 | X !  X  Pyj ,Xi P Xi
2 =1 j=1

d
ln PXi + X  X  p Xiyj -  

j=1 L;=1
yj ln yj (3.4.10)

Notice th a t  if th e  pair of observables are m axim ally  unbiased 3, then  we have violation of 
Bayes’ rule in place, i.e., p Xi,yj ^  p yj,Xi, m eaning th a t

and

X  Pyj ,Xi ^  P Xi,j=1

X  P Xiy  ^  Pyji=1

(3.4.11)

(3.4.12)

As we have seen, th is  resu lt is a t odd w ith  th e  theory  of classical probability . In th e  case of 
non-commuting observables in any degree, > 0. On the other hand if the pair of observables

3Mutually unbiased bases (MUB) are two orthonormal bases {\a„)} and {\bm)}, that their square of the 
magnitude of the inner product \(a„\bm)\2 = 1/d, Wn, m. Thus, a system prepared in a state p belonging to {\a„)} 
or {\bm)}, all its measurement outcomes can be predicted to respect to the other bases with equal probability.
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commute, then  relations (3.4.12) is an equality and either (3.4.11), implying th a t D u . Therefore 
the Bayes’ divergence is lim ited to  the interval

e [0, +to], (3.4.13)
m eaning th a t Bayes’ divergence 3.4.10 is a good m easure for incom patibility, since it is null if
[X, Y] = 0. Besides, we can sta te  the  following theorem .
T h e o re m  6 . Bayes’s divergence is maximum if  and only i f  X and Y are mutually unbiased 
(MU) observables.
Proof. If X and Y  are MU, we have

we find
Px, lyj = P  yjl* _  |<x i y  ^

_  Pn 
Px/y _  d , 

_  PyjP yj*  _  d .

(3.4.14)

(3.4.15)

Replacing in (3.4.10)

P*/
;_1 Lj _i 
d

i n P*, + Z  Z t ' - p yj
j _i i _1

i n P  y j
(3.4.16)

Z  b y j  -  P *  ] in Px, + Z  [p x/ -  Pyj ] i n p yj
j_1

suppose th a t p xi = 1 /d , since the observables are MU, we have th a t p yj = 0, leading us to
D c  ^  +m . (3.4.17)

□

X E ig e n s ta te s  a s  I n p u t  S ta te
Let th e  inpu t s ta te  be an eigenstate of X , th a t  is p = Xi. In th is  case, it is clear th a t  

[p, X ] = 0. From the second line in equation (3.4.7) it follows th a t

D{X,X,Y} _  1 Z  I Tr(X iXi) Tr(X iYi) in
U _1 

d

Tr (XiXi) + Tr(Y,-Xi) Tr(X;Y,-) in

U _1
_ ö Z  T r(X Y ) in 1

Tr(XiY,)

Tr (YjXi)

+ Tr (XiY;) Tr (XiY;) in [Tr (XiY;) ]

Tr(YjXi) 
Tr (XiXi)

_  1 £  [Tr(XiY,) -  1] Tr(X;Y,-) in [ T r ^ Y , )] .
U _1

(3.4.18)
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Interestingly, the same result can be shown to  emerge for p = Yj, th a t is
1 d

D {Xi,X,Y} = D {Yj,X,Y} = 2  J ]  [P Xilyj -  1 P*|yj l n Pxi|yj, (3.4 .19)
U=1

notice th a t  if one w ants th e  cases w here D{Xi,XY} = D{Yj,XY} = 0 , th e  resu lt th a t  one finds is 
th a t the only possible case is when p xiy  = Tr(X iYi-) = |(x ;y )|2 = 1, this case occurs if and only 
if [X, Y] = 0. However, if one w ants th e  cases where D{Xi,XY} = D{Yj,XY} = +to, then , th e  only
possible case is w hen p xiy  = Tr(X ;Y/) = |(x ;y )|2 = 0, th is  case occurs if and  only if [X, Y] ^  0 
in its m axim um  value. In th is cases, it is fair to  say th a t  when the  inpu t s ta te  is a particu la r 
sta te , the  Bayes’ divergence is a quan tity  only related to  the com m utation relation between X 
and Y.

3 .4 .2  E x a m p l e s
In this section, we provide some examples which give an intuitive perspective about definition 

5 , where it was used equation (3.4.10) for simplicity.

Q u b it
Let the input system  be a qubit in the generic sta te

p = , (3.4.20)
w here |r |  e [0,1], w ith  p being pure (m ixed) for r = 1 (r < 1). Consider th e  observables 
X = x  • <j  and Y = y  • a ,  w ith  respective projectors

1 + i x  • a  . AX; = ------2------ , (3.4.21)

and
Yj C  + j y  • a , (3.4.22)

where i, j  e { - 1, 1}.
C alculating the probabilities given by equations (3.4.2)- (3.4.6) using the  above quantities, 

we find
Pxi = i - ^ ,  (3.4.23)

and
1 + j  y   ̂r  fOAOAyPyj = ------2------ . (3.4 .24)

The conditional probabilities are
_ 1 + H X • y  f o A n ^Pxi |yj = Pyj |xi = 2 . (3.4 .25)

The joint probabilities, thus, are

1 + i x  • r  + j  I i + x  • n x  • y  
Pxi ,yj = -------------------4---------- ’------- , (3.4.26)
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and

Py j ,xt
1 + j  y  • r  + i ( j  + y  • r  X • y

4 (3.4.27)
Replacing equations (3.4.20)- (3.4.27) in equation (3.4.10) and simplifying it, we obtain  the 

Bayes’ divergence of a context w ritten  in term s of Bloch vectors of each element of the context 
C  = { p , X , Y } — > C  = {r, x,  y}, it follows th a t

{ r ,x ,y }

+
2

y  • r  -  (X • y)(X  • r )  

X • r  -  (x  • y ) (y  • r )

ln 

ln (

( 1 + y  • r  '
1 1 -  y  • r y
1 + X • r  \ 
1 -  X • r

(3.4.28)

N otice th a t  equation  (3.4.28) depends on th e  inp u t s ta te  th rou gh  m odulus \r\ and the  
angles betw een th e  vector x  w ith  y , x  w ith  r  and  y  w ith  r .  T he inner p ro ducts reveal an 
in teresting  features of our m easure: D  actually  encom pass inform ation abo u t th e  degree of 
non-com m utativity between the whole context {p,X,  Y }. For instance, x  • y  is connected to  the 
degree of non-com m utativity  of X  w ith  respect to  Y  by

1N {x,Y} = t  I [ x i,Yj ] I = |X x  y | -  y/1 -  (x  • y )2 .4
If X • y  = 0 then  X |x,y} = 1, its m axim um  value, im plying th a t  X and Y  do not com m ute. On 
the other hand if X • y  = 1 then ^ { x ,y} = 0, its minimum value, implying th a t X  and Y  commute. 

The same is valid for
1N {p,x} = ^  ll[P , x i] ll = |X x  r  1 = V 1 -  (x  • r)2,

and also for
N {p,y} = 4 1 [P> Yj ] 1 = |y  x  r  1 -  V 1 -  (y  • r ) 2 .

It is possible w rite equation  (3.4.28) instead  of inner p roducts b u t in term s of the  degrees 
non-com m utativity  ^{X,Y}, ^ { pX} and ^ { p,Y} as

1\p,XJ} -  2 1 -  N 21 N {pJ} -  N {1 ,Y0  ( 4 -  X 2P{p,X }

1+-----
+ 2 V 1 -  X 2p,x} - ^ ( 4 -  X 2X J}) ( 4 -  X 2pT})

ln

ln

1 1
1

N 2N {pJ }

V 1 -  X 2pT} /
1 + .^4 -  X 2

(3.4.29)
{p,x}

V 1 -  X 2p,x} /
In the  particu lar ^{XjY} = 1 and Xi = y , ^{pjX} = ^ { p,y} = 0, we find

D {x,Y} -  lim 1
N {x .Y

Il -  N 2 _  / l  _ N 2y/ 1 n {x,y } y/ 1 N {x{x,Y } ln {x,Y } -  0,
{x,Y} /

(3.4.30)

which confirms th a t  when X  and Y  com m ute, they  are com patible.

1

1
1

1
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Now if X and Y are m axim ally non-com m uting, ^{x,y} = 1, in vector representation  we get 
th e  inner p roduct x  • y  = 0. Suppose for instance r  = x , so th a t, th e  inpu t s ta te  is pure  and
eigenstate of X . Consequently, x  • r  = 1 and y  • r  = 0, and Bayes’ divergence (3.4.28) is

1 /1  + x  * r  \% ,* ,y }  = J im i - x  • r  ln 1 x -— = + ~ . (3.4 .31)x -r^ i -  y 1 — x  • r  j
therefore, when X and Y are maximally non-commuting D  = +to. For this reason, it is convenient 
introduce a norm alization for D .

D is c re te  P o s i t io n  a n d  M o m e n tu m
Remember th a t in discrete position and m om entum  representation we can write probabilities

P 9- = ^9 1^ (9k ) |2,
as

and
Pp; = ^ (p /) |2 .

Conditional probability  d istributions reduce to
1

P 9- |p; = Pp; ^ = ^ .
which is the result expected for MUB.

Join t p robability  d istributions read
P 9- ^9 | / / ni2P 9-,p; = —  = y  ^ (9k)|

and
Pp; ^p  , , / \ ,2Pp;,9- = —  = y  ^  (P/)| .

Replacing equations (3.4.32)- (3.4.36) in equation (3.4.10) we get

D {p,Q,P} = Z  Z ^  — p 9- ln P9- + Z  Zk=i L/=i J /=i Lfc=i
Pg- p; ln p p;

Since, £ p P 9- = 1 and £ /P p ; = 1, we obtain

D {p,Q,P}
i f  t  t

= — - Z  t  — P  9- ln P  9- + Z i  b
k=i /=i

p; ln p;

(3.4.32)

(3.4.33)

(3.4.34)

(3.4.35)

(3.4.36)

(3.4.37)

(3.4.38)

9 9Since, p 9- = | (9k |^ )| = 1 / t  and pp; = |(p/1^)| = 1 / t  can never happen simultaneously, then 
{p, Q, P } typically form an incompatible scenario, which is expected since Q and P are maximally 
non-com m uting.

Consider the case where p is eigenstate of position, p = Qi. Then p 9- = 1 and pp; = 0, since 
now {p, P } forms MUB. We arrive at

D {Q,p } = Zk=i
1

0 ln(0) f = +to, (3.4.39)

therefore, m easuring Q and P  lead to  m axim al incom patibility, which is an expected result.
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G e n e ra l  B lo c h  R e p r e s e n ta t io n
Using Bloch representation, we can w rite the quantum  sta te  as

and the projectors as

and

where

p = 1  U  + Cdr • A) (3.4.40)

X; = 1  (1 + Cdx; • A) (3.4.41)d

Yj = 1  (1 + C dy  • A ), (3.4.42)

Cd = d (d- 1)d
Calculating the  probabilities given by equations (3.4.2) - (3.4.6) w ith the above quantities in 

Bloch representation, we have the m arginal probabilities

Pxi = 1  [1 + (d -  1)x; • r ]  (3.4.43)
and

Pyj = 1  [1 + (d -  1)y i • r ] . (3.4 .44)
The conditional probabilities read

Pxi|yj = Pyj|xi = 1  [1 + (d -  1) x i • y ] . (3.4 .45)
The joint probabilities, thus, are

Pxi,yj = d 2 {1 + (d -  1) [x i  ̂ y f + x i  ̂ r  + (d -  1) ( x i  ̂y f ) ( x i  ̂ r ) ] } (3.4 .46)
and

pyj ,xi = {1 + (d - 1) [x ; • y + y  • r  + (d -  1) ( x ; • y  ) (y  • r )  ] f  (3.u 47)
Replacing equations (3.4.43)- (3.4.47) in equation (3.4.10), we find

d d
1 d -  1 p

J{ r , x , y }D , r x , ,  =  - 1  ̂ 1 2  [”i - x; • r ]  l n 1 + ( d ~  1 )x i • r  + 2 [“ j - *  • r ] ln1  + ( d "  ” • ri=1 d j=1

where

2 d | ^  L ‘ d /_ J  L J ^  J d
(3.4.48)

d
d " =1 

and
d -  1 d

uj =  ( x ; • y ) ( x ; • r ) , (3.4 .49)

o; =  ( x ; • y  ) (y  • r ) . (3.4 .50)d j=1
Notice th a t  equation (2.4.7) is also a condition to  be satisfied,

iSij -
d -  1

dSi j -  1x ; • y  = - "U - . (3.4.51)
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3.5 B ayes’ Incom patibility
H aving in troduced  Bayes’ divergence, which can be viewed as a m easure of B ayes’ rule 

violation for two jo in t p robab ility  d istribu tions of two sequential m easurem ents, we can now 
in troduce th e  Bayes’ incom patib ility  which is a m easure of incom patib ility  of th e  context 
C  = {p, X, Y} which is a set of a sta te  p and two observables X and Y, if their joint probability 
d istributions violate Bayes’ rule through Bayes’ divergence.

3 .5 .1  D e f i n i t i o n
Considering the same kind of systems th a t is described by Bayes’ divergence, we now introduce, 

the m ost im portan t definition of this section.
D e f in itio n  6 . (Bayes’ incompatibility) The ‘Bayes’ incompatibility’ of  the contextC  = {p,X, Y} c  
^ ( H ) ,  with jo in t  probability distributions p x,y and p y,x is defined as

B c  = 1 — e—Dc , (3.5.1)

where is the B ayes ’ divergence of the two join t  probability distributions.

3 .5 .2  E x a m p l e  
Q u b it

We can substitu te  equation (3.4.28) in (3.5.1), then  obtaining a result for incom patibility of 
observables. Thus, we get

(1 - \ 1 \ x ) r —(£-y)(X-r) / .  ~ \ —1 x r —(x-y)(y-r)1 +  y  • r \  2 ( x)( ■'J / 1 +  x  • r \  2L ( x)(y )J

1 — y  • r ]  (1  — x  • r ]  . (3.5.2)
In w hat follows, we explore some limits.

i) x  • y  ^  1: In this case, the observable orientations are parallel to  each other. This leads to 
com m utativ ity , hence ^{x,y} = 0 which is th e  sam e as [X, Y] = 0. However the re  are two 
interesting possibilities regarding the  input sta te  p, which are:
a) x  • r  ̂  1 and  y  • r  ^  1: In th is case, the input s ta te  is oriented in the same direction

as the observables. A nother way to  w rite this lim it is by x  • r  = y  • r  = a, so the Bayes’
incom patibility  is

/ 1 + ra  \ —r [a—a]
B {r ,X,y } = 1 — |   ̂ _  ra  j = 1 — 1 = 0. (3.5.3)

Therefore, th is  is an instance of full com patibility. This situa tio n  is schem atically 
illustrated  by figure 3.3.
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Figure 3.3: The input state is in z-axis direction and also the observables x  and Y , therefore all them 
commute with each other.

b) X • r  ^  0 and y  • r  ^  0: In this case, X -  y  -  z  and the input sta te  is not oriented in the 
same direction as the observables; it is orthogonal to  x  and Y . So Bayes’ incom patibility 
is

% * ,y } -  1 -  1 -  0, (3.5.4)
hence this is also a situation  of com patibility. See the illustration  in figure 3.4.

Figure 3.4: The input state is y-axis direction and the observables X  and Y in z-axis direction, therefore 
all commute with each other.

ii) x  • y  ^  0: In th is  case, the  observables o rien tation  is perpendicular to  each o ther. This 
leads to  non-commutativity, hence ^ { Xj } = 1. However there are two possibilities regarding 
the input s ta te  p , namely:
a) x  • r  ^  1, y  • r  ^  0 and r ^  1: In this case, the input sta te  is a pure sta te  and is oriented 

in the same direction as the observable X , i.e., an eigenstate of X , bu t perpendicular to 
Y . So the Bayes’ incom patibility  is

B ' { r , x , y } - 1
1 + X • r  
1 -  X • r -  1 -  ( 1 -  1) -  1, (3.5.5)

X-r —> 1
rendering a scenario of maxim al incompatibility. This situation  is depicted in figure 3.5.

i- ïïX' r2

65



Figure 3.5: The input state and the observables X are in z-axis direction, but Y is in y-axis direction, 
therefore the input state commute with the observable X but not with observable Y.

b) x  • r  ^  0, y  • r  ^  1 and r ^  1: In this case, the  input s ta te  is a pure s ta te  and is not 
oriented in the  sam e direction as the  observables, it is orthogonal to  X and  Y. So the  
Bayes’ incom patibility  is

B { r , x , y }  =  1
1 + y  • r  
1 -  y  • r

-  2 y r = 1 -  ( 1 -  1) = 1, (3.5.6)
y r ^1

rendering a scenario of maxim al incompatibility. This situation  is depicted in figure 3.6.

Figure 3.6: The input state and the observables Y are in y-axis direction, but X is in z-axis direction, 
therefore the input state commute with the observable Y but not with observable X .

3.6 Com parison w ith other Quantifiers
The authors in reference [Shukla (2019)] introduces a measure also using KL divergence (or 

relative entropy), which they  call relative incompatibility. T he quantifier is denoted  QXY(p ), 
and is defined as

Qx,y (p ) = D (p  x Hp XO . (3.6 .1)
The key idea of this work is to link incom patibility w ith differences between opposite measurement 
orderings. Although the authors do not make any explicit statem ent concerning the dependence 
of the ir m easure on the  q uan tum  sta te , it is clear th a t  likewise ours, th e  resulting  m easure 
refers to  a context. T heir definition uses the  pairs of m arginal p robabilities {pX, pX} and 
{p y, Py} obtained from the joint probabilities p xiy  and p xiy , respectively. The probability p X
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is ob tained  w hen X is m easured first and  pX w hen X is m easured after Y. T he la tte r is the  
m arginal probability  d istribution  defined as

p: (3.6.2)

The same notation  can be used for the reverse order, but now using the variable Y, th a t is, the 
p robab ility  p Y is ob ta ined  when Y is m easured first and  pY w hen Y is m easured after X , the  
la tte r is the m arginal probability  d istribution  defined as

p: (3.6.3)

It is possible to  sym m etrize the relative entropy by doing,

„ ( S) , S D  ̂ X  HPX) _ D ̂ Y  | ^ y )QX y (p ) =  o ■ (3.6.4)

For a generic qubit sta te , we have

D (P x  HPx) = 1 (1 _ x  • r )  log 1 + x  • r
1 _ ( x  • 3/) (3/ • r ) _ 1 (1 2 ( x  • r ) lo g 1 x/ r

1 — (x  • y ) (y  • r ) (3.6.5)

and

D (PY | ^ y ) = -  (1 _ 3/ • r )  lOg 1 _ 3/ • r
1 _ (x  • y ) (x  • r ) _ - ( 1 — y  • r )  log 1 — 3/ • r

1 — (x  • x/)(sc • r ) (3.6.6)

The difference from relative incom patibility and Bayes’ incom patibility is th a t the latter has 
in its core two direct fundam ental principles, one is Bayes’ rule from probability theory, and the 
o ther is incom patib ility  from  q uan tum  theory. In relative incom patibility , Bayes’ rule is not 
a fundam ental principle, in the sense th a t  relative incom patibility  is born  only from quan tum  
principles regarding m easurem ents.

In figure 3.7, a com parison is shown between these m easures for a “conical” context defined 
by x  • r  = y  • r .  In th is  case, th e  vectors x  and  y  lie on th e  inclined surface of a cone whose 
sym m etry axis is given by r .  By virtue of such angular equivalence of x/ and y/ relative to  r ,  we 
expect the measures to  provide incom patibility  inform ation solely about the couple {X, Y}. To 
corroborate this reasoning, we bring the  non-com m utativity  ^ { X,Y} to  the discussion. The first 
panel gives a param etric plot between B e  and ^ { X,Y} as a function of x  • y  for several values of 
x  • r  (which is equal to  y  • r ) .  The results show th a t  the m easures B e  and  ^{X,Y} tu rn  out to 
be m onotonic functions of each other, th a t  is, they  are equivalent in essence. The second and 
th ird  panels provide sim ilar inform ation, b u t betw een different quantifiers. In particu lar, the  
th ird  panel shows th a t, for generic qubit states, our measure B e  is equivalent to  the symmetric(5)relative incom patib ility  Q (Y . We have no study  so far proving such equivalence for higher 
dimensions.
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Figure 3.7: In the graphs, each blue curve refers to a specific value of x • r  (which is equal to y  • r)  in 
the set {0.1,..., 0.9} with increments of 0.1, so that the lower curve corresponds to 0.1 and the upper 
one to 0.9. Each graph furnishes parametric plots between the indicates measures [incompatibility via 
Bayes’ rule violation (B e )); symmetric relative incompatibility (Q ^y); non-commutativity (^{x,y})] as 
a function of x • y  e [0,1]. The results reveal monotonic relations between the measures, thus indicating 
that they are all equivalent in essence. The third panel shows that our measure of incompatibility for 
the couple {X, Y} is equivalent to the symmetric relative incompatibility.
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CHAPTER 4
CONTEXT INCOMPATIBILITY VIA 

INFORMATION LEAKAGE

In the  previous chapter, an incom patibility  quantifier was in troduced  based on the  Bayes’ 
rule violation of two jo in t p robab ility  d istribu tions referring to  two d istinc t ordering for the  
m easurem ent. In th is  section, a rou te  is taken  th a t  has rem ained unexplored so far. By 
considering a scenario designed to  test the safety of a communication channel, we link quantum  
incom patib ility  w ith  inform ation. To s ta r t  w ith, we have to  provide th e  reader w ith  some 
supplem entary tools.

4.1 Quantum  O perations
The sta te  evolution of closed system s is described by

p'  = U p U \  (4.1.1)
where U are u n itary  operators, th a t is

UUf = Uf U = 1. (4.1.2)
This operation  being u n ita ry  preserves no t only norm alization  of th e  density  opera tor, b u t 
also H erm iticity, the  trace, the  positiv ity  and it leads to  the  iden tity  of itself. This is not the 
only operation  th a t  m aps a density  o pera to r in ano ther one. Generally, operation  w ith  such 
characteristics are called quantum operations or quantum channels and are formally described 
in term s of the  completely positive and trace preserving (C P T P ) m ap

p ' = O k(p) := X  KnpKt,  (4.1.3)
n

where {Kn} is an a rb itra ry  set of operators, called Kraus operators, satisfying the condition
X  KlKn = 1. (4.1.4)

n
The evolution operator is a particular case of K raus operators when there is only one operator 
in {Kn}.
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In the  particu lar case where Kn is a projector on the basis {|fc„)}, it follows th a t

(p ) = ^  ^ p ^ n
n

= ^  l^n) (fcn | p |£n) <^n |
A  (4.1.5)

= 2 _i f̂cn | p |fcn) |^n) <̂ n |
n

= ^   ̂Pn ^n,
n

w here p n = Tr(Knp) = (fcn|p|fcn), in th is  case O ^(p) is called non-selective von N eum ann  
measurements.  A further operation  in the basis { |jm)} gives

°JK (p ) = ° J  (°K (p )) = ^  Z m (p )Zm
m

= ^   ̂Pn^m^nim
m,n

= ^   ̂Pn | Jm ) (Jm| |^n ) (^n| | Jm ) (Jm|
m,n

. 2 ■ ■ (4.1.6)= /  j Pn |(Jm|^n)| |Jm) (Jm|
m,n

= ^  ; PnPm|n Zm
m,n

= ^   ̂Pm,n Zm, 
m,n

2w here pm|n = Tr(/m-Kn) = | (Jm|fcn)| . A lthough we have used th e  no ta tio n  pm,n = PnPm|n, the  
reader should recall from previous discussion th a t  Bayes’ rule does not apply in the  quan tum
context, in general.

A q uan tu m  operation  m aps density  operators to  density  opera to rs w ith  th e  following 
properties:

i) L in e a r i ty : Ok («Pi + ^P 2) = «Ok (P i) + ^Ok (P2) . (4.1.7)

ii) H e rm itic i ty : p = p f implies Ok (P) = (p ). (4.1.8)

iii) P o s i t iv i ty : p > 0 implies Ok (p ) > 0. (4.1.9)

iv) P re s e rv e s  t ra c e : Tr (Ok (p )) = T r(p ) . (4.1.10)

v) E n tr o p y  in c re a s in g : S (O ^(p)) ^  S (p ). (4.1.11)
A lthough our analysis is restric ted  to  sing le-partite  system s, these properties also apply  for
m u ltip artite  s ta tes w ith  K acting on one of the  parts.
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T ra c e  N o rm  o f C P T P  M a p s
Given the H ilbert-Schm idt norm  of any density operator p

II p  II = V T r(p2),
We have

1 OYx (P ) -  Ox  (P) | 2 = Tr (°y x  (p ) -  Ox (p ) j .
= Tr O2x (p ) + Tr O2 (p ) -  2T r (o>yx (p )Ox (p ) j
= 1 °YX (p  ) | |2 + W°x (p  ) |  2 -  2 T r |° y x  (p ) ° X  (p ) j .

(4.1.13)

To calculate th e  last term , let us consider non-selective m easurem ents, then  it is possible to  
w rite

/
Tr (O2 (p )) = Tr £  p Xi x  

i )

= Tr X  p 2< x i

= X  rf-,,
and

Tr (° ? x  (p )) = Tr X WJ'YJ
/ ) 2 

X  ™ .\j
/ J 
/

Tr Z W? Y'i
= Zj

where w j  = X ; P XiP yj\Xi. C alculating also,

Tr (OYX (p )OX (p ) ) = Tr X  ^Xi X i X W j Yj
\ ; j

= X w  2j
hence

Tr ($yx (p)®x (p )) = y ®yx (p  )y2 . 
R eturn ing  to  (4.1.13), we finally obtain

II0 y x (p ) -  O x(p )y2 = ||O x(p )y2 -  ||<°yx(p )y2

This result will be useful later on.

(4.1.14)

(4.1.15)

(4.1.16)

(4.1.17)

(4.1.18)
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4.2 Stinespring Theorem
Consider a system  whose s ta te  is ps coupled to  an ex ternal system  (the “environm ent”) E  

p repared  in a particu la r pure  s ta te  |^ ) E w ith  any dim ension. T he to ta l  system  is associated 
w ith  H  ® H E and  th e  tim e evolution is described by a un itary  operation  U . Tracing ou t the  
entanglem ent w ith  the  external system , we find the reduced sta te

p s ( i ) = TrE ( u ( i )Ps e Uf ( i)) , (4.2.1)

w here psE = ps <S> |^ ) ( ^ |E . To take th e  trace  over th e  environm ent, a basis { |E i)} can be 
introduce, such th a t,

ps ( i ) = £  (E i1 U (i ) ^  ps (^ ^  C (f) \ f . (4.2.2)
i

Introducing K  = (E i | U |^ ) E , then  last equation tu rns out to  be

ps ( i ) = £  KipsK* = Ok (ps), (4.2.3)
i

which is a C P T P  m ap, since X iK K ^ = 1. Here is the  key content of the  S tinespring theorem : 
getting the reduced state of the system by tracing out the environm ent in an entangling unitary  
dynam ics is equivalent to  the application of a C P T P  m ap over the system.

4.3 Inform ational Incom patibility of a Physical C ontext
We are now ready to  introduce the second result of this work (see reference [Martins (2020)]

for th e  p reprin t su bm itted  for publication). Let C  = {p, X, Y} c  & (H ) be a context, a set
formed by a sta te  p , observables X = £ j XjXj and Y = £ k 1/kYk all of them  acting on H .

4 .3 .1  P r o t o c o l
Consider th e  generic protocol depicted  in th e  figure 4 .1 . Alice prepares a s ta te  p , w ith  

inform ational content given by
I(p ) = ln d -  s (p ), (4.3.1)

w here s ( p ) = -  T r(p  ln p ) is th e  von N eum ann entropy of p . A fter m easuring X , w ithou t 
registering  th e  outcom e of any particu la r ru n  of th e  experim ent (unrevealed  m easurem ent), 
Alice transform s the initial p reparation  into

d d
Ox (p) = £ X -p X , = £  p XjXj, (4.3.2)

j=i j=i
where p Xj = T r(pX-) and Ox is a C P T P  m ap given by (4.1.5), which removes quantum  coherence
from p in the basis {\xj )}. After she measures X , the inform ational resource I  is reduced to  the
value (from equation (4.1.11))

I i = I  (Ox (p)) = ln d -  H (p xj), (4.3.3)
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Alice Eve Bob
Preparation

P
— X

®x(p) — >—

r

®Yx(p) — >—

I f

• A '  =  P  -  i f

Alice Eve Bob
Preparation Espionage Analysis

Pe V P -  I f€ Lew TZ wX 1 P
4 (b)

A^e(C) = H -  II

Figure 4.1: (a) For a preparation p , Alice measures an observable X and thus sets an amount 
I1 = I (Ox(p)) of information (depicted by the first green thick stripe). Aware of the calibration 
procedure performed by Alice, the trusted partner Bob makes state tomography and then checks 
the information received. Upon the action of an eavesdropper, Eve, who measures Y, the received 
information actually is just If  = I (OyX(p)). The incompatibility of a context C = {p,X, Y} is a resource, 
quantified as := 11 -  If , tha t allows for Alice and Bob to detect, via information leakage, Eve’
espionage. (b) Aiming at discouraging potential eavesdroppers, Alice now prepares a highly noisy state 
pg = Me(p) [Equation (4.5.1)] and injects a very limited amount of information I* in the channel. Bob
receives an even more restrictive amount If  of information. However, because the information leakagefis proportional to the injected information, by looking at the ratio (I* -  Ig )/Ig he still succeeds to detect 
Eve’s intervention.

where H (p x.) is th e  Shannon entropy of th e  p robab ility  d istrib u tion  p x . T he system  is then  
delivered to Bob, who expects to  receive an am ount T of informational resource, as prearranged 
w ith  Alice. If he indeed receives th is am ount of inform ation, then  it is ascertained  th a t  the  
channel is safe from inform ation leakage (external espionage).

Consider, however, th a t  there  is an eavesdropper in the  com m unication channel, Eve, who 
intercepts the system sent by Alice and probe it by measuring the observable Y. The procedure
is conducted by m eans of a un itary  transform ation  U e & ( H  0  H E) th a t entangles the system,
which left Alice’s laboratory  in the s ta te  OX(p ) e H , w ith Eve’s appara tus E initially prepared 
in a s ta te  p^ e & (HE). The com posite s ta te  Qo = OX(p ) 0  p^ thus evolves into  Qf = UQoU^. 
Using Eq. (4.3.1) we can rew rite the m utual inform ation, defined by

I ( )  = S(p t) + S(p f ) -  S(Qf), (4.3.4)
in the form

I  ( Qt) = I (p t) + 1 (p f ) + 1  ( f it), (4.3.5)
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or

where p f  is the  reduced s ta te  of the  ap p ara tu s and p t = Try Qt = OYX (p ) (via the  S tinespring 
theorem ). Since the  von N eum ann entropy is invariant under u n itary  transform ations, which 
guarantees th a t I (Qo) = I (Qt), the  last equation can be w ritten  as

I  (Qt) = I  (Qo) = I  (Oyx (p )) + 1 ( p f ) + 1  (Q t), (4.3.6)

1 (°X (p ) ® p f  j = I (OX(p )) + I (p f  ) = I  (OYX (p )) + I (p f  ) + 1  (Q t) . (4.3.7)
Finally,

I  (Ox (p )) + 1 ( p f ) = I  (Oyx (p )) + 1 (pf ) + I  (Q t). (4.3.8)
Introducing the notation  AIy = I (p f ) -  I (p f ) and If  = I (OYX(p )), it is possible to  rearrange the 
above equation as

I ; -  If  = I  (Ox (p ) ) -  I  (Oyx (p )) = AIy + I  (Q t), (4.3.9)
where the m ap OYX(p ) is w ritten  as in equation (4.1.6), th a t is,

OYX(p ) = X  ^yk\xjPxj Yh  (4.3 .10)
j,k

w ith Pfc\j = \ (xj \yk) \2 = Tr(X , Yfc), so th a t

I f  = In d -  H  X  Pyk\xjPxj] . (4.3 .11)
j

In equation  (4.3.9) we see th a t  th e  resource consum ed from  A lice’s system , = I ; -  If , was 
used to  change the local inform ation of Eve’s appara tus (AIy) and to  increase the correlations 
between the system and the apparatus. If > 0, Alice and Bob then  discover th a t the channel 
is being spied upon [Fig. 4.1(a)], since Eve is acquiring inform ation in the  channel. Now, using 
Z k  Yk2 = 1 and YkOY(o') = OY(o")Yk, one shows th a t

Tr [og (Oy (o )) ] = Tr [Oy (a)g  (Oy (o )) ] (4.3.12)
for any sta te  o  and function g. This allows us to  w rite

S ( o \\Oy(o)) = S (Oy(o)) -  S(o),  (4.3.13)
w ith

S ( o \\p) = T r [o ( ln o  -  l n g )] > 0 (4.3.14)
being the relative entropy (equality holding if and only if o  = g ). We then  arrive at the  form

•Yc = I(OX (p )) -  I(O YX (p )) = S(OX (p ) \ \OYX (p )), (4.3 .15)
through which we can check th a t there are only two instances in which Y c  = 0, i.e., the context 

is com patible:
(i) [X, Y ] = 0 (Vp) (the operators share the same set of eigenstates and OYX(p) = OX(p ));

(ii) OX(p ) = 1 /d  (VX, Y ) (implying th a t Bob can not check the channel safety, i.e., I ; = If  = 0).
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O n th e  o ther hand  th e  consum ed resource J c  reaches its m axim um  value, ln d , w hen p = X- 
(an  eigenstate  of X) and  in addition , th e  X and  Y eigenbases form m utually  unbiased bases 
(MUB) [D urt (2010)], th a t  is, |(xy|yk)|2 = 1 /d . Therefore, from B ob’s (Eve’s) view point, 
noncom m utativ ity  and  I i > 0 are necessary ingredients— resources— for a successful leakage 
detection (inform ation acquisition). Thus, w ith respect to  the  protocol depicted by Fig. 4.1(a), 
the  following concept is introduced.
D e f in itio n  7. (Inform ational incom patibility) Informational  incompatibility is the resource 
encoded in a context & = {p, X, Y} that allows one to test the safety of a communication channel 
against information leakage. Quantified via J c  = I i -  If  [equation (4.3.15)], it is operationally 
related to the amount of information subtracted from the system upon an external measurement.

C o n n e c t io n  w ith  C o h e re n c e
It is interesting to  note th a t a connection can be made w ith quantum  coherence—as we have 

seen in section 2.5.3 a well-established quantum  resource quantified by the {|yk)}-basis relative 
entropy of coherence,

Cy (p ) = s  (p ||Oy (p )) (4.3.16)
(see references [Baum gratz (2014)] and [Streltsov (2017)]). It is triv ial to  verify th a t

J  = Cy (Ox (p )), (4.3.17)
which shows th a t the informational incom patibility can be viewed as the am ount of Y-coherence 
th a t is encoded in an X-incoherent state  Ox (p ). This is the m anner whereby the incom patibility 
of the set {X, Y} is captured  by J c .

4.4 Resource Theory of Inform ational Incom patibility
As briefly discussed in section 2.5.3, a resource theory  requires free operations, free states, 

states w ith maxim um resource and a quantifier. In our framework, all these objects are switched 
to  free context, context w ith the maximum resource, free operations and a quantifier or resource 
m onotone ( J c ). The resourceless (free) contexts, defined as C free such th a t  free = 0, are

C lree = {p, X, Y} s.t. [X, Y] = 0 (V p ), (4.4.1a)
C2ree = {d,X , Y} (VX, Y), (4.4.1b)
C jree = {Yk,X, Y} s.t. | (x;|yk) |2 = 1/d. (4.4.1c)

R egarding C2ree and  C3ree, which resu lt in I i = 0, these correspond to  context for which, 
Alice does no t send any inform ation to  Bob. T he following proposition  form ally proves th a t  
(4.4.1) are the only existing free context for I@.
P r o p o s i t io n  1. With respect to contexts C  = {p,X, Y}, J  = 0 i f  and only i f  (i) [X, Y] = 0 
(Vp) or (ii) I i = I  (Ox (p )) = 0.
Proof. From  = s(O x (p )||O y x(p)) it follows th a t  J c  = 0 if and only if Oy x(p ) = Ox (p ). By 
its tu rn , th is condition requires, via the  definitions of Ox  and Oy x , th a t

£  Px, [Oy(X ,) -  X ,] = 0, (4.4.2)
j
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w ith  p Xj = Tr(X jp ) > 0. T here are only two ways of satisfying th e  above equation. F irs t, if 
OY (Xj ) = Xj  for all p . This is equivalent to

X  YkXjYk = Xj.  (4.4.3)
k

M ultiplying by Yi either on the left-hand side or on the right-hand side, we obtain
YiXjYi = YiXj (4.4.4)

or
YiXjYi = XjYi, (4.4.5)

respectively, which imply [Xj, Yi] = 0 and hence,

[X, Y ] = X  Xjyk [Xj,Yk] = 0. (4.4.6)
j,k

On the  o ther hand if [X, Y] = 0, then
2̂ v 2i _  \  1 „ 2,.2

j,k
which dem ands th a t

[X2, Y2] = X  x ] y 2k [Xj, Yk] = 0, (4.4.7)

YkXj = XjYk. (4.4.8)
M ultiplying by Yk on the right-hand side and sum m ing over k , we get

X  YkXjYk = Xj, (4.4.9)

which satisfies equation (4.4.2) and completes the proof of item  (i). The second way of satisfying 
equation (4.4.2) is by picking a uniform  d istribution , Xj = 1 /d , for in this case we find

^ [ O y ( X j ) -  X j ] = 1 [Oy(1) -  1] = 0. (4.4.10)

Since

id . j

OX (p ) = Z  ^XjX j , (4.4 .11)
j

in th is case we have
Ox (p ) = 1 /d  (4.4.12)

and
I ; = I  (Ox (p )) = ln d -  S (Ox (p )) = 0. (4.4.13)

Notice th a t OX(p ) = 1 /d  if either p  = 1 /d  or p  = Yk w ith the X  and Y  eigenbases forming MUB.
Conversely, I ; = 0 only if OX(p ) = 1 / d , implying th a t OYX(p ) = OX(p ) and hence, the validity of
equation (4.4.2). This proofs item  (ii). □
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A part from them , any o ther context is either term ed resourceful or m axim ally resourceful. 
W ith  regard  to  free operations, which can be though t as C P T P  m aps, one p roperty  of the  
s  (Ox (p ) ||O yx(p )) is th a t it does not increase under generic C P T P  m aps r ,  which implies th a t

J  ^  J r (C ) , (4.4.14)
where

r  (C ) = { r (p),X , Y}, (4.4.15)
provided th a t r  com mutes w ith the m aps Ox and Oyx. In this case, it is clear th a t resource is
never created  upon the  action of r .  Also, to  ensure th a t  J r (Cfree) = 0 , we need to  require r  to
be unital, so as not to  m ake C  1ree resourceful upon r .  A ltogether, these aspects characterize 
the free operations r  w ith respect to  inform ational incompatibility. In our approach, we do not 
adm it any operations on {X, Y}, as this would imply unsharp observables responsible for aspects 
of m easurem ent fuzziness th a t  have been disregarded from the outset.

4.5 M easurem ent Incom patibility
We now consider a noisy scenario [Fig. 4 .1(b)]. To discourage any potential eavesdroppers, 

Alice introduces, in a controllable way, an am ount 1 -  e of noise in the input sta te , which then 
reads

pe = N e (p ) := (1 -  e) d  + e A (4.5.1)
w here e e [0,1] and  N e is a C P T P  un ita l noise map. From  th e  concavity of th e  entropy and
the joint convexity of the relative entropy, the inform ational resource is w ritten  as

£  = ln d -  s  (0 X (pe)) < ln d - ( 1 -  e) ln d -  es (0 X (p )) (4 5 2)
= e ln d -  es (Ox (p )) ,

or,
Ii < e I i. (4.5.3)

T his shows th a t  th e  inpu t inform ation is lim ited according to  epsilon. Following th e  sam e 
procedure, one show th a t

JN (C ) < e J c , (4.5.4)
where N e (C ) = {pe, X, Y} and N e=o (C ) = C .

Hence, th e  p repara tio n  p e implies, for e ^  1, a very lim ited am ount of inform ation in the  
channel and an equally restrictive am ount of consumable inform ation. Aware of the am ount of 
noise introduced, Bob can still check the  security  of th e  channel by looking at th e  am ount of 
inform ation th a t  leaks per un it of injected inform ation. To this end, Bob com putes the  ratio

re -  Ii  (<C)(C) := , (4.5.5)Ie Ie
w ith  Ie = I  (Oyx(p e)), . This is equivalent to

^  I ( 0 X(pe)) -  I ( 0 YX(pe)) ( 4 5 6 )
'c ' =  pe5) ■ (4 . 5 . 6)
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Denoting

whose entropy reads

p'e = Ox (p e) = ( 1 -  e) -  + e ° x (p )

= (1 -  e) -  + e X  P *

s (p'e) = -  Tr [p e in pe]
= -  X  (Xi\peln p^ix i >

(4.5.7)

N oticing th a t

we find
Pe ln P e lxi > 1 e + epx J  | x i >,

S (pe)e) = -  X
1 e

1
e p Xi -  
1 -  e

(4.5.8)

(4.5.9)

(4.5.10)

In the  large-noise lim it ed «  1, it is possible to  w rite, up to  the second order in epsilon,

ln

ln 1

1 e -  ln d -  e  ,\ a j 2

epx; d \ epx; d e 2p  l t d 2 (4.5.11)
1 -  e / 1 -  e 2 (1 -  e) 2

Then, we obtain

s  (pe)'I  = X  ( 1 e
di

;2 epxt d e 2P  \  d 2+ e p x j  < ln d + e + +
2 1 -  e 2(1 -  e) (4.5.12)

and

S (p ')  = ln d + (4.5.13)

By use of (4.1.14), the last equation is simplified to
e2 ( j

S(OX(pe)) = ln d + ~2 f 1 -  d llOX(p )y2)
and by (4.1.15), one obtains

e2 (
S (OYX (pe)) = ln d + T p l1 -  d 1OYX (p )y

R eturn ing  to  (4.5.6), w ith  the last two equations, we find

(4.5.14)

(4.5.15)

& J V e (C)
y  d ( W ° x  (p )|2 -  | 0 Yx (p )ir

-  ej  (1 -  d wox (p )W2 j
(4.5.16)
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Using (4.1.18) and taking the lim it of e ^  0, we finally obtain

l- cm | |0 YX(P ) -  (P)H2 . cm î a z i >7\-*N< ®  = ||<SX(/, ) - l / J ||2 -  ^ ,  (4-5 -17)

T he em erging expression for J j j e(C)A( resu lts to  be e-independent and  the  e ^  0 lim it 
triv ially  follows. Therefore, by use of th is ra tio , Bob can still check inform ation leakage for 
arb itrarily  large noise. An interesting feature of the formula (4.5.17) is th a t it is invariant upon 
noise m aps of the form (4.5.1), th a t is, ( q  = , for all p and e e [0,1]. This allows us to
w rite, up to  order e2,

S j j e (C) = 4  (4.5.18)
This result is in teresting  because it factorizes the  role of the  inpu t inform ation, thus showing 
th a t fundam ental characteristics of incom patibility are encoded solely in the geometric measure 
Æc, which is, moreover, epsilon-independent. Notice, in particu lar, th a t  Æc is much easier to  
com pute.

In search of a link between inform ational incom patibility and m easurem ent incompatibility, 
the natu ra l move is to  restrict ourselves to  the context C j = {XyX, Y}. Then, setting p = Xj  in 
equation (4.5.1), we find

= d T Y  (1 - | |O y(X ,) ||2) , (4.5.19)
which is just the  linear entropy of

Oy(Xj ) = £  Yfc = £  Tr(YfcXj)Yfc, (4.5.20)
k k

and
Ii = e2(d -  1)/2. (4.5.21)

It follows th a t
J N  (<Cj) = Ie, (4.5.22)

w ith  Ie keeping no dependence on the  inpu t s ta te  X j . This result is relevant because it proves 
th a t the  ratio  j , suffices to  capture the level of incom patibility  in the  context C j . However,
it cannot be our definitive figure of m erit for quantifying the  m easurem ent incom patibility  of 
the set {X, Y}, since it considers only a single element of the X eigenbasis. We then  examine the 
averaging . d

^ { x,y} := ^ £  ^ CJ. (4.5.23)
j=i

By construction, ^ { X,Y} tends to  be a more appropriate  quantifier of m easurem ent incom pati­
bility, for it (i) encompasses the  contribution  of all X eigenstates and (ii) is sym m etrical upon
the ordering perm utation  X ^  Y, th a t is, ^ { X,Y} = ^ { Y,X} (a desirable p roperty  for a measure
m eant to  describe an algebraic relation  betw een two observables). This poin t can be checked 
from the m anipulated  form

• - W ) = £  (d  -  £  A > I 41  <4 5 24)
=1 =1
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The first equality also makes it explicit a relation w ith  the  com m utator

[X, Y] = X  Xjyk [Xj, Yk], (4.5.25)
j,k

which, however, also depends on the spectra of X  and Y . This is an im portan t reference to the 
well-known fact th a t, when projective m easurem ents are concerned, jo in t m easurability  and 
com m utativ ity  tu rn  out to  be equivalent notions, a lthough th is is not tru e  in general [Ziman 
(2016)]. M oreover, we have 0 < -M{XY} < 1, w ith  th e  upper (lower) bound  being reached for, 
and only for, MUB (com m uting operators).

4.6 G eom etrical Interpretation
Using the generalized Bloch representation in section 2.2, we can build a geometrical picture 

for the incom patibility measures introduced before. W ith  this formalism, the m ap O x(p ) can be 
w ritten  as

Ox (P ) = X  p x  Xj = Z
j=i J=1

1 + (d -  1 )x j  • r  \ / I  + CdXj  • A )

which can be simplified to

w ith

The m ap OYX (p ) is w ritten  as

w ith

where u, v  e Rd2 1 and

O x( p ) = 1 + Cd u  • A

u  := “ 7 "  Z (X  • r )  XJ-d J=i 

OYx  (P ) = ,

v = “ i t  Z (yk • u )d k=i

Vi • yj
Su d -  1 

d -  1

(4.6.1)

(4.6.2)

(4.6.3)

(4.6.4)

(4.6.5)

(4.6.6)
The considered observables assume the form X  = X • A and Y  = V • A, where X = (Cd/d  ) £  j Xj X j 
and V = (Cd/d) 7 k^kVk. The relations (4.6.2)- (4.6.4) allow us to  speak of the  incom patibility

^ = H I 1 + (d - 1) y  • u \ -  H  n + (d -  i )x  i • r  ' (4.6.7)

of the “geom etrical context” C  = {r, X, y}. In connection w ith  the  noisy s ta te  (4.5.1), we have 
N e(C ) = {er, X, y}, for which we find a particu larly  insightful resu lt for th e  p roportionality  
ratio:

™ \ u  -  v || \|v||= ———2— = " -  7 'u  u (4.6.8)
2

2
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To com pute the m easurem ent incom patibility we set p = X j, which implies th a t r  = Xj = u  and 
hence,

w ith

It then  follows th a t

^ p , = 1 -  F j

d -  1 
Vj = d k=1

yk.

(4.6.9)

(4.6.10)

W } = 1 d  1  É  I V II' = 1 -  dd 21  S  (X  • y k)2 (4.6.11)
j=1 ok=1

Interestingly, th e  resu lts (4.6.7)- (4.6.11) rephrase incom patib ility  in term s of th e  geom etry 
defined by the vectors r ,  X, y. Here the free contexts (4.4.1) manifest themselves w ith respect to
F p  as C  1ree = {r, X, y} w ith

a? j • yk d8jk -  1
d -  1 (4.6.12)

(“parallel opera to rs”, since one has X • y  = ' D ), C2ree = {0, X, y} (V X, y ) , and  C3ree = 
{yk, X, i/} w ith Xj • = 0 (“orthogonal vectors”, since X • y  = 0). Interestingly, as far as ^ x ,y is
concerned, we see th a t it vanishes for parallel (commuting) operators and reaches its maximum 
for orthogonal (MU) operators, th is being the cerne of our geometrical in terpretation .

T he scenario becom es ra th e r sim ple for generic qub it contexts. By se ttin g  d = 2, Cd = 1, 
A = (oi, <T2, 03), where 01,2,3 are th e  Pauli m atrices, X j = Xj X, and yk = yk y  in th e  precedent 
formulas we readily obtain

= h 1 + (X • y)(X • r) h 1 + (X • r) (4.6.13)

{̂x,y} = = 1 -  (X • y) (4.6.14)
where /z(v) = —vln  v -  (1 -  v) ln (1 -  v) is the b inary  Shannon entropy and r , X, y  e R3.

Some rem arks are in order. F irs t, F p  is th e  only q uan tity  th a t  depends on th e  s ta te  
p (via r ) ,  th is  being th e  key aspect characterizing it as a inform ational incom patibility . In 
p articu la r, th is  ensures th a t  F p  ^  0 as |r |  ^  0 (decoherence-induced classical lim it). T he 
“large mass” classical limit, on the other hand, effectively comes via x • y = 1, which implements 
the  nondisturbance scenario and  implies, via 0 YX (p ) = OX (p), th a t  F p  = 0 (see the  following 
sections for details). This regime is, of course, equivalent to  the free context C  1ree, where X = y  
(im plying parallel operators, th a t  is, [X, Y] = 0). T he inform ational incom patib ility  vanishes 
also w hen X • r  = 0— case in which th e  first m easurem ent X is incom patible w ith  th e  inpu t 
sta te— and monotonically increases w ith the quantifiers given by equation (4.6.14). Second, by 
taking

4 Æ{x,y } = 1 II [X, y ]||2 = |X X y |2 (4.6.15)
as an estim ate  for th e  notion of noncom m utativ ity , we see th a t  th e  ra tios ^ p  and  ^ p , , 
w ith  C j = {Xj, X, Y}, and  th e  m easurem ent incom patib ility  ^ { X,Y} are all indistinguishable 
concepts for qub it contexts. To a certa in  extent, th is  can be re la ted  to  th e  b id irectional 
implication reported in reference [Heinosaari (2010)] between the notions of nondisturbance and 
com m utativity.

2

2
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4.7 Position and M om entum
Using the m ethod introduced in 2.6 we can write the C P T P  m ap given by equation (4.1.5), 

now for m om entum  and  position observables in the previous formalism. Consider first a m ap 
for unrevealed position m easurem ents, in {|gk)} basis, which is given by

Oq (p) = £  Qk p 0k, (4.7.1)

, where| - i  | - i  
' 2  , 2where Qk are position projectors given by equation (2.6.3) and k e [-L 9, L9] =

£ is function of the resolutions.
The unrevealed-m easurem ent m ap for m om entum  is w ritten  as

Op (p ) = £  Pt p P h (4.7.2)
l

The m ap of sequential m easurem ents then  reads

Opq(p) = £  Pi O q(p) Pi. (4.7.3)
l

One can also consider the opposite scenario, where the m easurem ents are performed in reverse 
order, th a t  is,

Oqp(p ) = £  Qk Op (p ) Qk. (4.7.4)
k

Now consider a pure quan tum  sta te  given by

p = | f )  ( f |  = £ W 2 f  (?k) f  *(?k0 k k ) <9k'| (4.7.5)
k,k

Calculating the unrevealed m ap for position m easurem ents w ith equation (4.7.1) and using the 
sta te  in equation (4.7.5), we have

0 Q (p ) = £  Qk"p Qk"
k "

= £  W 4 f  (9k) f *(gkO kk») (gk"kk) (gk% " ) (g H
k,k ',k'
£  W 4 f ( ?k) f *(gkO^ k ^  |?k") (gk"|

k,k ',k
2

k
From equation (3.4.32) we have

= £  w 2 | f  (?k) |2 |?k) (?k|
k

= £  ^ | f  (?k) |2 Qk.

0 Q(p ) = £  PkQk. (4.7.6)
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We can calculate the eigenvalue equation for Og (p ), which is

°Q (p ) \qk) = X  Sqpk \^k') (qk'\qk)

= P k X  lqk'> (4.7.7)
kJ Sq 

= Pk \qk>.
so, |qk> are also eigenstate of O g(p) w ith respective eigenvalues p k .

Calculating the unrevealed m ap for m easurem ents of position and m om entum , sequentially, 
as given by equation (4.7.3) we find

Opg (p ) = X  p  Og (p ) pll
= X ( S q ) 2(Sp)2 l7 (qk) |2 |pi> (pilqk> (qklpi> <Pll (4 7k,l (4. t . 8)

p-2ftikl/f -2nikl/f
= V ( S q ) 2(Sp)2 | f  (qt ) |2 ^ = -  |p l> <pl| .

We have equation (2.6.16), which relates the resolutions product SqSp to  the space dimension 1 
we can w rite the product as SqSp = 2k f i/1 , therefrom  we obtain

opq (p ) = x  X (sq )2 (Sp)2 ^  (qk )\2 \pi) (pi \k,i

= 1 X  Sq \^  (qk ) \2 pi1 k,l
= 1 X  p k X  p l,k i

w ith equations (2.6.7) and (2.6.11), we finally obtain
1 
1

Opg (p ) = y  (4.7.9)

(4.7.10)

and it is triv ial to  com pute its eigenvalue equation

°p q  (p ) \pl) = % \pi)

= 1 ipi),

where Opg (p ) has eigenvalue 1/ 1.

4 .7 .1  I n f o r m a t i o n a l  I n c o m p a t i b i l i t y  f o r  C  =  { g , p , p }
Com bining equation (4.7.6) and (4.7.9), we can write Y ^  for the  context C  = {Q ,P ,p}, as

Yc  (p ) = S (Opq(p)) -  S (Oq(p ) ) .  (4.7.11)
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J C (p) = s  |  £  |  -  s

Replacing equation (4.7.6) and equation (4.7.9) in equation (4.7.11), we find

( £  PkQ kj, (4.7.12)

which can be expanded as

1 1  \  \J C (p ) = - £ (^m| T ln T  |?m) ^ £ (?n| £  PkQk ln £  PkQk M  . (4.7.13)
m rc \ k  / \ k  /

Using equations (4.7.7) and (4.7.10), we obtain
J  (p ) = ln £ -  H (p k ). (4.7.14)

Consider th e  case w here th e  in itial s ta te  p is a position  e igenstate, i.e., p = Qk. T hen 
equation (4.7.1) reduces to

°Q (Qk) = £  Qk,QkQk' 
k'

= £  Qk,Qk^k'k (4 7 15)k' v 7

= QkQk
= Qk,

where the properties of equation (2.6.4) have been used. The corresponding eigenvalue equation 
is

° Q (Qk,) k k ) = |gk,) (gk 'kk)

= ^  |gk')  ^  (4.7.16)
= k k ),

so, the Oq (Qk,) eigenvalue is 1.
The entropy of equation (4.7.15), using equations (2.6.18) and (4.7.16), is

s  (°Q (Qk) ) = £  (^m| (Qk ln Qk) ^m ) 
m

= -  ln 1 £  dg (gm|gm) (4.7.17)
m

= 0.
Com bining the results (4.7.14) and (4.7.17), we then  have

J { q,p } = ln £. (4.7.18)
T his m eans th a t  w hen one considers a Q eigenstate as inp u t s ta te , th e  inform ational 

incom patibility is maxim um , indicating th a t Q and P are m axim ally incompatible, as expected.
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4.8 Classical Limit
Suppose th a t, after being prepared in a generic s ta te  [see equation  (2.2.18) w ith  d = 2], an 

electron is subm itted to a sequence of two Stern-Gerlach (SG) magnets, one w ith m agnetic field 
BxX and  the  o ther w ith  y. Here the  scenario is such th a t  the physical in teraction  generates 
spin-position  correlations th a t  perfectly  induce m easurem ents of th e  observables X = X • a  
and  Y = y  • a .  T h a t is, th e  electron spin couples w ith  th e  m agnetic fields in a way such 
th a t  one can clearly distinguish betw een displacem ents of th e  electron tra jec to ry  along the  
axes x or y. In th is  case, th e  X and Y bases form M UB and  X • y  = 0, which m axim izes 
bo th  the context incom patibility and the  resulting m easurem ent incom patibility  [see equations 
(4.6.13) and  (4.6.14)]. Now, consider th a t  th e  sam e SG app ara tu ses are used to  m easure the  
spin of an extrem ely massive particle. In th is  case, th e  coupling w ith  th e  m agnetic  field is 
no t enough to  cause a significant deviation  in th e  partic le  tra jectory . In o ther words, the  
correlations established betw een position  and  spin are tiny, and  th e  resu lting  “m easurem ent” 
becom es effectively fuzzy. T he larger th e  mass, th e  greater th e  difficulty to  experim entally  
distinguish between the observables X and y. As a consequence, X = y  and F p  = 0.

B ut our approach adm its an even deeper treatm en t of this problem. To make the point, let 
us im agine th a t  th e  SG m agnets are free to  move upon  in teraction  w ith  th e  passing particle, 
th a t  is, th e  app ara tu ses can receive kickbacks th a t  guaran tee to ta l m om entum  conversation. 
Being free to  move, th e  m agnets earn  th e  right to  be tre a te d  q uan tu m  mechanically. In th is 
case, via the Stinespring theorem , the unrevealed-m easurem ent m ap is w ritten

Ox (p ) = T rSG (Up <g> PsgUf ), (4.8.1)
w ith  p SG being th e  ap p a ra tu s  s ta te . A t th is  stage, th e  notion  of collapsing m easurem ent 
associated w ith the projectors Xj is replaced w ith correlations created between the systems by U. 
W hen the mass of the particle is large and the coupling w ith the field is weak, the correlations 
are nearly negligible, which legitim ates us to  replace the  projective-m easurem ent m ap Ox w ith 
the weak-m easurem ent m ap [Dieguez (2018)]

MX(p) := (1 — e) p + e Ox (p ), (4.8.2)
w here 0 < e < 1. Being re lated  to  th e  effective s tren g th  of th e  m easurem ent, e can be shown 
[Dieguez (2018)] to  emerge from  th e  s tren g th  of th e  physical coupling. In th e  problem  under 
scrutiny here, since the interaction is m om entum  conserving, then  we can expect th a t e rc mSG/m , 
where m (mSG) is the mass of the particle (SG m agnet). Upon the replacement O ^  M e, context 
incom patibility  becomes ( ) ( )

F c  = s  (M^ MX (p )) — S (Me (p )). (4.8.3)
In the  regime where e ^  1, we have

M^-MX (p ) = Me (p ) + e [Oy (p ) — p ], (4.8.4)
which allows us to  conclude th a t  th e  large-m ass lim it, (mSG/m ) ^  0 , implies th a t  F p  ^  0. 
W hen th e  partic le  is lightweight in com parison w ith  th e  m agnets, then  th e  m odel can be 
im proved as e rc 1 — exp (—mSG/m ), which correctly  yields e ^  1 for (mSG/m ) ^  to and  also 
encapsulates the large-m ass lim it. A lthough the  discussion has been conducted here for d = 2, 
similar argum ents apply in general.
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4.9 Comparison Betw een our M easures of Inform ational 
Incom patibility

Two quantifiers of quantum  incom patibility for a context were introduced in this m anuscript: 
th e  first, called Bayes incom patibility , based on Bayes’ rule violations, and  th e  second, the  
so-called inform ational incompatibility, related to  inform ation leakage in a com munication task. 
The natu ra l question would be w hat the  difference is between them . To address this question, 
we consider again the  case of a conical context for a q u b it, which is defined by the  constrain t 
X • r  = X • r ,  w ith  r  con stitu tin g  th e  sym m etry  axis of th e  cone. As discussed previously, 
given th e  angular equivalence of X and  y  w ith  respect to  r ,  which thu s “remove” th e  role 
of th e  s ta te  from th e  context, th is  instance is expected  to  refer solely to  th e  incom patibility  
between the couple {X, Y}. In other words, here our measure should be related w ith the purely 
algebraic notion  of non-com m utativity , which is cap tu red  by non-com m utativ ity  degree. To 
tes t these ideas, num erical sim ulations were perform ed com paring non-com m utativ ity  degree, 
Bayes’ incom patibility and inform ational incom patibility of a context. In figure 4.2, we present 
param etric  p lo ts betw een inform ational incom patibility  and  non-com m utativ ity  degree, and 
between informational incom patibility and Bayes’ incompatibility, as a function of X• y  e [0,1] for 
several values of X • r  (which is equal to  y  • r ) .  The results dem onstrate, for the case of qubits, th a t 
the measures non-com m utativity degree, Bayes incompatibility, and informational incom patibility 
are monotonically related to  each another, which implies their essential equivalence. A lthough we 
dem onstrated th a t informational incom patibility is a resource, due to  time restriction it was not 
possible to  dem onstrate to Bayes’ incompatibility. In this sense, informational incom patibility is 
more robust th a t Bayes’ incompatibility. Figure 4.3 presents an instructive comparison between 
B ayes’ incom patib ility  and a sym m etrized version of inform ational incom patibility , which is 
defined as

J  := J ::x « + f f r M . (4.9.1)
^1 ^2

where,
^1 = lim J{r,x,y} (4.9.2)x-r—>1

and
^2 = lim J{r,y,x}. (4.9.3)y r —1

In th is case, we fixed X • y  = 1/ 2 and  let X • r  and  y  • r  vary independently  in the  interval
[0,1]. We see th a t bo th  m easures m onotonically increase w ith  X • r  and y  • r .

This result is valid for qubits. For instance, systems w ith higher dimensions are inconclusive, 
needing fu rther investigation. However, th is  is an in teresting  com parison; it validates w hat is 
expected, quantifiers are equal footing.
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Figure 4.2: In the graphs, each blue curve refers to a specific value of X • r  (which is equal to y • r)  in 
the set {0.1,..., 0.9} with increments of 0.1, so that the lower curve corresponds to 0.1 and the upper one 
to 0.9. On the left-hand side, a graph symmetric informational incompatibility of a physical context 
versus the non-commutativity degree. On the right-hand side, a graph informational incompatibility of a 
physical context versus Bayes’ incompatibility. Both graphs for the conical context, namely, X • r  = X • r. 
The plot takes the same values as figure 3.7.

Figure 4.3: Bayes incompatibility (red surface) and symmetrized informational incompatibility (blue 
surface) as a function of X • r  and y • r  for X • y  = 1/ 2.
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CONCLUSION AND OUTLOOK

In th is  work a notion of incom patibility  was introduced whose quantifier does not rely on 
com m utators, b u t ra th e r on physical context C  = {p, X, Y} and  in its underlying probab ility  
d istributions. Besides allowing one to  describe th e  d isappearance of incom patibility  in the  
classical regime, our results defines incom patibility as violation of Bayes’ rule and an information- 
based task  in space-tim e, ra ther th an  an algebraic construction in the H ilbert space.

T he first proposed m easure Bayes’ incom patibility  brings together two different scientific 
subjects to  trea t a topic not very well defined in the academic literature. From one side, Bayes’ 
rule, which is one of the most fundam ental concepts in classical theory. From the other, the KL 
divergence— a central tool in inform ation theory. Com bined, these concepts yield a m easure 
to  quantify  q uan tum  incom patibility  for a context. W hen applied to  a sim ple system , as a 
qub it, th is  m easure shows up very intu itive, ad m ittin g  even geom etrical in terp re ta tions. In 
particular, as far as position and m om entum  are concerned, our m easure leads to  the expected 
result, namely, maximum incom patibility for states th a t are eigenstates of one of the observables. 
However, it is not always an easy task to  com pute it in an analytical form, since the num ber of 
variables gets bigger and bigger w ith the space dimension.

On th e  o ther hand, inform ational incom patib ility  is easily com putable and  yet adm its a 
norm -based estim ate. Remarkably, the inform ational incom patibility is shown to  be a resource, 
w ith particular application to  a protocol devised to  test information leakage, makes contact w ith 
the notion of m easurem ent incompatibility, and adm its a geometrical in terpretation  in a vector 
space of arb itra ry  dimension. O ur results give rise to  some noteworthy research lines. The first 
one concerns th e  extension of our approach to  contexts involving m ore th a n  two (eventually 
continuous) observables. T he second refers to  th e  use of our easily com putable quantifier of 
m easurem ent incom patibility  for MUB searching, a long-lasting in tricate  problem  in quantum  
physics.

It has recently  been shown th a t  th e  notion  of incom patib ility  can be extended  to  m ore 
general scenarios, as for instance the one involving quantum  operations and quantum  channels 
[Ziman (2016)]. L ittle is known, however, about the connections w ith foundational and quantum ­
inform ation quan tities such as q uan tum  entanglem ent, q uan tum  nonlocality  and quan tum  
irrealism. In  addition, the research concerning the  relevance of quantum  incom patibility in the 
interface between quantum  mechanics and relativity, or even problems involving quantum  field 
theory, is ra ther incipient [Savi (2020)]. All this together defines a formidable research program  
for future works.
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