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RESUMO

Este trabalho investiga problemas de controle 6timo em tempo continuo.
Em horizonte de tempo finito, apresentamos uma nova abordagem ao
analisar problemas com objetivos de diferentes naturezas, que precisam
ser minimizados simultaneamente. Um objetivo estd na forma classica de
Bolza e o outro é definido como uma func¢ao de maximo. Baseados na
teoria de Hamilton-Jacobi-Bellman caracterizamos a fronteira de Pareto
fraca e a fronteira de Pareto para tais problemas. Primeiramente, defin-
imos um problema de controle 6timo auxiliar sem restrigoes de estado e
mostramos que a fronteira de Pareto fraca é um subconjunto do conjunto
de nivel zero da funcao valor correspondente. Em seguida, com uma abor-
dagem geométrica estabelecemos a caracterizacdo da fronteira de Pareto.
Alguns resultados numéricos sao considerados para mostrar a relevancia
do nosso método. Os bons resultados obtidos para horizonte de tempo
finito nos motivaram a investigar problemas de controle 6timo multiob-
jetivo com horizonte de tempo infinito. Com uma abordagem similar,
caracterizamos a fronteira de Pareto para essa classe de problemas. In-
troduzimos um método, baseado no principio da programacao dinamica,
para reconstrucao de trajetérias de problemas de controle 6timo com
restricoes de estado e horizonte de tempo infinito. A teoria é aplicada
em sistemas de gestdo de energia. Para problemas de energia simples, mas
ainda representativos, que minimizam custo de geracao e emissao de CO2,
comparamos a habilidade de diferentes baterias como substituto para o
mecanismo de deslocamento de demanda de ponta (load shaving). Com a
resolucao do problema multiobjetivo é possivel obter uma relagao entre a
minimizacao dos custos de geracao de energia e de emissao de gas carbonico
das usinas termoelétricas consideradas no modelo.

Palavras-chave: Controle 6timo multi-objetivo; caracterizacao da fron-
teira de Pareto; abordagem de Hamilton-Jacobi-Bellman; baterias para ar-
mazenamento de energia; resposta a demanda.



ABSTRACT

In this work we investigate optimal control problems in continuous time. A
novel theory is developed for finite horizon problems with two objectives of
different nature that need to be minimized simultaneously. One objective
is in the classical Bolza form and the other one is defined as a maximum
function. Based on the Hamilton-Jacobi-Bellman framework we character-
ize the weak Pareto front and the Pareto front for such problems. First
we define an auxiliary optimal control problem without state constraints
and show that the weak Pareto front is a subset of the zero level set of
the corresponding value function. Then with a geometrical approach we
establish a characterization of the Pareto front. Some numerical examples
are considered to show the interest of our proposal. The encouraging re-
sults obtained with the finite horizon motivated us to investigate infinite
horizon multi-objective optimal control problems and characterize the cor-
responding Pareto front. Additionally, we introduce a method, based on
the dynamical programming principle, to reconstruct optimal trajectories
for infinite horizon control problems with state constraints. The theory is
applied to energy management systems. We compare the ability of different
batteries as a substitute of the load shaving mechanism in smoothing the
load peaks, for simple, yet representative, power mix systems with two dif-
ferent objectives. The multi-objective approach makes it possible to obtain
a compromise between the minimization of generation costs and the carbon
emissions of the thermal power plants in the mix.

Keywords: Multi-Objective optimal control problems; Pareto front char-
acterization; Hamilton-Jacobi-Bellman approach; energy management sys-
tems; battery energy storage systems; demand response.
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Chapter 1

Introduction

1.1 General setting

Optimization is a very important field in Mathematics that studies problems with
the goal of maximizing or minimizing some function, subject to constraints on the decision
variables. An important branch in this area is the optimal control theory.

Optimal control considers systems evolving in time that are susceptible to change
through external actions. For a system with such features, the aim is to control its evo-
lution along a certain period of time in a manner that the pair of control-and-state is
optimal with respect to some criterion, given in the objective function. The system dy-
namics can be formulated in discrete [[sol7, Ten01] or continuous time [BCD97, CHL91].
The decision variables are of two distinctive types:

e state variables, describing the evolution of the dynamical system under considera-
tion by means of difference equations in discrete time or by means of a differential
equation in continuous time;

e control variables, or external decisions, allowing for example to maintain the trajec-
tories of the state variables within given bounds.

This work focuses on optimal control problems in continuous time. In this case, the
objective function is defined in a functional space. As for the optimization horizon it can
be finite or infinite. An example of finite horizon problem, presented in [ABZ13], considers
a boat that navigates in a river from an initial position x. The goal is to reach an island
with minimal fuel consumption at time 7". The state variables are the coordinates of the
boat while the control variables are the impulse of the motor and the wheel angle that
changes the boat direction. The dynamics defines the speed of the boat as a function of
the current drift and the control variables. Figure 1.1 illustrates the example including
obstacles that the boat needs to avoid to attain the island; the river shores are natural
bounds for the trajectory of the boat.

Infinite time horizon problems arise in Economy and Biology when imposing a final
horizon is artificial. For instance, the pest control problem in [CHL91] studies the joint
evolution of two species: a nuisance for humans and its predator. The population of these
species are the state variables. The growth of both populations represents the dynamics
that is intertwined forever, without any final time ending the relationship. The control
variable is the rate at which a chemical is sprayed to poison the pest (which also kills
the predator). To control the expansion of the nuisance, the work [CHL91]| considers an
objective function that adds the cost of spraying to the size of the nuisance population.

11
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Figure 1.1: Ilustration of the boat example.

These are two objectives of different nature that could be better treated with the multi-
objective approach studied in this dissertation.

Since optimal control problems are stated in functional spaces, their numerical treat-
ment requires some form of discretization. There are two well-known approaches in the
literature: “discretize-and-optimize” or “optimize-and-discretize”. This work falls into
the second category, specifically, the so-called Hamilton-Jacobi-Bellman (HJB) frame-
work [BCD97]. The idea is to consider the value function defined by the optimal value of
the control problem, when seen as a function of the initial state and time of the dynami-
cal system (in the boat example, the starting position of the boat, ). Under reasonable
assumptions, the dynamical programming principle [Bel57] is satisfied and the value func-
tion can be characterized as the unique solution of a partial differential equation, called
Hamilton-Jacobi-Bellman (HJB) equation [BCD97, ABIL13]. After solving this equation
using a discretization method, an approximation of the value function is obtained for
any initial state x. This feature is in sheer contrast with the discretize-and-optimize ap-
proach, that provides the optimal value for only one initial state. For the boat example,
the HJB technique yields the minimal fuel consumption to reach the island from any
starting position of the boat. Another remarkable by-product is the possibility of recon-
structing optimal trajectories, see [ABDZ18, RV91] for finite and [BCD97| for infinite
horizon problems. Reconstructing an optimal trajectory for the pest example can give an
indication if the species will be extinct in the long term.

In general, when the set of trajectories is not closed, it is not possible to guarantee
the existence of a minimizer for the optimal control problem. A well-known approach to
deal with this issue is to consider a relaxed optimal control problem over a compactified
set of trajectories; see for instance [AC84, FR99|. Under suitable assumptions, the value
function of the original problem coincides with the value function of the relaxed problem,
[BCDY97, FRY9).

Because of the non-linearity of the HJB equations, defining a solution in the classical
sense is not possible when the value function is not sufficiently smooth. The concept of
viscosity solution, based on sub and super-differentials and introduced by Crandall and
Lions in [CL83], can be employed. If the problem includes state constraints, the value
function not only lacks smoothness but can also be discontinuous. For the boat example,
state constraints appear when modeling the obstacles in the river. The HJB characteri-
zation can still be derived in this setting, as long as certain controllability assumptions
are satisfied. The most well-known are the inward and outward pointing conditions.
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The former, introduced in [Son86|, requires that each trajectory initiated on the
boundary can be approximated by a sequence of trajectories lying in the interior of the
set of state constraints. This strong assumption ensures Lipschitz continuity of the value
function, that can then be characterized as the unique viscosity solution of an HJB equa-
tion.

The outward pointing condition, introduced in [FP00, FV00], ensures that the value
function is the unique lower semi-continuous solution to an HJB equation. The condi-
tion states that each point in the boundary of the feasible set can be hit by an interior
trajectory.

In general, showing satisfaction of such controllability conditions is not straightfor-
ward. In order to overcome this drawback, other characterizations of the value function
can be derived as in [HWZ17, HZ15| that assume that the set of constraints is endowed
with a stratified structure. See also [BFZ11].

In this work we focus on an alternative approach introduced in [ABZ13]. The
technique describes the epigraph of a state constrained value function by means of an
auxiliary control problem that has no state constraints. The corresponding value function
is Lipschitz continuous and its level sets provide a mechanism to recover the original value
function. Thanks to this ingenuous idea, a characterization via a unique viscosity solution
of an HJB equation can be derived, without any controllability assumption.

As suggested by the pest example, multi-objective dynamical optimization is an
area of great interest in applications. In this context, generally, it is not possible to
minimize all the criteria simultaneously. For this reason, several solution concepts have
been proposed in the literature. In the classical work “Cours d’Fconomie Politique”
[Par96], the pioneering economist V. Pareto introduced the notion of efficient or Pareto
solution. At a Pareto solution it is not possible to improve one criterion without worsening
at least one of the other ones. The image of the set of all Pareto solutions by the objective
function is called Pareto front. A larger set is given by weak Pareto solutions, at which
it is not possible to improve all the objective functions simultaneously. The Pareto front
is useful for practitioners for finding a trade-off between conflicting criteria.

Figure 1.2 shows the (weak) Pareto optimal set of the problem of minimizing z; and
22 in the feasible set represented by the hexagon. Note that the weak Pareto optimal set
contains the Pareto optimal set. In this case, the (weak) Pareto front coincides with the
(weak) Pareto optimal set.

o

Pareto optimal set

weak Pareto
<4— optimal set

v

Figure 1.2: Pareto optimal set in black and weak Pareto optimal set in black and red
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One of the most common approaches for solving multi-objective optimization prob-
lem is to relate it with a family of mono-objective optimization problems, in such a way
that the solutions of the multi-objective problem can be obtained by solving a sequence
of classical nonlinear programming problems. The most popular scalarization techniques
are the weighted sum method and the weighted Chebyshev method [Jahl1l, Mie99|. For
multi-objective optimal control problems several numerical algorithms based on scalar-
ization techniques have been developed (see for instance [BK10, KM 14, LHDv10] and the
references therein).

Multi-objective optimal control problems have also been investigated within the HJB
framework. A method that combines the HJB approach and the weighted sum method to
find some points of the Pareto front was introduced in [MS03]. In [KV10], an approach
based on HJB theory is investigated in the context of exit time problems. In that paper,
the Pareto front is characterized by using the value function associated to an auxiliary
control problem where one of the cost objectives is chosen as primary cost and the other
objectives are transformed into auxiliary variables subject to state constraints. This idea
was extended to a class of hybrid control problems, see [TCKV15]. In [Guil3] the set-
valued function is characterized as a unique generalized solution of an HJB equation. In
[DZ18], the idea of introducing an auxiliary problem to deal with mono-objective optimal
control problems with state constraints [ABZ13], is extended to work with finite horizon
multi-objective optimal control problems.

In practice, for some problems, it is difficult to calculate the sets of (weak) Pareto
solutions and what it can be obtained is just an approximate set of solutions. The notion
of approximate optimal solutions for multi-objective problems was introduced by [Lor84].
Several notions of e-Pareto solutions can be considered, see [Whi86]. We discuss in this
dissertation three of these concepts, one of them corresponds to the concept introduced
in [Lor84] and the other ones have been considered in [EW07a, EW07b, GMO04|.

When developing the theory for multiobjective optimal control problems, the type of
each criterion is of great importance. Chapter 3 in this dissertation presents a novel theory
for finite horizon optimal control problems with objectives of different nature that need
to be minimized simultaneously. Namely, in the vector objective function, one component
can be an integral cost, called of Bolza cost in the literature, and another one a maximum
running cost. Considering mixed objectives is important in applications. For the boat
example the integral criterion is suitable for the fuel consumption. A second objective
could be to maintain the boat near to one river shore, which is naturally defined as a max-
type criterion. In the considered problem it is not possible to guarantee that the set of
trajectories is closed, so we introduce a convexified (relaxed) problem where it is possible
to guarantee that the set of trajectories is compact. This convexified set of trajectories
is the closure of the set of trajectories of the original problem. Moreover we prove that
if a feasible pair state-and-control (y,u) is a Pareto optimal solution for the convexified
problem, then there exists an e-Pareto optimal solution of the original problem that is
in the neighborhood of (y,u). Following some ideas developped in [DZ18|, we define an
adequate auxiliary control problem and show that the Pareto front of the convexified
problem is a subset of the zero level set of the corresponding value function. Moreover,
with a geometrical approach we establish a characterization of the Pareto front.

In addition to the contributions in Chapter 3, this work contains new material
regarding the topics below:

e the characterization of the (weak) Pareto front for infinite horizon problems with
state constraints and objective functions of integral type. As shown in Chapter 4,
extending the finite horizon results from [DZ18] is not straightforward;
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e in Chapter 4, a method to reconstruct optimal trajectories for infinite horizon opti-
mal control problems with state constraints is introduced;

e a study of energy management systems with two objectives, is given in Chapter 5,
and briefly described below.

1.2 Energy management systems

The electrical grid must have the generation capacity to satisfy the demand of con-
sumers at every time. However, the use of the energy varies daily and seasonally, and gen-
erating sufficient power at peak times, without any waste, is a challenging issue [LSNT14].
The increasing penetration of photovoltaic and wind power, which have an intermittent
or uncertain nature, adds another layer of complexity to the problem. Demand-side man-
agement tools, more precisely load shaving, can be used to mitigate abrupt changes in
the generation. Another tool to control the negative impact of the new technologies is to
rely on a virtual entity representing a group of small generators coupled with a battery
energy storage system (BESS).

Without storage devices, energy must be generated and consumed immediately. In
these circumstances, to ensure that enough electricity is provided, generators must over
produce. The BESS is a good alternative in this sense, because it has the capacity to store
energy surplus when generation is larger than demand and supplies energy to the system
when it lacks power. The BESS then functions as a “reservoir” that can be depleted
when most needed. This storage is not free as some energy is lost when charging and
discharging the battery.

The works [BBL 13, HMS*17] formulate the functioning of a BESS as a determinis-
tic optimal control problem model with the objective of minimizing the energy production
cost.

The Brazilian electricity generation matrix is “clean”. However, in recent years, the
number of thermal power plants has grown. Due to the difficulty in building large hy-
droelectric power plants, it is necessary to study the environmental impact caused by the
energy generation of thermal plants. We consider a model similar to [HMST17], with the
important difference that we extend the approach to the multi-objective case, [CKAN13].
Namely, in addition to the usual cost-minimization we incorporate an environmental con-
cern, referred to minimizing fuel emissions.

We also compare the usage of different batteries instead of load shaving. For a
simple, yet representative, power mix, coupled with batteries of different capacities and
output, we investigate their ability in smoothing the load peaks, when compared with
the load shaving mechanism. The multi-objective approach makes it possible to obtain a
compromise between the minimization of generation costs and the carbon emissions of the
thermal power plants in the mix. Moreover, the sensitivity analysis developed in Chapter
5.4.1 gives a systematic approach to quantify the impact of both conflicting objectives.

1.3 Objectives

The main objectives of this work are described below.

¢ To investigate multi-objective optimal control problems with and without state con-
straints. This includes infinite horizon control problems and also cost functions in
different forms (Bolza and maximum running cost).
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e To develop theoretical and numerical tools for optimal trajectories reconstruction
of infinite horizon optimal control problems with state constraints.

e To study the Pareto front for the energy problem with load shaving or different
batteries. The considered objectives are the simultaneous minimization of genera-
tion costs and fuel emissions. To determine to which extent a BESS can be used to
smooth the peaks of demand in the energy problem.

1.4 Contributions

The main contributions of this dissertation are:

e to tackle, for the first time, a finite horizon bi-objective optimal control problem
with objectives of different nature. By mean of the HJB approach it was possible
to obtain (weak) e-Pareto optimal solutions for this kind of problems when there
is no guarantee of existence of (weak) Pareto optimal solutions. This part of the
work constitutes the manuscript [CZ18], submitted to the Journal of Optimization
Theory and Applications.

e To characterize the (weak) Pareto front for infinite horizon problems with state
constraints and with all objective functions of integral type. Moreover to present
a method based on the dynamical programming principle to reconstruct optimal
trajectories for infinite horizon optimal control problems with state constraints.
This part of the work constitutes a manuscript close to completion.

e To compare the ability of different batteries as a substitute of the load shaving
mechanism in smoothing the load peaks, for simple, yet representative, power mix
systems. The multi-objective approach makes it possible to obtain a compromise
between the minimization of generation costs and the fuel emission of the thermal
power plants in the mix. This part of the work constitutes a manuscript to be
submitted to International Journal of Electrical Power and Energy Systems.

1.5 Organization

This work is organized as follows. Chapter 2 recalls background material on the HJB
approach for optimal control problems. Some definitions and results in multi-objective
optimization are also presented. Chapter 3 studies finite horizon optimal control prob-
lems with two costs of different nature, namely of integral and max-type. In Chapter
4 we characterize the (weak) Pareto front for infinite horizon optimal control problems
with state constraints and introduce a method of reconstruction of trajectories using the
dynamical programming principle. In Chapter 5 we analyze an energy management prob-
lem in multi-objective setting and compare the ability of different batteries as a substitute
of the load shaving mechanism in smoothing the load peaks. Chapter 6 concludes the
manuscript with final remarks and comments on future steps.



Chapter 2

Background for HJB approach and
multi-objective optimization

Optimal control problems for ordinary differential equations consist of controlling
the evolution of dynamical systems, along a certain period of time, in a manner that
the pair of control-and-state is optimal with respect to some objective function. The
form of this objective function is of great importance when developing the theory. It can
be defined, for example, in a Bolza form [ABZ13, HZ15, CDL90, CDI84, Vin00] or in a
max-type [ABDZ18, BI&9).

Continuous optimal control problems have been studied extensively in the literature.
Different approaches have been developed to characterize and compute the optimal solu-
tions. In particular, the approach based on the Dynamic Programming principle consists
on the analyses of the value function that associates, to every initial data, the optimal
value of the control problem, see [BCD97] and the references therein. Under suitable con-
ditions, such value function satisfies a dynamic programming principle and if the value
function is differentiable, it was proved that it is a classical solution of a partial differential
equation, called Hamilton-Jacobi-Bellman (HJB) equation [BCD97, ABIL13|. However,
usually it is just possible to guarantee that the value function is continuous and, conse-
quently, solutions to the HJB equations need to be understood in a weak sense. The most
suitable framework to deal with these equations is the viscosity solution theory, based
on sub and super-differentials, introduced by Crandall and Lions in [CL83|. This theory
provides existence and uniqueness of viscosity solutions for a large class of nonlinear par-
tial differential equations, including those that arise from optimal control problems. The
value function can be characterized as the unique viscosity solution of an HJB equation
|ABIL13] and contains all necessary information to reconstruct the optimal trajectories
and control strategies [ABDZ18, BCD97, Ber89, RV91].

On the other hand, we are faced with problems that have more than one goal set
by the decision maker in several areas, such as engineering, economics, administration,
among others. It motivates the study of optimization problems with several goals and
a great number of works are developed in this area [Cen77, CH83, Chol5, DZ18, Jahll,
KM14, Mie99, San04|.

Generally, it is not possible to minimize simultaneously all the objectives subject
to some constraints, which leads to several concepts of optimal solution. The most well-
known are the weak Pareto solution and the Pareto solution [Par96].

In this chapter we present some necessary definitions and results to the development
of the work. First, we present the optimal control problem in finite and infinite horizon.
We also introduce the concept of viscosity solution, necessary to characterize the value

17
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function of the optimal control problem as a unique viscosity solution of an HJB equa-
tion. An algorithm to obtain the optimal trajectory is presented. Finally we recall some
concepts of solution and methods to solve multi-objective problems.

2.1 Unconstrained optimal control problems

Following [BCD97], for a given nonempty compact subset U of R™ (m > 1) consider
the set of admissible controls defined by:
U = {u: |0, c0[— R™ measurable u(s) € U a.e}.
Consider the controlled system:
(¥~ 15 aes 0 o
y(0) =z,
where u € U, and f: R” x U — R" is continuous and is assumed to satisfy the following
hypothesis:

(7) f is continuous on R™ x U.
(13) There exists Ly > 0,such that, for any x, y e R® and forall u e U :  (2.2)

|/ (@, u) = [y, u)| < Lgle —yl.

where | - | is a norm on R”. By a solution to (2.1) we mean an absolutely continuous
function y(-) that satisfies
y(s) ==z +/ fy(r),u(r))dr, forall s> 0. (2.3)
0

Under assumption (2.2), for any u € U there exists an unique absolutely continu-
ous trajectory satisfying (2.1), denoted by y¥, see for instance [BCD97, Thm. 3.5.5| or
[CLSWOS, Thm. 4.1.1].

Note that (2.2) implies that there exits ¢, > 0 such that for all x € R?

max{|f(x,u)| : v e U} < cp(l+ |x]). (2.4)

Lemma 2.1 [BCD97, Lem. 3.5.1](Gronwall Inequality) If v € L'([to,t1]) and h €
L>([to, t1]) satisfy, for some L >0,

i
v(t) < h(t) + L/ v(s)ds,  for a.e. t € [tg,t4],
to
then .
v(t) < h(t) + LeLt/ h(s)e™™ds,  for a.e. t € [ty,t1].

to
If, in addition, h is non decreasing, then

v(t) < h(t)et=0) for a.e. t € [to, ).

By Gronwall’s Lemma 2.1 and hypothesis (2.2) each solution of (2.1) satisfies the
estimates presented in following proposition. (See [BCD97, Chapter I11]).

Proposition 2.2 Assume that (2.2) holds. Then for all x, ¥’ € R”, s >0 andueld

(@) |yz(s) — x| < cp(l + |af)s Vs > 0;
(0) |yz(8)] <cp(l+ |x|)ess for a.e s > 0;
(@ lyi(s) —yw(s)| < ez — | Vs >0, Va,2’' € RY;
(d) 1+ly2(s)] < (L4 [x])er” ¥s > 0.
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2.1.1 Finite time horizon

Let T > 0 be a fixed final time. For ¢ € |0, consider the following cost functional:

J(t,x,a) /O Uy (s),uls))ds + o(yz (1)), (2.5)

where the distributed cost £ : R™ x U — R satisfies:

(1) ¢ is continuous on R x U
(71) There exists L, > 0,such that, for any x, y € R* and forall u e U :  (2.6)
[€(x, u) — €y, u)| < Lz —y,

and the final cost function satisfying:
¢ : R” — R is Lipschitz continuous. (2.7)
Note that (2.6) implies that there exits ¢, > 0 such that for all x € R” and w € U
| €(z, w)| < o1+ |l). (2.8)

This functional cost is said to be in the Bolza form. If the distributed cost function
is null, the optimal control problem is said to be in the Mayer form, and if the final
cost function is null, the problem is said to be in the Lagrange form. However, we can
formulate each one of the problems in each of the other forms, as presented in [Chol5|
and [Ten01]. Another important form is when the objective function is in a max-type,
that is,

max 4(y;(0)),

0€[0,T]

where ¢/ : R” — R is a Lipschitz continuous function. This kind of format was studied in
[BI&9| and in [ABDZ18] for unconstrained and state-constrained problems, respectively.
The optimal control problem consists in finding an admissible control u € U that
minimizes the functional J. The value function for the finite horizon optimal control
problem is
Ht,x) = inf J(t,z,u), (2.9)

ueld

We consider here a whole family of optimal control problems, all with the same
dynamics (2.1) and cost functional (2.5). We are interested in how the minimum cost
varies, depending on the initial position x. In the following theorem we present some
known results from the literature of value functions.

Proposition 2.3 Assume that (2.2), (2.6) and (2.7) hold.

a) [BCDI7, Prop. 3.3.1] Then the value function ¥ is Lipschitz continuous that is,
3 Ly > 0 such that for allt < s <T and x, y € R", the following holds:

[0t ) = 0(s,y)| < Lo (lz =yl + |t —s]).

b) [BCD97, Prop. 3.3.2] (Dynamic Programming Principle) Let t € [0,T] and x € R"
be given. Then, for all x € R™ and s € |0,t], we have:

ot0) = it { [ ety 00 - s3]

uc
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The Dynamic Programming Principle (DPP) allows to determine the value function
at the point (¢, x) by splitting the trajectories at time ¢ — s and starting with the position
of the trajectory y at time s

If the value function ¥ is differentiable, the DPP principle allow us to show that ¢
is a classical solution of the following HJB equation

{ O(t, ) + H(x,V,0(t,2)) =0 in [0,T] x R, (2.10)

H0, x) = p(x) in R™,

where 9,0(t, x) denotes the partial derivative with respect to ¢, V,0(t, x) the gradient at
point x and

H(w,p) = sup{=f(z,u) - p = bz, u)}- (2.11)

By classical solution of (2.10) we mean: a function  is said to be a classical solution
of (2.10) over a domain if ¥/ is differentiable over the entire domain and satisfies the above
equation at every point. In general, the value function ¥ is only Lipschitz continuous,
which means that ¢ cannot be a classical solution for (2.10). To deal with the value
function lack of smoothness, the notion of viscosity solution, introduced in [CL&3], and
presented in next section, can be employed.

2.1.2 Viscosity solution

The theory of viscosity solutions introduced by Crandall and Lions in [CL83] allows
continuous functions to be solution of a large class of partial differential equations of
Hamilton-Jacobi (HJ) type, including the HJB equations that arise in optimal control.
The theory provides results of existence and uniqueness of solution.

Consider the HJ equation

F(x,v(x), Dv(x)) =0 xe€Q, (2.12)

where € is an open set of R and the Hamiltonian ' = F(x,r,p) is a continuous real
valued function on Q x R x R%.
In what follows we denote by:

e ((Q): the space of continuous functions v : @ — R.

e C1(Q): the subspace of C'(£2) of functions with continuous partial derivatives in €.

Definition 2.4 [BCD97, Def. 2.1.1] A function v € C()) is a viscosity sub-solution
of (2.12) if, for any v € C(Q),

F(xg,v(xo), Dt(xg)) <0

at any local mazimum point xg € Q of v — 0. Similarly, v € C()) is a viscosity super-
solution of (2.12) if, for any v € C1(Q),

F(xy,v(x1), Do(x1)) >0

at any local minimum point x1 € Q of v —70v. Finally v is a viscosity solution of (2.12)
if it is simultaneously a viscosity sub and super-solution.



Background for HJB approach and multi-objective optimization 21

There are some equivalent definitions using super and sub-differentials. One example
presented in [BCD97] associates to a function v € C(2) and z € € the sets

Dto(z) = {p € R™ : limsup vy zvlw) =p-ly =) < O}
y—2,yEQ |z =yl

D™ u(x) = {p € R": liminf oly) zvl@) =p-ly =) > O}

y—x,yEN |l’ — y|
These sets are called, respectively, the super- and the sub-differential of v at x. In
other words a vector p € R” is in the super-differential if and only if the hyperplane
y— v(x) + p- (y —x) is tangent from above to the graph of v at the point x. Similarly a
vector p € R” is in the sub-differential if and only if the hyperplane y — v(x) +p- (y — x)
is tangent from below to the graph of v at point x.
Some properties of the sub- and super-differential are collected in next lemma.

Lemma 2.5 [BCD97, Lem. 2.1.8] Let v e C(Q)) and x € Q. Then,
a) if v is differentiable at x, then {Dv(x)} = DTv(x) = D v(x);
b) if for some x both DT v(x) and D~v(x) are nonempty, then

Dtv(x) = D7v(x) = {Dv(x)};

c) the sets AT ={x e Q:Dtu(x) £ 0}, A= ={x € Q: D v(x)#0} are dense in Q.

The next lemma provides a description of DVtu(x), D~ v(z) in terms of test functions.

Lemma 2.6 /[BCD97, Lem. 2.1.7] Let v € C(Q)). Then,
a) p € DVYu(x) if and only if there exists v € CY(Q) such that Dv(x) = p and v—7T has
a local mazimum at x;
b) p € D™v(x) if and only if there exists v € C'(Q) such that Dv(x) = p and v —7 has
a local minimum at x.

As a direct consequence of Lemma 2.6 the following new definition of viscosity
solution turns out to be equivalent to the initial one.

Definition 2.7 A function v € C(Q) is a viscosity subsolution of (2.12) in Q if

F(z,v(x),p) <0 Va2eQ Vpe Dox) (2.13)
a viscosity supersolution of (2.12) in Q if
F(z,v(x),p) >0 VzeQ, Vpe D v(x). (2.14)

As before, v will be called a viscosity solution of (2.12) in Q if (2.18) and (2.14) hold
stmultaneously.

Remark 1 Note that a function v is a classical solution of (2.12) if the following impli-
cation holds true:
p=Duv(r) = F(x,v(x),p)=0.
This can be written in an equivalent way as:
p€ DY(x) andp e D v(x) = F(x,v(x),p) <0 and F(z,v(x),p) >0, (2.15)
(2.12).
With this new notion of solution and under assumptions (2.2), (2.6), (2.7), we obtain

that the value function ¥ is the unique viscosity solution of equation (2.10), see for example
[BCD97, Thm. 3.3.7|.

which implies, by Definition 2.7, that v is a viscosity solution of
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2.1.3 Infinite time horizon

Consider the cost functional .J associated with the trajectories of the system (2.1)
in the infinite horizon time:

+oo
J{x,u) = /o e~ l(y™(s),u(s))ds, (2.16)

where A > 0 is a discount factor and the distributed cost £ : R” x U — R satisfies (2.6).
The value function for infinite horizon optimal control problems is

Hx) = lllr€1£ J{(x,u).

Note that in this case the value function ¥ depends only on the initial position z,
not on time.

The next result states that the value function ¥ is Hoélder continuous and satis-
fies a functional equation, called the Dynamic Programming Principle. Afterwards, we
characterize the value function ¥, as the unique viscosity solution of a partial differential
equation.

Proposition 2.8

a) [BCDI7, Prop. 8.2.1] Assume that (2.2) and (2.6) hold. The value function ¥ is
Holder continuous, that is, there exists Ly > 0 depending on Ly and Ly such that,
forallx, y e R”,

[0(x) — Hy)| < Lolx —y[7,

where the exponent v satisfies

1 if)\>Lf,
vy=2< anyvy <1l if A= Ly,
ALy if A< Ly.

b) [BCD97, Prop. 3.2.5](Dynamic Programming Principle) Assume that (2.2) and
(2.6) hold. Then, for all x € R™ and t >0,

o)t { [ etz uonas + o}

ueld

Assuming that (2.2) and (2.6) hold and, moreover, that the cost functional ¢ and the
dynamics [ are bounded, in [BCD97] it is shown that the value function ¥ is the unique
viscosity solution in the space of bounded uniformly continuous functions of the following

HJB equation:
M)+ H(x,Vi(x)) =0 in R", (2.17)

where the Hamiltonian H is defined in (2.11) and V#(x) denotes the gradient of ¢ at
the point x. The result was extended for unbounded uniformly continuous functions in
[Ish&4].
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2.2 State constrained optimal control problems

In many applications the state trajectory is constrained, for example by some bound.
In this section we present some results about state-constrained optimal control problems.

For K C R™ nonempty and closed, consider the value function for the optimal control
problem with 7" > 0

ueld

Y(T,xr) = min {/o e MUy u(s))ds | yH(0) e K, V0 € (O,T)} , (2.18)

where y¥ denotes the absolutely continuous solution of (2.1). For the infinite horizon, it
means when T = +o00, consider A > 0. For the finite horizon problem, when T" < o0,
consider A = 0. For notational simplicity, the finite horizon problem is in Lagrange form,
that is ¢ = 0.

Note that, if K = R™ we have an unconstrained control problem, as presented in
Sections 2.1.1 and 2.1.3 for finite and infinite horizon, respectively. In this section we
consider £ C R™.

As presented in [HZ15], to show the existence of a minimizer u € U, when deal-
ing with a distributed cost in a state-constrained problem, it is usual to introduce an
augmented dynamic. To this end, we define

O, u) = co(1 + |x]) — l(x,u), V(r,u)eR"xU

Then, we consider the augmented dynamics G : R x R” — R” x R defined by

Glro) = {( e—wﬁﬁijﬁm ) ‘ b<r< 5U()$,u) } V(T z) € R xR

Moreover, throughout this section, we will also assume that
G(-) has convex images on a neighborhood of [0,7") x K. (2.19)

With this assumption the existence of a minimizer for the state-constrained optimal
control problem (2.18), that is, when ¢ = +00, can be shown.

Proposition 2.9 [HZ15, Prop. 3.2] Suppose that (2.2), (2.6) and (2.19) hold. If ¥(x) €
R for some x € K,

a) T < +oo and A\ = 0 then there exists a minimizer u € U of the finite horizon
optimal control problem (2.18).

b) T = +oo and A > ¢y then there exists a minimizer u € U of the infinite horizon
optimal control problem (2.18).

When the control problem is in presence of state constraints, Soner [Son86] associ-
ated a state-constrained HJB equation to the value function ¥ that, when T" < 400, is
given by

U+ H(x,V,0) =0 Vrek, (2.20)
(0, x) = p(x) Vo e K,

and, when T" = +o0, is
A+ H(x,V,0) =0 Vrek, (2.21)
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where H is defined by (2.11). In Soner’s formulation the value function satisfies (2.20)
or (2.21) in the state-constrained viscosity sense, that means that ¥ is a sub-solution on

K and a super-solution on K. The uniqueness of solution is more complicated to show.
Indeed in absence of any controllability assumption on the behavior of the solution on
the boundary, the state-constrained HJB equation (2.20) or (2.21), derived in finite and
infinite horizon, respectively, can assume several solutions, in the constrained viscosity
sense, see for example the discussion on [BFZ11, 1K96].

One way to guarantee the uniqueness of solution is to require that the dynamics sat-
isfy a special controllability assumption on the boundary of the set of state constraints.
The most known are the “inward pointing condition” and the “outward pointing con-
dition”. The former, introduced in [Son86|, requires that each trajectory initiated on
the boundary can be approximated by a sequence of trajectories lying in the interior of
the set of state constraints. This strong assumption ensures Lipschitz continuity of the
value function, that can then be characterized as the unique viscosity solution of an HJB
equation.

The outward pointing condition, introduced in [FP00, FV00], ensures that the value
function is the unique lower semi-continuous solution to an HJB equation. The condition
states that each point in the boundary of the feasible set can be reached by an interior
trajectory.

Unfortunately, in many control problems, those controllability assumptions can not
be satisfied. Some results in optimal control problems without state constraints can be
seen, for instance in [BFZ11, HZ15, HWZ17]. An alternative way for dealing with the
constrained case is introduced in [ABZ13], where the authors relate the epigraph of the
value function ¥ with an auxiliary control problem without state constraints w:

w(T,x,z) = min </o e M0y (s), u(s))ds — z) \/ sup (e Mg(y(0))). (2.22)

ueld 0€(0,1)

where a Vb = max(a,b), A = 0 when T" < 400, A > 0 when T" = o0 and ¢ is a Lipschitz
continuous function satisfying

glx) <0<z € K.

In this new problem there are no state constraints and the value function w can be
characterized as a Lipschitz continuous viscosity solution of an HJB equation, without
any controllability assumption. Moreover, under reasonable assumptions the epigraph of
¥ satisfies

Epi(v(:)) = {(x,2) e R" x R, w(T,x,2) < 0}.

and we have
(T x) =min{z € R, w(T,x,z) <0}.

In this work, based on [ABZ13, DZ18|, we present in Chapter 4 a method to charac-
terize the weak Pareto front and the Pareto front for the infinite horizon multi-objective
optimal control problem with state constraints.

2.3 Synthesis of trajectory reconstruction

In this section we focus our attention on one important problem for applications: the
reconstruction of an approximate optimal feedback control and the associated trajectory.
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We present here the algorithm proposed in [RV91] for unconstrained finite horizon optimal
control problems. This procedure applies the Dynamical Programming Principle to the
function ¥, and uses a piecewise constant control to obtain an optimal trajectory.

Algorithm 2.10

Let {to = 0,t1,...,tn—1,tn = T} be a uniform partition of [0,T]. Let hy = T/N. A process
{yN(),uN ()} is defined recursively on the intervals (to, 1], (t1,t2], ..., (tn—1,tN] as follows.
Set yN(to) = .

Step 1 Select an optimal control value ul € U at time t} such that
uy € argmingerr 0 (Le, y™ (k) + b f (e y™ (b)), w)) + Pl (L, y™ (k) 1)

Step 2 Define u¥ (t) = ul) a.e t € (t,tk11], and a new position y™ (t) on (tg, tit1] as
solution to

y(t) = f(t,y(t),u) (1)) a.et € (i, tpsal,

with initial condition y™ (t1).

The following theorem shows the convergence of the Algorithm 2.10.

Theorem 2.11 [RV91, Thm. 3.2/ Suppose (2.2), (2.6), (2.19) and (2.7) hold. Let
{y"(-),u”(-)} be a sequence generated by Algorithm 2.10 for n > 1. Then {y"(:)} has
cluster points with respect to the topology of uniform convergence, and corresponding to
any cluster point y(-), there exists a control u(-) such that (y(-),u(-)) is an optimal pro-
cess.

A similar scheme was developed for finite horizon problems with one objective and
with state constraints by [ABDZ18|. A result for infinite horizon without state constraints
can be found in [BCD97]. Our interest is in the situation of infinite horizon with one
objective and with state constraints. Moreover the results that we developed hold true
also in case of multi-objective infinite horizon optimal control problems, as presented in
Chapter 4.

2.4 Multi-objective optimization

In this section we are going to consider the following multi-objective optimization
problem in a general context:

{ Minimize f(x) = (fi(x),..., f(x)) (2.23)
subject to x € Q )
where we have r > 2 objective functions f; : X — R, a feasible nonempty set () C X and
X is a Banach space.

In problem (2.23), the aim is to minimize all components of the objective function
f at the same time. If there exists no conflict between the cost functions f;, i =1,...,r,
then a solution x* € ()} may exist such that:

L™y =min{fi(x), z€ Q}, i=1,... 7
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In this work, we assume that there is no single solution that minimizes all the
objective functions simultaneously. This means that the objective functions are at least
partly conflicting and several solution concepts may be associated with the problem (2.23).
A predominant optimality notion for problem (2.23) is the one of Pareto optimality.

Definition 2.12 A vector x* € Q is a weak Pareto solution (or weak efficient solu-
tion) of (2.23) if there exist no x € Q, x # x* such that fi(x) < fi(x*) foralli=1,... 1.
Denote by P, the set of all weak Pareto solutions of (2.23).

Definition 2.13 A vector x* € Q) is a Pareto solution (or efficient solution) of (2.23)
if there exist no x € Q such that f(x) # f(x*) and fi(x) < fi(x*) for alli = 1,... r.
Denote by P the set of all Pareto solutions of (2.23).

The set of all vectors of objective values at the Pareto (resp. weak Pareto) minima
is said to be the Pareto front (resp. weak Pareto front). More precisely, we have the
following definition.

Definition 2.14 We will call Pareto front F (respectively weak Pareto front F,,) the
image of the Pareto optimal solution set P (respectively of Py, ) by the objective application

:
F={f(x) = (h(@)..... (). = € P}

Fo=A{f(x) = (N1(2),..., [-(x)), © € Pu}

Besides, it is known [Lin76] that the (weak) Pareto front is contained in the boundary
of the attainable set Z, that is defined as:

Z:={f(x), xe Q} CR".

It is immediate from the definitions that P C P,. The reciprocal is false, as shown
by Example 2.15.

Example 2.15 Consider the problem from Moulin and Soulié [MS79]:

Minimize f(x) = (f1(x), fo(x))
{ subject to: x € Q 224

where f: R? — R? with fi(x) = —x1 ¢ fo(x) = —22, and Q = {xr e R?*: 22 + 22 < 1} U
[—1,0] x [0,1] C R? (see Figure 2.1).

o The point a; = (%, %) cannot decrease strictly fi, without increasing strictly f.

The point ay s a Pareto solution belonging to set P, where P is the arc between
(1,0) and (0,1) on the picture of the left. Respectively, the image of the point a;
belong to the Pareto Front F, where F is the arc between (—1,0) and (0,—1) on the
picture of the right, of Figure 2.1.

o The point ay = (_71, 1) can decrease fi without increasing strictly fo, (consider for
example, the point (0,1)), but cannot improve both criteria simultaneously. The
point as € Py, however az cannot belong to P, with:

Pu=PU{(A1): =1 <A< 0},

Respectively, the image of the point ay belongs to the weak Pareto front F,,, however
cannot belong to F, with

Fo=FU{(y,-1):0<~ <1}
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Feasible set Q

(weak) Pareto front
T2 c

&2

0
fi
Figure 2.1: feasible set Q and (weak) Pareto front, respectively

2.4.1 Scalarization techniques

The term scalarization presents for a multi-objective problem a family of mono-
objective optimization problems, in such a way that the solutions of the multi-objective
problem can be obtained by solving a sequence of classical nonlinear programming prob-
lems. There is a large variety of methods for scalarizing a multi-objective optimization
problem. There are some methods that generate just one Pareto optimal solution and
others that try to generate all the set of (weak) Pareto optimal solutions. Our focus is
on the second kind of methods, because it is important to represent all the (weak) Pareto
front to show to the decision maker, who can select the desired compromise.

We will see two different scalarization methods: the weighted sum method and the
weighted Chebyshev method. More details about those methods can be seen for instance
in [Isol3, Jah11, Mie99].

Weighted sum method

Let Q={weR :w; >0, 1 <i<rand > w; =1} Foreach w € Q, consider the
i=1
following problem
Minimize z;wzfz(a:) (2.25)
suject to:  x € Q.

Some theoretical results about the weighted sum method are presented in the fol-
lowing theorem.

Theorem 2.16

a) [Mie99, Thm. 3.1.1] If there exists w € Q such that x* € Q is a solution of (2.25),
then x* is a weak Pareto optimal solution of (2.23).

b) [Mie99, Thm. 3.1.2] If there exists w € Q with w; > 0 fori = 1,...,r such that
x* € Q is a solution of (2.25), then x* is a Pareto optimal solution of (2.23).

c) [Mie99, Thm. 3.1.3] If there exists w € ) such that the problem (2.25) has a unique
solution x* € Q, then x* is a Pareto optimal solution of (2.23).
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d) [Mie99, Thm. 3.1.4] Let the multi-objective problem be convex. If x* € Q) is a Pareto
optimal solution of (2.23), then there exists a weighting vector w € € such that x*
is a solution of (2.25).

The weighted sum method is a simple way to generate different Pareto optimal
solutions and the Pareto optimality is guaranteed if the weighting coefficients are positive
or the solution is unique. The weakness of the weighting method is that all the Pareto
optimal points cannot be found if the problem is non-convex [KM14].

Weighted Chebyshev method

Before presenting the method we need the following definitions.

Definition 2.17 The components [} of the ideal objective vector f* € R" are obtained
by minimizing each of the objective functions individually subject to the constraints, that
18, by solving
« | Minimize fi(x)
Ji = { suject to: 1 € Q (2.26)

foro=1,...,r

It is obvious that if the same z* is the optimal solution for all the single objective
problems it would be the solution of the multi-objective problem (2.23) and the Pareto
optimal set would be reduced to it. This is not possible in general since there is some
conflict among the objectives. But the ideal objective vector can be used as a lower bound
of the Pareto optimal set for each objective function.

Definition 2.18 An utopian objective vector B* € R” is a vector which components are
formed by BF = fF —e; forallt=1,...,r, where [} is a component of the ideal objective
vector and €; > 0.

Consider () as in the weighted sum method. The weighted Chebyshev problem, for
w € €1, is of the form
Minimize  max w;|fi(x) — 587,
=1,y [filz) = 5] (2.27)
suject to:  x € Q.
Problem (2.27) is non-differentiable, but it can be solved in a differentiable form as
long as the objective functions are differentiable and £* is known globally. In this case,
instead of problem (2.27), the problem

Minimize «
suject to:  x € @}, (2.28)
wi(filx) =) <o, i=1,...,m

is solved, where both r € () and o € R, are variables.
In the following theorem we present some relations between the solutions of the
multi-objective problem (2.23) and the solution of the scalar problem (2.27).

Theorem 2.19

a) [Mie99, Thm. 3.4.2] The solution x* of the weighted Chebyshev problem (2.27) is
weak Pareto optimal if all weighting coefficients are positive.
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b) [Mie99, Thm. 3.4.3] Weighted Chebyshev problem (2.27) has at least one Pareto
optimal solution.

c) [Mie99, Cor. 3.4.4] If weighted Chebyshev problem (2.27) has a unique solution it
18 Pareto optimal.

Convexity of the multi-objective optimization problem is needed in order to guar-
antee that every Pareto optimal solution can be found by the weighted sum method. On
the other hand, the following theorem shows that every Pareto optimal solution can be
found by the weighted Chebyshev method.

Theorem 2.20 [Mie99, Thm. 3.4.5] Let x* € Q be Pareto optimal. Then there exists
a weighting vector 0 < w € Q, such that x* is a solution of weighted Chebyshev problem
(2.27).

The method of weighted Chebyshev metric works for convex as well as non-convex
problems, unlike the weighted sum method.

2.4.2 Algorithms to generate the Pareto front

Many methods have been developed for the numerical solution of multi-objective
optimization problems. Many of these methods are only applicable to special problem
classes. Some of them calculate just one Pareto solution or a part of the Pareto front. But
in some applications it is important to find all the Pareto front, to observe all the possible
solutions and after analyze what is the best one. Some algorithms to solve multi-objective
problems are presented, for instance in [Arb97, DK11, Jahll, MKW16, Mie99, RW92|.

For multi-objective optimal control problems several numerical algorithms based on
scalarization techniques have been developed (see for instance [BK10, KM14, LHDv10]
and the references therein). We present here the method presented in [KM14] that is
based on the Chebyshev scalarization technique. The authors proposed the following al-
gorithm that performs well on the numerical examples, but the important issue of showing
convergence is not addressed in the paper. Although the Algorithm 2.21 is described for
the bi-objective case it can be generalized to problems with more than two objectives.

Algorithm 2.21

Step 0.0: (Initialization) Choose the utopia paramelers, €1, g9 > 0.
Set the number of discrete (approximating) points, (N + 1), in the Pareto front. Set k= 1.
Step 0.1: (Boundary of the front)
(a) Find z* that solves Problem (2.26) with i = 1. Note that f; = fi(z') and fo = fo(z!).
Mark a boundary point in the Pareto front: f¥ = (fi, fa),
(b) Find x° that solves Problem (2.26) with i = 2. Note that f; = fo(2?) and f1 = fi(z?).
Mark a boundary point in the Pareto front: f° = (f1, f3),
Step 0.2: (Utopia point) Set 8* = (87, 53) with B} = ff —e;, i=1,2.
(fs = B3) (fo —53)
(fr=B7)+(f5 = B3) (ff =81+ (fo—B5)
Set the increment Aw = (wy —wo)/N.
Step k.1: (Current weights) Set w = wg + kAw. Set w1 = w and ws = 1 — w.
Step k.2: (A Pareto Minimun) Find 2™ that solves Problem (2.28).
Assign a point in the Pareto front: f* = (f(z*), fa(x*).
Step k.3: (Stopping Criterion) If k = N then STOP. Otherwise, set k=k+1, and go to step k.1.

Step 0.3: (Range of weights) Set wy =

and wy =
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Multi-objective optimal control problems have also been investigated within the
HJB framework. A method that combines the HJB approach and the weighted sum
method to find some points of the Pareto front was introduced in [MS03]. In [KV10],
an approach based on HJB theory is investigated in the context of exit time problems.
In that paper, the Pareto front is characterized by using the value function associated
to an auxiliary control problem where one of the cost objectives is chosen as primary
cost and the other objectives are transformed into auxiliary variables subject to state
constraints. This idea was extended to a class of hybrid control problems, see [TCKV15].
In [Guil3] the set-valued function is characterized as a unique generalized solution of an
HJB equation. In [DZ18], the idea of introducing an auxiliary problem to deal with mono-
objective optimal control problems [ABZ13|, is extended to work with multi-objective
optimal control problems. Like in [KM14], the two criteria considered in [DZ18] must
have the same nature, both of integral type.

Usually, the multi-objective control problems are investigated in the case when the
cost functions are of the same nature (Bolza with free or fixed final time horizon). Our
interest is to characterize the (weak) Pareto front for some kinds of multi-objective optimal
control problems. Based on [DZ18|, in Chapter 3 we present for the first time theory
for tackling finite horizon optimal control problems with objectives of different nature.
Namely, in the vector objective function, one component can be with a Bolza cost and
another one as a maximum running cost. Moreover, the characterization of the (weak)
Pareto front for a multi-objective infinite horizon optimal control problem with state
constraints is presented in Chapter 4. Algorithm 2.21 is used at the test of the energy
problem.

2.5 Concluding remarks

In this chapter we presented some important results about the HJB approach to solve
optimal control problems with one objective and multi-objective theory for optimization
problems in a general context. Those results are necessary for a better understanding
of this thesis. In the following chapters we work with multi-objective control problems
extending the HJB approach for this kind of problems.



Chapter 3

Contributions in finite horizon
problems with different objectives

In this chapter, we consider finite horizon optimal control problems with two ob-
jective functions, of different nature, that need to be minimized simultaneously. Namely,
in the vector objective function, one component is a Bolza cost and another one is a
maximum running cost. So the considered bi-objective optimal control problem has the
following form:

T
it (o) 1 [ £y (o), u(s)ds, max (35D,

(y,u)eX s€[L,T]
i

for a given final cost v : R” — R, a running cost ¢ : R” x R™ — R, and a given function
¥ : R" — R, and where X is the feasible set, 7" is the final time horizon, u : [0,7] — R™
is the control variable and y : [0,7] — R™ is the state variable, solution of a differential
system.

Several numerical algorithms based on scalarization techniques have been developed
for multi-objective optimal control problems (see for instance [BK10, KM14, LHDv10]
and the references therein). These problems have also been investigated within the HJB
framework. A method that combines the HJB approach and the weighted sum method to
find some points of the Pareto front was introduced in [MS03]. In [KV10], an approach
based on HJB theory is investigated in the context of exit time problems. In that chapter,
the Pareto front is characterized by using the value function associated to an auxiliary
control problem where one of the cost objectives is chosen as primary cost and the other
objectives are transformed into auxiliary variables subject to state constraints. This idea
was extended to a class of hybrid control problems, see [TCKV15]. In [Guil3] the set-
valued function is characterized as a unique generalized solution of an HJB equation. In
[DZ18], the idea of introducing an auxiliary problem to deal with mono-objective opti-
mal control problems [ABZ13], is extended to work with multi-objective optimal control
problems.

In practice, for some problems, it is difficult to calculate the sets of (weak) Pareto
solutions and what it could be obtained is just an approximate set of solutions. The
notion of approximate optimal solutions for multi-objective problems was introduced by
[Lor84]. Several notions of e-Pareto solutions can be considered, see [Whi86|. We discuss
in this chapter three of these concepts, one of them corresponds to the concept introduced
in [Lor84] and the other ones have been considered in [EW07a, EW07b, GMO04|.

Usually, the multi-objective control problems are investigated in the case when the
cost functions are of the same nature (Bolza with free or fixed final time horizon). In

31
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this work, we use a HJB approach to characterize the Pareto front for a finite horizon
bi-objective optimal control problem with objectives of different nature. In the considered
problem it is not possible to guarantee that the set of trajectories is closed, so we introduce
a convexified (relaxed) problem where is possible to guarantee that the set of trajectories
is compact. Moreover this convexified set of trajectories is the closure of the set of
trajectories of the original problem. Moreover we prove that if a feasible pair (y,u)
is a Pareto optimal solution for the convexified problem, then there exists an e-Pareto
optimal solution of the original problem that is in the neighborhood of (y, u). Following
some ideas developed in [DZ18], we define an adequate auxiliary control problem and
show that the Pareto front of the convexified problem is a subset of the zero level set of
the corresponding value function. Moreover, with a geometrical approach we establish a
characterization of the Pareto front.

With this idea it is also possible to characterize the (weak) Pareto front for bi-
objective optimal control problem with objectives of different nature and with state con-
straints without any controllability assumption. Moreover, considering mixed objectives
is important in applications and this is illustrated with some examples, where the method
proposed in this chapter is applied to obtain the Pareto front.

3.1 Pareto optimality - General results

Consider the following bi-objective optimization problem:

{ Minimize c(x) = (c¢i(x), co(x))

subject to r € X, (3.1)

where Y is a Banach space, ¢; 1 Y — R are continuous functions and X C Y a feasible
nonempty set.

In this chapter, we assume that there is no single solution that minimizes all the
objective functions simultaneously. This means that the cost functions are at least partly
conflicting and several solution concepts may be associated with the problem (3.1). The
optimality notion for problem (3.1) is the one of Pareto optimality presented in Section
2.4.

Computing the Pareto fronts and the set of Pareto solutions is a challenging problem.
In some cases, these sets may be empty, this is the case, for instance, when the feasible
set is not closed. In such a context, it is natural to consider a set of approzimate Pareto
solutions. Different definitions for e-solutions have been investigated in the literature, see
[Lor84, Whi86|. In what follows, we will consider three of these concepts, where | -| is the
maximum norm. Moreover we remember that P denotes the set of all Pareto solutions of
(3.1).

Definition 3.1 (e-Pareto solutions) Lete > 0, denote by €l the vector in R? such that
all entries are equal €. We define the following sets of e-Pareto solutions:

(i) PY* ={x € X : thereis noy € X such that
cly) <clx) —el and c(y) # c(x) —el}.
(ii) P> ={x € X : there exists y € P such that |c(x) — c(y)| < &}
(iii) P ={x € X : foranyy € X, if c{y) # c(x) and c(y) < c(x) then

c(y) > c(x) —el}.
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An e-Pareto solution z* € P, ¢ = 1,2,3, produces an e-Pareto outcome c(x*) and the
set of all e-Pareto outcomes are denoted by F¢, ¢ — 1,2,3. Note also that, if £; < &,
then F%1 C F»2 for 1 — 1,2, 3. Moreover, if the feasible set X is a compact set, then
the following relation between the e-Pareto sets is established by [Whi86]:

FCFFL Fog P (3.2)

Remark 3.2 The reverse inclusions in (3.2) are not true. Consider the following bi-
objective optimization problem:

{ Minimize c(x) = (x1, 72) (3.3)

subject to: x € X = [—-1, 12\ {z € [-1,0]? : 2 + 25 < —1}.

The compact feasible set X is represented in Figure 3.1. Note that for all € > 0 the point

Tas a; = (l, 71)
1 as = (—0.8.0)
b =(0,—1)
d =(-1,0)
e =(—0.9,-0.1)
d 2 £
e 1 I
b o

Figure 3.1: Feasible set X

a; € PYe. Indeed, cy(ar) — e = —1 — &, so there is no x € X such that c(x) # c(ay) — ¢
and c(x) < cla1) — e, therefore a; € PY2. On the other hand, if 0 < & < 1 then ¢; ¢ P*°
because c(b) # c(ay), c(b) < clar) and c1(b) =0 < 1 —e = c1(ay) — e.

Now, consider e = 0.1. As the point e is a Pareto optimal solution, we obtain that
ay € P*¢, but ay ¢ P>, In fact c(d) # c(as), c(d) < claz) and c;(d) = —1 < —0.9 =
ci(ag) — ¢, therefore ay & P*.

Actually, in this simple example, the three concepts of e-Pareto fronts give three
different sets. These sets are represented in red in Figure 3.2, for e = 0.1. In Figure 3.2a
the black dashed line represents a segment that is not included in F1=.

Zos Zos Zos

1 1 2 1 I =z ) T %
1 1 1
(2) F* (b) F2 (©) F**

Figure 3.2: e-Pareto fronts for Problem (3.3), ¢ = 0.1



Contributions in finite horizon problems 34

Remark 3.3 We stress on that the inclusions in (3.2) are true only when the feasible
set X 1is a compact set. However if the feasible set is not closed, there is no guarantee
of existence of (weak) Pareto solutions. Actually, the weak Pareto set can be empty.
Consider, for example, the following problem:

{ Minimize c(x) = (21, 22) (3.4)

subject to: x € X =] — 1,1[2\{x € (=1,0)% : 2y + 2, < —1}.

In this case the feasible set is open, see Figure 3.3a, where the black dashed lines represents
the boundary of X (this boundary is not included in X ). For this example, the (weak)
Pareto set and the the set P*>Y are empty. However the sets PY¥ and P** are not empty
and can be seen in red in Figures 3.3b and 3.3c, respectively.

e ——

_______

(a) Open feasible set (b) Fle () F&

Figure 3.3: Feasible set and e-Pareto fronts for Problem (3.4), ¢ = 0.1

Part of the concepts of approximate solutions, as defined in 3.1 can be also extended
to the notion of weak e-Pareto solutions (see in [Lor84]).

Definition 3.4 [weak e-Pareto solution] Let ¢ > 0. We define the following sets of weak
e-Pareto solutions:

(i) Ple ={x € X : thereis noy € X such that c(y) < c(x) — el}.
(ii) P2* ={x € X : there exists y € Py, such that |c(x) — c(y)| < e}

Motivated by the observations made on the example of Remark 3.3, we consider the
problem of minimizing the objective functions over the closure of the feasible set X:

{ Minimize c(x) = (ci(x), ca(x))

subject to x € X (8:8)

We denote by P# (resp. P#) the set of Pareto (resp. weak Pareto) solutions of problem
(3.5). We are interested in the link between the set P# (resp. Pi) and the sets of e-Pareto
(resp. weak e-Pareto) solutions of the original problem (3.1).

Theorem 3.5  Assume that the functions ¢; are Lipschitz continuous, with Lipschitz
constant L;, 1 =1, 2.

(i) For any x* € P# and for any ¢ > 0, there exists x. € PY¢ such that

|z* — x| <min(e/L;) and |c{x*) —c{x:)| <e.
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i) For any x* € P and for any € > 0, there exists x. € PL? such that
Yy w Yy w

|* — x| <min(e/L;) and |c(x*) —c(x.)] < e.

(iii) Given e > 0, for any x* € P3¢ there exists x. € P* such that |c(x.) — c(z*)| < 2e.

PROOF. (i) Let 2* € P# and ¢ > 0. As 2* € X, there exists a sequence {x,} C X such
that lim,, . z, = x*. Given ¢ > 0, define § = min;(¢/L;). So there exists xx such that
|x* — xn| < d. By the Lipschitz continuity of functions ¢;, i = 1,2 we obtain that

lei(x®) — cilen)| < Lila* —any| < Lid < e,

which means that |c(x*) — c(zn)| < &. It remains to prove that zy € PY¢. Note that, by
definition of x* there is no x € X such that ¢;(x) < ¢;(z*), for i = 1,2. This implies that
for any x € X, we have:

c(x) > (x*) >c(ey) —e or co(r) > c(x*) > cofaxny) —e.

Therefore, there is no x € X such that ¢;(x) < ¢;(xy) — ¢ for ¢ = 1,2, which means that
xy € PYf and the assertion is now proved with ., = zy.

(ii) The proof is similar to (i).

(iii) Let 2* € P>, Assume that there is no x € P# such that |c(z) — c(a*)] < 2e.
Then z* ¢ P#, so there exists y € P# such that c(y) # c(x*) and c(y) < c(x*). As
y € X, there exists a sequence {1, } C X such that lim,_, y, = y. Choose yx such that
c(yn) < c(z*) and |c(y) — c(yn)| < &. As 2* € P>, we must have c(yn) > c(z*) — <l.
Hence c(x*) — el < c(yn) < c(x*), which means that |c(yy) — c(x*)| < . Then

|e(y) — (@) < lely) — clyn)| + le(yn) — e(@™)] < 2,

what is a contradiction. O

Remark 3.6 Assertion (i) of Theorem 3.5 amounts saying also that for any Pareto value
2* € F* and its corresponding Pareto solution x*, there exists an e-Pareto solution x. €
PLe with corresponding value z. = c(x.) € FY° such that |z* — z.| < ¢ and |x* — x| <

3.2 Problem Statement

Let U be a given non-empty compact subset of R™ (for m > 1). A measurable
function u : [0, +oo[— R™ is said admissible if it satisfies u(s) € U for almost every
s > 0. The set of all admissible controls will be denoted by U:

U= {u : [0, +oo[— R™ measurable, u(s) € U a.e.}.

Let T > 0 be a fixed finite horizon, and consider the dynamical system:

{ y(s) = f.(Y(S)a u(s)) s20, (3.6)
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The dynamics f satisfies the following hypothesis:

(7)  the function f is continuous
(11) for any R > 0,3L¢(R) > 0 such that. for every uw e U :

S (@, u) = fly,u)] < Le(R)(Jx —yl), Yo,y € R” with |2| < R, |yl < R (3.7)
(14) 3 ¢; > 0,such that for any x € R” we have :

max{|f(z,u)| : we U} <cp(1+ |z]).

By assumption (3.7), for any control input u € U, the system (3.6) admits a unique
absolutely continuous solution y}, in WH([¢, T|;R"). For every x € R* and 0 <t < T,
we define the set, X;, C WH([t, T, R") x U as:

Xew = {ly,w): yls) = f(y(s),uls)), forae set,T]; y()=xzanduel].
Let us introduce the running cost ¢ : R® x U — R satisfying

(7)  the function ¢ is continuous
(#1) for any R > 0,3L,(R) > 0 such that for every u e U :

[€(z, u) — £y, u)] < Le(R)(Jx —y]), Yo,y € R* with |2| < R, |y <R (3.8)
(797) 3 co > 0 such that for any x € R™ we have :

max{ |[¢(z,u)|,u € U} < co(1 + |z]Me),

and the final cost function ¢ : R” — R satisfying

(¢) For any R > 0,3L,(R) > 0 such that :

lp(x) — p(Y)| < Lo(R)|x — y| Vo, y € R" with [z| < R, [y| < R
(11) 3 ¢, > 0 such that for any x € R™ we have :

o(x) < cp(x)(1 4+ |z|*¢) for every x € R™

(3.9)

For x € R” and 0 < t < T, the objective function in Bolza form ®(¢, ;- ) :
WL, T); R?) x U — R is defined as

O, z;-, ) WH(L, T, R x U — R,  ®(t,x;y,u) = p(y(T)) + /E(y(s),u(s))ds.

t

We are also interested by a second cost function that is measured all along the
trajectory by:

W(t.z) WL TIRY) — R, Wt ay) = max d(y(s)

where the function v satisfies:
¥ : R" — R is locally Lipschitz continuous. (3.10)

The bi-objective optimal control problem that will be investigated in this chapter is
the following:

{ inf(®(t, 7y, ), W(t, 7;y)) (MOP)

st (y,u) € X¢p.

The results presented in this chapter can be extended to the multi-objective case.
As we work with objective functions of different nature we consider a bi-objective problem
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to simplify the notation. The characterization of the (weak) Pareto front for the multi-
objective case will be similar with the characterization for the multi-objective infinite
horizon optimal control problem considered in Chapter 4.

In what follows we will first consider a reformulation of the problem, and then
introduce a scalarized control problem suitable for characterizing the e-Pareto solutions
of (MOP).

Define the set-valued function

Gla) = {(_gggfu;‘)_ a) L0<a< Almu), ue U} ,

where A(z,u) = co(1 + |2|*) — ¢(2,u). Under assumptions (3.7) and (3.8) the function
G is locally Lipschitz continuous in the sense that, for any R > 0, there exists Lo (R) > 0
such that:

G(z') € G(x) + | — y|B(0, Lg) Vo, ' € R with |z| < R,|2'| < R.
We also define the following set of trajectories:

Stery(2,0) = {(y, 2) = (¥(5),2(s))T € G(y(s)), forae. s e[, T];  (y(t),2(l)) = (x,0)},

and the bi-objective optimal control problem:

{ inf (gp(y(T)) - z(T),maxse[t,T]w(y(s))) (3.11)

st (y,z) € Sz, 0).

The introduction of the dynamics G is a classical tool that is usually introduced to
recast a cost in Bolza form into a cost in Mayer form. In this reformulation, the vector
of state variables is increased by one more component.

Remark 3.7 Let us stress on that the problem (3.11) is equivalent to problem (MOP) in
the sense that every (weak) Pareto value of (MOP) (if it exists) corresponds to a (weak)
Pareto value of (3.11), and the reverse is true: every (weak) Pareto value of (3.11)
corresponds to a (weak) Pareto solution of (MOP).

In fact, from the definition of the set of trajectories Sy r(x,0), every trajectory
(y,2z) € Spry(x,0) is associated to a control function u € U and v € I'(y(s),u(s)), where

[x,u) = {v: |0, +oo|— R measurable, v(s) € [0, A(x,u)] for a.e. s}.

Let (y*,z*) a Pareto optimal solution of (3.11) and u*, ~* the respective controls.
Then there exist no (y,z) € Sp,r(x,0) such that

(e (1) = T), max v(y(5)) < (p(y* (1)) —2(T), max v(y*(s)),

s€[t,T] s€lt,T)
and |((y(T) ~2(1) < 3" (1) = 2(T) or max w(y(s) < mox V(¥ (6))| (312

Note that

oy (T)) — 2(T) = oy (T)) + / Uy (s), u(s))ds + / +(s)ds.
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As 0 < v(s) < A(y(s),u(s)), for a.e. s >0, and the second objective function of (3.11)
does not depend on control~y we obtain that for all (y*,z*) that is a Pareto optimal solution
of (3.11) the control function v* = 0. Then by (3.12), we obtain that (y*,u*) is a Pareto
optimal solution for problem (MOP). With similar arguments it is possible to prove that
if (y*,2z*) is a weak Pareto optimal solution of (3.11) with respective controls u*, and ~*
then (y*,u*) is a weak Pareto optimal solution for problem (MOP).

Now consider (y*,u*) a Pareto optimal solution of (MOP). Then there exist no
(y,z) € Spry(x,0) such that

(P, zyy,u),V(t, 2;y)) < (P, 2y, u"), ¥(t, z;5"))
and [O(t, x;y,u) < ®(t, 2 y",u*) or V(t,zy) < V(t,z;y")].

Define v* = 0, then by definition of function ® we obtain that there exist no (y,z) €
Sir(x,0) such that

Ot xy,u) <O, x;y"u') = o(y(T)) + /€(Y(S), u(s)) + 7" (s)ds = o(y" (1)) — 2"(T).

t

Therefore (y*,z*) is a Pareto solution of (3.11), with associated controls u* and v*. With
similar arguments it is possible to prove that if (y*, u*) is a weak Pareto optimal solution of
(MOP) then (y*,z*) is a weak Pareto optimal solution for problem (3.11) with respective
controls u*, and v* = 0.

Moreover as v* = 0 the (weak) Pareto front for problems (MOP) and (3.11) co-
incides. Besides, for every ¢ > 0, problems (MOP) and (3.11) have the same (weak)
e-Pareto fronts.

Without any additional assumption, the set of trajectories S r(x,0) is not neces-
sarily closed, and the problem (3.11) might not have a solution. In this case, the (weak)
Pareto fronts might be empty sets. One approach to obtain the closure of the set of trajec-
tories Sp11(x, 2), is to introduce a convexified (relaxed) dynamical system [AC84, FR99],
whose set of solutions is given by:

Stn(@.2) = {v.2): (3(5)2(5)7 € @(Gly(5))), for ae. s € [ T]; (v(1), 2(8) = (2, 2)},

where for every subset S C R”, @(S) denotes the closed convex hull of S, that is the
minimal convex set that contains S.

Under assumptions (3.7) and (3.8), following the same arguments of the proof of
Filippov-Wazewski Theorem (see for instance [AC84|, Theorem 10.4.3), the closure of
S, 2) in the space of continuous functions C(¢,T') is compact and equal to the set of
solutions S[ﬁ 7] (x,z). So we introduce the following relaxed bi-objective optimal control
problem

min (1)) = 201, e 0(v() ) o
st (y,z) € S[ﬁT](x,O).

For a fixed (t,xz) € [0,T] x R", we consider P**(¢,x) and P%(t,x), i = 1,2,3, the
sets of (weak) Pareto e-solutions of problem (3.11) (according to the definitions 3.1 and
3.4). Besides, we denote by P#(t,x) and P/ (¢,x) the Pareto and the weak Pareto sets
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of problem (MORP), respectively. Moreover the Pareto front and the weak Pareto front
of (MORP) by F#(t,x) and F¥(t,x), respectively. The next proposition states the link
between the optimal Pareto solution of the relaxed control problem (MORP) and the
e-Pareto solutions of the original problem (3.11).

Theorem 3.8 Assume that (3.7),(3.8),(3.9) and (3.10) hold and let (t,x) € [0,T] x R".

(i) For any (y*,z*) € P#(t,z) and for any ¢ > 0, define R = ||(y*, 2*)| pe(o,r)) + &-
Then for & = min(e/(Ly(R) + 1),e/(Ly(R) + 1)) there exists (y,z) € PY(t,x)
such that |(y*,z*) — (y,z)| < 6 and

‘ (1) = (1), 1 0ty ) ) = ((e5(10) = 201, e 000 ) ‘ <.

selt,T] s€lt,T]

(i) For any (y*,z*) € P#(t,x) and for any e > 0 define R = ||(y*,z*)| 1o (o)) + €, then
for 6 =min (e/(Ly(R) + 1),e/(Ly(R) + 1)) there exists (y,z) € PLe(t,x) such that
|(y*,Z*) - (Y7Z)| < o and

selt,T] s€lt,T]

(o) =20 g 0576 ) = () = 207, 0 ) < 2
(iii) Given € > 0, if (y*,z*) € P>*(t,x), then there exists (y,z) € P#(t,x) such that

(ot ) = 2. s 010 ) = (1 (1) = (), 1 w06 ) < 22
s€lt,T] selt,T]
PROOF. (i) Let (y*,z*) € P#(t,x) and € > 0. As (y*,z*) is in the closure of Sy (. 0),
there exists a sequence {(y,,2,)} C Sy, (z, z) such that
hm (Yn; Zn) - (y*7 Z*)'

n—ro0

Then, given ¢ > 0, for R = |[(y*, 2") | ze(o,77) +€ define § = min (e/(Ly(R) + 1),e/Ly(R)),
so there exists (yn,zyn) such that |(y*,z*) — (yn,2Zn)| < §. Moreover, we have that
|(y*,z*)| < R and [(yn,2zn)| < R. By the locally Lipschitz continuity of function ¢ and
1, we obtain that

ey (T)) =2 (T) = p(yn(T)) + 25(T)] < (Lyp(R) +1)0 <,

s 00" (5) — s (6D < 10y (9) — (D) < Lol < =

which means that

‘ (1" (1) = (1), 0390 ) = (1)) = 2 (1), 1o ol ‘ <.

s€lt,T] s€lt, T

It remains to prove that (yx,zx) € P(¢,x). Note that, by definition of (y*,z*) there is
no (y,z) € Sy (x,0) C S[ﬁT] (x,0) such that

() =2 s 0v(6D)) = (10 (1) = (1), i 005°(6))

and [w(Y(T)) —z(T) < p(y* (1)) —2z"(T) or max ¢(y(s)) < max w(y*(S))}

s€[t,T] s€[t,T]
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This means that for any (y,z) € Spr(z,0) at least for one of the following assertion
holds:

p(y(1) = 2(T) > p(y" (1) = 2°(T) =2 p(yn(T)) — zn(T) — &, or

srél[%w(Y(S)) > Srg[%w(y*(S)) > srél[%]w(yN(S)) — €.

Therefore, there is no (y,z) € Sir(x,0) such that

(wy(T)) ~ (T}, max w<y<s>>) < (myN(T)) ~ 2 (T), mix ¢<yN<s>>) ~(e0),

s€lt,T] s€[t,T]

and [w(Y(T)) —z(T) < p(yn(T)) —zn(T) — € or Srg[%w(Y(S)) < Srg[%w(yfv(S)) - 6},

which means that (yy,zy) € PY(¢,2) and the assertion is now proved for (y,z) =

(YN,ZN)-

(ii) Let (y*,z*) € PZ(t,x) and £ > 0. Given € > 0, for R = |[(y*,z")| o1 + €
define § = max (e/(Ly(R) +1),e/(Ly(R) + 1)). With similar arguments as in item (i) we
obtain (yn,2zn) € Spy(z,0) such that |(y*,2*) — (yn,2zn)| < 6 and

‘ (1" (1) = (1), 0390 ) = (1)) = 2 (1), 1o ol ‘ <.

s€lt,T] s€lt, T

It remains to prove that (yn,zn) € PL(¢,x). Note that, by definition of (y*,z*) there is
no (y,z) € Sy (x,0) C S[ﬁT] (x,0) such that

(1) — o), ma w560 ) < (o0 (1) = 20, ma 057051 ).

s€lt,T] s€[t, T

This implies that for any (y,z) € Spr(x,0) at least for one of the following assertion
holds:

p(y(1)) —2(T) 2 o(y™(T)) = 2" (T) =2 o(yn(T)) —zn(T) — &, or

Srg[%w(Y(S)) > Srg[%w(y*(S)) > Srél[%]w(yN(S)) —€.

Therefore, there is no (y,z) € Sir(x,0) such that

(wy(T)) _ (T}, max w<y<s>>) < (wyN(T)) ~ (7). miax ¢<yN<s>>) (0,

s€lt,T] s€[t,T]

which means that (yy,zy) € PL9(¢,2) and the assertion is now proved for (y,z) =

(YN; ZN)'
(iii) Let (y*,z*) € P*¢(t,x). Assume that there is no (y,z) € P#(¢,z) such that

‘(wy*(T)) =2 (1), 019D ) = (1) = 21, o 003 ) ‘ <2

se[t,T] s€lt, T

Then (y*,z*) ¢ P#(t,x), so there exists (y,z) € P#(t, ) such that

(1) — o), ma v5(00) ) # (o0 (1) = 2°CD). mas v5°(5) )

s€lt,T] s€[t,T]

and (fpy(1) — o), o viv(5) ) < (0 (1) = 20, s 057050 ).

s€lt,T] s€[t,T]
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As (y,z) is in the closure of Sy r(x,0), there exists a sequence {(y,,z,)} C Spr(x,0)
such that lim (y,,z,) = (y,2z). Choose (yy,zy) such that
n—r o0

s€[t,T] s€[t,T]

(wyN(T)) ~ on(T), max ¢<yN<s>>) < (wy*(T)) — 2*(T"), max w<y*<s>>> |

and ‘ (1) — o), ma viy(6)) = (1t (1) — aw (7). mas () ) ‘ <.

s€lt,T] s€lt,T]

As (y*,z*) € P**(t,x), we must have

(wyN(T)) ~ (), miax ¢<yN<s>>) > (wy*(T)) 2 (T), max w<y*<s>>) (9.

selt,T] s€lt,T]

Hence

(wy*(T)) — 2*(T), max w<y*<s>>> (o) < (wyN(T)) — (T, max ¢<yN<s>>)

s€[t,T] s€[t,T]

IA

(wy*(T)) — 2(T), max w<y*<s>>> |

s€[t, T

which means that

‘ (1" (1) = (1), 0390 ) = (1)) = 2 (1), 1o ol ‘ <.

s€lt,T] s€lt, T

Then

(1) = 2/ (0), s 00" (5) ) = (D) = (1), w<y<s>>)\

< s€lt,T] s€[t,T]

(1) = 2 (D), g 01" (5) ) = () = aw(D), s v () ) \
)

s€(t, T

<
o s€ft,T]

s€(t, T

| () = o). s w90 ) = (v () = 2. s vt )|

s€(t,T)
<2e.

what is a contradiction. 0

3.3 Auxiliary control problem

In this section we would like to characterize the (weak) Pareto fronts of the relaxed
control problem (MORP). These fronts allow also to obtain the (weak) e-Pareto fronts of
the original problem (3.11) (see Theorem 3.8).

To characterize a Pareto front, the general idea consists of considering a family of
scalarized optimal control problems whose optimal values correspond to Pareto values
of the bi-objective problem. A predominant method for scalarization is based on the
weighted sum problem where the cost function would take the following form: for « € [0, 1]
solve the control problem:

s€[t,T]

min {aliy(1) = a(1) + (1= ) s 0y ()| (7,2) € S0
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As mentioned earlier, it is known that this weighted sum scalarization can characterize
only a part of the Parto front and not the entire front. Another idea would be to consider
a control problem where one of the cost functions is chosen as primary cost and the other
one is transformed into an auxiliary variable subject to a state constraint:

min { e 005 (6)) | (:2) € S(0.0) and ply(T) = a(1)) < 1 b (319

or

min {4 (1)) = 2(10) | (5,2) € S0 and ma oy (6) < 22} (319
Following the same ideas as in [KV10], one can show that all the Pareto values correspond
to the optimal values of problem (3.13), when z; runs through R. The same characteriza-
tion holds if we use (3.14) and let z; runs through R. However, it should be noticed that
problems (3.13) and (3.14) are in presence of state constraints which make these problems
difficult to analyse and to solve, see [Son86, HZ15] and the references therein.

In this section, we will follow some ideas introduced in [DZ18], and consider an
auxiliary control problem and its value function w : [0,T] x R® x R? — R defined as:

w(t,x, 21, 22) = min {(gp(y(T)) —z(T) — z1> max (Y(y(s)) — z2)|, (3.15)
(y,z>es;fT]<z,o> sE[t,T]
where the notation a\/ b stands for max(a, b). Let us point out that the additional state
components are very important to get a Dynamic Programming Principle for the value
function w. Moreover, we note that under assumptions (3.7),(3.8),(3.9) and (3.10), there
exists an admissible pair (y,z) € S[ﬁ 71(x, 0) that minimizes the auxiliary control problem
(3.15).
Let us remark that from the definition of S[ﬁ 7] (x, z) and from the definition of w, it
follows that:

w(l,,71,%) =  min {(gp(y(T))—z(T)) max(w(y(s))—zg)} (3.16)

(v.2)ES] y(@,21) S€[tT]

The auxiliary control problem (3.15) satisfies the following Dynamic Programming
Principle.

Proposition 3.9 (Dynamic Programming Principle) Assume that (3.7), (3.8), (3.9)
and (3.10) hold. Then for all h > 0, such that t + h <T and (x,z) € R x R?, we have

w(t, @, 21,22) = min {w (t+h,y(t+h),z(t+h),z)\/ max (¥(y(s)) — zQ)} .
(yyz)GS[ﬁHh](r,zn s€[t,t+h)

PROOF. For any measurable control u € U, we shall denote u; the restriction of u on
[t,t + h] and uy the restriction of u on [t + h,T]. Note that, for ¢t + h < s < T we have
Yia(s) = ytjh,y);;(wh)(s) and denote yyflé(s) = ytjh,y);;(wh)(s)' So we obtain on the first

hand:
T
Pt (T)) — 2., (1) = p(yi(T)) + /t Uyiz(s),u(s))ds — 21
T

t+h
=0T + [ Ayi.(s),uls))ds + /t Uy (s),uls))ds — 21

t+h
T
=pypa (M) + [ Uy s (s), ua(s))ds — 2.3, (L + ), (3.17)
t,x t+h yt,z
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and on the other hand

max (1 (y',(s)) —22) = max (¢ (yi'L(s)) — 22) max (1/1 (y“.%l (s)) — z2> . (3.18)

s€[t, T SE€[t,t+h] s€[t+h, T iz

Combining (3.17) and (3.18), taking measurable controls u; : [t,t + h] — U and uy :
[t + h,T| = U we obtain

T
w(t, 2, 21, 25) = minmin (go<y;al () [ ey, (5), us(s))ds — 232, (¢ + h))
up

uz t,x t+h yt,z

max (w (yu;1<s>>_22) max (v (y(s) - 22)

s€[t+h,T] Vi SE[t,t+h]

= minw (t + h, y;ﬁl (t+h),z (t+h), z2> max (1/1 (y,}‘;(s)) — zg)
up t,x

= min {’w (t+h,y(t+h),z(t +h),2) max  (Y(y(s)) — z2)} 7
(%Z)GS[?HM (z,21) s€[t,t4h]

which is the desired result. 0

Following [DZ18], the value function w satisfies the following property.

Proposition 3.10 Assume that (3.7), (3.8), (3.9) and (3.10) hold. The value function
w 18 locally Lipschitz continuous on [0,T] x R™ x R2.

PROOF. Consider R > 0, t € [0,T] and (z, 2), (2, 2") € R™ x R? such that
YR () < B, lyS ()l < R, for s € [t,7).
By using the definition of w and the simple inequalities:
min(A) —min(B) < max(A—B) and max(A, B)—max(C, D) < max(A—C,B-D),

we get

21, 22) = w0,/ 34,25 = i | (92 (7)) = 2, (7)) Ve (o032 00) = 2)

uclf sele, T

—uniy | (o (1) — 22, (1) V/ g (00309 = =)

ucl/ selt,T

se(t, T

o | (9 2(1)) ~ 28, (1)) \/ o (6052 6)) =2

(o2 () = 2 (1) V g (0526 =3

se(t, T

max | ey, (7)) = 2., (1) = eyt (1)) = 7 (1)

[PV (T) = (¥ (D) V/ e | ({2, () = 072 (5)) = 20+ )|

T
< max (Lz(R)/ [Via(s) = ¥ia (s)lds + Lo (R)|yE. (T) — yia (T)] + |21 — 21
u t

V La(R) e 19205 = ¥ (9] + 22 = 51 (3.19)



Contributions in finite horizon problems 44

where Ly(R), Ly,(R), Ly(R) are the locally Lipschitz constant for ¢, ¢, 1, respectively.
By Proposition 2.2(c) for s € [¢,T],

V2~ Yhls) | S D] < 0T

where L;(R) is the locally Lipschitz constant of f. Then we conclude that:
lw(t, z, 2) —w(t,z’, )]
< max ((LZ(R)T Ly (R)eL BTz — o/ 4 |2y — 2], Ly (R)eD BT |z — 2/ 4 |2 — z;|)
< C(lz —a'| + |21 — 21|+ |22 — 1)), (3.20)

where C' = max ((Lg(R)TJrL (R)el (BT [, (R)e" On the other hand, for

h > 0 such that ¢t +h < T, using that w(t + h,x 21,22) w( (t + h)) — 22, we deduce
from Proposition 3.9 that

|w(t,z, 21, 29) — w(t + h,z,21.20)|

min max (w(t +hy({t+h),z(t +h),20), max (¢P(y(s)) — 22)>
(y,z)ESt’t+h](z,zl) sE[t,t+h]

—max(w(t + h,z, 21, 22), Pyt + h)) — 22)|

<m0y —al lalt+0) = ai) LolR) max, v(s) v+ 1))
(y7Z)ESFfT](z,z1) s€[t,t+h]

where we have used (3.20). Now using Proposition 2.2 (a) we obtain that

lw(t, @, 21, 22) —w(t + h,x, 21, 22)| <max (C(cp(1+ |x]) + ce(1+ |21])) b, Ly (R)ep (1 4 |2|)R)
= max (O (ep (14 [a]) + eI+ [21])) , Ly (R)ep (14 [2])) b (3.21)

Combining the inequalities (3.20) and (3.21), we get that exist some constant C' > 0 such
that, for ¢,¢ e [0,7] and (x,2), («/,2') € R such that |y}.(s)] < R,
yia(s)| < R, for s € [t,T],

|w(t7$7z) - w(tl7$l7zl)| < é(|t - tl| + |$ o $I| + |Z - ZI|) )

that means that the value function w is locally Lipschitz continuous. 0O

Now we are going to characterize the value function w by a HJB equation. To
prove the uniqueness of solution of the HJB equation, a comparison principle is necessary.
Consider the H.J equation in presence of the obstacle term:

min(—dv + H(z, Dv),v — g(z)) =0 on [0,7] x RY,
(T, x) = vo(x), xeRY, (3.22)

where T > 0, g : R — R and H : xR? x R? — R are continuous and assume that H
satisfies:

e there exists ¢ > 0 such that, for all , p, ¢ in R?,
|H(x,p) — H(z,q)| < C(Jz[ + 1)|p — ql; (3.23)
e for any R > 0, there exists a function wg : [0, 00[— [0, 00|, lim, o+ wr(r) = 0 and

|H(x,p) — H(y,p)| < wr((1 + |p])z —y|) (3.24)
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for every p € R, x, y € B(0, R), where B(0, R) denotes the open ball centered at 0 and
of radius R.

Theorem 3.11 [ABZ13, Theorem A.1.] Assume that (3.23) and (3.24) are satisfied. Let
v, U be two continuous functions on [0,T] x R?, and let g, h be continuous on [0,T] x R<.
We assume that v (resp. T) is a sub-solution (resp. super-solution) of (3.22) in [0,T]xR%:

min(—d,v + H(x, Dv),v —g) <0 in [0,7] x R?

min(—0; + H(x,D?),1—h) >0 in [0,7] x R
We denote vp(x) == v(T,x) and vr(x) :=o0(T,x). Then for allt € [0,T],

max(v(t, ) = U(t, ) < max <HI@X(UT —Tr), é%%ifd(g h))

Using Theorem 3.11, we can characterize the value function of the auxiliary control
problem (3.15) as a unique solution of HJB equation below.

Theorem 3.12 Assume that (3.7), (3.8), (3.9) and (3.10) hold. The function w is the
unique viscosity solution of the following HJB equation:

min <8tw(t7x7 2) + H? (z, 2, Dow, Dyw), w(t,z, 2) — (¥(z) — 22)) =0 fortel0,T), zeR", zeR?
w(l,z,z2) = <<p(x) - 21) \/ <¢(x) - 22) forz € R", 2 € R?, (3.25)

where the function H* is defined by:

H#(ZC,Z,p,Q): max <_U$'p_vzl'q1>7 vpeRNyvq:(qlaq2)€R2'
(va, vz, )€C0(G(2))

PROOF. We first show that w is a solution of (3.25). The fact that w satisfies the final
condition comes directly from the definition of w. Let us check the super-solution property
of w. From the Proposition 3.9, we get that for any 0 <7 <T

w(t,x, 21, 22) > min w(t+ry{t+71),2(t+7),2). (3.26)
<y7Z>€SFft+h]<myzl>

Now for a function y € CY(]0,T] x R"*?) assume that (t,z, 21, 20) is a local minimum
point of w — y, that is, for some r > 0

w(t7$7zlyz2) - w(57$lyzll7zé) S X(t7$7zl7z2) - X(57$I7Z17Z;) (327)

if [(x,21,22) — (&', 2,25)| <7, |t =8| <r. Fore>0and 0 < h <7, by the equation
(3.26), there exits (¥,Z) € Syt4n) (depending on €) such that

w(t,x,21,2) > w(t+h, ¥+ h),Z(t+ h), z) — he. (3.28)

Then

d

- X (37y(8)72(8)7 22) ds

t+h
(2, 21, 20) — X (E - By F(E+ ), Bt + h), 2) = _/ a4
i

—[
-~

[0:x (5,5(5),2(s)) + Dax (5,5(5), 2(s), 22) va () + Dz, x (5, ¥(s), B(s), 20) vz, (s)] ds

[Oex(t, @, 21, 20) + Dyx(t, 2, 21, 20)ve + Dy (¢, 2, 21, 20)v,, | ds + o(h), (3.29)
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where (v,(s),v,,(s)) € co(G(y.(s)) and (v,,v,,) € (G (x)).
Then (3.27) with (s,2/,21,25) = (¢t + h,y(t + h),z(t + h), z2) and (3.29) give
t+h
- / [atX(tv T, 21, 22) + DmX(tv T, 21, 22) Uz + DZlX(tv Z, 21, ZQ)Uzl]dS + O(h)
¢
> ’U)(t, T, z1, 22) - ’U)(t + hv?(t + h),i(t + h)v Z2)7

and using (3.28) we obtain

t+h
/ {_atX(tv T, 21, 22) - DmX(tv T, 21, ZQ)IUf + DZlX(tv T, 21, ZQ)Uzl}dS + O(h)
t

>w(t+ h,y({t+h),Z({t+h),z2) —w(t+h, 5t +h),Z(t+ h),22) — he = —he.
(3.30)

The term in brackets in the integral is estimated from above by

—8tX(t,ZC,Z) + max {—DmX(t,ZC,Zl,ZQ)Um +D21X(t,$,21,22)vzl}
(v2,v2 )ECO(G(2))

so we can divide (3.30) by h > 0 and pass to the limit to get

—Opx(t, 1,21, 22) +< rg1ax(G< )){—Dmx(t,x, 21, 22)Ve + Doy x(t, v, 21, 22)v,, } > —¢
Uz, Uz )ECO! X

Since ¢ is arbitrary, we obtain that
— Oy (t,x,2) + H? (2,2, Dyv, D,v) > 0 (3.31)
Moreover, by the definition of w, for every (t,x,21,2) € [0,T] x R” x R?, we have

w(t,x, 21, 22) > min max ((y(s)) — z2) > ¥(x) — 2. (3.32)
(y,Z)ES[ﬁT](z,zl) s€(t,T]

Combining (3.31) and (3.32), we get
min (@w(t,x, 2) +H (2, 2, Dyw, Daw), w(t, x, 2) — () — zg)) >0, (3.33)

forall t € [0,T], x € R*, and z € R?, in the viscosity sense, that is, w is a super-solution
of (3.25).

Now we will prove that w is a sub-solution. Let (¢,x,21,22) € [0,T] x R" x R2. If
w(t, x, 21, 22) < P(x) — 2z then it is clear that w satisfies

min (@w(t,x, z) + H (2, 2, Dyw, Dow), w(t,x, 2) — (¢p(x) — Z2)> < 0.

Now assume that w(t, z, 21, 22) > ¥(x) — 22. By continuity of 1) and w and assumptions
(3.7) and (3.8), there exits some h > 0 such that for every (y,z) € S[fT] (x,21), we have

|(y,2z) — (z,21)] < h and w(0,y(0),2(0), z2) > ¥(y(0)) — 22 for all & € [t,t + h|]. Hence,
by using Proposition 3.9, we get that

w(t, x, 21, 22) = min w(t+h,y(t+h),z(t+ h), 2) (3.34)

<y7Z>€S[ﬁ£’t+h] (Izzl)

for h small enough. Now let y € CY([0,T] x R"*2) and (¢, x, 21, 22) be a local maximum
point of w — y, that is, for some r > 0,

w(t7$7zlyz2) - w(57$lyzll7zé) > X(t7$7zl7z2) - X(57$I7Z17Z;)
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if |(x,21,22) — (&, 2], 25)| < r, |t —s| < r. Fix an arbitrary (y,z) € S[ﬁEHh](x,zl) For h

small enough (y(t + h),z(t + h)) € B((x, z1),r) (by Proposition 2.2) and then
X(t7 x, 2, Z2) _X(t+h7 Y(t+h)7 Z(t+h)7 Z2) < w(t,x, 21, ZQ) _w(t+h7 Y(t+h)7 Z(t+h)7 ZQ)
for all 0 < h < hy. By using the equation (3.34) we get

X(t7$7zl7z2) - X(t+ h)Y(t+ h),Z(t + h)7z2)
<w(t+,y({t+h),z(t +h),z) —wlt+h,y{t+h),z{t+h),z) =0

therefore, dividing by A > 0 and letting h — 0, we obtain, by differentiability of x, and
the continuity of y, z, f, and ¢

_atX(t7x7Z17Z2) - DmX(t7x7Z17Z2)Y(O) - DZ1X(t7$7Z17Z2)Z(O) < O)

Since (y,z) € ¥

it.1-1n) (T> 21) is arbitrary we have

_atX(ty X, 2, ZQ) + ( rglaX(G( ))(_D$X(t7 x, 2z, ZQ)UI + DZlX(t7 x, 2z, Z2)U21) S 07
VUg,Vzy )ECO x

an therefore we have proved that w is a viscosity sub-solution of (3.25).
To prove the uniqueness note that, for every (z,z) € R*"2, (p,q), (¢/,¢) € R**?

|H#($7Z7p7 q) —H#($7Z7p/7 q/) | <

max vy - (p) —p)+ vy, - R ‘
(vm,vzl)gﬁ(c(z))( (" —p) (g —a1))

/
max v, —
- S g —ay)

N

+

/
max Uy (p—
(Ve vz JECO(G(2)) b =r)

<cr(1+ |z))lp — p'| + ce(L+ 12 |q — a1 < Cillp =P/ + a1 — a1)),

for some constant C; > 0 and . Furthermore for every (x, z), («/,2') € B(0,R), R > 0,
(p.q) € R™*

HH (2, 2,p,q) = HP (2,2, p, @) < Collpl + || + (|2 — 2| + |21 = 21]),

for some constant C5 > 0. Then we are in the hypothesis of Theorem 3.11, so for any
sub-solution y of the HJB equation (3.25) we have that

Rn+2 Rn+2 [t7T]><Rn+2

sup (X(t7 ) - w(t7 )) < max <Sup (X(T7 ) - w(T7 ')7 sup (¢ - ¢)> = 0.

Hence (t,) < w(t,-) in [t,T] x R*™2. On the other hand

sup (w(t, ) — ws(t,-)) <0,

Rn+2

for every super-solution wy of (3.25). Therefore w is the unique solution of the HJB
equation (3.25). O

Another interesting property is that w is monotone decreasing with respect to the
third argument as proved in the following proposition.

Proposition 3.13 Assume that (3.7),(3.8),(3.9) and (3.10) hold and let (t,x) € [0,T] x
R". Then
Vz, 2 € R (z <Z=wltzz> w(t,x,z')).
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PROOF. Let z, 2" € R? such that z < 2’ and one admissible trajectory (y,z) € S[ﬁT] (x,0).
Then

Ply(D)—2(l) =2 < oly(I))—2(T) =z and - max Py (s) —z < max ¥(y(s)) -z,

and then

(ely(T)) — 5(T) — ) \/ ( max $(y(s)) - ) < (ply(T)) —2(T) — =) \/ ( max $(y(s)) - ) |

selt,T) s€lt,T)

Taking the minimum over all (y,z) € S[ﬁ 7(x,0) it follows from the last inequality that

w(t,xr,?) <w(t, x,2).

Notice that from the definition of the Hamiltonian H#, we have:

H (2, 2,p,q) = sup ( — Uy P — Uy ql), vp € RV, Vg = (q1, ¢2) € R?,
(v2,v21 )EG(x)
= sup (=f(x,u)-p+llx,u)-q+a-q).
ucl,
a€[0,A(z,u)]

If ¢; <0, then we have:

Wi (x,2,p.q) = Sup (= f (@, u) - p+ 6@, u) - ).

Since the value function w is decreasing with respect to the variable z, by using the DPP
and using the classical viscosity arguments as in proof of Theorem 3.12, one can prove
the following:

Theorem 3.14 Assume that (3.7), (3.8), (3.9) and (3.10) hold. The value function w is
the unique viscosity solution to the following HJB equation:

min <8tw(t7x7 2) + H(z, z, Dyw, Dyw),w(t, z, 2) — (Y(z) — 22)) =0 fortel0,7), z€R", zeR?
w(l, z, 2) = <<p(x) - 21) \/ <¢(x) - 22) for x € R", 2z € R?, (3.35)

where the function H is defined by:

H(x,z,p,q) = Sup (=[x, u) - p+ Uz, u) - q1).

Remark 3.15 If we consider the problem

w(t,x,zl,za)(ymerggm{(w(y(T))—z(T)—zl) max ($(y(s) =~ z) | . (3:36)

With similar arguments as in in proof of Theorem 3.12, we can prove that the function
W can be also characterized as the unique viscosity solution of the HJB equation (3.35)
By uniqueness of the solution for (3.35), we conclude that the two function w and w are
the same: w = w. This result is not surprising as we know that the set S[fT] (x,0) is the
closure of Sy.)(x,0).
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3.4 Characterization of the Pareto fronts of the con-
vexified bi-objective optimal control problem

In what follows we consider the single objective optimal control problems and the
associated value functions:

D (t,x) = min o(y(T)) — z(T), Yot x) = min max (y(s)). (3.37)

(y,z>es[ﬁﬁT]<z,0> (y,z)GS[ﬁﬁT] (z,0) s€[,T]
For every t € [0,7], x € R" and i = 1,2, we introduce the value:
2(t,x) = inf {C eR ‘Elz € R? with 2, = ¢, w(t,x,2) < O}. (3.38)

Proposition 3.16 Assume that (3.7), (3.8), (3.9) and (3.10) hold and let (t,xz) € [0,T] x
R,

(i) For every » € R?, we have that w(t,x,z) < 0 if and only if there exists (y,z) €
SFZ%T] (x,0) such that:

T~ 21 <21, and max () < 2 (339

(ii) Moreover, for i = 1,2 and every (t,x) € [0,T] x R”, we have z}(t,x) = V;(t, x).
PROOF. Assertion (i) follows directly from (3.15): Let z € R?, then

w(t,z,2) <04 3(y,z) € S} 4(x,0) st. o(y(T)) —z(T) < 2 and rn[%]@b(Y(S)) < z.
) s€|t,

(ii) Let show that 9;(t,x) < z¥(t,x). By item (i) we have that for all = € R? such
that w(t,z,z) <0

3(,7) € Sy (2.0) 5.6 p(y(1) = 2(T) < 21 and max ¥(y(s)) < 2.

Therefore ¥;(t,x) < 2 for all 2 € R? such that w(¢,z,z) < 0 and then
Uit x) <inf{y e R| z € R* w(t,x,2) <0 with 2z, = v} = 2} (¢, ).

Let show now that @;(¢,z) > z(¢t,z). Without loss of generality, we assume here that
i = 1. The proof will be the same for i = 2. Assume that ¥;(¢,x) < 2{(¢,x). Then there
exists 0 € R such that ¥1(¢t,z) < 0 < z{(¢t,x). The inequality #;(¢,x) < § implies that
there exists (y,z) € SFZ%T] (x,0) such that p(y(T))—2z(T) < 6. Then for z, = Srél[f%w(y(s))

we have that,

wit,x,6,2) < (o(y(T) — 2(T) — 6)\/ (max Ply(s)) - ) ~0,

s€(t,T)
which implies that 6 € {v € R | 3z € R? with z; = v, w(t,z,2) < 0}. But, we have
chosen § such that § < 27 (¢, x) which is impossible. 0

Let us also denote

Bt ) = (2(t,2), (L, ) € R?. (3.40)
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It follows from the proposition 3.16 that g* is the utopian point associated with the bi-
objective control problem for a given (¢,x) € [0,T] x R™. 1If this point is feasible (i.e.,
there is an admissible pair (y,,zq) that realizes the minimum of both cost functions
o(y(T)) — zo(T) and Srél[inﬁ]w(ym(s)), then the Pareto front is reduced to this point. In

what follows it is assumed that the utopian point is not feasible. In this case, we have:
w(t,x, 8 (t,x)) > 0. (3.41)

In the following theorem, we give the first link between the solutions of the bi-
objective problem (MORP) and the function w.

Theorem 3.17 Assume that (3.7), (3.8), (3.9) and (3.10) hold and let (t,x) be in [0,T] X
R™. Then the weak Pareto front F7(t,x) for the bi-objective optimal control problem
(MORP) with the initial condition (t,x) is a subset of the zero level set of the value
Junction w(t,x,-,-):

Fr(,x) C FiHt,z) C {z € R?

w(t,x, z) :O}.

PROOF. Let z € Fi(t,x). Then there exists an admissible pair (Y,z) € S[fT] (x,0) such

that
e(y(1)) —2(T) = =1, max P(y(s) = 2

and there is no other admissible pair that dominates (y,z). This means that for any
(y,z) € S[fT] (x,0), one of the following assertions holds:

(i) 21 < @(y(T)) —=(T),

(i) or 2 < max Y(y(s)).

We can easily check that in the two above cases, we have

(p(y (7)) = 2(T) = 21) \/ (max ¢(y(s)) — z2) > 0.

s€[t, T

Therefore,

w(t,x,z) = min [(SO(Y(T)) —2(T) = 21) \/(max 4 (y(s)) - =)

(v,2) €S} 1/(,0) se[t,T]

= (@) = 2(T) — 20) \/ (max (F(s)) — 22)| 0.

s€(t, T
Il
Let x € R™ and ¢t > 0. We define:
zilt,2) = inf {C € R Jult,, ¢ 25(t,0) = 0},
=(t,2) = inf {c eR ‘w(t,x, (1), ¢) = o}. (3.42)

Denote by S; and S5 the set of admissible pairs in S[ﬁ 7] (x,0) that realize, respec-
tively, the minimum of ¢(y (7)) — z(T") and m[ta% P(y(s)).
s€|t,
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Then, the values Z;(t, x) can be interpreted as:

Z(t,2) — mi Y — 2(T), Z.(t.2) = mi .
Z1(t, x) (y{glgSQsO(Y( ) —z(T), Zat,x) (y{5>1gslsfg[%¢(}’(8))

The minimum is achieved, since the sets Sy and Sy are still compact.

Let us denote
Q= [z7(t,2),Z1(t, 2)] x [23(¢,2), Z(t, )] (3.43)

Theorem 3.18 Assume that (3.7), (3.8), (3.9) and (3.10) hold and let (t,x) be in [0,T] X
R™. The following assertions hold:

(iy F#(t,z) C Ff(t,z)NQ C {z € Q| w(t z,2) =0}
(ii) Let z € Q such that w(t,z,z) = 0. If there exists an admissible pair (y,z) €
S[fT] (x,0) such that p(y(T))—2z(T) = z and m[?%w(y(s)) = 2, then z € F (t,x).

> sElt,

PROOF. (i) By Theorem 3.17 we obtain immediately that
Frt,2)NQ C{z€ Q] w(tz,z) =0}

Moreover F#(t,x) C FI(t, ). It remains to prove that F#(¢,z) C Q.
Let 2 = (21, 2) € F#(t,x). By Proposition 3.16, 2}(t,x) = ¥%(t,x), for i = 1,2.
Then for every (y,z) € S[ﬁT] (x,0) we have
) S e —mlT), 500) < o ()
Therefore, z; > 2z (t,x) and z5 > 25 (¢, x).

Now, assume that z; > Z; (¢, ). In this case, by definition of Z; (¢, z), it would exists
(v,2z) € S[fT] (x,0) such that

p0(1) —z(T) <Zlt7) <z and - max 9(y(s)) < % (0 7) < 2,

which contradicts the fact that » € F#(¢t,2). We conclude that z; < Z;(¢,2). The same
argument shows also that z; < Z3(¢, x), and then z belongs to €.

(ii) Let z € Q such that w(t,x,z) = 0 and there exists an admissible pair (y,z) €
SFZ%T] (x,0) such that

p(1) —2(T) =z and - max ¥(y(s)) = 2.

By definition of w

min (ply() — o)~ 20\ (1 vl (s) - ) —0.

(y,Z)ES[ﬁT](z,O) s€[t,T]
That means, there exists no admissible par (y,z) such that

ey (1)) = 2(1) < p(y(1) —2(T) = 21 and  max ¢(y(s)) < max ¥(¥(s)) = 2

Therefore, by definition of the weak Pareto optimal solution z € F/ (¢, x). 0O
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Remark 3.19 As proved in [DZ18], outside of the set €, only some trivial parts of the
weak Pareto front might exists, that is

ze Fitx O o 2z =2t x) and 2 > Tt x), or 7 = 25(t,x) and 2, > Zi(t, x).
w 1 2

Now we are going to give a characterization of the Pareto optimal front of bi-
objective optimal control problem (MORP) using the value function w. Assume that
the hypothesis (3.7),(3.8),(3.9) and (3.10) hold and let (¢,z) be in [0,T] x R™. Let us
introduce the operators on R? defined by:

7T1(Z) - Z1, 7T2(Z) = Z2. (344)

Let denote
Ql - [ZT7Z_1[7 Q2 — [Z;7Z_2[

and introduce the following extended functions

- [ZT7Z_1] — [Z§7Z_2]7 nl(cl) - mf{’Y | w(t7$7<=177) < 0}7 (345&)
UrR [Z§7Z_2] — [ZT7Z_1]7 772(62) — mf{’Y | w(t7$777<=2) < O} (345b)

Proposition 3.20 Assume that (3.7), (3.8), (3.9) and (3.10) hold and let (t,x) be in
0,T] x R™. Then for j = 1,2 the functions n;(-) are decreasing:

v, ¢ e 5,3 (¢ =m0 2 n(0).
PROOF. Let assume that there exists £ < ( such that

m(§) < m(Q).

It follows from definition (3.45) that w(t,x,(,a) > 0, for all a < n;(().
Let us take @ = n;(§) and consider the point z = ({,m(§)). It is clear that
w(t,x,z) > 0. On the other hand, by Proposition 3.13 we obtain that

w(tP'x?Z) — w(tﬂxacanl(g)) < w(tﬂxaé:)nl(é:)) <0

because ¢ < (. This is in contradiction with the fact that w(t,z,z) > 0 as established
before. -

The following theorem gives a characterization of the Pareto front.

Theorem 3.21 Assume that (3.7), (3.8), (3.9) and (3.10) hold and let (t,x) be in [0,T] X
R™.

(i) F#(t,2) = {(Cm(Q), ¢ € dom(m) } N {(0). ), € € domlms) .

(ii) For any z € F#(t,x) let a trajectory (y,z) € S[fT] (x,0) be optimal for the auziliary
problem (3.15). Then (y,z) is a Pareto optimal solution of (MORP).
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PROOF.
(i) We split the proof in two steps.
Step 1. Let us show that

{€m(@). ¢edomm) }(V{01(0),0), ¢ € domina) } € Fit.a).

Let = € {(¢.m (), ¢ € @ and m(Q) < +oo} N{(1(0),0); ¢ € % and 3(() < +oo}.
First, we have to show that such a point is feasible, that is, there exists an admissible

pair (y,z) € SfT](x,O) such that <g0(y(T)) —z(T), rn[?%w(y(s))> = 2. By definition
’ s€|t,

of the functions 7;, ¢ = 1,2, we have that w(t,x,z) = 0. Then there exists at least one
admissible pair (y,z) € SFZ%T] (x,0) such that

((SD(Y(T)) —z(T)) \/(Srgn[% P(y(s)) — 22)> <0 & ¢(y(T)) —z(T) < z1 and Jmax, P(y(s)) < 2
(3.46)

Assume that z is not feasible. Then for any admissible pair (¥,%z) € S[ﬁ 11 (x,0) satisfying
(3.46), we have that

PET) -2T) <=1 o max dF(s) <

Let us recall that by choice of z we have that z; = n;(m(z)). Then, without loss of
generality, take

C= o) —2(T), so w(t,x,( 2)<0

with ¢ < n1(71(2)) which is in contradiction with the definition of n,(m(z)) (see (3.45)).
Now, let us show that z = (21, 22) is Pareto optimal. Assume that there exists
(y,z) € S[ﬁT] (x,0) such that

ply(l)) —2z(l) =& <z and srg[%w(Y(S)) =& <,

with (£1,&%) = & # z. Consider, without loss of generality, that & < 2z, then
w(t,x,&1,22) <0. As & < 21, by Proposition 3.13 we have that

w(t, x, &1, 22) > wlt,z, 21, 22) = 0.

So we conclude that w(t,x, &, 22) = 0, with & < 23 = n1(71(2)) which is a contradiction.
(i) Step 2. Let us show that

FH(t ) < {(Gmi(Q), ¢ & domln) O {01(0),0), ¢ & dom(na) }.
Assume that z € F#(t,x) and let (y,z) € S[ﬁT] (x,0) be an admissible pair such that

a = py(M) —2(T) and 2 = max ¥(y(s)).

It follows from Theorem 3.17 that w(t, x, z) = 0. Then it is obvious that n; (71 (z)) < +oo
and no(ma(2)) < +oo. If

= ¢ {Cm(Q). ¢ & domlm) ) {(1:(0),0), ¢ € dom(ms) |
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then 3j such that z; # 7;(7;(2)). Consider, without loss of generality, that z; # n,(71(2)).
As w(t,x,z) = 0, we obtain that z; > n1(71(z)). Consider

§= (m(m(z)), 22).

By the definition of the function 1, we have that w(t, x,&) = 0 and then there exists an
admissible pair (¥,2z) € S[ﬁT] (x,0) such that

PET)-ED) <6 <n and max o(F(s) <& - 2

what is in contradiction with the assumption that z is Pareto optimal.

(ii). Let z € F#(t,x). Then w(t,x,z) = 0 and z is feasible. Take a trajectory
(y,z) € S[fT] (x,0) that is optimal for the auxiliary control problem (3.15). Then, as it
was be shown (see Proposition 3.16),

(TN -=(T)=21 \ max v(y(s)-22) =0 & (py(1)-2(T) < 1, and max ¥(y(s)) < 2.

If p(y(T)) — z(T) < z; then £ = (p(y(T)) — z(T), 22) is a feasible vector that dom-
inates z which is impossible. In the same manner, if max.ep 1 (y(s)) < 2 then
§ = (1, maxsepm ¥(y(s))) is a feasible vector that dominates z which is impossible.
So, for any trajectory (y,z) that is optimal for (3.15) we have that

(1) = 2(1). s vty (5)) -

that means that the pair (y,z) is Pareto optimal for (MORP).

3.5 e-Pareto solutions of the original bi-objective op-
timal control problem

In this section we return to the original problem presented in this chapter. We
prove that using the auxiliary value function w it is possible to obtain a region where
(weak) e-Pareto fronts are contained. Moreover (weak) e-Pareto optimal solutions for
problem MOP can be obtained by applying an algorithm of trajectory reconstruction to
the auxiliary control problem (3.15).

Theorem 3.22 Assume that (3.7), (3.8), (3.9) and (3.10) hold. Let (t,x) bein [0, T]xR"™
and € > 0.

() F(t,z) € FLe(t,x) C {z c R?

—e<w(t,r,z) < O}.

(ii) Let z. € {z € R? ‘ —e < w(t,rz) < O}, If there exists (y.,z.) € Sp(x,0) that

is optimal for the auxiliary control problem (3.15). Then (y.,z.) € PLe(t,x) of
problem (3.11).

(iii) Let z. € {z eER? | —e<w(trz2) < O}, If there exists (y-,2.) € Spr(x,0) that

is optimal for the auxiliary control problem (3.15). Then (y.,z.) € PY¢(t,x) of
problem (3.11).
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PROOF. (i) Let z € F3;#(t,z). Then there exists an admissible pair (¥,Zz) € Spny(x,0)
such that
p(y(1) —2(1) = z1, max ¢(¥(s)) = 2,

s€[t,T]
then
wltrs) = min () = a(T) 20 V(a3 (5) - =)
V.,Z eS[t,T] 2,0 s€t,T
< (@) ~Z(T) —2) \(max $(F(5)) — )| =0.

Moreover as z € Fu°(t,x), then for any (y,z) € Spr(x,0), one of the following
assertions holds:

(a) 21 —e < @(y(T)) — 2(T),

(b) or zp —e < Srél[%%(]w(y(s)).

It is possible to check that in the two above cases, we have

((y (1) = 2(T) = 21) \/(max ¢(y(s)) — z) > —¢.

s€(t, T

As the S[f 7@, 0) is the closure of the Sy7)(z,0), we can conclude that one of assertions

above holds for any (y,z) € S[fT] (x,0). Therefore,

w(t,z,z) =  min [(gp(y(T)) —2(T) — ) \/ (max ¢(y(s)) — 2)] > —e.
(v,2)€S]; 1)(2,0) s€[t,T]

ii) Let 2. € 2 € R? | — ¢ < w(t,z,2) < 0t and (y.,2z.) € Sy (x,0) that is
[t,1]

optimal for the auxiliary problem w(t, z, z.). Then,

—e < ET - 5 - & £ - £
e < (p(y-(T) — 2 2 \/m[gw;]wy 2,

Assume that there exists (y,z) € Sprj(x,0) such that
(1)~ ), s 0l (5D)) < (o = 2200 = ).

Therefore,

(P () = (T) =21\ max (y(5)) = 220) < (@lye(T)) = 2e(T) =21,/ g (ye(s)) = 2.
which is impossible. So, for any trajectory (y., z.) that is optimal for the auxiliary control
problem w(t, x, z.) we have that the pair (y.,z.) € PL(t,x) of problem (3.11).

(iii) The proof can be obtained with similar arguments of (ii). 0
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3.6 State constrained optimal control problem

In many applications the optimal control problem is subject to state constraints,
one example is the boat problem considered in section 3.8.3. In this section we study
finite horizon optimal control problems with two different objective functions and with
constraints on the state variables.

Let K; C R™ nonempty and closed set of constraints and Ky C R” a non empty
closed target set. Consider the following bi-objective optimal control problem

[ inf (@, 2y, u), (L, 2;y))
subject to  y(s) = ( (s),u(s)), a.e. se|0, 00,
y(t) = (3.47)
y(s) GIC1 Vs e [t,T],
y(T) S ]CQ,
uecl.

Let ¢1 : R” — R a Lipschitz function such that
g(r) <0&xe k. (3.48)

Since Ky is closed, such a function g; exists. Indeed, denote by di, the signed distance
to Ky, where
e ){d(x,ﬁlCl) if v € K¢
i —d(z,0K,) if x € K.

The function ¢; = di, () is Lipschitz continuous and satisfies the statement (3.48).
Consider also g5 : R — R a Lipschitz function such that

gp(x) S0 x €Ky (3.49)

In this section we are going to assume that:

For every x € R”, {( —E{zzgmfllf)li)— u ) auel, 0<a< A(m,u)} , is a convex subset of R" xR.
(3.50)

With this assumption and (3.7) and (3.8) the set of trajectories Sp.1)(x, 21) is a compact

set in the space of continuous functions C(¢,T').
We associate with the optimal control problem (3.47) the following auxiliary control
problem and its value function w:

wit ) = i (o) =)V s 00506 — 220V s an (56D V ey (1)

(v,2)€S,7)(2,21)
(351)

The value function of the auxiliary control problem (3.51) is locally Lipschitz continu-
ous, satisfies the Dynamic Programming Principle given in the next theorem and can be
characterize as a unique viscosity solution of a HJB equation. As the proof is similar to
the proof presented for the unconstrained case, we are not going to rewrite it here.

Theorem 3.23 Assume that (3.7), (3.8), (3.9), (3.10) and (3.50) hold.

(i) The value function w is locally Lipschitz continuous on [0,T] x R™ x R?.
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ii) For all h > 0 such thatt +h < T and (x,2) € R® x R2, we have
(ii) : ,

w(t,z, 2) = min {m(t +h,y(t+h),zt+h), )\ max ($(y(s)) - ) \/séﬁ?ﬁh gl(y(s))} .

(¥, 2)ES s, 6401 (%,21) s€[t,t+h)] ]

(iii) The function W is the unique viscosity solution of the following HJB equation:
min (atm(t7x7z)+7_[(x7 Z7Dzw7 Dzw)7m(t7x7z) _W(?ﬂ) _22)\/91(37)) :07 vt € [O7T)7 (£E7 Z) ER”+2
w(T,2,2) = (plz) —21) \/ (W) = 20) \ g1 (2) \/ g2(), ¥ (w,2) e R" T2, (3.52)

where H s given by

H(x,z,p,q) = Sup (=[x, u) - p+ Uz, u) - q1).

The characterization of the weak Pareto front and the Pareto front for the bi-
objective optimal control problem (3.47) can be obtained considering the function w
in Theorems 3.18 and 3.21, respectively.

3.7 Reconstruction of the Pareto optimal trajectories

Theorems 3.18 and 3.21 provide the characterization of the weak Pareto front and
the Pareto front, respectively, of the convexified problem (MORP) in the case without
state constraints and of the problem (3.47) with state constraints. Another important
concern is to reconstruct an optimal trajectory corresponding to a given Pareto optimal
solution.

Once the auxiliary value function w is known by Theorem 3.21 we have a charac-
terization of the Pareto front F#(¢,2). Now, let z be an optimal Pareto solution. Then a
corresponding Pareto trajectory can be obtained by using the value function w. Indeed,
by applying an algorithm of trajectory reconstruction to the function w on [¢,T] with the
initial conditions (x, z) as the algorithm presented in [ABDZ18|, we get an approximation
of the optimal trajectory for w(t,x, z). Now, by Theorem 3.21, item (ii), if the trajec-
tory is optimal for the auxiliary problem (3.15), then it is a Pareto optimal trajectory of
(MORP).

In the case of weak Pareto solutions, by Theorem 3.18

Frt,x)ynQcC {z€Q|wlt,z, 2)=0}.

And if there exists an admissible pair (y,z) € SFZ%T] (x,0) such that p(y(T)) —z(T) = =
and m[?%w(y(s)) — 2o, then z € F#(t,x). So we can take z € Q such that w(t,z,z) = 0,
s€

)

apply an algorithm of trajectory reconstruction to the function w on [t,T] with the initial
(x,z) as in [ABDZ18], and see if such a trajectory exists. If there is a trajectory in such
conditions this is an approximation of a weak Pareto trajectory of (MORP).

Now consider € > 0 and let z. € R?, such that —¢ < w(t,z,2.) < 0. By applying
an algorithm of trajectory reconstruction to the function w on [¢t,T] with the initial
conditions (x, z.) we get an approximation of the optimal trajectory for w(t, x, z.). Now by
Theorem 3.22, if there exists (y.,z.) € Spr(z,0) that is optimal for the auxiliary control
problem (3.15). Then (y.,z.) € PL#(t, z) of problem (3.11). Moreover if we consider that
—& < w(t,z,2) < 0 and it is possible to obtain (y.,z.) € Sy r(x,0) that is optimal for
the auxiliary control problem (3.15). Then (y.,z.) € P'*(¢,z) of problem (3.11).
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3.8 Numerical examples

In this section we present some examples where the method proposed in this chapter
was applied to construct the weak Pareto front and the Pareto front. In all examples the
HJB equation was solved by a finite difference method implement at C++ HJB-solver
“ROC-HJ” [ROC].

3.8.1 A problem of business strategy

Denote by y(s) the quantity of steel produced by an industry, at time s. At every
moment, such production can either be reinvested to expand the productive capacity or
sold. The initial productive capacity is x > 0; such capacity grows as the reinvestment
rate. Let the function u : [0,7] — [0, 1], where u(s) is the fraction of the output at time
s that should be reinvested. The objective is to maximize the total sales. As u(s) is
the fraction of the output y(s) that we reinvest, then (1 — u(s))y(s) is the part of y(s)
that we sell by a a price P at time s, that is constant over the time horizon. So the first
objective is

max/o P(1 —u(s))y(s)ds = min/o P(u(s) — l)y(s)ds.

However, consider that the owner also wants the production to be around a quantity c,
so the second objective can be modeled as

mln ma. — C|.
Jnax ly(s) — ¢

Hence the bi-objective problem is

(

minimize </tTP(u(s)—1) (s)ds, max |y(s )—c|>

s€[0,T]

( Ju(s) (3.53)

subject to

y(s) =
y(t)
0

y(s
)

IA
£
|/\

\

For numerical simulation we considered P = 0.5, ¢ = 0.5 and T" = 2. Note that the image
set of the augmented dynamics is convex. So, by Remark 3.15 the auxiliary value function
w is the unique viscosity solution to the following HJB equation:

min <8tw(t x,z) + H(z, Dyw, Dw), wt,z,z) — (|t —¢| — 22)) =0, fortel0,7),zeR, zcR?
w(l,z, z) —21V|x—c|—22 for z € R,z € R®.
where the Hamiltonian is given by
H(l’,p,Q) :max(—prrqul,O)—qul, V$,p€R,q€R2.

The HJB equation is solved on a x-grid of 300 nodes on the domain [0,¢?] x [—e?,0] x
[0, 7]. For this simple example, we use an explicit Euler scheme in time and Lax-Friedrich
discretization in space (we refer to [ABDZI18, OS91, BFZ10| for more details). This
discretization is known to be stable and convergent under an adequate interplay between
the mesh size of the x-grid and the time step.
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Figure 3.4: Business strategy problem: analysis of the 0-level set of w(0, xg, -) for 2y = 0.4

Now, we fix the initial conditions as follows: xy = 0.4 and ¢ = 0. Figure 3.4a
presents the 0-set-level of the value function w(0,zg,-) computed on three different x-
grids (with respectively 75%, 150* and 300? grid points). This test confirms the (already
known) stability of the numerical scheme.

On another hand, formula (3.38) allows to give an approximation of the utopian
point associated with the bi-objective control problem:

21(t, zp) = inf {Cl eR ‘322 e R s.t. w(t,xo,(1,22) < O} >~ —(.539,

25(t, 7o) = inf {@ eR ‘Elzl e R st w(t,zo,21,C) < 0} =~ (0.0985.

Following (3.42), we get also an approximation of the upper bounds of Q:

Zi(t, 7o) = inf {c eR ‘w(t,xo,c,z;‘(t,wo)) - o} =~ _().4359,
%(t,20) = inf {C € R |ow(t, 20, 24(t, ), ¢) = 0} = 0.5711.
These values lead to an approximation of the set
Q= [2} (¢ 20), F1(t 30)] X [23(E 20), Za(t, 7o)

Figure 3.4b shows the intersection of 0-level set of w(0, zg, -} with the set . In our case
this intersection is equal to the Pareto front. The possible points in the weak Pareto front
are just trivial points and are outside the set ().

The value function w is also useful to reconstruct Pareto optimal trajectories. We
chose four point z;, ¢ = 1,2, 3,4 at the Pareto front, that are represented by points with
different colors in Figure 3.5a. We compute the optimal trajectories for w(t, zg, 2;),7 =
1,2,3,4, using the reconstruction algorithm from [ABDZI18]. Figure 3.5b shows these
optimal trajectories for the initial states (xg, z;) (in figure 3.5b, the color used for each
trajectory refers to the corresponding Pareto value z; in figure 3.5a). Let us point out
that these trajectories are Pareto optimal for the optimal control problem (3.53).

3.8.2 Pest control problem

Consider a Lotka-Volterra model describing the interaction between two species
(predator-prey model): a prey, that is a nuisance for humans, and a predator. Both
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Figure 3.5: Business strategy: optimal trajectories as Pareto optimal solutions

species grow according to the following system

yi(s) = y1(s) — y1(s)ya(s)
y2(s) = —ya(s) + y1(s)ya(s)

where y; represents the pest population, y, the predator. We can act on this model
by spraying a chemical to poison the pest (the poison may also kill a part of predator
population). The dynamical system becomes

Yi(s) = yi(s) = y1(s)ya(s) — yi(s)ey,uls)
Ya(s) = =¥a(s) +y1(s)ya(s) — ya(s)ey,uls)

where the constants ¢y, ¢y, represent the rate of each population that will be killed by
the poison. As in [SBD'06], the value of the constants ¢y, ¢y, are set to 0.4 and 0.2
respectively. The control function u(s) is restricted to take values of either 0 or 1. The
goal is to keep nuisance expansion under control by minimizing the maximum difference
of certain proportion of both species along the time horizon T — ¢:

max 0.25(y;(s) — Kya(s))?
s€[t, T

and also minimize the cost of spraying the chemical:

/ " Pus)ds

where K = 0.7, P = 0.3 and T' = 10. So, the optimal control problem has two different
objective functions. Since the control is allowed to take only the values 0 and 1, the set
of trajectories is not compact. In the relaxed control problem, the control input may
take values in the interval [0,1]. As described in the previous sections, we introduce an

auxiliary control problem whose value function w is solution of the following HJB equation
on [0,7] x R%:

min <8tw(t7 z,2) + H(z, Dyw, D,w),w(t, z,2) — (0.25(x; — Kzg)? — 22)) =0, fortel0,T),z,2cR?
w(l,z,z2) = —2 \/(0.25(951 —K2)? —25) forzeR? zeR?%

where the Hamiltonian is given by

H(x,p,q) = —(x1 —2122)p1 + (02 — 2122)p2 + max (cy, 21p1 + cy,x2p2 + Pq1,0), Va,p,q € R
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The HJB equation is solved on a x-grid of 75* nodes on the domain [0, 3.5] x [0, 3.5] x
[0,3] x [0,3]. As in the previous example, we use an explicit Euler scheme in time and
Lax-Friedrich discretization in space.

First, we fix the initial conditions as follows: xy = (0.7,0.2) and ¢ = 0. Figure 3.6a
presents the O-set-level of the value function w(0, zy, -) computed on five different x-grids.
This numerical test confirms the (already known) stability of the numerical scheme. One
important feature of the HJB approach to solve bi-objective optimal control problems is
the possibility of obtain the Pareto front for different initial states with the same auxiliary
value function w. Figure 3.6b shows the Pareto front for different initial states xo.

35 | ! ! ! ! , . 3
——75* nodes
——50* nodes
——25* nodes —x0=(0.8,0.1)

| |
—x,=(07,02)
—x,=(05,05)

702 X 60 * nodes | | X=(08,06)
—35 % X 30 % nodes 2l —x,=(05,07) |
X=(0.3,0.8)

; ; ; ‘ ; ‘ ; i ‘ : ; ‘ : 3
05 0 05 1 15 2 25 3 35 0 02 04 06 08 1 12
z, %

(a) O-level set of w(0,xg, ) computed on (b) Pareto front for different initial
different grids states xg

Figure 3.6: Pest control problem: 0-level sets for different initial states and on different
computational grids

From now on, we fix t = 0 and xy = (0.7,0.2) and we consider the approximation of
the value function w obtained on x-grid of on a x-grid of 75* nodes. From formula (3.38),
we get an approximation of the utopian point associated with the bi-objective control
problem:

27(0,20) = inf {Cl eR ‘322 e Rs.t. w(0,x0,(,22) < 0} ~ (),

23(0,9) = inf {Cg cR ‘Elzl e Rs.t. w(0,x,21,() < O} = ().3245.
Following (3.42), we get also an approximation of the upper bounds of Q:

21(0, o) = inf {c eR ‘w(O,xo,C,z;‘(O,xo)) _ 0} >~ (.9560,
%(0,20) = inf {¢ € R (0,20, 21(0, 20), () = 0} = 2.5427.
These values lead to an approximation of the set
€0 = [21(0,20), 21(0, 20)] x [23(0,20), Z2(0, x0)].

Figure 3.7a shows the 0-level set of the value function w(0,xy, ) in red that contains the
(weak) Pareto front F#(0,20) C F#(0,10). Moreover, the black region in figure 3.7a
represents a region where it is possible to obtain points in F.¢(0, z), for ¢ = 0.05. In this
figure the set €2 is represented by a box delimited by black dashed lines. Figure 3.7b shows
the intersection of 0-level set of w(0, xg,-) with the set Q. In our case this intersection is
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(b) zoom on F# (0, x)

Figure 3.7: Pest control problem: analysis of the negative level set of w(0, o, ), for
Ty = (0.770.2>

equal to the Pareto front F#(0,,). The possible points in the weak Pareto front are just
trivial points and are outside the set (2.

The value function w is also useful to reconstruct Pareto optimal trajectories. With
the algorithm of trajectory reconstruction from [ABDZI18| we reconstruct an optimal
trajectory for w(0,xo, 27(0,x0),22(0,x0)) (resp. w(0,x0,z1(0,x0), 25(0,20))) that is also
optimal trajectory of the scalar problems 14 (0, xo) = 25(0,x¢) (resp. ¥2(0,z0) = 25(0, z0)).
This trajectory and the associated optimal control is represented in green (resp. in blue)
in Figure 3.8.

0 5 10 0 5 10 0 2 a4 6 8 10
t t t

Figure 3.8: Pest control problem: optimal trajectories, and corresponding opti-
mal control laws, associated to the Pareto values (27(0,z0),Z2(0,20)) (in green) and

(Z1(0,20)), 25(0,20)) (in blue)

As can be seen in figure 3.8 the optimal control law for (0, z¢) is identically 0 (i.e.,
u = 0), which means that not only the point (27(0,x0),22(0,x)) belongs to the Pareto
front of the relaxed problem F#(0,z), but it is also optimal Pareto for the original
(non-relaxed) control problem (25(0,x¢),%2(0,20)) € F(0, ).

The case of the Pareto value (z1(0,z0), 25(0,20)) € F#(0,20) is different, because
the optimal control law seems to take other values than just 0 and 1. So, we cannot
guarantee that (Z7(0,x0), 25(0,x0)) belongs to F(0,x). However, by theorem 3.8, there
exists a e-Pareto solution in a neighborhood of (Z1(0, ), 25(0,2¢)), where the control
takes values in the set {0, 1}.

We choose ¢ = 0.01 and consider the point (Z7(0,20) + €, 25(0,20) + £) that is
in the black region of Figure 3.7a. In figure 3.9, we display in blue the relaxed optimal
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Pareto trajectory-control corresponding to (z1(0, ), 25(0, z9)) € F#(0, ) and in red the
optimal trajectory-control corresponding to the e-Pareto value (Z1(0, zo)+¢, 25 (0, x¢) +2).
As can be seen in this example, the two trajectories are very close to each other, while
the structure of the controls laws are different.

2.4 16 1 - u 1
21+ 0.01, 2 + 04
53 il 0.9 0.9
08 08
2 12
0.7 0.7
18
at 0.6 0.6
s 1 Z 08 Zos Zos
a4 S E E
53 0.6 0.4 0.4
’ 03 03
. 0.4
0.2 02
0.8 02 0.1 0.1
0.6 0 0 0

0 5 10 0 5 10 0 2 4 6 8 10 0 2 4 6 8 10
t t t t

Figure 3.9: Pest control problem: in blue: relaxed optimal solution corresponding to
the relaxed Pareto value (z7(0, 1), 25(0,20)). In red: e-solution to the original problem
corresponding to the e-Pareto value (Z1(0, xq) + €, 25(0, 29) + €) with e = 0.01

To analyze more examples of optimal Pareto trajectories, we choose four Pareto
values z;, 1 = 1,2,3,4, that are represented by points with diffrent colors in figure 3.10a.
We compute the optimal trajectories for w(0, xg, 2;),7 = 1,2, 3, 4. Figure 3.10 shows these
optimal trajectories for the initial states (g, 2;), the color used for each trajectory refers
to the corresponding Pareto value z; in figure 3.10.
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Figure 3.10: Pest control problem: optimal Pareto solutions in P# (0, z)

We observe that the optimal pairs represented in Figure 3.10 are in P# (0, z,) but
are not in P (0, zy), because the respective control functions take values different from 0
and 1. So here again, e-Pareto values can be taken in the neighborhood of F7(0, x).

3.8.3 Boat example

Based on [ABZ13] consider the classical Zermelo type problem. A boat with coor-
dinates y(s) = (yi1(s),y2(s)) navigates in a canal R x [—2.5,2.5], starting from y(0) =
(1, 22), and wants to reach an island, with minimal fuel consumption. The dynamics is
given by

Y1(s) = ua(s)cos(ui(s)) + 8 — yy3(s)
Ya(s) = wa(s)sin(u(s)),
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where u; € [0, 27| is the first control (angle), uy € [0, 1] is a second control (the speed of
the boat), and 3 — ~vy2(s) is the current drift (along the y;-axis). We shall choose the
parameters [ = 0.25, v = 0.04, so in this case the current drift is in the same direction
that the boat navigates and is zero near to the shores and increases when is approximating
of the middle of the river. The fuel consumption is proportional to

T
/ 0.5us(s)ds.
0

A second objective is to maintain the boat near to one shore

max (6 — ya(s)). (3.54)

0<s<T

where we considered 0 = 2.5. Consider the set of constraints given by
Ki={r eR? g(z) <0},

where

g1{x) = max <r& — max(|x; — a1,

1 1
3l = aal)ro— (s = bl s — b))

and where r, = 0.5, a = (—=3.5,1) and r, = 0.25, b = (—1.5,0.25).
The target Ky = B(c, o) with rg = 0.5 and ¢ = (0,0.2) is represented by a function
go defined by

ga () = [lw = cl| = ro.

The optimal control problem is

( T
inf </ 0.5uy(s)ds, max 6 — y2(5)> :
0

0<s<T

2(s)cos(ui(s)) + B — vy3(s),
( 2(8)8)”1(111(8))) (3.55)

\

where U is the set of measurable controls u = (uy, uy) : [0,7] — [0, 27| x [0, 1].
Therefore it is a bi-objective problem with different cost functions and with state
constraints. So we are in the situation of the Section 3.6, and we introduce an auxiliary

control plzloblem whose value function w is solution of the following HJB equation on
0,7 x R*%:

min <8tw(t7957 z) + H(z, Dyw, D,yw),w(t, x, z) — max (0 — T — 29, gl(x))) =0, forte[0,T),z, 2ecR?
w(T,z,21,29) = —21 \/9 — 9 — 29 \/gl(x) \/92(95)7 reR? zeR%L

where the Hamiltonian is given by

%(mvpv q) - max((), \/ p% +p% + 05(11) - (/8 - W'x%)plv vmvpv q e R2'
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The HJB equation is solved on a x-grid of 70%? x 50 nodes on the domain
[—6,1] x [—2.5,2.5] x [0,3] x [0,5]. As in the previous examples, we use an explicit
Euler scheme in time and Lax-Friedrich discretization in space.

We fixed the initial position of the boat equal xy = (—5.5,1). From formula (3.38),
we get an approximation of the utopian point associated with the bi-objective control
problem:

21(0,9) = inf {Cl eR ‘322 e R s.t. w(0,xp,(1,22) < O} ~2.071,

20,20) = inf {cg eR ‘Elzl eRst. w(0,z0,21,0) < 0} ~ 1,786,
Following (3.42), we get also an approximation of the upper bounds of Q:

(0, 20) = inf {c eR ‘w(O,xo,C,z;‘(O,xo)) - 0} ~ 9288,
(0, 25) = inf {c eR ‘w(O,xo,zi‘(O,xo),C) - o} ~31.
These values lead to an approximation of the set
€0 = [21(0,20), Z71(0, 20)] X [23(0, x0), Z2(0, x0)].

Figure 3.11a shows the O-level set of the value function w(0, xy, -) in red that contains the
(weak) Pareto front F(0,x0) C F,(0,1x0). In this figure the set €2 is represented by a box
delimited by black dashed lines. In this example the intersection of the zero level set of
the value function w(0, x,, -) it is not equal to the Pareto front of the bi-objective problem
(3.55). The Pareto front can be obtained by using Theorem (3.21). First the functions
m and 72 can be derived by using (3.45):

m: [ZT7Z_1] — [Z§7Z_2]7 771(C1) - mf{’Y | w(t7$7<=177) < 0}7

UrR [Z§7Z_2] — [ZT7Z_1]7 772(62) - mf{’Y | w(t7$777<=2) < O}

The graphs of these functions are shown on Figures (3.11b) (blue line) and (3.11c¢) (green
line), respectively. By theorem (3.21), the Pareto front for the initial condition g is
obtained as intersection of two graphs. The resulted front is shown on Figure (3.11d). In
this example, the Pareto front is non convex and discontinuous.

The value function w is also useful to reconstruct Pareto optimal trajectories. We
chose three points z;, ¢ = 1,2, 3 at the Pareto front, that are represented by points with
different colors in Figure 3.12a. We compute the optimal trajectories for w(t, xg, z;),7 =
1,2,3, using the reconstruction algorithm from [ABDZ18|. Figure 3.12b shows these
optimal trajectories for the initial states (xo,z;) (in figure 3.12b, the color used for
each trajectory refers to the corresponding Pareto value z; in figure 3.12a). Further-
more the obstacles in the river, that is the state constraints are represented in red,
and the island, that is the target set is represented in yellow. Let us point out that
these trajectories are Pareto optimal for the optimal control problem (3.55). The tra-
jectory in green is optimal for w(0, zg, 21(0, zo),Z2(0, x9)) that is also optimal trajectory
of the scalar problems (0, x0) = 2{(0,29). Moreover the trajectory in blue is opti-
mal for w(0, xg, Z1(0, x0), 23(0,x0))) that is also optimal trajectory of the scalar problems
U2(0, x0) = 25(0, x0)).
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Figure 3.11: Boat example: Analysis of the 0-level set of the value function w at t = 0
and xo = (—5.5, 1).
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Figure 3.12: Boat example: optimal trajectories as Pareto optimal solutions

3.9 Concluding remarks

In this chapter we have investigated a bi-objective optimal control problem with cost
functions of different nature. We considered the situation where the set of trajectories is
not compact and the set of Pareto solutions may be empty. We have studied the relation
of the Pareto front corresponding to the relaxed (convexified) bi-objective problem with
the original one. More precisely, we proved that for any z* is a (weak) Pareto optimal
solution of the relaxed problem and for any ¢ > 0 there exist a (weak) e-Pareto solution
for the original problem that is in a neighborhood of x*. Moreover, the distance between
the Pareto optimal value achieved by z* and the optimal value achieved by x is small and
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is of order «.

We gave a characterization of the Pareto front of the relaxed bi-objective problem
and we show that it is contained in a 0O-level set of the value function w associated to an
adequate auxiliary control problem. We gave also a characterization of the e-Pareto front
of the original problem by using the same value function w.

We have tested the relevance of our approach on some bi-objective optimal con-
trol problems. The numerical simulations confirm all the theoretical results. However,
it should be noticed that for a control problem with two state variables and two cost
functions, the method requires to solve a HJB equation in dimension 4. To get an ap-
proximation of the Pareto front in a reasonable time, the dimension of state should remain
less than 4 or 5. We stress on that this thesis addresses mainly some theoretical questions,
the numerical aspects should be investigated further.

The interesting results obtained in this chapter motivated us to investigate the infi-
nite horizon multi-objective optimal control problems. The study of this kind of problems
is done in the next chapter.



Chapter 4

Contributions in multi-objective
infinite horizon problems

In this chapter we study multi-objective infinite horizon optimal control problems
with state constraints and with all objective functions of integral type. Infinite horizon
problems are important in applications when imposing a final time is artificial, for instance
in some problems that arise in economics and biology. Infinite horizon control problems
have been extensively studied in the literature. An overview on optimality conditions
of infinite optimal control problems in the form of Pontryagin principles can be found
in [CHL91, Hal79]. Such control problems have also been investigated within the HJB
approach, see for instance [BCD97, IK96].

Numerical methods to calculate the value function of optimal control problems have
also been investigated. The central idea of the numerical methods is the discretization of
the continuum that makes the problem finite, and therefore, enables its solution through
computers. A well-known technique is the Semi-Lagrangian method [FF14, FG99|. This
scheme is obtained in two steps. First, by discretizing in time the dynamic programming
principle, which provides an interesting interpretation of the approximations in terms of
a discrete representation formula for the value function. The second step consists on a
space discretization and it results in a finite dimensional problem that can be solved.

We investigated multi-objective infinite horizon control problems based on the idea
proposed in [DZ18] and in Chapter 3 of this thesis, both in finite horizon case. First we
introduced an auxiliary optimal control problem, free of state constraints. To compute
numerically the value function of such problem we introduced a semi-Lagrangian scheme.
Afterwards, with similar arguments as in the finite horizon case we show that the weak
Pareto front is contained in the zero level set of the value function of this auxiliary control
problem. Moreover, a more detailed characterization of the Pareto front for the multi-
objective infinite horizon control problem was presented.

However, after obtaining the (weak) Pareto front for the multi-objective control
problem
another question that arises is: can we obtain the (weak) Pareto optimal trajectories?
Reconstruction algorithms for finite horizon control problems were proposed for instance
in [ABDZ18] and [RV91]. Some results can be found in [BCD97, Appendix A], for infinite
horizon control problems without state constraints and with state constraints using some
controllability assumption on the set of state constraints. However, there are no results
in the literature for infinite horizon optimal control problems with state constraints and
without assuming any controllability assumption on the set of constraints.

So another purpose of this chapter is the reconstruction of optimal trajectories for

68
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infinite horizon optimal control problems with state constraints. The method proposed
in this chapter consider the dynamic programming principle for the value function of this
auxiliary problem to generate (weak) Pareto optimal trajectories for the multi-objective
control problem without any controllability assumption. This procedure is also a new
result to generate optimal trajectories for infinite horizon optimal control problems with
one objective where we can apply the method to the auxiliary control problem (2.22)
introduced in [ABZ13].

4.1 Problem formulation

For a given nonempty compact subset U of R™ (m > 1) consider the set of admissible
controls defined by:

U = {u: |0, 00— R™ measurable, u(t) € U a.e}.
Consider the controlled system:

¥(s) = [y (s),u(s)) ae s € [0, 00,
{ v(0) — 2. (4.1)

where u € U, and f : R" x U — R” satisfies:

{ (¢) 3 Ly > 0,such that for any x, y € R” and for all u e U : (4.2)
|f($7u)_f(y7u)|§[/f|$_y|7 .
Note that (4.2) implies that there exits ¢; > 0 such that for all x € R”
max{|f(x,u)| : v e U} < cp(l+ |x]). (4.3)

It is known that under assumption (4.2), for any u € U there exists a unique abso-
lutely continuous trajectory y = y¥ satisfying (4.1). The set of all absolutely continuous
solution of (4.1) on [0, oco|, starting from the position x will be denoted as:

X, = {(y},u): y} satisfies (4.1) for u € U}.

Let  C R™ be a nonempty closed set of constraints. The set of all admissible
trajectories starting from the position x will be denoted by

Xf ={(yi,u)eX,: yia(s) e, Vse|0,o0]}

Clearly, in view of (4.2), the set X, is nonempty, while the set XX may be empty if
there is no admissible control input that keeps the trajectory in the set K.
Now consider the r-dimensional running cost ¢ : R® x U — R, satisfying

(1) 3L;>0,i=1,...,r such that, forany x, y e R" and u € U :
[i(x,u) — 6y, w)| < Lilx —y|V o,y € R, i=1,...,7
(#74) 3 M; >0, i=1,...,r such that, for any r € R” and u € U :

i(x,u)| < My, i=1,...,7

(4.4)

For x € R™, the objective functions J;(x;-,-) : WH0, co[xU — R are defined, for
1=1,...,7, as:

Ty, w) = / ety (s), us))ds. (4.5)
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Note here that we are considering that the discount factor e is the same for both
objectives, this fact is important to be able to obtain a Dynamic Programming Principle
for the considered optimal control problem. Moreover, in order to prove some results we
are going to need the following hypothesis on the discount factor A

A > Lf+Cf (46)

We introduce also the R” valued objective application J(z;-,-) : WHH0, co[x U —
R", defined by:
J(x;y,u) = (Si(z;y,a),..., Jp(z;y,a)).
Now, consider the multi-objective optimal control problem:

inf J(z;y2 u)
(4.7)
st (y%,u) e Xt

If there exists a control u € U at which all objectives attain its optimum, no special
methods are needed. To avoid such trivial cases we assume that there does not exist a
single control that minimizes all objective functions.

4.2 Awuxiliary control problem

In what follows we also consider the single objective optimal control problems and

the associated value functions:
Ui(x) = inf  J(x;yhu), i=1,...,m 4.8
(@ nt vz (4.5)
In this section, we introduce a scalar control problem whose value function will
provide a characterization of the (weak) Pareto front and will also provide all the single

value functions &;(x), for i = 1,...,r. For this, define an augmented state vector (z,z) €
R™ x R” and the following augmented dynamical system for s > 0

y(s) = f(y(s),u(s))
z(s) = Az(s) — £(y(s),u(s)) (4.9)
y(0) =z, z(0) = =

By assumptions (4.2) and (4.4) for every u € U there exists a unique absolutely
continuous trajectory (y2,z%) satisfying (4.9). Moreover, note that

Z4

7" (s) = Mz — / ATy (), u(r))dr, fori=1,...,r
0

In what follows we are going to assume that:

VreR, reR” {( 6_/\TJ;E§:Z§ t > ,auelU, 0<n< M, —€(x,u)} : (4.10)
is a convex subset of R™ x R", where M, is the vector formed by the bounds M; of the
functions ¢; according to assumption (4.4).

With the purpose of characterizing the weak Pareto front and the Pareto front for
the infinite horizon multi-objective optimal control problem (4.7), consider g : R* - R a
Lipschitz and bounded function such that

g(x) <0z e k. (4.11)
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Remark 4.1 Since K is closed, such a function g exists. Indeed, let ny,n, > 0 and denote
by dx the signed distance to IC, where

| d(x,0K) if v € K°
de(7) = { —d(z,0K) ifzek.

The function g(x) = min (max (=, dx(x)) , n2) satisfies the statement (4.11), is Lipschitz
continuous and |g(x)| < max{n,n}, for all x € R™.

In the sequel we denote by L, the Lipschitz constant of ¢ and by M, the positive
constant such that |g(x)| < My, for all x € R™.

We associate with the multi-objective optimal control problem (4.7) the following
augmented control problem and its value function w:

w(x,z>3gg,{[\/ (/ Ne—wy;(s),u(s))ds—zz-)] \/ sup e <y;;<e>>}. (112)

i=1 6cfo, 00|

Under assumptions (4.2), (4.4) and (4.10), the value function w(x,z) has a minimizer
u € U. Following [DZ18] the value function w satisfies the following property.

Proposition 4.2 Assume that (4.2), (4.4) and (4.6) hold, then the value function w is
Lipschitz continuous.

PROOF. Consider (x,z), (z/,2") € R” x R". By using the definition of w and the simple
inequalities:

inf(A) —inf(B) <sup(A— B) and max(A, B)— max(C,D) <max(A—-C,B— D),

we get

(@, 2) —w(z', 2)| =

inf {\/ ( /mem() ())ds—zz)\/ sup (y;w))}

0€[0,00]

T nyRou(sds — 2 )\ sup e Mgy (6)
(f ) f

0<[0,00]

et (5 ([ o)V, a0
—(\/ ( / TNy s), ())ds—z)\/ sup e Wy;/(e)))}‘

0€[0,00]

V /OOO e 4 (y2(s), u(s)) = Ly (s)uls))] ds + 2] — 2 (4.13)

A; = /o e |0(y (s), u(s)) — Li(y™(s),u(s))|ds, fori=1,...,r,

A; = /00 e (y2(s),u(s)) — Li(y%(s),u(s))|ds, fori=1,...,r
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From (4.4) and Proposition(2.2) (c¢) we get, fori=1,...,r,

A; < Li/ e y(s) — yu(s)|ds < Li/ |z — 2 |e BN = [ |z — &),
0 0 Ly—A
and - Y
ﬁi S 2Mz/ 6_>\st — —ie_’\T.
T A

1

Now choose T" such that e=7 < |z — x’|x and using the fact that A > L; (assumption
(4.6)), we get

L Ly L Loy
, +1 , pa—
A; < i A BTN 1) = 4 A A ! A
LAl )= e = TN e
L; | , ]
x—2|, i —
—A_Lf 7/1/ 9 7T7
and 2M
A, < )\z|x—x'|,2:1, T

Lz' 2Mz — u u
ssup{ (52 5 == | Vs e A‘)Lg|ym<e>—ym/<e>|}

0€(0,00]

SmaX{ Cille — | + 12" = 2[), Lol — x’l} < K(lz = 2| +12 = 4)),
i=1

for some K > 0. i

The Dynamic Programming Principle for the multi-objective infinite horizon optimal
control problem with state constraints is proved in the following theorem.

Proposition 4.3 (Dynamic Programming Principle) Assume that (4.2) and (4.4)
hold. Then, for all h > 0 and (x,z) € R" x R", we have

ueld 0€(0,h]

w(r,z) = inf {e‘khw(y;‘(h),z;‘(h)) max e_’\eg(y;‘(ﬁ))}. (4.14)

PROOF. For any measurable control u € U, we shall denote u; the restriction of u on
[0, h] and uy the measurable control of U such that uy(t) = u(t + h) a.e. t > 0. Using
yX s+ h) = y;.%l(h)(s) we obtain on the first hand, for : = 1,...,r,:

[e @] e "
[ et s == [ ettt a0, u(eds —
0 h "
— e ( / e ML (y (s + h), uls + h))ds — 23} <h>>

0

—e ([T (o wahds -2 w)) (419
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and on the other hand

sup e Mg (y}(0) = sup e Mg (y1(0)) \/ max eV (v} (0))
6€[0,00] 0€[0,00[ 6€[0,h)

= <6‘Ah sup e g (y;‘§1<h>(9))> max ¢ g (y}(0)). (4.16)

0€[0,00] 6€[0,h]

Combining (4.15) and (4.16), taking measurable controls u; : [0,h] — U and uy € U we
obtain

wl,2) = mrinf [\/(/ Uy, ><>u2<s>>ds—z;1<h>)]

\/ <6_’\h sup e Mg (y;§1<h>(9)>> max e g (y2(0))

6€[0,00] 0€[0,n]

= inf (7w (v (), 22)) gg[g%]e_”’g (y2 (),

which is the desired result. 0

Another interesting property is that w is monotone with respect to the third argu-
ment as proved in the following proposition.

Proposition 4.4 Assume that (4.2), (4.4) hold and let x € R™. Then
Vz,2 e R, (z <Z=wz)> w(x,z')).

PROOF. Let z,z' € R” such that z < 2/ and one admissible control u € /. Then for all
¢t =1,...,7 we have that

Ji($;yz7 ll) - Z: S Jz($7 y;; u) — Zi

and then

[\/ (Ji(z;yy,u) — zé)] < [\/ (Jilwyyy,u) — zi)] :
i=1 =1
Taking the minimum over all u € U it follows from the last inequality that
w(x, ) <w(zx, 2).
|

Remark 4.5 [t is possible to prove that the value function w satisfies the following HJB
equation

min (Aw(zx, 2) + H(x, z, Dyw, Dw), w(r,z) —g(x)) =0 forxeR” zeR" (4.17)
where the Hamiltonian H is defined by:

uelU i1

H($7Z7p7 Q) = sup <—f($,U)p - Z()‘Zz - €Z($7u))QZ> .
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However, the value function w is not the unique solution of (4.17). Usually numer-
ical approximations are analyzed (convergence and error estimate) under the assumption
that a comparison principle holds. In the following section we propose a numerical scheme
for solving (4.12) and we prove the convergence results by using only the Dynamic Pro-
gramming Principle (4.14).

4.2.1 Semi-Lagrangian scheme for the auxiliary optimal control
problem

Based on [FF14], in order to obtain a Semi-Lagrangian scheme for the auxiliary

optimal control problem (4.12) we first consider a time discretization. For this, we fix a

time step h = At and set t; = jh (j € N). The simplest way to discretize (4.1) is by using
the explicit Euler scheme, which corresponds to the following discrete dynamical system:

{ Yir1 =y +hfyw), JeEN (4.18)
Yo = T,

Here, the sequence of vectors u; € U has the role of a discrete control. We denote by
u™ = {u;} the sequence as a whole, and by U™ the set of all sequences {u;} C U. Moreover
we associate this sequence with the continuous piecewise constant control defined by

U ={ucld:u(s) =u;, s€ltjtj), j €N}
Moreover we are going to denote by y" = {y7} the sequence given by (4.18).

Remark 4.6 [t is also possible to consider higher-order time discretization by using,
for example, Runge-Kutta type scheme in (4.18). Some references in this subject are
[Cun00, FF9).

Given the time discretization (4.18) for the controlled system, the corresponding

discrete version of the cost function J;, i = 1,...,r, (4.5) may be obtained by a rectangle
quadrature
JMxy™ u™) = h Z e_’\tf&(y;‘, uj). (4.19)
=0

With the discrete dynamics and cost functional, (4.18) and (4.19), respectively, we
can define the discrete value function

w(z,2) = u,}relgn { [\/ <h26_’\tf€i(y;.‘,uj) = z,)] \/ sup e_’\tfg(y;‘)} . (4.20)

=1 =0 Osysoo

Adapting the arguments of the continuous case, it is possible to prove a discrete
Dynamic Programming Principle for the optimal control problem (4.20).

Proposition 4.7 [Discrete Dynamic Programming Principle (DDPP)] Assume that (4.2),
(4.4) and (4.6) hold. Then w" is Lipschitz continuous. Furthermore for h > 0, (x,z) €
R™ x R" and for any integer k,

w'(x,2) = inf {e‘”’“wh(yk,zk) max e_’\tfg(yj)}, (4.21)

uneun 0<j<k—1

k—1
where z;, = eM* <z, — hZe‘Atf&(yj,uj)> fori=1,...r.

=0
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PROOF. Consider (x,z), (2/,2') € R® x R". By similar arguments as in the proof of
Proposition 4.2 we obtain that

hZG_M [ (., uj) — ﬁ(y;‘z,,uj)} + 2 — 2

unren

lw"(x,2) — w2, 2)| < sup {\/

\/ sup e M | 9(y5) — 9(y;..) | } -

0<j<oo

For i =1,... r, we have that

< Lih|lz — 2| Z ellr=Nts

=0
as by assumption (4.6) A > L then 37°°, ellr=M% i convergent. Moreover

sup e
0<j<o0

M glys) — 9(ys,) | < Lgla — 2|

Therefore there exist K > 0 such that
jw(z,2) — (2, 2")| < K(lx — 2| + |2 = 2]),

that means that the function w” is Lipschitz continuous.

Now to prove the DDPP, define z;, = e’ < — hZe 0 (5, uy ), then for

1=1,...,7, we get
- 00 k—1
Y ey ug) =z = by e (Y ug) Y ey ) —

=0 ik =0

- hze_/wﬁtk)gz(y;yk’ j) ez,
7=0
M <hze_>\tj€i(y;;k7uj) — z%> (4.22)
7=0

and on the other hand

_Atj L g —)x(t]'+tk) u _>\tj u
Og;lépooe g(yjz) OSS;lgpooe g(yﬂyk) Oér?gagi_le g(y]z)
— 6—>\tk sup e—Atjg(y;Lyk) max e_Atjg(y;i)- (423)

0<j<co 0<j<k—1
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Combining (4.22) and (4.23) we obtain

. by — At U
w(z,z) = W}rel[f}n [\/16 th <hZ;e tzgi(yjyk,uj) — zzk>]
f= j=

— Aty — At U — At U
e sup e "g(y; max e " g(y;
Ve s 0y, )V max e g(5)
: Ay, b —Xt;
= inf <e Vkw z max e “g(y;
Dl { (Yka» 21) 0<iene 1 g(ygz)} )
which is the desired result. 0

The following result gives us a convergence rate concerning the time discretization.

Theorem 4.8 Assume that (4.2), (4.4) and (4.10) hold and let w" be defined as in (4.20)
and w be the value function defined in (4.12). Then

llw — w"||o < Ch, for some constant C > 0 and h €]0,1[.

PROOF. Step 1. Let (x,z) € R x R", h €]0,1[. By the assumptions there exist u* =
{uj} € U™ and a associate discrete trajectory {y;} that are optimal for the discrete
optimal control problem w”(x,z). Consider a control uj(s) € U" such that uj(s) = u}
for s € [tj,t;11], 7 € N. Then by definition of w, (4.12), and w", (4.20), we obtain that

wia,2) - w(@.2) < [\/ (/ °°e—%<y;‘i<s>,uz<s>>ds—zz-)] V sup e (v 0)

A 0€[0,00]
— [\/ <h26_>\tj€i(y;7u;) - Zz)] \/ sup e_Atfg(y;f).
=1 =0 Osjseo
< [\/ < e o) s - hze—”f&(y;,u;f)ﬂ
i=1 Jj=0

\/ [ sup e g (yfl(@)) — sup e‘”]'g(y}f)] (4.24)

0€(0,00] 0<j<o0

Step 1.a Based on [BCD97|, we claim that, for i = 1,... r exist K; > 0 such that

< K;h. (4.25)

/ ey (5), wh(s))ds — B S e Ly )
0

=0

In the following |s/h| denotes the largest integer which is less than or equal to s/h. Define

.
" can be expressed as

FY(s) =y}, for s € [t — j, 41 and observe that 3

. [s/aln
§oi(s) =z + / FE (), w(r)dr, s> 0.
0
Then

, , s/ v . v
[y () — 72 ()] < / FOE (), al (7)) — FEE (), W) dr + /L B, e
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By the Lipschitz continuity of f

s

Ed ll* LS/th ll* ll*
lyz"(s) — §2"(s)| < Lf/ 2" (1) — ¥ (7)|dr + /L/ J cr(1+ |z|)ess dr
0 s/h|h

Ls/mlh u*
< Lf/ ly2"(7) — y2" (T)|dr + cp (1 + |x|)e*h.
0

Hence, by Gronwall’s Lemma (Lemma 2.1)
Y2 (s) — §ar ()] < er(1+ [a])ecrshel s, (4.26)

Now, for 1 = 1,...,r we have that

/ ey (5), wi(s))ds — B Y ea(y )| <
0 X

0
Xz' _ / 6—>\S
0
0

/ e_’\s&(jf;’t(s), u;(s))ds — hz e_’\tfﬁi(y;, u})

0 —o

with

Gl (), W) — GG (), wils) | ds

Y, =

for i = 1,...,7r. Let us estimate the X/s and Y/s, (i = 1,...,r). From (4.4) and
(4.26), we obtain, fori=1,...,r

Xi < Lz’/ ey (s) — yur(s)| ds < Licy(1 + |x|)h/ elertli=Ns g
0 0

o Lacs (L4 |2))
T (A —er—Ly)

h,

where we used the assumption that A > ¢y + L;. From definition of 5,;‘2 and uj, and (4.4)
we have that

Y; < / |€i(}~,;3§(5)7 UZ(S))|6_>‘S . e—ALs/thdS < Mz/ 6—>\s . e—ALs/thdS7
0 0

fori=1,...,r. Now , for h < 1 we have that s — 1 < s —h < [s/h]h < s, then from the
mean value theorem we obtain that

Y; < Mz/ e MY\ (s — |s/h]h))ds < Mieh.
0

Lacy (1 + |x)

el AT N LIV VAR
(A—cy—Ly)

Therefore (4.25) is proved with K; =
Step 1.b Now, we claim that

< Koh. (4.27)

sup e Mg (y;h(9)> — sup G_Atjg(y;)
0€[0,00[ 0<j<o0
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In fact, by (4.26), we obtain

sup max e g <y;‘;§(,9))_ sup 67”"9(9;)

sup e Mg (y;‘h(ﬁ))— sup e M g(y})
0<j< o0 0€[ts,t541] 0<j< o0

9€[0,00] 0<j<o0

sup w0 (yE0) - s g ()| +
O<j<oo‘9€[t i) 0<j<co

<

sup e Mg (yé’z(tj))— sup e M g(y))
0<j<o0 0<j<00

< sup | max e g (yé’hw)) —e Mg (yé‘h (tj))‘ + sup e Mg (yé’h (tj)) —gly;)

0<j<o0 |OE€[ts,t541] 0<j<co
< sup max {67’\(‘97”)9 (y;h(ﬁ)) e M (g (y;h(ﬁ)) -9 (y;h (tj)))} ‘ 1+ sup Lye i |yat(t;) — y;

0<j<oo |0€[t;5,ti41] 0<j<o0
<Mgh+ Ly sup max e Miy¥h(0) — y¥(t)| + sup Lye 7 |yR(t;) -y

O<j<oo‘9€[t tJ+1] 0<j<0
<Myh+ Lyes(1+ |z))ec h sup el ™% Locr(1 4 |z])h sup elerTLi=Nt|
0<j<0 0<j<0

Then, by the assumption that A > ¢y + Ly

sup g (y3H(0)) — sup e Mig(y))] < (My + Lyey(1+ ae’s + Lyey (1 + ),

00,00 0<j<o0

(4.28)
0 (4.27) is proved with Ky = M, + Lyc (1 + |z])es + Lycp(1 + |x]).
Substituting the previous estimates (4.25) and (4.27) in (4.24) we obtain that

w(zx, 2) —w(x,2) < \/ K;h. (4.29)

Step 2. To perform the reverse estimate, Let (x,z) € R x R", h €]0, 1] and consider
u* € U that is a minimizer for w(z, z). Then

r

wtees) =\ ([T s = =) Vs el 0)

i1 0€[0,00(

>\/( [T @ ends - s )V (s e ) @

0<j<o0

Moreover, by Hypothesis (4.10), according with [AC84, Thm. 0.5.3], for j € N,
there exists w € U such that

| 1 e)as = v, ), (1.31)

where 7, is given by (4.18) with the controls ;. Define ¥,(s) = ¥, for s € [t;,t;4].
Observe that by (4.31), ¥, can be expressed as

Ls/h]
V.(s) =z +h > f70)
=0

(Ls/h]+1)h .
- / @0t (7)) dr
0

(Ls/h]+1)
- / FF ) ()dr, s> 0.
0
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Then, by Lipschitz continuity of f
o (ls/mftvn
Y (s) = ¥ (s)] < / PO () (1) — FFalr)ut () + / (), u (7))l

<1, / Y2 (1) — T () dr + ep(L [a])ecs G,

Hence, by Gronwall’s Lemma (Lemma 2.1)

3 (s) = o) < cp (1 + |a])er D netse, (4.32)
Now from definition of " and (4.30) we obtain that

w'(x, 2) — wlz, [\/ <hZe (Y5, U5) Zz)] \/ sup e Mig(y;)

\/ sup e M (yj)—g(y;‘*(tj)»

0<i<0
Step 2.a For 1 = ..., r we have that
DY) - [ e ()0 ()ds| < ol (4.34)
=0 0
for K; positive constants for i = 1,...,r. The proof follows with similar arguments as in
Step l.a,soforve=1,...,r
By — [ e (5w (s < Xt Vi
=0 0
with
X [ ety (9. u'(s) — 6 (o)) ds
0

?i:

/ T (), 0 ())ds — b S eV,
0

7=0

Licpe (14 |x|)

So Y; < M;e*h. and assuming that A\ > ¢y + Ly we obtain X; < h,

. 1 A—cr—1Ly)
_ et
therefore (4.34) is proved with K; = et (Lt [z + Mye.
A—cr=Ly)
Step 2.b By (4.32), we have that
sup e (g(7,) — g (Y2 (7)) < sup e Lgly; —y ¥ (t))]
0<j<e0 0<j<
= sup e LY, () — vy (1)l
0<j<o0

S Lng(l + |$|)60fh sup 6<cf+Lf_>‘>tJ'.
0<j<0
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As X\ > ¢y + Ly we obtain that

sup e (g(@,) — g (v (m)))‘ < Locy(1+ |z])e h = Koh, (4.35)

0<j<e0
where Ko = Lycp(1 + |2])e.
Substituting the previous estimates (4.34) and (4.35) in (4.33) we obtain that
w'(x,2) — w(z,2) < \/F,'h. (4.36)

Therefore, as (x,z) € R™ x R” are arbitrary, from (4.29) and (4.36) we obtain that
llw — w"|| < Ch, for h €]0,1],
where C' = max{\/|_, K:h, \/;_, K:h}. O

Remark 4.9 The result of Theorem 4.8 can also be obtained by assuming that the func-
tion f is bounded and X\ > Ly instead of A > Ly + cy. In this case the estimate

vy (s) = 92" ()] < Myhetse,

holds true instead of (4.26) and (4.32). Following the same steps of the prove of Theorem
4.8 and considering the fact that X > Ly, Hypothesis (4.6), it is possible to obtain C > 0
such that

llw — w"||eo < Ch, for h €]0,1].

The full discretization (time and space) for (4.20) is performed in a standard way
by considering, for A = (h, Ax, Az), a regular grid
G={(rr,2:) | xx = (kilAxy,... knAx,) and z; = (i1Az1, ..., i,Az.), (ki) € Z"XZ"}.
So the fully discrete scheme is the following

A Map, A Mg
Wiy = ruréllr]l {e [w?] (@p + hf (2, w), e (2 — hl(xy, u \/g Tp } (4.37)
where [w?] is an interpolation function of wg;, k € Z, i € Z.

We observe that starting from a node (g, z;) from the grid G, the point of the
approximate trajectory xy + hf(xs, u) and eM(z; — hé(x, v) may not be a point of G. It
is for this reason that we calculate

[w?] (zk + hf (p, ), eM (2 — hb(an, u)))

by a bilinear interpolation. For this consider the barycentric coefficients u;”(u) such that:
k, z
0 < Z 't

Zu;“(u =x+ hf T, U and ZM (Zz - hﬁ(xk,u)) :
J

So one possible interpolation for [w?] (xk + hf (xp,w), eM (2 — hb(zy, w))) is given
by
[w?] (zx + hf (2, w), e (2 — hé(ag,u Zu
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Theorem 4.10 Assume that (Hy), (H) and (Hy) hold and let w® defined as in (4.37)
and w the value function defined in (4.12). Then there exist Cy,Cy > 0 such that

|(Ax, Az)|

h )
PROOF. In order to estimate the space discretization error for the fully discrete scheme
(4.37), consider a control u* that is optimal for w" and denoting Tp = 2% + hf(xp, u*)
and Z; = e (z; — hl(xy, 1)) we obtain, by the discrete Dynamic Programming Principle,
Proposition (4.7), the one-side estimate

lw — w?|oe < C1h + Cy for h €0, 1].

wi — w(wy, z) < e MW@, %) \ gler) — e M (@, Z) \ glwn)

—Ah‘[

IA

e [T, 7)) — [T, Z) +6_Ah‘[wh](fk,5i)—wh(@,z)

< e Mw® — wl + O(|(A, A2)]),
where [w"] is an interpolation function of w", and by Lipschitz continuity of ", we have
bounded its interpolation error with O(Ax, Az). With similar arguments it is possible to

obtain the opposite bound and passing to the co-norm, we obtain

((Az, Az)|
h

Combining time and discretization error estimates (Theorem 4.8 and equation (4.38)), we
have the complete estimate:

[ — w|]e < Cs , for some Cy > 0. (4.38)

Az, A
||w—wA||oo§Clh+ng, forhe]O,l[and Cl, 02>O.

4.3 Characterization of the Pareto fronts

In order to characterize the weak Pareto front for the multi-objective optimal control
problem (4.7), for x € R™, consider the negative level set of w(x,-) :

Z(x) ={zeR"| w(x,z) <0}.

By Proposition 4.2, the set Z(x) is a closed set of R”. However, one can notice that
this set may be empty whenever XX = ), that is, when there is no admissible trajectory
that remains in the set IC. In this case the weak Pareto front is also empty. In particular,
for x € K¢, Z(x) = 0.

For every x € R® and ¢ = 1,...,r, we introduce also the value:

2 (x) ;= inf {C eR ‘Elz € R" with z; = (, w(z,2) < O}. (4.39)

With this notation, z} = +oo if Z(x) = 0. Moreover, if Z(x) # 0 we can remark that

r

Z(x) C [ [I25(x). +ool. (4.40)

i=1

The following proposition establishes a link between the negative level set of w, Z(x)
and the optimal control problems defined in (4.8).
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Proposition 4.11 Assume that (4.2), (4.4), (4.6) and (4.10) hold. Let x € K such that
Z(x) £ 0. Then 9;(x) < +oo, fori=1,...,r and the following relations hold:

(i) For every z € R”, we have that z € Z(x) if and only if there exists u € U such that:
yo(s) e KVse[0,00 and Ji(x;yy,u) <z, fori=1,...,r (4.41)
(ii) Moreover,
2i(x) = v(x), fori=1,... (4.42)
PROOF. (i) From the definition of the value function w in (4.12) we have:
z € Z(x) & Juel, st Vse|0oo, yi(s) € K,
Ji(xz;ytu) = / e (Y (s),u(s))ds < zgfori=1,... 7
0

(ii) Let i € {1,...,r}. It is clear from the characterization of the set Z(x) that if

Z(x) # 0 then XX o4 0 and so ¥;(x) < +oo.
Let show that ¥;(x) < z}(x). By item (i) we have that for all z € Z(x)

Iy u) € XE st Ji(z;ytu) < zfori—=1,... 7
Therefore ¥;(x) < z; for all z € Z(x) and then
Vi(x) <inf{C e R| 2z € Z(x) with z; = (} = 2} (x).

Let show now that ¥;(x) > z/(x). Without loss of generality, we assume here that
i = 1. The proof will be the same for i = 2,...,r. Assume that v4(z) < z{(x). Then
there exists & € R such that ¥;(x) < § < z{(x). The inequality 9;(x) < ¢ implies that
3 (y¥, u) € XX such that Ji(z;y%,u) < 6. Then for any z > Ji(x;y%,u), i =1,...,7 we
have that,

w(:v, 0,22, - - '727“) - (Jl(m;yzvu) - 6) \/ \/ (Jz'(zmyzvu) - ZZ) \/9 s[up [e_wg(}’}l(e)) < 0.
And then w(x,d, 22, ..., 2,) < 0 which implies that
de{yeR| Jz e R" with z; =, w(t,z,z) <0}

But, we have chosen § such that § < zi(x) which is impossible. o

We can show that the weak Pareto front of the problem (4.7) is a subset of the zero
level set of the value function w.

Theorem 4.12 Assume that (4.2),(4.4),(4.6),(4.10) hold. Let x such that Z(x) # 0.
Then the weak Pareto front F,(x) for the multi-objective optimal control problem (4.7)
with the initial condition x is a subset of the zero level set of the value function w(x,-):

Flx) C Fplx) C {z € R"| w(x,z) = 0}.
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PROOF. Let z € F,(x). Therefore there exist an admissible pair (y¥,u) € XX such that
J(x;y2,u) = z and (y¥,u) is a weak Pareto solution of (4.7). By definition of w, we
get that w(x,z) < 0. Assume that w(x,2) < 0. Then by Proposition 4.11 there exist
(v, 1) € XX such that

Jilr; o) < z; = Ji(x;yh,u), forall i=1,...r,
which is in contradiction with the weak optimality of (y%,u). We conclude that

w(z, z) = 0.

Let x € K such that Z(x) #£ 0. Fori=1,...,r define
zZ(l’) - lnf{c € IR| <(ZT($)7 s 7Z:—1($)7C7 Z:+1($)7 s 7Z:($)> € Z($)}
By definition, 2} (x) < Zi(x) < +oo, for all i = 1,...,r. We consider the closed set
of R’

Q- [l @), 7)) (4.43)

Theorem 4.13 Assume that (4.2), (4.4), (4.6) and (4.10) hold and let x € K be such
that Z(x) # 0. The following assertions hold:

(i) F(z) C Folz)NQ C {z € Q| w(x,2)=0}.

(ii) Let z € Q such that w(x,z) = 0. If there exists a admissible pair (y*,u) € XX such
that Ji(x;y2,u) = z;, fori=1,...,r then z € F,(x).

PROOF. (i) By Theorem 4.12 we obtain immediately that
Folx)yNQ C {z € Q| w(x, z) =0}

Moreover F(x) C F,(x). It remains to prove that F(x) C €.
Let z € F(x). By (4.40) we obtain that z; > zf(x) for i = 1,...,r. To prove that
2z < Z(x), assume that there exist j € {1,...,7} such that z; > Z;(x) and consider
Z=(21(2),. .., 25 (1), Z5(x), 271 (), .., 27 ().
By definition of 2z} (z), z
such that J(z;y% u) <
Henceforth z < Z(x).
(ii) Let 2 € Q such that w(x, 2) = 0 and there exists an admissible pair (Y%, u) € XX
such that

(x) and w, it comes that w(x, 2) = 0 and there exist (y*,u) € X*
z < z with Z; < z;, which is impossible because z € F(z).

Ji(r;yia) =2 for i=1,...,r

By definition of w

inf [\/(Ji(x;y;‘,U) - Zz’)] \/ sup Vg (y2(0)) = 0.

ueld i1 0€[0,00(
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That means, there exists no admissible par (y%,u) € XX such that
Jilx;yhu) < Ji(v;yia) =2 forall i=1,...,r
Therefore, by definition of the weak Pareto optimal solution z € F,,(z). O

In order to obtain a more precise characterization of the Pareto front we introduce
the operators I, for k =1,... r:

O R = R Mp:ze e(2) = (21500 2ty Zhts - - o5 2r)- (4.44)
Let x € K be such that Z(z) # 0. For k = 1,...,r denote by  the subset of R"~! given
by

r

O =) =[] @) =)

i=1, i£k

and introduce the extended functions I'; : Q; — [2/(x), Z:(x)|U{+0o0} defined by
Li(x) = inf{vy | w(z, z1,. .., 2im1,7, Zig1y - -5 20) < 0}, (4.45)
with z = (21,..., Zi—1, Zit1s - - -, 2r) € .

Proposition 4.14 Assume that (4.2), (4.4), (4.6) and (4.10) hold and let x € K be such
that Z(x) # 0. Then, for alli=1,... r, the functions T';(-) are decreasing:

V.0 e i (¢S =0 2 TN)).
PROOF. Let i € {1,...,r} and assume that there exists ¢ < { such that

[5(§) < Iu(0).

It follows from definition (4.45) that w(x, (i, ..., Go1, a, Cigry - -, () > 0, for all a < T';(().
Let us take a = [';(§) and consider the point z = ({1, ..., (=1, 1i(§), Gy -+, ). Tt
is clear that w(x, z) > 0. On the other hand, by Proposition 4.4 we obtain that

w($7z) - w($7cl7 cee 7Ci—17Fi(€)7Ci+17 cee 767“) < w($7€17 s 7€i—17Fi(€)7€i+17 cee 757“) <0

because ¢ < (. This is in contradiction with the fact that w(t,z,z) > 0 as established
before. -

Now, for i = 1,...,r we use the notation GrI'; for the set
GrFi:{(21;---;Zi—lyri(z);ziJrl;---;Zr) | Z:(Zl,...,Zi_1,2i+1,...,27«) GQZ} (446)
The next theorem gives a characterization of the Pareto front.

Theorem 4.15 Assume that (4.2),(4.4),(4.6),(4.10) hold and let x be such that Z(x) # 0.
Then

i=1
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PROOF. We split the proof on two steps.

Step 1 Let us show that (,_, GrI'; C F(x). Let z € (;_, GrT;. First, we have to
show that such a point is feasible, that is, there exists an admissible pair (y* u) € Xk
such that J{x;y¥ u) = z. By definition of the functions I';, i = 1,...,r, we have that
w(x, z) = 0. Then there exists at least one admissible pair (y¥,u) € XX such that

\/ (Ji(r;yh,u)—2) <0 &  J(zyru <z i=1...,m (4.47)

i=1

Assume that z is not feasible. Then for any admissible pair (Y2, u) € XF satisfying
(4.47), there exist j € {1,...,r} such that J;(z; ¥y, @) < z;. Let us recall that by
choice of z we have that z; = T;(IL;(2)). Then by taken ¢ = J;(x;y%,W) we obtain
that w(x, z1, ..., 2j-1,( 2y - -+, 2n) < 0 with ¢ < T';(IL;(z)) which is in contradiction with
the definition of I';(IL;(2)) (see (4.45)).

Now, let us show that z is Pareto optimal for problem (4.7). Assume that there
exists (y%,u) € XX such that

J(x;yy,u) = ¢,

with ¢ < z and € # 2. Then w(x,&) < 0. As £ < z and w(x, -) is decreasing (Proposition
4.4) we have that w(x, &) > w(x, z) = 0. So we can conclude that w(x,&) = 0. Now recall
that

E<zandE# 2z & <z Vi=1,...,rand3je{l,...,r}st. & <z

Then 0 = w(x, 2) > w(x, z1,. .., 2j-1,&j, Zjg1, - - -, 2r) With & < 21 = [';(I1;(2)) which is a
contradiction with the definition of I';.
Step 2 Let us show that

F(x) C ﬂ Grl;.
i=1

Assume that z € F(z) and let (y¥,u) € XX be an admissible pair such that
J(xy) ) = 2.

It follows from Theorem 4.12 that w(x, z) = 0. Then it is obvious that I';(I1;(z)) < +oo0,
fori =1,...,r. If 2 ¢ (_,Grl; then 3j € {1,...,r} such that z; # I';(II;(z)). As
w(x, z) = 0, we obtain that z > I';(I1,(2)). Consider

5 - (Zh s 7Zj—17Fj(Hj(z))7zj+17 s 7Z7“)'

By definition of the function I'; we have that w(z,£) = 0 and then there exists an
admissible pair (Y2, 1) € XX such that

J(; 70, 0) <<z = J(x;ydu) = 2

As & # z it is in contradiction with the assumption that z is Pareto optimal value of (4.7).
O

It is possible to obtain an equivalent characterization of the Pareto front that needs
only one of the functions I';. This result is presented in the following Theorem.
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Theorem 4.16 Assume that (4.2),(4.4),(4.6),(4.10) hold and let x be such that Z(x) # 0.
Then for anyi = 1,...,r, the Pareto front can be characterized by the following: z € F(x)
if and only if

2z =i(ILi(2)) and V(€ (S Ii(2) and ( # 11(2)) = 1(Q) > I(IL(2)).
(4.48)

PROOF. Consider z € R” satisfying (4.48). It follows from theorem 4.15 that z € F(x)
if and only if z; = [;(Il(2)), for all ¢ = 1,...,r. Assume that z; # I';(Il;(z)) for
some j € {1,...,r}. Fori # j, as z; = [;(I;(z)) we have that w(x,z) = 0 and then
I';(11;(2)) < +o0 and z; > I';(I1;(2)). Consider

5: (Zh S 7Zj—17Fj(Hj(z))7zj+17 S 7Z7“) € (L.

By definition of I';(-), w(x,&) = 0. By construction 11,(¢) < ILi(2) and IL;(&) # IL(z).
Then under assumption (4.48) [;(11;(€)) > I;(ILi(2)) = 2z = &. So we have that & <
[ (11;(€)) then w(x, &) > 0, which is a contradiction.

Now assume that z € F(x) and let (y%,u) € XX be an admissible pair such that
J(x;y¥u) = 2. Fix j € {1,...,r}. It follows from Theorem 4.15 that z; = I';(I;(z)).
Let us show that the second part of (4.48) holds. assume that rhere exist (€2; such that
¢ <1L(z), ¢ #1(z) and I';(¢) < I';(I1;(2)) = z;. Consider

5: (Ch s 7Cj—17FJ(C)7Cj+17 s 7(7“)'

It is clear that ¢ < z, £ # z and w(x,§) = 0. Then there exist an admissible pair
(¥, u) € XX such that J(2; 7%, u) < € < 2z = J(x;y%, u), which is in contradiction with
the fact that z is a Pareto optimal value of (4.7). 0

4.4 Reconstruction of optimal trajectories

The purpose of this section is the reconstruction of optimal trajectories for infinite
horizon optimal control problems with state constraints. It is important to recall here
that in previous sections we characterized the weak Pareto front and the Pareto front
for multi-objective infinite horizon control problems using an auxiliary optimal control
problem. In this section we will use the dynamical programming principle for the value
function of this auxiliary problem to generate optimal trajectories. This procedure is
also a new result to generate optimal trajectories for the infinite horizon optimal control
problems with one objective and with state constraints.

The following algorithm is a procedure for calculating a trajectory with a piecewise
constant control function for the multi-objective infinite horizon optimal control. The
main idea of this approach is using the Dynamical Programing Principal for the auxiliary
control problem w defined in (4.12).

Algorithm 4.17

Fiz (x,z) e R* x R". For h > 0, consider for k =0,1,... a partition sy = kh of [0, oc|.
Setyl =a, 20 =2 Fork=0,1,...,
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Step 1 Compute an optimal control value uz e U such that

uj; € argmin {e™w (v + hf G w, 2p()) \ e g }
u

where 2 (u) = eMN'[z, — he(yR, w)].

Step 2 Compute a new state position (yZH, zZH)
Vi = v )
1 = e[z — Ry, up)].

Associate to this sequence of controls, a piecewise constant control u”(s) = uz on

s € [kh, (k + 1)h), and an approzimale trajectory y™ such that

y'(s) = flyr,ul) a.ese€kh,(k+1)h)
y"(kh) = yp.

Note that in step 1 the value of u} can also be defined as a minimizer of
ot € argminw (4% 1S ), ()
since this will imply in turn to be a minimizer of

Uy € argmm{ w (ye + hf(ye,w) \/6 Mgy }

uelU

The next theorem ensures the convergence of the sequence (y"),so to an optimal
trajectory for the function w. The precise statement is given in the next theorem and the
proof is based on some arguments used in [ABDZ18] and [RV91].

Theorem 4.18 Assume that (4.2),(4.4),(4.6),(4.10) hold. Let (x,z) € R* x R", {y}},
{20} be the sequences generated by Algorithm 4.17.

(i) The approzimate trajectories {y} are minimizing sequences in the following sense:

r

w(z, 2) f}gr(l) <hZe ARRp (g ) )\/ <\/e ARR g (4 )

=1 =

(ii) Moreover, the family (y")nso admits cluster points, for the L'(|0, +-ool; e~ dt) norm,
when h — 0. For any cluster point y, we have 'y € X, and that y is an optimal
trajectory for w(x, z).

PROOF. (i) The proof will be divided in several steps. Let (x,z) € R x R” and consider,

for every h > 0 the discrete trajectory 3 = (y2,yh,...), 2" = (8, 2%, .. ) and the discrete

control v = (ul,u?,...) given by Algorithm 4.17. In the sequel of the proof and for
simplicity of notation, we shall denote ;. (respectively zj, u) instead of y? (respectively

2 ).
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Step 1. Let us first establish that there exist Ky, K > 0 such that

w(yo, 20) > e w(yr, z1) \/ glyo) — (€7 Ko + K)h*.

From the Dynamical Programing Principle for w (recall that yy = x and zy = 2):

w(yO’ZO)iréf,{ w (yy(h), 22, (W) gg[gg]e‘”’g(y;‘o(e))}
> inf {e" (i (). 22,(1) \V 9(a) | (4.49)

Consider u} € U a minimizer of the term (4.49). By using the convexity of the set
G(0,40) (Assumption (4.10)), according with [AC84, Thm. 0.5.3|, there exists uj € U
such that

UA £ (o, w8 (5))ds = hf (g, 5) (4.50)

h
/ Ci(yo, uh(s))ds = h;(yo,vg), fori=1,2. (4.51)
0

Now consider the trajectory y;,lo0 solution of (4.1) corresponding to the control ug
and starting from y,. From (4.50) and Proposition 2.2(a) we obtain that

* h * h
W&UU—MrJWWm%Hzm+/ﬁf@%@%%@ﬂﬁ—ym—élﬂmﬂﬁwﬂﬁ

b/“|f'yy0 ws()) — f (o, ul(s))|ds
s/mem yol < Lyes (14 )2 = Kol?,
0
where Ko = Lycs(1+ |z|). And by the definition of
h
é%)e”a—/eWH%Wﬂ%u@M&
0
fori=1,...,r and (4.51), we have that

225 (h) = ™[z, — hba(go, up)]| —

Z'LO

h h
/wammw—/e“mm%wmmw
0 0
h
< ekh/ C; (‘yo — ygg(s)‘ + s) ds
0

< eMCi(cp(1+ |)) +1/2) h? = M K2,

where K; = C; (¢;(1 + |z|) + 1/2) and C; is the Lipschitz constant of function e=**¢;(x, u).
Those estimates along with (4.49), and by using the Lipschitz continuity of w, yields
to

w(z, z) = e Mw(yy (h), 2% (h)) \/9(90)
[ w (yo + hf (yo, ug), €' [z0 — (1o, ug)]) — (67N Ko + K )h?] \/g(yo),

Y
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where K = 3" | K;. Now notice that for ¢ >0
(a—c)vVb>aVb—ec. (4.52)
Then by the definition of the minimizer uy on Algorithm 4.17 we finally obtain
w(x,z) >e Mw (yo + hf (Yo, uo), eM[20 — hé(yo, uo))) \/g(yo) — (e Ky + K)h?.

Knowing that 4, = yo + hf(yo, uo) and 2 = e[z — hé(yo, uo)] we finally get the desired
result:

w(yo, 20,) = e M wlys, 1) \/ g(po) — (7" Ko + K)h*.

With exactly the same arguments, for al £ = 0,1, ..., we obtain

WY, %) > €Y1, 2e11) \ 9(ue) — (67 Ko + K)b?. (4.53)
Step 2. From (4.53) we get

w(yo, 20) 2 € Mw(yy, 21) \/ glyo) — (¢ Ko + Kb’
= M (Mol 220V aln) = (e Ko+ KR )\ glao) = (e Ko o+ KR

Now using (4.52), we obtain that

w(x, 21, 22) > (€M w(ys, 2 \/e gl \/ (yo) — 2(e™ MKy + K)h?

2

_ 6—,\2h yg,z2 \/ <\/ e ,\kh )> . Z (6—,\z'hKO + e—A(i—l)hK> B2,

i=1
By induction we finally get that for all n € N

n

w(z, z) > 6—,\nh WY, 2n \/ <\/ 6—,\kh )> _ Z (6—,\z'hKO + e—A(i—l)hK> h2.

i=1

Consider u* € U a minimizer w(y,, z,) and using the definition of w, we get that

w(, 2) >e A [\/ ( /Owexsm;j(s)?u )\/ sup e~ yynw))}

i=1 0€[0,00]

n—1 n
\/ (\/ 6>\khg(yk)> _ Z (67,\1‘11[(0 + 67>\(i71)hK) B2

k=0 i=1

Now using the definition of z; , for i =1,... r we obtain

w(x, z) >e A [\/ (/ww%(ygj(s)ﬂ*(s))ds Az hz Ahkz(ywk)])
i=1 \’0 k=0

n

n—1
\/ sup e~ yynw))} \/ (\/ 6>\khg(yk)> _ Z (67,\1‘11[(0 + 67>\(i71)hK) B2

0€[0,00] k=0 i=1

r 00 n—1
=\/ <6Mh/o e M U(y2 (s),u(s))ds — 2 + hZthéi(yk7uk)>
i=1

k=0

n—1
\/67>\nh sup 67,\09(},;;(9)) \/ (\/ 6>\khg(yk)> _ Z (67,\1‘11[(0 + 67>\(i—1)hK) B2

6€(0,00) k=0 i=1
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For all N € R, consider n = | N/h?| the largest integer which is less than or equal
to N/h% So when h — 0, nh — oo and n — oco. Therefore by passing the limit when
h — 0 it follows that:

w(x, 2) >hmsup\/ <hZe Akh Ci(yk, uk) — zz> \/ <\/e ARh ) ) (4.54)

h=0 k=0

Step 3. On the other hand, define U}, the subset of U consisting of all controls
which take constant values on each interval [kh, (k+ 1)h), k=0,1,.... That is

={uel: u(s) =ulkh), selkh,(k+1)h), k € N}.

Then by the definition of w

w(z, 2) = min [\/ ( | et us ds—zz)] \/ s eg(yi))

s 6e(0.00]
< min [\/1 </OOO e li(y(s), u(s))ds — z)] \/968[13120[6 (vz(6))
V([ et @t =)V e ot o) 05

where u” is the control generated by Algorithm 4.17.

With similar arguments as in the proof of step 1.a of Theorem 4.8, we can prove
that for ¢ = 1,...,r, there exist K; > 0 such that Based on [BCD97|, we claim that, for
i=1,2

< K;h. (4.56)

/ e‘AS&(y;‘h(s), u”(s))ds — hz e (g, w)
0 k=0

Moreover with similar arguments as in step 1.b of the proof of Theorem 4.8, there
exist Ky > 0 such that

sup e~ \/e ARh g
0€(0,00)

The estimates (4.56) and (4.57) along with (4.55) yield to:

w(z, z) < \/1 <hZe ARG (Y, ) —z,) \/ <\/ e Mhg( )) +ZK¢h

< liin_}glf <hZe Akh Cilyk, ag) — zz> \/ <\/ e~ My ) ) (4.58)

i=1

< Kyh. (4.57)

Hence, from (4.54) and (4.58), the right-hand side term has a limit and

w(r,z) = }LIE)I(I) <hZe ’\kh€ (yk, ug) — z,) \/ <\/e ARh g (Y ) )

i=1 k=0

This concludes the desired result of item (i).
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(ii) For all A > 0 and k = 0,1,. .., the function y”"(-) satisfies
y'(s) = f(y"(s),u"(s)), aese[0,00].

Define the measure dy = e~*dt and let L' = L([0, +co[; du) be the Banach space
of (the class of equivalence of)) integrable real-valued functions on [0, + ool for the measure
dp. Consequently, we denote by Wh! the Sobolev space functions y : [0, +oo[— R™ for
which |y| € L' and whose weak derivative y also verifies |y| € L.

Let w : [0, +00) — R be given by w(t) := ¢ (1 + |z])e* for any t > 0. As X > ¢y,
Proposition 2.2(b) implies that w(-) is a positive function in L' which dominates |y"|.
Moreover by Proposition 2.2(d) the sequence {y"(s)} is relatively compact for any s > 0,
hence the hypothesis of theorem [[AC84], Theorem 0.3.4] are satisfied and so, there exist
a function y € Wh! and a sub-sequence, still denoted by {y”}, such that

y" converges uniformly to y on compact subsets of [0, +00),

y" converges weakly to y in L'([0, +00), R", dpu).

In addition by (4.2), f is Lipschitz continuous with closed images and by (4.10)
it has convex images. So the Convergence Theorem [AC84, Thm. 1.4.1] implies that
(y"(s)) € f(y"(s),u”(s)) for almost every s > 0.

The optimality of y follows from item (i). 0

A similar algorithm has been introduced in [RV91] for the case of finite horizon
optimal control problems without state constraints. The result was extended for the case
with state constraints in [ABDZ18|. In both cases the convergence result has been proved.
We extended the result for the optimal control problems in infinite horizon and with state
constraints.

4.4.1 Reconstruction using an approximate value function

Sometimes the exact value function of the control problem is not available. We
just have an approximation of the function. In this section we prove a result that is
an extension of the convergence of trajectories for piecewise constant control with the
algorithm 4.17 using the approximation of the value function.

Consider for each h > 0, a function w” being an approximation of the value function
w, such that, for every R > 0 we have:

lwp (x, 2) — w(x, 2)| < Erh, for |z| <R, |z| <R, (4.59)

The function wy, could be a numerical approximation obtained by the Semi-Lagrangian
scheme proposed in Section 4.2.1.

Algorithm 4.19

Fiz (x,z) e R® x R". For h > 0, consider for k =0,1,... a partition s = kh of [0, oc|.
Set yh =, 28 = 2. Fork =0,1,..,

Step 1 Compute an optimal control value uz e U such that
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uft & axgmin {e =y, (y + by, u), 20 )) \ e g |,

uel
where z(u) = eM[z, — h(yl, u)].
Step 2 Compute a new state position (yzﬂ, zZH)
Vi = Y R ul)
2 = ez — he(yl, ull)].

Associate to this sequence of controls, a piecewise constant control u”(s) = uz on

s € [kh, (k + 1)Rh), and an approzimate trajectory y" such that

vi(s) = fyp,ul) a.esekh,(k+1)h)
y"(kh) = yj..

The following result is an extension of the convergence Theorem 4.18, using an
approximation for the value function w.

Theorem 4.20 Assume that (4.2),(4.4),(4.6),(4.10) hold. Let (x,z) € R* x R", {y}},
{20} be the sequences generated by Algorithm 4.17.

(i) The approzimate trajectories {y} are minimizing sequences in the following sense:

r

w(z, 2) f}gr(l) <hZe ARRp (g ) )\/ <\/e ARR g (4 )

=1 =

(ii) Moreover, the family (y")nso admits cluster points, for the L'(|0, +ool; e~ dt) norm,
when h — 0. For any such cluster point'y, we havey € X, and thaty is an optimal
trajectory for w(x, z).

PROOF. The proof of this theorem is similar with the proof of Theorem 4.18. So we are
going to present just the different parts.
With same arguments used at the proof of Step 1 of Theorem 4.18, we obtain that

w($7 Z) Ze_khw <y0 + hf(y())ug)) ekh[zo - hg(y()) US)])
\ 9(yo) = (e Ko + K)B?,

where K =37 | K;. Now using the fact that ||w — wy|| < Egh, we get

wp(z, 2) >w(x, 2) — Frh
>e My (yo + hf (yo, ), €M [z0 — M(QOWS)])
\ 9(o) — (€"Ko + K)h* — Egh
>e™ (w <yo + (o, ), €20 — he(yo, u3)]) — Erh)
\ 9yo) — (67" K +K)h ~ Brh
> Mg <y0 + B f (Yo, uy), €20 — h(yo, ug)])
\ 9wo) — (Ko + K)B? — (1 + e ™) Egh.
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Then by the definition of the minimizer u, on Algorithm 4.19 we finally obtain
w"(yo, 20) > e M (y1, 21) \/g(yo) — (eMKy + K)h? — (1 + e ERh. (4.60)

With exactly the same arguments as in Step 2 of the proof of Theorem 4.18 and using
the fact that ||w — w"|| < Egh, we get

n

wh(x,z) >e My, h (Yns Zn \/ <\/ e_’\kh ) — Z (8"1h2 +5§ERh) ,
=1

n

>N (Y s 20 \/ <\/ e Mhg ) — Z (5%2 + 5§ERh) — e ERh,

i1
where &f = e Ky e 0mUMK and gf = e ATDR(] g7 A),
Consider u* € U a minimizer w(y,, z,) and using the definition of w, we get that

T

wh (i, 2) e [\/ (/OOO e MUy (s),u"(8))ds — 2, >\/ sup € yyn(ﬁ))l

i=1 0€[0,00]
n—1 n
\/ (\/ e’\khg(yk)> — Z (£1h2 + ngRh) — e*AnhERh.
k=0 i=1
Now using the definition of z; , for i =1,... r we obtain
r 00 n—1
> \/ (eknh/ efkséi(y;‘; (s),u"(s))ds —z; +h Z e My, uk)>
i=1 0 k=0
n—1 n
\/ efknh ; s[up [67)\09(},;1:: (0)) \/ (\/ ekkhg(yk)> — Z (81h2 -+ EQERh) — 6*>\nhERh.
c[0,00 k=0 i=1

For all N € R, consider n = | N/h?| the largest integer which is less than or equal
to N/h% So when h — 0, nh — oo and n — oco. Therefore by passing the limit when
h — 0 it follows that:

w(x, 2) >hmsup\/ <hZe ’\khﬁ (yk, ug) — zz> \/ <\/ e My ) ) (4.61)

h—0 i1 _
The other side is similar with Step 3 of proof of Theorem 4.18. O

We point out that the advantage of the Algorithm 4.19 is that the exact value
function is not necessary. The reconstruction of the trajectory can be computed when an
approximation of the value function is available, that is the case when the value function
is obtained by numerical approximation, for example by the Semi-Lagrangian scheme
proposed in Section 4.2.1. Similar result was introduced for finite horizon optimal control

problem in [ABDZ18].

4.4.2 Reconstruction with a penalization of control variation

In the algorithm of this section we consider a trajectory procedure with a pertur-
bation term in the definition of the optimal control value. This perturbation takes the
form of a penalization term on the variation of the control with respect to the previously
computed control values.
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As suggested in [ABDZ18| for the reconstruction of trajectories for finite horizon
optimal control problem with a maximum running cost, the penalization by control vari-
ation aims to prove an improvement on the performance of the algorithms 4.17 and 4.19.
This method allows to select the control for which the value is close to the last value of
the control.

For this end, for every k > 1, we introduce a function ¢, : R x R¥ — R* that rep-
resents a penalization term for the control value. For instance, if Uy = (ug, u1, ..., ug_1)
is a vector in R*, we can choose

1 14
G(w, Up) = |Jlu —we—a||,  or  qu(u,Up) = [|lu— . Zuk_,H for some p > 1. (4.62)

i=1

Algorithm 4.21

Let (An)n>0 be a family of positive constants. Fix (x,z) € R™ x R". For h > 0, consider for
k=0,1,... a partition s = kh of [0,00).
Setyl =a, 20 =2 Fork=0,1,...,

Step 1 Compute an optimal control value uz e U such that

ull € argergin {e M, (y +hfyl,u )\/e "+ A (v, Uk)}

where Z(u) = eN'[2k — he(y}, u)).

Step 2 Compute a new state position (yZH, zZH)

ngrl - yg};" hf(y27 ug) N

Zp g = e zg — My, ug)].
Associate to this sequence of controls, a piecewise constant control u”(s) = uz on
s € [kh, (k + 1)h), and an approzimale trajectory y™ such that

yv'(s) = flyr,ul) a.esekh,(k+1)h)
y"(kh) = yp.

Theorem 4.22 Assume that (4.2),(4.4),(4.6),(4.10) hold. Assume also that the penal-
ization term is bounded: there exists My > 0 such that |qi(w, U)| < M, for every u € U,
every U € Uy, and

— =0 as h — 0.

Let (x,2) € R* x R", {y?}, {20} be the sequences generated by Algorithm 4.17.

(i) The approzimate trajectories {y} are minimizing sequences in the following sense:

r

w(x,z) = }Llir(l) <h26_’\kh€ yrulh) ) \/ <\/ e Mgyt ) :

=1 —
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(ii) Moreover, the family {y"}nso admits cluster points, for the L(]0,+oo); e~ dt)
norm, when h — 0. For any such cluster point y, we have y € X, and that y
is an optimal trajectory for w(x, z).

PROOF. The arguments of the proof are similar to the ones used in the proof of Theorems
4.18 and 4.20. The only change is that instead of the estimate (4.60), we get now:

Wh(Yny 2n) = €W (Yny 1, Zng1) \/g(yo) —(eMKo + K)h? — (1 + e ) Erh — My\,. (4.63)

The rest of the proof remains unchanged. 0O

4.5 Concluding remarks

We have investigated multi-objective optimal control problems in infinite horizon
and with state constraints. First we defined an auxiliary optimal control problem without
state constraints and propose a semi-Lagrangian scheme to compute the value function of
this auxiliary problem. Then we show that the weak Pareto front is a subset of the zero
level set of the corresponding value function. Moreover, we established a more detailed
characterization of the Pareto front for the multi-objective infinite horizon optimal control
problem.

After obtaining the (weak) Pareto front, another important question is the recon-
struction of (weak) Pareto optimal trajectories. In finite horizon, there are some algo-
rithms of trajectory reconstruction that can be employed, but in infinite horizon, without
assuming any controllability assumption, there are no results in the literature. So we
introduced a method, based on the dynamical programming principle, to reconstruct op-
timal trajectories for infinite horizon control problems with state constraints and with
no controllability assumption on the set of constraints. The convergence of the method
when the exact value function is not available, that means, when the value function is ob-
tained by some numerical approximation method, was also proved. Our method extends
for infinite horizon optimal control problems with state constraints the results for finite
horizon problems without and with state constraints introduced in [RV91] and [ABDZ1§|,
respectively.



Chapter 5

Application to energy management
systems

Intermittent sources of energy represent a challenge for electrical networks, particu-
larly regarding demand satisfaction at peak times. Demand-side management tools, such
as load shaving, can be used to mitigate abrupt changes in the generation. Another tool
to control the negative impact of the new technologies is to rely on the so-called Energy
Management Systems (EMS). Typically, this virtual entity represents a group of small
generators, for example a photo-voltaic power plant, a wind turbine, a diesel generator,
ete; coupled with a battery energy storage system (BESS).

The model, developed in collaboration with Wim van Ackooij from EDF, France
is similar to [HMS*17]; see also [BBL113] with the important difference that we extend
the approach to the multi-objective case. Namely, in addition to the usual generation
cost minimization we incorporate an environmental concern, referred to minimizing fuel
emissions.

The question that arises is: to which extent can a BESS be used as a replacement
for load shaving? For three instances representing typical configurations in Brazil, France
and Germany, we analyze if appending batteries smooths peaks in demand, similarly to
the load shaving mechanism.

5.1 An overview of battery energy storage systems

Energy problems deal with finding minimum cost production schedules that meet
the customer load and satisfy all the operational and technological rules of the considered
assets that can be used to generate electricity. But another important concern is the
environmental impact. How much fuel is burnt as a result of the thermal generation? So
based on [CKAN13|, we incorporate in the model a second objective of minimizing the
carbon emission of the thermal units.

Solar and wind generation are intermittent sources of energy. Without storage
devices, energy must be generated and consumed immediately. The BESS is a good
alternative in this sense, because it has the capacity to store energy surpluses when
generation is larger than demand and supplies energy to the system when it lacks power
and can have a wide range of system sizes and layouts to accommodate the requirements
specific to each energy storage project [Ltd17]|. This storage is not free as some energy is
lost when charging and discharging the battery.

Nowadays batteries are employed as storage devices all over the world, see for ex-
ample [Cicl7]. In [RZVV13] the authors discuss the use of the battery to eliminate the

96
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peaks and valleys in the load profile and conclude that the method can effectively reduce
the losses and demand of the system, moreover the batteries improve the voltage profile
at peak hours. A multi-objective study is done is [XS12|, where the objectives considered
are the reliability and economy by choosing optimal energy storage parameters subject to
the constraints for a specific distribution system. The use of the battery from the point of
the view of the customer is presented in [TD16], considering that the price to buy energy
in off-peak hours is less than the price in on-peak hours.

We are interested in comparing the ability of different batteries as a substitute of
the load shaving mechanism in smoothing the load peaks. The multi-objective approach
makes it possible to obtain a compromise between the minimization of generation costs
and the fuel emission of the thermal power plants in the mix.

5.2 Description of the set of assets

In this section we describe the set of thermal, hydro, solar and wind plants used to
generate electricity. We also present the load shaving mechanism and the BESS models
as well as both objectives of the bi-objective energy management problem. The models
for thermal units will be those of economic dispatch (for a complete account of trends
in unit-commitment we refer to [TvFL15, vDF118]). The models for thermal units are
simplified, i.e., those of economic dispatch, since our interest is in computing exactly
the efficient frontier of the bi-objective problem. The used algorithm requires solving
iteratively many sub-problems, which would be (excessively) time consuming if they were
mixed integer linear, non-convex, or large scale optimization problems. Nonetheless, the
framework is in principle compatible. Let us also refer to [Td17] for a deep discussion on
cascaded reservoir management.

Within our model, the time horizon is assumed to consist of T" homogenously spaced
time steps of h hours each. The (customers’) demand/load at time step ¢ will be denoted
by L'. The energy balance equation will ensure that load is met by generation of the set
of available assets. Since the latter sets change, so does this balance equation.

5.2.1 Thermal units

A thermal unit j can be used to produce electricity, which involves the choice of
an output level p§ in megawatts (MW) at a given proportional cost ¢; in e.g., €/ MWh.
Although we will not explicitly consider this, convex quadratic costs could also be im-
mediately incorporated in the model. Altogether, when considering N thermal units, the

total cost of generation is:
T N
I
t=1 j=1

Based on [CKANI13], we also consider the carbon emissions of thermal unit j, de-
noted by f;, that results when generating power from thermal units. The objective is
to minimize the worst case COy emissions (tonnes/MWh), over time. Therefore, this

objective function is:
N
hax Zj:l fjp§'
=1 T Lt ’

The model of this second objective as a maximum allows to have a better control oft he
fuel emission during the time horizon, while still allowing for a certain amount of CO,



Application to energy management systems 98

emission over the planning period.

Thermal units have some technological constraints, the output level p§. needs to be
less or equal than some bound p7***, that represents the maximum power capacity of
generation of thermal unit j:

T.

)

O<pj<pm””“" t=1,..

Furthermore, thermal units are subject to ramping constraints, limiting the variation

of power between two consecutive time steps. This ramping rate ¢; for j = 1,... N, is
considered constant and links adjacent moments in time. With an initial power level pg,
for 3 =1,..., N, assumed to be given, this yields the following constraints:

—0;h <p,—pit <O, t=1,..T.

)

5.2.2 Hydropower plants with cascaded reservoirs

The considered hydro power plants are distributed along a hydro valley. This is a
set K of reservoirs connected through turbines that can be used to generate electricity.
We assume that each reservoir k, disposes of a set of uphill reservoirs A(k) and a set of
downbhill reservoirs B(k). Associated with each connection between reservoirs m and k is
an uphill and downhill flow delay Dm o fof;fk as well as a turbining station. Moreover each
reservoir disposes of natural inflows I} (m?/h) as well as two volumetric bounds V™",
Vmer. For reservoirs m, k we associate with the arc (m, k) the set of turbines T(m, k).
With each turbine i € UT (m, k) we associate a flow rate ¢¢ (m?®/h) and turbining efficiency
pi (MW h/m?).

Since water is naturally free, and not attributing it a value would lead to premature
depletion of this resource, we attribute it a value ¢,, in (€/m?), for the water of each
reservoir k. We refer to [vHMZ14]| for an extensive discussion on how this value of water
can be computed. Denote by V! the water level of each reservoir at time ¢. The initial
volume V¥ is known in advance, so we define z} = V2 — V™" indicating the amount
of water available for generating power at the initial time. We also introduce variables
2 = VI -V indicating for each reservoir k the amount of water available for generating
power at the final time. Then, the value of the final water level to be minimized in the
cascaded reservoir system is equal to:

K K
chk (22 - le) - chk (V}co - VkT)
k=1 k=1

The valuation induced by Zszl Wi.2D is in fact a constant and can be omitted.
The water balance equation and further constraints are:

dn up
v YOY d e Y Y i
meA(k) €T (m,k) meDB(k) €T (k,m)
fort=1,...,7, k=1,...|K

ymin < Vit < Yymes t=1,....T, k=1,....K

A=Vi-VP k=1,....K
0< ' <ymer —ymine =1, K

g < g < g Vi€ Upsy TOm, k), t=1,...,T.
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The amount of generated power at time ¢ is

YYD dd

(m,k) i€T (m,k)

5.2.3 Solar, wind and run-of-the-river plants

The solar panel, wind turbine and the run-of-the-river hydro plants produce electric-
ity without any additional cost, but the generation pattern cannot be controlled. In this,
simplified, model, we consider the data to be deterministic. Hence, U* in MW at time ¢
is the sum of solar, wind and run-of-the-river plants. As this generation is deterministic
the value U? is removed from the demand.

5.2.4 First demand management tool: load shaving

Load shaving, or more generally demand side management, is related to some in-
centive to displace a portion of the electrical consumption from one moment in time to
another. The electrical uses could for instance be: charging an electrical vehicle, or using
a dish-washer. The idea is to program a shift in time of such an electrical use, under some
constraints. The advantage of disposing of such a tool stems from the idea of shifting
electrical use away from peaking hours where it is produced with highly costly means
to off-peak hours where the same energy can be produced using cheaper technologies.
Although the literature discusses, seemingly, different forms of such mechanisms which
go by names such as: peak shaving, valley filling, load shifting etc..., they are essentially
and mathematically the same mechanism resulting from moving load, potentially beyond
the borders of the model. Still one could argue that some of these shifts are not of zero
sum as total energy consumption is considered. Indeed one can think of rebound effects
(requiring additional energy to heat a room when temperature has fallen too much). Typ-
ically incorporating such features requires the use of binary variables. Again for reasons
outlined above, we consider a simpler model which has energy neutral shift:

_Vgétgvtgf% t=1,...,T,
vt >0 t=1,...,T,

T T
d dh=0, > v'h<7,
0 0

where §° is the displaced energy at time step ¢, v* is the maximum power that can be
displaced at each period and v is a bound for the power, in megawatts, that can be shifted
along the planning horizon.

5.2.5 Second demand management tool: battery energy storage
system

The BESS was modeled based in [CKAN13, HMS*17]. The aim is to analyze the
impact of the BESS in the reduction of the cost and the CO, emission. The BESS can
store energy for later use, but has limited capacity and power. Moreover the storage is
not free as some energy is lost when charging and discharging the battery.

Given a initial state y°, the state of the charge y of the BESS evolves according to
the discrete dynamics

3
(bﬁp;—b—o), forallt =1,...,T, (5.1)

g
QB PO

Y
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where Qp is the maximum capacity of the BESS, b%, 0, > 0 are the input and output
power of the BESS, and py, po € [0, 1] are the efficiency ratios for the charge and discharge
processes, assumed constant.

For physical reasons, the system is subject to the following constraints at every time
stept=1,...,T

min maz]

y' e [ ] bl € 0,67 and b € [0, 65,

Since batteries typically have a short storage cycle and a cost of operation is not
necessarily attributed to it, one has to think of how to handle day to day operation.
A possibly rather natural constraint is to assume that the cycle balances off over the
considered time frame. This is translated into the constraint that the final storage level
should be at least as favourable as the initial one:

y' >0

5.3 Mathematical formulation

5.3.1 Case 1: Energy problem without management system

In the base case of the generation energy problem, there is no energy management
system. Hence the generation of thermal, hydro power and solar plants need to satisfy
the demand, i.e., the last constraint of problem (5.2). In this problem the first objective
concerns the minimization of the cost generation of thermal units and the “cost” of the
water. The second objective is to minimize the maximum carbon emissions of thermal
units during the time horizon. The resulting problem is as follows:

( S fird
i (3 Yot (Z)

=1 t=1

s.t. pheP;, j=1,...,N, t=1,....T
(5.2)
dogtel, i€UpyTmk), t=1,....T

sz STodd =L U =1, T

L (m,k) i€T (m,k)

where P; is the set of technological constraints of the thermal units, described in section
5.2.1 and H is the set of Hydropower technological constraints described in section 5.2.2.

5.3.2 Case 2: Energy problem with load shaving

When we consider the energy problem with load shaving, the amount of energy
displaced at each time must be added to the power balance equation. Moreover we add
to this problem the constraints of the load-shaving model presented in section 5.2.4.
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' . > fibh
. =1/
min < g E pih + E Cu, (2 tzrll??(T <]TJ>>

j=1 t=1

s.t. pheP;, j=1,...,N, t=1,....T
2@ € Hy i€ Upnpy T(m k), t=1,...,T
v <<t <y, t=1,...,T, (5.3)
>0 t=1,...,T,

T

T
Zét:()’ th§77
Zpﬁz Y ddre=1t

\ (m,k) i€T (m,k)

Ut t=1,...,T

5.3.3 Case 3: Energy problem with battery energy storage sys-

tem

The inclusion of a BESS within the energy problem requires to add the amount

of energy input or output of the battery at each time in the power balance equation.
Moreover, in that case, taking into account the demand and the power generation devices,
we obtain that bo and b; can be written as nonlinear functions, meaning that if the
generation is bigger than the demand the energy will be included in the battery and if
the generation is less than the demand the energy of the battery will be used to satisfy

the demand. So fort =1,...,T, we have that

bt:—mm< Zp]JrZ Z pral — Lt+Ut>)

(m,k) 1€T (m,k)
max( Zp]JrZ Z phgt — [}+Ut>.
(m,k) i€T (m,k)
Those constraints can be written as, for t =1,...,7T,
by > 0 and bt >Zp]+ Z Z pig — L'+ U,
(m,k) i€T (m,k)
b, > 0 and — b, <Zp]+ Z Z pgt — L'+ U™
(m,k) i€T (m,k)

In this configuration it is necessary to add the constraints of the BESS as described
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in section 2.2.5. So we obtain the following multi-objective energy problem:

( N
Zj:l ij?
(Z > dnih+ Z o ), s, <L7

s.t. pheP, j=1... N t=1,....T

dogtel €Uy Tmk), t=1,....T

t+1 i h bt
Yyt =yt — [ bipr — L t=0,1,....,T—1
B PO

yTZyO’ymmgytSymaz) til,,T (54)

0 <, <bWo<bt<bW t=1,....,T

:_bt<2p]+z Z ot — L'+ U t=1,...,T

(m,k) i€T (m,k)

+Z Z szz Lt+Ut’t:1""’T

Mz

Jj=1 (m k) i€T (m,k)
N
Y o oplgi by -t =L =U t=1,...,T
\ J=1 (m,k) i€T (m,k)

5.4 Chebyshev scalarization method

A known approach for solving multi-objective problems is the scalarization techique.
The term “scalarization” refers to techniques defining a family of mono-objective opti-
mization problems, in such a way that the solutions of the multi-objective problem can be
obtained by solving classic nonlinear programming problems. There is a large variety of
methods for scalarizing a multi-objective optimization problem, some of them presented
in Section 2.4.1.

In this work we use the Chebyshev approach to obtain the Pareto front, see Section
2.4.1. There are also methods that compute just one (weak) Pareto optimal solutions, but
in this work we look for methods to compute the entire Pareto front. Indeed if we could
content ourselves with computing a single (weak) Pareto solution, then implicitly we are
capable of finding a desirable trade-off between both. Then in essence the problem is a
regular mono-objective optimization problem. It is our assumption that this is usually
not the case. Hence, it is important that all possible solutions are shown to the decision
maker, who can select the desired compromise.

Let us first briefly provide an abstract form for these problems. To this end, denote
by x the vector of variables and by X the feasible set for problems (5.2), (5.3) and
(5.4). For example, in (5.2) the decision variable is = (p}, ¢}, 2[), for t = 1,...,T,
j=1... N, k=1,....K and i € U, T(m, k). Moreover denote the first obJectlve

function by Ji () and the second objective function by Jo(z) =  max Jy Ji(x). Then the

yeeey

problems (5.2), (5.3) and (5.4) can be rewritten, in abstract form, as:

Minimize J(z) := (Ji(x), Jao(x))
{ subject to x € X. (5.5)
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We note here that for the results presented in this section J; and J; can be arbitrary.
The Chebyshev scalarization method applied to (5.5) can be written as follows.

min max {w(]l(x) —B1), (1 —w)(Ja(z) — 55)} (5.6)

s.t. re X

where zomega € [0, 1] is a weight and 5}, i = 1,2, are the respective utopian objective
values, defined shortly hereafter. A utopian objective vector g* associated with a bi-
objective problem consists of components 8} = 2 —¢;, where ¢; > 0 for ¢ = 1,2 and 2} is
the optimal value obtained by minimizing the objective function J;, + = 1, 2 individually
subject to the constraints.

For w € [0, 1], problem (5.6) can be written as

min a

subject to z € X and
w(Ji(x) = f1) < o,
(1 —w) (o) = 53) < o,

or equivalently

min o

subject to x € X and (5.7)
w(Ji(x) — B7) < a
(1-—w)(Jix)—pB3) <a, t=1,...,T.

The scalarized problem (5.7) is a linear optimization problem and can be solved by meth-

ods developed for linear optimization. To generate the Pareto front for problems (5.2),
(5.3), (5.4) we considered the Algorithm proposed in [DK11] and presented in Section
2.4.2, in which the scalarized problem (5.7) is solved for a large number of parameters w.
This algorithm guides the user through appropriate choices for w.

In Section 5.5 we compare some results of those three different approaches of the
energy problem considering data that represent the French, Brazilian and German sys-
tems. As the scalarized problem (5.7) is linear, in the different approaches of the energy
problem, we solved the mono-objective problems using the solver linprog of matlab.

5.4.1 Sensitivity analysis

In this section we study the variation of one objective function when we change
the other. This sensitivity analysis is an additional information that can be provided to
the decision maker as useful side information. We show moreover that by solving (5.7)
it can be immediately constructed from the available information. In particular, when
given a single element of the Pareto front, this sensitivity information can be used to
locally approximate the set of Pareto optimal solutions. For the purpose of analysis, let
us introduce the perturbation function v : R — R defined as:

v(r) = grél)r(l {La(x) | Ji(x)=r}. (5.8)

Moreover, let Nx(x*) denote the normal cone (of convex analysis) to the set X at the
point x*, that is
Nx(z*) ={geR"| g"(y—2") <0, y € X}.
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Since J; is affine and is polyhedral, the optimality conditions for (5.8) ensure there
exist a multiplier 7, € R and a normal element v € Nx(x*) such that

0 € 0Jo(x*) + m, VI (%) + 1. (5.9)

It is known that —m, € Ov(r), [HUL93, Chapter VII, Thm 3.3.2]. So the multiplier in
problem (5.8) gives the rate of change of the optimal value Jy with respect to variations
in the right hand side r, which corresponds to values of J;.

Of course it is less interesting to have to solve another optimization problem (5.8)
to find w,. We will show below that this is not necessary and m, can be immediately

retrieved from data available as a result of solving the Chebyshev scalarization. We recall
that the latter problem is:

min o

subject to x € X (5.10)

w(Ji(x) — BT) <«
(1-—w) (Jix)—pB3) <, t=1,...,T.

Theorem 5.1 Forw € (0,1) let (x},al),v € Nx(x}) be an optimal solution of problem
(5.10) with Lagrange multiplier u} ¢  {0,1} associated with the constraint

, , Qg Hiw
w(Ji(x)—p7) < a. Then ) salisfies (5.9) with r = B + —=,71, = "
( 1( ) 1) ( ) 1 w (1_M1)(1_w)

and v.

PROOF. For w € (0,1), let (*, o*) be a optimal solution of problem (5.10). Then there
exist pj, py, >0, t=1,...,T and v € Nx(z"), such that

L—pi— ZTzl ,U;,t N
< wpVJi(@") + (1 —w) th:l 15 NV TS(x*) + v ) =9 (5.11)

1 (w (Ji(2*) = Bt) — a*) =0, (5.12)
s ((1—w) (J3(2*) = f3) —a*) =0, fort=1,...T (5.13)

By equation (5.12) we obtain that p} = 0 or w (Ji(x*) — 1) — a* = 0. Assuming

that pj # 0, then Jy(z*) = ] — @

W
Now note that

OJo(x*) = conv{V Iy (x*) | t = 1,...,T s.t. Jo(x*) = Jo(a*)}.

O[*

By (5.13) we obtain that Ji(z*) = 33 —

1 if and only if 3, # 0. By (5.11), we have
JE— w b

1—ui = Zle 5 - This together with the assumption that 1 — ujy ## 0, implies that there
must exist some ¢ € {1,...,T} with 3, # 0 (and actually is equivalent with it). We may

T *
thus conclude that Z ﬁi

— =1 and consequently:
t=1 2at=1H2t

T *
’LL * *
i=1 Zt:l :u2,t
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Altogether we have thus shown that

T

:u;t t * ("jllﬁlﬁ *
B v T - Vi (z*) +v
; Yo s I—phl-—w)

which means that x* satisfies (5.9) with the indicated identification of parameters.

0,

O

5.5 Numerical results

In this section we compare the results when considering the various energy prob-
lems: (5.2)-(5.4) on a set of three stylized systems representing the French, German and
Brazilian cases respectively. The German system is thermal dominated, the Brazilian is
hydro dominated and French system has a hydro thermal mix.

As the scalarized problem (5.7) is linear, in the different approaches of the energy
problem, we solved the mono-objective problems using the solver linprog of MaTLaB.

The carbon emission rate f in kilogram per megawatt-hour (Kg/MWh) is considered
constant over time. The considered values relate to each type of technology and are given
in Table 5.1. We have used the same values for all test cases.

Thermal units | CO2 emission (Kg/MWh)

Nuclear 0

Lignite 1140

Coal 940

Gas 570

Mineral oil 770

Biomass 770

Combustion turbine 1200

Table 5.1: Carbon emission by type of thermal unit

5.5.1 Hydro - Thermal system : French case

In this problem we consider the time horizon T to span 48 hours with time step size

h of 2 hours. The demand and solar generation for the whole period can be seen in Figure
Bals
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Figure 5.1: Demand and solar generation of a cold sunny winter day, respectively, for the
French system.
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In this system we have 9 thermal units of 4 different types: 3 nuclear (T-Tj3), 2 coal
(T4-Ts), 3 gas (T4-Tg) and 1 combustion turbine (Ty). The data used for each unit is
given in Table 5.2 below. The cost ¢;, in euro per megawatt-hour (€/MWHh) is constant.

Thermal units | p° p o
T, 750 900 100 30
T, 750 900 100 35
Ty 750 900 100 37
T, 75 300 30 45
Ts 75 300 30 55
T 0 200 20 60
T, 0 200 20 100
Ty 0 200 20 110
Ty 0 150 10 150

Table 5.2: Thermal unit data

We also consider two typical hydro valleys called Ain and Isere whose hydraulic
configuration is given in Figure 5.2. The data related to the hydro plants of Ain and Isere
valleys are shown in Tables 5.3 and 5.4, respectively. All turbines of each power plant are
considered identical, but each plant has a varying number of turbines. The volumes are
given in hm?, the maximum flow rate of each turbine ¢"™** in m?®/s and the cost of the
water ¢, In euros.

L -
H, Hl
- —H—
|
H, H, V
\\‘\ 4.«,4.«../.4,.«,«, |
Hy HS
\J/
) Ain valley —

Figure 5.2: French hydro valleys.

The maximum power that we can displace with load shaving is considered equal
to 100 MW. Regarding the battery, we consider three different batteries which differ in
the maximum capacity of the battery ()p and the maximum input and output power,
b7 and b5, respectively. The data is provided in Table 5.5. In the table, battery
3 corresponds to the largest battery in the market [Ricl8]. Table 5.6 reports common
further data for all three batteries.
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Plant | Turbines V™n  ymaz Voo g e,
H; 4 150  417.80 277.50 72.5 40
H, 2 0.96 1.5 1.011 100 35
Hs 2 33.27 3512 34.38 120 30

Hy 2 0.88 4.38 1.84 15 33

3
3

Hi 10.81  13.59 12.9 60 28
Hg 17.6 18.2 18.1 90 25

Table 5.3: Hydro plants data of Ain valley

Plant | Turbines V7™n pmae Vo o g e,
H, 3 4 9.78 5 11 35

Hy 3 3 223.83 13343 16 40
Hs 4 0 0.1 0.05 10 30
Hy 2 0 0.1 0.05 12 33
Hy 3 0.1 0.6 0.3 3.3 28
Hg 4 0.1 1.32 0.5 477 35
Hs 4 0.09 0.3 0.1 25 25

Table 5.4: Hydro plants data of Isere valley

Qs b g

Battery 1 | 117 MWh 13.2 MW 40 MW
Battery 2 | 234 MWh 264 MW 80 MW
Battery 3 | 400 MWh 100 MW 100 MW

Table 5.5: Battery data for French system

.1

cner 1
o 1095
oo 10.95
y | 0.5

Table 5.6: Battery data equal for all models

Figure 5.3 shows the Pareto front for the French bi-objective energy problem. The
number of points at the discretization is equal 100. By examining the Pareto front, the
option that reduces the most both the cost and the carbon emission is battery 3, that
is the largest battery. Load shaving is an efficient mechanism, comparable to battery 1.
The black dots in Figure 5.3 show the optimal value of each multi-objective problem for
w = 0.5, that is, when both objectives have the same weight in the scalarization.

Table 5.7, shows the final value of the two objectives when w equal 1, 0, and 0.5,
respectively. Recall from equation (5.7) that the parameter w defines the scalarization;
specifically, when w = 1 (respectively w = 0) only the generation cost (respectively the
maximum CO, emission) is considered, while w = 0.5 assigns the same weight for both
objectives. For each value of w, a first row reports the generation cost and the maximum
COg emission for a problem without EMS, case 1. The gains in both objectives, absolute
and percentage magnitudes, are displayed subsequently, for the model (5.3) with load
shaving, and for the model (5.4), using the 3 battery configurations of Table 5.5.
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Figure 5.3: Pareto front for French system

Cost (euro) | % difference | COy (Kg/MWh) | % difference
Without EMS | 3.690.352,00 - 90,41 -
—| Load shaving -3.100,00 -0.08 % -6.82 -7.55 %
I Battery 1 -4.581,00 -0.12 % -7.14 -7.89 %
3 Battery 2 -8.720,00 -0.24 % -17.23 -19.05 %
Battery 3 -15.320,00 -0.41 % -22.16 -2451 %
Without EMS | 3.770.995,00 - 50.38 -
o| Load shaving | -15.632,00 -0.41% -4.06 -8.07 %
I Battery 1 -20.363,00 -0.54 % -6.54 -12.97%
3 Battery 2 -26.335,00 -0.70% -13.15 -26.10 %
Battery 3 -45.581,00 -1.21 % -16.49 -32.74 %
Without EMS | 3.716.891,00 - 64.05 -
v Load shaving -6.684,00 -0.18% -4.22 -6.59 %
I Battery 1 -10.828,00 -0.29 % -6.64 -10.37%
3 Battery 2 -20.841,00 -0.56% -12.01 -18.76 %
Battery 3 -30.140,00 -0.81% -15.19 -23.72 %

Table 5.7: Generation cost and CO, emission French system

On Table 5.7, results with w = 1 and w = 0 correspond, respectively, to a “purely
operational” and a “fully green” decision maker. In particular, considering only the
minimization of emissions, Table 5.7 shows that the generation cost when considering
an EMS also reduces the cost with respect to the base configuration (without EMS).
As expected, in this case the CO, emissions decrease with the use of some resource of
energy management system. Notably, in the opposite situation reported for w =1 (COq
emission is not taken into account in the objective), using an EMS contributes to reducing
the fuel emissions. When the same weight is assigned to both objectives, i.e., w = 0.5, we
also obtain a decrease in both the generation cost and the maximum CO; emission with
respect to the base configuration. However, when compared to the results for w = 1, we
notice a better control over the total emissions.

On Figure 5.4 the batteries’ power profiles and load shavings are shown for different
values of the parameter w. Positive values of the battery power profile mean energy
discharged, the output, and negative values energy stored, input. We can see that the
battery is used at peak times and the same happens with the load shaving. So we can
conclude that both mechanism have similar behaviors and are good for smoothing the load
peaks, consequently contributing to reduce the generation cost and the CO, emission.

The sensitivity of the second objective with respect to the the generation cost,
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Figure 5.4: Battery profile and load shaving for different values of w (French system)

given by Theorem 5.1, is presented in Figure 5.5. This sensitivity is negative, as the
COy decreases when the generation cost increases, and has a similar behavior for all
configurations of the problem. Moreover, it is possible to see that the rate of change
decreases when the generation cost gets closer to the value obtained when minimizing
just the second objective function.
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Figure 5.5: Sensitivity of the COy emission with respect to the generation cost for the
French system

5.5.2 Thermal dominated system : German case

In this model we consider six thermal units, a run-of-the-river hydro power plant,
a solar and a wind plant that are described below. The time horizon and time step are
picked identical to those for the French case.

The data used for each thermal unit is given in Table 5.8 below. The cost ¢; in euro
per megawatt-hour (€/MWh) is considered constant over time. Each of thermal unit is



Application to energy management systems 110

of a different type: nuclear, brown coal (lignite), hard coal, gas, mineral oil and biomass.

Thermal units | p™** 0 &
1 9516 1057 35
2 19989.3 1999 45
3 22699.6 2270 55
4 244347 2443 90
5 2614.7 175 150
6 7320.1 732 40

Table 5.8: German’s thermal unit data

The maximum power that we can displace with load shaving is equal to 2000 MW,
the base data of the batteries is as shown in Table 5.6 with maximum capacity, output
and input power as in Table 5.9. We note that the data for the load shaving and for the
capacity, output and input of the battery are 20 times larger than in the French system,
but the demand here is also around 20 times larger than in the French system.Moreover,
we run the model for two different days, a winter and a spring days. The demand, initial

power of thermal units (p°), run-of-the-river, solar and wind plants of those days will be
presented in next sections.

(@B) (b1) (bo)

Battery 1 | 2340 MWh | 264 MW | 800 MW
Battery 2 | 4680 MWh | 328 MW | 1600 MW
Battery 3 | 8000 MWh | 2000 MW | 2000 MW

Table 5.9: Battery data for German system

Data and results of a winter day

The initial power of this day can be seen in Table 5.10. Moreover, the demand and
wind and run-of-the-river generation for the whole period can be seen in Figure 5.6.

Thermal units 1 2 3 4 5 6
Y 9329 14551 1946 1626 191 4489

Table 5.10: Initial power thermal units for a winter German day
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Figure 5.6: Demand and solar, wind and run-of-the-river generation, respectively for a
winter German day.
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Figure 5.7 shows the Pareto front for the German bi-objective energy problem for a
winter day. The number of points at the discretization is considered equal 200. As in the
French case, the option that reduces the most both the cost and the carbon emission is
battery 3, that is the largest battery. Load shaving is an efficient mechanism, comparable
to the smallest storage battery 1.

© Battery 1
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Battery 3

© Load-shaving
Whitout EMS

s w=0.1

C02 emission (Kg/MWh)

O0g, J’o"o“om O?O oo °

. . . . . .
7 75 8 8.5 9 95 10 10.5
Generation cost (euros) x107

Figure 5.7: Pareto front for a winter German day

Table 5.11 show the final value of the two objectives when the parameter w is equal
1, 0, and 0.1, respectively. Recall from equation (5.7) that the parameter w defines the
scalarization; specifically, when w = 1 (respectively w = 0) only the generation cost
(respectively the maximum COj emission) is considered. For each value of w, a first
row reports the generation cost and the maximum CO, emission beyond the target for a
problem without EMS. The gains in both objectives, absolute and percentage magnitudes,
are displayed subsequently, for the model (5.3) with load shaving, and for the model (5.4),
using the three battery configurations in Table 5.9.

Cost (euro) | % difference | CO, (Kg/MWh) | % difference
Without EMS | 73.360.494,00 - 524.44 -
—| Load shaving -19.310,00 -0.26 % -0.0 -0.0 %
Il Battery 1 -153.543,00 -0.21 % +3.45 +0.666 %
3 Battery 2 -306.995,00 -0.42 % +7.0 +1.3328 %
Battery 3 -589.802,00 -0.80 % -0.0 -0.0 %
Without EMS | 96.209.093,00 - 354.39 -
o Load shaving | +2.770.810,00 +2.88% -18.42 -5.20 %
Battery 1 +4.819.470,00 +5.00 % -17.33 -4.89%
3 Battery 2 +3.786.984,00 +3.94% -27.72 -7.82 %
Battery 3 +1.927.188,00 +2.00 % -35.49 -10.0 %
Without EMS | 76.720.938,00 - 454.90 -
—| Load shaving -203.992,00 -0.26% -73.80 -16.22 %
|| Battery 1 -188.498,00 -0.24 % -77.36 -17.00%
3  Battery 2 -358.562,00 -0.47% -81.20 -17.85 %
Battery 3 -657.167,00 -0.86% -85.68 -18.83 %

Table 5.11: Generation cost and CO, emission for a winter German day

On Figure 5.8 the batteries power profile and load shaving are shown for different
values of the parameter w. Positive values of the battery power profile mean energy
discharged, the output, and negative values energy stored, input. In this case we see that
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Figure 5.8: Battery profile and load shaving for different values of w (winter German day)

the battery is not used just at peak times as the load-shaving, but several times during
the day.

The sensitivity of the second objective with respect to the generation cost, Figure
5.9, as in the French system, has a similar behavior for all configurations of the problem
and the rate of change decreases when the generation cost gets closer to the value obtained
when minimizing just the second objective function. Note that the sensitivity is smaller
than in the French case, this probably happens because the variation on the generation
cost is larger than in the French case. So in the German case it is necessary to increase
more the generation cost than in the French case to have reductions in the CO, emission.

0 ———————— e —ii
ff — Battery 1
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03 -
-04 -
0.5 -
086 . . . . . .
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Generation cost (euros) x107

Figure 5.9: Sensitivity of the CO, emission with respect to the generation cost for a winter
German day

Data and results of a spring day

The initial power of this day can be seen in Table 5.12. Moreover, the demand and
wind and run-of-the-river generation for the whole period can be seen in Figure 5.10.
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Thermal units 1 2 3 4 5 6
Y 7762 15946 14681 1497 64 3939

Table 5.12: Initial power thermal units of a spring German day
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Figure 5.10: Demand and solar, wind and run-of-the-river generation, respectively of a
spring German day

Figure 5.11 shows the Pareto front for the German bi-objective energy problem with
data for a spring. The number of points at the discretization is also considered equal 200.
As in the french problem, the option that reduces the most both the cost and the carbon
emission is battery 3, that is the largest battery. Moreover the load shaving is an efficient
mechanism, comparable to battery 1.
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Figure 5.11: Pareto front for a spring German day

Table 5.13 show the final value of the two objectives when the parameter w is equal
1, 0 and 0.2, respectively. The Pareto front for the different configurations of the energy
problem are more spaced in spring day, Figure (5.11), than in the winter day (5.7). It
happens because the difference between the lower and upper values for the objectives
is smaller in the spring day. However comparing Tables 5.13 and 5.11, for w = 1, it is
possible to see that the percentage of reduction in the cost generation is larger in the
winter day than in the spring day. The same happens when comparing the percentage of
the COy emission on Tables 5.13 and 5.11, for w = 0.

On Figure 5.12 the batteries power profile and load shaving are shown for different
values of the parameter w. As in the winter day of the German system the batteries are
used several times during the day, not just at peak times as the load-shaving.

The sensitivity of the second objective with respect to the generation cost, Figure
5.13, as in the previous cases, has a similar behavior for all configurations of the problem
and the rate of change decreases when the generation cost gets closer to the value obtained
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Cost % COy %

Without EMS | 53.640.087,00 - 492.94 -
— Load shaving | -58.865,00 | -0.11 % | -18.60 | -3.77 %
Il Battery 1 98.132,00 [-0.18% [ -15.32 [-3.11 %
°" Battery 2 -176.792,00 | -0.33 % | -10.18 | -2.06 %
Battery 3 -348.998,00 | -0.65 % | -15.69 | -3.18 %

Without EMS | 57.903.467,00 - 37277 -
o| Load shaving | +975.380,00 | +1.68% | -11.88 | -3.17 %

Il Battery 1 -264.926,00 | -0.46 % | -5.25 | -1.41%
°" Battery 2 -504.849,00 | -0.87% | -10.50 | -2.81 %
Battery 3 -789.857,00 | -1.36 % | -17.94 | -4.81 %

Without EMS | 54.798.647,00 425.42

g Load shaving -89.702,00 -0.16% | -6.82 | -1.68 %
| Battery 1 -130.522,00 | -0.24 % | -7.76 | -1.82%
3| Battery 2 -237.123,00 | -0.43% | -14.69 | -3.45 %

Battery 3 -441.068,00 | -0.80% | -24.10 | -5.67 %

Table 5.13: Generation cost and CO, emission for a spring German day

2000

2000

= Battery 1 = Battery 1 ‘
= Battery 2 7] 1500 e Battery 2
Battery 3
1000 = 0ad shaving

1500

Battery 3
= 0ad shaving |7
]

1000

500 500

Power (MW)

Power (MW)

-500 | \—/ -500
-1000 | \ -1000 -
500 b \ 1 1500 |
-2000 ‘ v . ‘ -2000 s s s s
10 20 30 40 10 20 30 40
Time (hours) Time (hours)
(a) w=1 (b)) w=0

2000

|

= Battery 1

1500 e Battery 2
i | Battery 3
1000 - = |_oad shaving
LN .
¥ Y Y ¥
-500 - ! —_ | ¥ .

-1000 -

Power (MW)

-1500 -

-2000 ——

10 20 30 40

Time (hours)
(c)w=02

Figure 5.12: Battery profile and load shaving for different values of w (spring German
day)

when minimizing just the second objective function. Note that the sensitivity is smaller
than in the French case, this probably happens because the variation on the generation
cost is larger than in the French case. So in the German case it is necessary to increase
more the generation cost than in the French case to have reductions in the CO5 emission.
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Figure 5.13: Sensitivity of the COy emission with respect to the generation cost for a
spring German day

5.5.3 Hydro dominated system : Brazilian case

The Brazilian system represents schematically the main subsystems in the country,
each one synthesized in a bus. Fach bus has its own demand to meet, but it is intercon-
nected with some other buses and can exchange energy with them. The representation of
the transmission system is an important modeling issue since the capacity of transmission
lines may change the energy generation. Based on [Scul6], in this work a classical DC
(direct current) model is employed, which considers the following premises:

e all bus voltages are considered fixed and equal to 1 p.u.;
e line resistences are negligible compared to line reactances;
e angle () differences between buses are small, so that sin(f) ~ 6 in radians.

With these assumptions, the power flow in each transmission line can be modelled by
linear constraints [TOCT99]. The limits of the transmission lines and the power balance
equation, thus become:

B
—FLpe < ST+ Y plal Wy = 1y) < FLP
b—1

JET, i€Hy

B B
> (Zp§+ Zp§Qf+W§) = > L,
b=1  jeT} i€ H, b=1

fort=1,...,T, where B is the number of buses, T} is the set of thermal units connected
to bus b, Hp is the set of hydro plants connected to bus b, p;g; is the output power of
hydro plant 7, W represents the wind energy generated by bus b at time step ¢, L] is
the load demand of bus b at time step ¢, FIL]*" is the maximum power flow capacity of
the transmission line [ (MW) and Iy, is the power transfer distribution factor (PTDF)
of transmission line [ due to the injection of active power at bus b. Moreover, 1Y, is
a parameter that depends on the reactance of the transmission lines and represents the
sensitivity of each power injection at bus b over line [. This parameter is obtained through
manipulations on equations of power flow, power balance on buses and the incidence
matrix as described in [VDBDD14].

The power system considered in this section is represented in Figure 5.14. The
transmission system has 5 buses and 6 lines, whose transmission capacity is 1.000 MW
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and reactance 0,0249 pu, with the exception of line 2 — 5, which has a capacity of 2.000
MW and reactance 0,0124 pu. The demand to be met is located in four load centers
(Ly — Ly). Bus 5 is considered to be the slack bus, i.e., it does not have a demand to
meet. Moreover the system is composed of seven thermal units (17 — T%), three hydro
plants (H; — H3) and two wind units (W; — W5). We consider the time horizon T to span
24 hours and with time step size h equal to 1 hour.

1 2

L4 — Lo
Tio—y «--H

Wio-y ==l T Tty
5

Figure 5.14: Diagrammatic representation of the Brazilian system

The demand for each bus and the wind generation of units W; and W5 are given in
Figure 5.15.

——Demand bus 1
Demand bus 2 ——Wind bus 3
2500 | |—Demand bus 3 il

Demand bus 4 :

500 M

5 10 15 2 5 10 15 20
Time (hours) Time (hours)

Figure 5.15: Demand and wind generation, respectively for the Brazilian system

The thermal unit data is given in Table 5.14 below of three different types: 2 gas
(Ty —Ts), 3 mineral oil (175 — T5), 1 coal (Ts) and 1 biomass (17).

Thermal units | Bus  p° p™* 0 ¢
T 1 0 455 75 15
15 2 0 160 70 20
Ts 2 0 80 30 50
Ty 2 0 55 15 60
15 2 0 55 15 &80
Ts 3 200 455 100 35
1% 4 0 130 40 25

Table 5.14: Thermal unit data for the Brazilian system

The data related to the hydro plants are shown in Table 5.15. The first power plant,
H;, consists of three, while H2 and H3 consist of five and four identical units, respectively.
The volumes are given in hm?, the maximum flow rate of each turbine in h*/s and the
cost of the water ¢, in Brazilian Real (R$). Reservoir Hj is downstream with respect to
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Hy with travel time equal to one hour. Reservoir H; is uphill with respect to Hy and
there is no water delay between both reservoirs.

Hydro plant | Bus V™ ymer (0 gmaz oo

H, 2 1974 5776 2000 401 50
H, 4 2283 3340 2500 312 50
H; 4 4300 5100 4500 393 50

Table 5.15: Hydro plants data Brazilian system

Figure 5.16: Brazilian hydraulic configuration

The load shaving and the battery energy storage system where connected to bus 4,
that is the bus with the biggest capacity of power generation. Moreover the data of those
mechanism where considered as in Frech system (Tables (5.6) and (5.5)).

Results

Figure 5.17 shows the Pareto front for the bi-objective energy problem considering
the number of points at the discretization equal 100. The black dots in Figure 5.17 show
the optimal value of each multi-objective problem for w = 0.9.
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Figure 5.17: Pareto front for the Brazilian system

By examining the Pareto front, the option that reduces the most both the cost and
the carbon emission is battery 3, that is the largest battery. Load shaving is a mechanism
better than batteries 1 and 2 in this configuration, while in the previous configurations it
was comparable with battery 1. Since in this case, we consider the transmission system
that includes more constraints to the problem. The energy that can be transferred between
the buses, needs to satisfy the limits of the lines. Hence, it is necessary to dispose of a
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larger battery to obtain better results than the load-shaving (which by nature can be

diffuse).

Table 5.16 shows the final value of the two objectives when w equal 1, 0, and
0.9, respectively. The gains in both objectives, absolute and percentage magnitudes, are
displayed subsequently, for the model (5.3) with load shaving, and for the model (5.4),

using the 3 battery configurations in Table 5.5.

Cost % COy %
Without EMS | 641.083,00 - 80.10 -
— Load shaving | -682,00 | -0.11 % | -0.08 | -0.1 %
l Battery 1 -187,00 |[-0.03% | -0.25 | -0.31 %
“|  Battery 2 -374,00 -0.06 % | -0.27 | -0.34 %
Battery 3 -1.241,00 | -0.19 % | +3.23 | +4.03 %
Without EMS | 643.795,00 - 68.85 -
o| Load shaving -960,00 -0.15% | -0.70 | -1.03 %
Il Battery 1 571,00 | -0.09 % | -0.30 | -0.44%
“|  Battery 2 -575,00 -0.09% | -0.70 | -1.03 %
Battery 3 -840,00 -0.13% | -2.21 | -3.21 %
Without EMS | 642.389,00 - 69.75 -
g Load shaving -729,00 -0.11% | -0.41 | -0.59 %
||  Battery 1 -209,00 -0.03 % | -0.20 | -0.34%
3 Battery 2 -411,00 -0.06% | -0.48 | -0.68 %
Battery 3 -1.255,00 | -0.19% | -0.06 | -0.08 %

Table 5.16: Generation cost and CO, emission for Brazilian system

The sensitivity of the second objective with respect to the generation cost, given by
Theorem 5.1 is presented in Figure 5.18. The rate of change decreases when the generation
cost gets closer to the value obtained when minimizing just the second objective function,
as obtained for French and German systems. Moreover, in this case, the sensitivity is
larger than in the previous cases, meaning that it is possible to reduce the CO, emission

with a smaller cost.

Figure 5.18: Sensitivity of the CO, emission with respect to the generation cost for the

Brazilian system
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5.6 Concluding remarks

In this work we studied the effect of different batteries, and a load shaving mechanism
on bi-objective energy management problems. The first objective consists in controlling
cost, whereas the second consists of controlling carbon emissions. The study was carried
out on simple, yet representative, mixes for power systems: thermal dominated, hydro
dominated, hydro-thermal system. Both mechanisms, load shaving and battery provide a
reduction in generation cost and carbon emissions. Moreover, if the battery is sufficiently
large, the results are better than with load shaving. The size of the required battery was
shown to depend on modelling transmission system constraints. In our study demand side
management was shown to provide good results comparable to the case with a battery.
When recalling the fact that the former, does not, in principle, require the installation of
physical material, demand side management may proof quite valuable.

The provided multi-objective approach can be extended to consider larger and more
realistic models. We have also given a sensitivity analysis which provides useful informa-
tion to the decision maker as to the compromise between conflicting objectives.

This preliminary study shows the interest of the approach. We plan to study exten-
sions to a stochastic setting, and a continuous time model that can be investigated with
the method presented in Chapter 3.



Chapter 6

Conclusions and future work

In this work we studied the multi-objective optimal control problems in finite and
infinite horizon. More precisely, in Chapter 3 we investigated for the first time bi-objective
optimal control problems with cost functions of different nature. We considered the
situation where the set of trajectories is not compact and the set of Pareto solutions may
be empty. We have studied the relation of the Pareto front corresponding to the relaxed
(convexified) bi-objective problem with the original one. With the HJB approach to an
adequate auxiliary control problem we gave a characterization of the Pareto front of the
relaxed bi-objective problem. Moreover, we gave also a characterization of the e-Pareto
front of the original problem by using the same auxiliary value function. The presented
numerical examples confirm that the method is good, especially considering that after
solving the derived HJB equation, we can easily obtain the Pareto fronts for different
initial states.

However, it should be noticed that for a control problem with two state variables and
two cost functions, the method requires to solve a HJB equation in dimension 4. To get
an approximation of the Pareto front in a reasonable time, the dimension of state should
remain less than 4 or 5. We stress on that this thesis addresses mainly some theoretical
questions, the numerical aspects should be investigated further.

The interesting results obtained for finite horizon motivated us to investigate in-
finite horizon multi-objective optimal control problems. We note that the extension of
this results to the infinite horizon case was not trivial. Considering an adequate auxiliary
control problem, in Chapter 4, we could characterize the Pareto fronts for this kind of
problem. The issue here was that the value function of the auxiliary optimal control
problem could be characterized as a solution of an HJB equation. However, the value
function is not the unique solution of the HJB equation. Usually, numerical approx-
imations are analyzed (convergence and error estimates) under the assumption that a
comparison principle holds. In this work we proposed a numerical scheme to obtain the
value of the auxiliary control problem and we proved the convergence results by using
only the Dynamical Programming Principle.

Furthermore, in Section 4.4, we introduced a method for reconstruction of trajec-
tories for infinite horizon optimal control problems with state constraints, based on the
dynamical programming principle. The method can also be employed if the exact value
function is not available, that means, when the value function is obtained by some numer-
ical approximation method, as the Semi-Lagrangian method proposed in Section 4.2.1.
Our method extends to infinite horizon optimal control problems with state constraints
the results for finite horizon problems without and with state constraints introduced in
[RVI1] and [ABDZ18|, respectively. A future step in this subject is solving numerical

120
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examples with the Semi-Lagrangian scheme proposed in this thesis and to reconstruct
optimal trajectories.

Chapter 5 was devoted to the investigation of energy management systems with
two objectives. We compared the ability of different batteries as a substitute of the
load shaving mechanism in smoothing the load peaks, for a simple, yet representative,
power mix systems representing typical configurations in Brazil, France and Germany.
In addition to the usual generation cost minimization we incorporated an environmental
concern, referred to minimizing fuel emissions. We concluded that both mechanisms,
load shaving and a battery, have a positive effect on demand response. We observed a
reduction in generation cost and carbon emission. Moreover, if the battery is sufficiently
large, the results were better than load shaving.

The energy management systems can also be modeled in a continuous time. In an
ongoing work we are considering the HJB approach proposed to solve finite multi-objective
problems in Chapter 3 to solve the model. When solving the discrete energy problems
(5.2), (5.3) and (5.4), we could conclude that both mechanisms, load shaving and the
use of an battery, have a positive effect on demand response. This feature is promising
regarding the optimal control problem, where it would be desirable to eliminate load
shaving (state) variables. In view of the presented results, we expect that an optimal
control model dealing only with a battery would induce a demand response mechanism
similar to load shaving, provided the considered batteries are sufficiently large. We are
interested also in analyzing the use of the batteries for primary frequency response (PFR).
The dynamics of the system frequency can be governed by the first-order swing equation
[TTS16, WLHL16]:

QHM%;@) + DAS(t) = ;Apj(t) + Abs(t) — Apr(t), (6.1)

where Af,(t) is the frequency deviation, H [MWs/Hz| is the system inertia after genera-
tion loss which refers to the ability of the system to resist a frequency change following a
contingency,D [1/Hz| represents the load-damping rate, Ap; and Ab; denotes respectively
the increased power outputs from the thermal units and battery storage unit following
the generation loss Apy, [MW].

The problem of generating energy such that demand is satisfied at minimum oper-
ating cost over a daily or weekly time horizon usually can be divided in discrete periods
of one hour and the PFR is necessary during the first few seconds following a severe dis-
turbance such as the sudden loss of a generator or a massive increase in the load, when
there is no more sun, for example. To include that constraint in the problem, a finer
discretization needs to be done locally, at critical times. We are currently developing a
model in continuous time that we plan to solve with the HJB approach.
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