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AB +BC = AC

r
←→
AB r =

←→
AB

AB
AB = {C/A−C −

B} ∪ {A,B} AB



AB

−→
AB

AB−→
AB = AB ∪ {C/A− B − C} −→

AB

s
−→
AB

−→
AC



PQ

PQ



PQ

−→
AB

−→
AC B̂AC ĈAB

B̂AC r 0 180

B̂AC m(B̂AC)

−→
AC

r
−→
AP m(P̂AC) =

ro



B̂AC

m(B̂AC) = m(B̂AD) +m(D̂AC)



(ro1 + ro2 = 180o)



ABC ←→ DEF

ABC ←→ DEF

ΔABC ∼= ΔDEF ABC ←→
DEF
AB ∼= DE ⇔ AB = DE
AC ∼= DF ⇔ AC = DF
BC ∼= EF ⇔ BC = EF
Â ∼= D̂ ⇔ m(Â) = m(D̂)

B̂ ∼= Ê ⇔ m(B̂) = m(Ê)

Ĉ ∼= F̂ ⇔ m(Ĉ) = m(F̂ )

⎧⎨
⎩

i. ΔABC ∼= ΔABC
ii. ΔABC ∼= ΔDEF ⇒ ΔDEF ∼= ΔABC
iii. ΔABC ∼= ΔDEF ⇒ ΔDEF ∼= ΔGHI



ABC ←→ A′B′C ′

ΔABC ∼= ΔA′B′C ′

ΔABC ΔA′B′C ′

BC = B′C ′, B̂ = B̂′, Ĉ = Ĉ ′ ΔABC ∼= ΔA′B′C ′

AB BD = B′A′

ΔDBC ←→ ΔA′B′C ′

BC = B′C ′, B̂ = B̂′ e BD = B′A′ ΔDBC ∼= ΔA′B′C ′ B̂CD ∼=
B̂′C ′A′

B̂CD = Ĉ ′ = Ĉ
CD = CA



ΔDBC ∼= ΔA′B′C ′ ΔABC ∼= ΔA′B′C ′

AB ∼= AC ΔABC BC

ΔABC AB ∼= AC

AB ∼= AC Â ∼= Â AC ∼= AB ΔABC ∼= ΔACB
B̂ ∼= Ĉ

ΔABC ΔA′B′C ′

AB ∼= A′B′, BC ∼= B′C ′ e AC = A′C ′
−−→
BD D ∈ H2

ĈBD ∼= Ĉ ′B′A′ E ∈ −−→BD BE ∼= B′A′

ΔA′B′C ′ ∼= ΔEBC



ΔABE ΔACE AE

2.2

B̂AE ∼= B̂EA θ

ĈAE ∼= ĈEA β

ΔABC ∼= ΔEBC

ΔABC ∼= ΔEBC ∼= ΔA′B′C ′

ΔABC ∼= ΔA′B′C ′

ÂBC B̂CA ĈAB

BC
−→
EA

EF = EA

ÂEB ∼= F̂EC B̂ ∼= ÊCF
ΔABE ∼= ΔFCE



m(B̂CD) = m(ÊCF ) +m(F̂CD)

m(ÊCF ) = m(B̂)

m(B̂CD) = m(B̂) +m(F̂CD),

m(B̂CD) > m(B̂)

B̂CD > B̂

LAAo

LAA0

ΔABC ΔA′B′C ′ Â ∼= Â′

B̂ ∼= B̂′ e BC ∼= B′C ′

AB A′B′

AB = A′B′



AB < A′B′

AB > A′B′

ABC ←→ A′B′C ′

AB < A′B′

AB < A′B′

−→
AB AD = A′B′ ΔADC ∼= ΔA′B′C ′

ÂDC ∼= Â′B′C ′ B̂ = B̂′ ÂDC ∼= B̂

ÂBC > ÂDC

AB > A′B′

AB AD = A′B′ ΔADC ∼=
ΔA′B′C ′ ˆADC = ˆA′B′C ′

B̂ = B̂′ B̂′ = ÂDC ÂDC = B̂

ÂDC > B̂
ΔABC ∼= ΔA′B′C ′



ΔABC AB > AC−→
AC AD = AB

ΔABD ÂBD = ÂDB ΔABD
AB = AD > AC A−C−D

m(ÂBD) = m(ÂBC) +m(ĈBD)

⇒ m(ÂBC) < m(ÂBD)

⇒ ÂBC < ÂBD ∼= D̂

D̂ < ÂCB

ÂBC < D̂ e D̂ < ÂCB ÂBC < ÂCB

B̂ < Ĉ



ΔABC B̂ > Ĉ

B̂ = Ĉ

Ĉ > B̂
AB < AC ⇒ Ĉ < B̂

−−→
BC AC = CD

ΔACD ĈAD = D̂
ΔABD

m(B̂AD) > m(D̂)

BD > AB

BC + CD > AB



XIX

←→
AB

←→
CD

←→
EF



α′ β′ γ δ α
β γ′ δ′ (α′, γ) (β′, δ)

(β, δ′) (α, γ′)
(α, α′), (β, β′), (γ, γ′) (δ, δ′)

←→
AB e

←→
CD

←→
GH

B̂EF = ĈFE ÂEF = ÊFD
AB‖CD


EFP ÂEF = ĜEB =

ÊFD ĜEB ÊFD←→
AB ‖ ←→CD

r ‖ s t r ‖ s
α

α = β α β β = α



r ‖ s t

â �= b̂ u
ĉ ∼= b̂ u u = r

ĉ ∼= b̂ u ‖ s
s â = b̂

r r
s ‖ r
Q ∈ r θ = m(PQR)

Q̂′PQ m(Q̂′PQ) = θ

←→
Q′P = s s ‖ r



ΔABC ΔA′B′C ′ b1 b2



��

������

ÁreaΔABC

ÁreaΔA′B′C ′ =
b1.h
2

b2.h
2

=
b1
b2

ÁreaΔABC

ÁreaΔA′B′C ′ =
b1
b2



ΔABC DE ‖ BC
ΔADE ΔBDE AD BD

ÁreaΔBDE

ÁreaΔADE
=

BD

AD

ΔADE ΔDEC AE EC

ÁreaΔDEC

ÁreaΔADE
=

CE

AE

ΔBDE ΔCDE DE
DE BC

ÁreaΔBDE = ÁreaΔCDE



BD

AD
=

CE

AE

BD

AD
+ 1 =

CE

AE
+ 1

⇒ BD + AD

AD
=

CE + AE

AE

⇒ AB

AD
=

AC

AE

ΔABC AB AC

DE AC C ′ ←−→
BC ′)

AB
AD

= AC′
AE

AB
AD

= AC
AE

AC′
AE

= AC
AE

AC ′ = AC

xa

xc′

xc

xa = 0 xc > 0 xc′ > 0
AC ′ = AC
⇔ |xc′ − 0| = |xc − 0|
⇔ |xc′ | = |xc|
⇔ xc′ = xc ⇔ C ′ = C



ΔABC ∼ ΔA′B′C ′

ABC ←→ A′B′C ′

Â B̂ Ĉ a′ b′ c′

Â′ B̂′ Ĉ ′

a

a′
=

b

b′
=

c

c′
⇔ BC

B′C ′ =
AC

A′C ′ =
AB

A′B′

ABC ←→ A′B′C ′

Â ∼= Â′, B̂ ∼= B̂′ e Ĉ ∼= Ĉ ′

AB
A′B′ =

AC
A′C′ =

BC
B′C′

AB
A′B′ =

AC
A′C′



AB AC AD =
A′B′ e AE = A′C ′

ΔADE ∼= ΔA′B′C ′ ÂDE ∼= B̂′

B′ ∼= B̂ ÂDE ∼= ÂBC

D = B ΔABC ∼= ΔA′B′C ′ AB
A′B′ =

AC
A′C′ Â = Â′

DE BC

AB
AD

= AC
AE

AD = A′B′
AB
A′B′ =

AC
A′C′ Â = Â′



←→
DE

←→
BC←→

AB

ÂDE ∼= B̂ Â

ÂED ∼= Ĉ ΔADE ∼ ΔABC

ΔABC ΔA′B′C ′ ABC ←→
A′B′C ′

AB
A′B′ =

AC
A′C′ Â = Â′

AB AC AD = A′B′ AE = A′C ′

ΔADE ∼= ΔA′B′C ′

AB
A′B′ =

AC
A′C′

AB
AD

= AC
AE

←→
DE ‖ ←→BC

←→
AB B̂ ∼= ÂDE

Ĉ = ÂED Â

B̂ ∼= ÂDE

ΔABC ∼ ΔADE ΔADE ∼= ΔA′B′C ′ ΔABC ∼ ΔA′B′C ′



ΔABC ΔA′B′C ′ ABC ←→
A′B′C ′

AB

A′B′ =
AC

A′C ′ =
BC

B′C ′

AB AC

AD = A′B′ e AE = A′C ′

AB
AD

= AC
AE

Â = Â ΔABC ∼ ΔADE

DE

BC
=

AD

AB
⇒ DE = BC · AD

AB
AD = A′B′

⇒ DE = BC · A
′B′

AB

AB

A′B′ =
BC

B′C ′ ⇒ B′C ′ = BC · A
′B′

AB

DE = B′C ′ AD = A′B′ AE = A′C ′

ΔADE ∼= ΔA′B′C ′

ΔABC ∼ ΔADE ΔADE ∼= ΔA′B′C ′

ΔABC ∼ ΔA′B′C ′



AB = r

AP < r AP > r



r = OC
AB

ΔABO AB Â = B̂

ÔPA = ÔPB
LAAo ΔAOP ∼= ΔBOP AP = PB

AP = PB ΔAOP ∼=
ΔBOP ÔPA = ÔPB



ΔOTP OT OP < OT OT

PT = PT ′

ΔOPT ∼= ΔOPT ′ OT = OT ′ T ′

OT





C AA′ e BB′

AB′ e A′B

med(Â) =
1

2
·

�

med(B̂) =
1

2
·

�

=⇒ med(Â) = med(B̂)

C ′ O CA CB
AB

ÂCB =
1

2
· ÂOB



ÂOB = 180o

̂ACB = 90o

PA = PB = PC = r
ABC

P ∈ m P ∈ n



C
C Pot(P ) = d2 −R2

C
C C

Σ AA′ BB′

PA · PA′ = PB · PB′

ΔAPB′ ΔBPA′

ÂPB′ = B̂PA′ B̂′AA′ = B̂′BA

PA
PB

= PB′
PA′ ⇒ PA · PA′ = PB · PB′

Σ AA′ BB′

PA · PA′ = PB · PB′ = PT 2

PT Σ ΔPAT ΔPTA′

P̂ TA = P̂A′T T̂PA = Â′PT



PA
PT

= PT
PA′ ⇒ PT 2 = PA · PA′

ΔPBT ΔPTB′

P̂ TB = P̂B′T T̂PB′ = T̂PB

PB
PT

= PT
PB′ ⇒ PT 2 = PB · PB′

PA · PA′ = PT 2 PT 2 = PB · PB′ ⇒ PA · PA′ = PB · PB′

Σ Σ
PA · PA′

O Σ P
Σ PO = d PA′ M AA′

MA = MA′ = m
OM AA′

Σ

PA · PA′ =
⇔ (PM −m)(̇PM +m) =
⇔ PM2 −m2 =
⇔ PM2 +OM2 − (m2 +OM2) =
⇔ PO2 −OA′2 =
⇔ d2 −R2 = PotP



−PA · PA′ =
⇔ −(m− PM) · (m+ PM) =
⇔ −(m2 − PM2) =
⇔ PM2 −m2 =
⇔ PM2 +OM2 − (m2 +OM2) =
⇔ PO2 −OA′2 = ⇔ d2 −R2 = PotP

PotΣ(P ) = OP
2 −R2

PotΣ(P ) = 0⇔ P ∈ Σ

PotΣ(P ) > 0⇔ Σ

PotΣ(P ) < 0⇔ Σ

PotΣ(P ) = 0⇔ OP 2 −R2 = 0 ⇔ OP 2 = R2 ⇔ OP = R ∈ Σ

PotΣ(P ) > 0⇔ OP 2 − R2 > 0 ⇔ OP 2 > R2 ⇔ OP > R

PotΣ(P ) < 0⇔ OP 2 − R2 < 0 ⇔ OP 2 < R2 ⇔ OP < R

π (0,−→e1 ,−→e2 )
{−→e1 ,−→e2}

P ∈ π; P = (x, y)

r = OP C = {P ∈
R2/d(O,P ) = r}



P = (x, y) ∈ C. √
(x− 0)2 + (y − 0)2 = r

√
x2 + y2 = r

x2 + y2 = r2

O(0, 0)
Q = (a, b) r > 0

{(x, y) ∈ R2/QP = r}

QP = r ⇔
√
(x− a)2 + (y − b)2 = r

(x− a)2 + (y − b)2 = r2



��

������� ��	
� � ������ �	 
��	�� x2 + y2 + Ax+By + C = 0 ��
����� �������� ����� ����� �� ���� �������� �	� �!

"
���#��	��! ������	
	��� � 	����� x2 + y2 +Ax+By +C = 0� �	 �����	����� ���

�
���� ���	����

x2 + Ax + y2 +By + C = 0

x2 + Ax+ (
A

2
)2 + y2 +By + (

B

2
)2 = −C + (

A

2
)2 + (

B

2
)2

(x+
A

2
)2 + (y +

B

2
)2 =

A2 +B2 − 4C

4

�	��� ����� 	����	� �
�� ������������	��

� �	 A2+B2−4C
4

> 0� 	���� 	����	 r > 0 ��� �	 r2 = A2+B2−4C
4

� �� �	���

r =

√
A2 +B2 − 4C

2
�

��
����� � 	����� 
	�
	�	��� �� ��
���� �	 �	��
� (a, b) = (−A
2
, −B

2
) 	 
���

r =
1

2

√
A2 +B2 − 4C

�� �	 A2+B2−4C
4

= 0� ����  � �	 (x+ A
2
)2 + (y + B

2
)2 = 0

⇔ (x+
A

2
)2 = −(y + B

2
)2

⇔ (x+
A

2
)2 = (y +

B

2
)2 = 0

⇔ (x+
A

2
) = −(y + B

2
) = 0

x = −A

2
e y = −B

2

!���  � � 	����� 
	�
	�	��� �� ����� (x, y) = (−A
2
,−B

2
)

��� �	 A2+B2−4C
4

< 0 	����� (x + A
2
)2 + (y + B

2
)2 < 0� � �	  �� ����
��� "�#� � 	�����


	�
	�	��� � �������� $�%���



d P = (x, y) Q = (a, b)

d2 = (x− a)2 + (y − b)2

P = (x, y) Q = (a, b)

d2 − r2 = (x− a)2 + (y − b)2 − r2

d2 − r2 = 0

(x− a)2 + (y − b)2 = r2

C

x2 + y2 − 2ax− 2by + c = 0

c = a2 + b2 − r2

P = (x, y)

x2 + y2 − 2ax− 2by + c

C ′ (a′, b′)

x2 + y2 − 2a′x− 2b′y + c′ = 0

a′ �= a b′ �= b
P = (x, y)

C C ′

x2 + y2 − 2ax− 2by + c = x2 + y2 − 2a′x− 2b′y + c′

⇔ −2ax− 2by + c = −2a′x− 2b′y + c
⇔ −2ax+ 2a′x− 2by + 2b′y = c′ − c
⇔ 2(a′ − a)x+ 2(b′ − b)y = c′ − c
⇔ (a′ − a)x+ (b′ − b)y = 1

2
(c′ − c)



��

������� �	
�� ��� 
���� �� ����������� �	� b = b′ = 0 ����� �� �� ������� ��� ����	���
C � C ′� ����� ����� � ���� ��� x��

��� (a′ − a)x = 1
2
(c′ − c)� 
��� a′ �= a ������

x =
1

2

(c′ − c)

a′ − a

� ��	� �� ����� ��
������� 	�� ���� 
������� �� ���� ! � 
�������� 
��
�����	��� �� ����
��� ��

"���� ����� �� ����	��� ���#������������ C � C ′ ��� � $�����
C : x2 + y2 − 2ax+ c = 0
C ′ : x2 + y2 − 2a′x+ c′ = 0
� � %���	�%� x = 0�

&���
���������� ���� 
���� (0, y) �� ���� x = 0 ��� � ����� 
��'���� y2+ c �� ���� ��
� C � C ′�

�������� � %���	�%�� ����� �� 
����� �	(� 
��'���� �� ���� �� � ���� ����	��� ���#
������������ � 	�� ���� 
��
�����	��� ) ���� �	� 	�� �� ������� ��� ���� ����	����
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O e I Circuncentro Incentro
ΔABC

OI d2 = R2 − 2 · r ·R

Σ Γ ΔABC
Â Σ

Σ BC α 1
2
· Â β 1

2
· B̂

med(B̂ML) med(B̂AL) α med(L̂BC) med(L̂AC) α

B̂IL Δ α+ β med(L̂BI) Δ
BI LI = LB

Σ

R2 − d2 = LI · IA = LB · IA⇒ R2 − d2 = LB · IA
d = OI

Δ AC
Δ Δ

LB

LM
=

IY

IA
⇔ LB =

IY · LM
IA

3.2 3.1

R2 − d2 = LB · IA⇔ R2 − d2 =
IY · LM

IA
· IA



⇔ R2 − d2 = IY · LM
IY = r ΔABC LM = 2 ·R

⇒ R2 − d2 = 2 · r ·R

⇒ d2 = R2 − 2 ·R · r

Σ1 Σ2

POTΣ1(P ) = POTΣ2(P )

Σ1 Σ2

POTΣ1(P ) = POTΣ2(P )
Σ1 Σ2

R1 R2

Σ1 Σ2

POTΣ1(P ) = POTΣ2(P )

PO1
2 −R2

1 = PO2
2 −R2

2

O1O2 PQ2

PO1
2 −R2

1 − PQ2 = PO2
2 −R2

2 − PQ2



��

�����

PO1
2 = PQ2 +O1Q

2 e PO2
2 = PQ2 +O2Q

2 ���	


����������� ��	 �� ��� ������

O1Q
2 −R2

1 = O2Q
2 −R2

2

O1Q
2 −O2Q

2 = R2
1 −R2

2

(O1Q+O2Q) · (O1Q−O2Q) = R2
1 −R2

2

O1Q−O2Q =
R2

1 −R2
2

O1Q+O2Q
����


��������� ��� ������ �� ����� ����� � �� O1O2 ��� �������� 3.5

 � �����

�����!���� ��� ������ ��� ������ �� ����� " ��� ����� �������#� 3.5�

O1Q−O2Q = O1R−O2R

⇔ (O1R +RQ)−O2Q = O1R− (RQ+QO2)

⇔ 2 ·RQ = 0
⇔ RQ = 0
⇔ Q = R

$������� $ ���� �� ���� ������% �� ���� �&���%�� ��� ' ����������%�� � ���� ��� ��� ��
������� �� Σ1 � Σ2



C1 : x2 + y2 − 8x− 4y + 11 = 0

C2 : x2 + y2 − 4x+ 4y − 8 = 0

C1 e C2

3.6
3.7 4x+8y−19 = 0

−1
2

C1 (4, 2) C2

(2,−2) −2−2
2−4

=
2

5
√
2

2

C1 e C2

C1 : x2 + y2 + 2x− 6y − 16 = 0

C2 : x2 + y2 − 6x+ 2y = 0

C1 e C2 Δ : x −
y−2 = 0 3.9 3.8

Δ C1

5
√
2

2

r = 5
√
2

2
.

C3 : 2x2 + 2y2 − 16x− 8y + 15 = 0



C4 : 2x2 + 2y2 + 8y − 17 = 0

C3 ∩ C4

Δ1 : x+ y − 2 = 0 Δ1 C4

O1 = (1
2
, 3
2
) e O2 = (7

2
, −3

2
)

Cλ1 : x2 + y2 − x− 3y − 10 = 0
Cλ2 : x2 + y2 − 7x+ 3y + 2 = 0

Σ1 Σ2 r r′ d = PO1 d′ = PO2



PA1 · PA2 = PT
2

e PB1 · PB2 = PT
2

PA1 · PA2 = PB1 · PB2 = PT
2

(d− r) · (d+ r) = (d′ − r′) · (d′ + r′) = PT
2

d2 − r2 = d′
2 − r′

2
= PT

2

POTΣ1(P ) = POTΣ2(P ) = PT
2

Σ1 Σ2

Σ1 Σ2 r1 r2

Σ1 ⇒ POTΣ1(P ) = PO1
2 − r21 = PA · PB

Σ2 ⇒ POTΣ2(P ) = PO2
2 − r22 = PA · PB

POTΣ1(P ) = POTΣ2(P ) = PA · PB
Σ1 Σ2

Σ1 Σ2 Σ3 O1 O2

O3 e1 e2 e3 Σ2 Σ3 Σ1 Σ3 Σ1 Σ2

O2O3 ⊥ e1 O1O3 ⊥ e2 O1O2 ⊥ e3

e1 ‖ e2
O2O3 ‖ O1O3 ⇒ O1, O2 e O3 e3 e2 e3



e1, e2 e3

P = e1 ∩ e2 PotΣ2(P ) = PotΣ3(P ) PotΣ1(P ) = PotΣ3(P )
PotΣ1(P ) = PotΣ2(P ) = PotΣ3(P ) P ∈ e3 e1, e2 e3

Centro Radical

C1 : x2 + y2 + 2x− 4y − 6 = 0,
C2 : x2 + y2 − 4x− 2y = 0 e C3 : x2 + y2 + 2x+ 12y + 36 = 0

C2 C1

e1 : 6x− 2y − 6 = 0

C3 C1

e2 : −16y−42 = 0 y = −21
8

e1 x = 1
8

e1 ∩ e2 C = (1
8
, −21

8
)

e3 : −6x− 14y − 36 = 0 C3 C2

C1, C2 e C3 C = (1
8
, −21

8
)

C1 : x2 + y2 + 10x+ 2y + 17 = 0,
C2 : x2 + y2 + 4x − 4y + 4 = 0 e C3 : x2 + y2 − 8x − 16y + 71 = 0

C3 C2

e1 : 12x+ 12y − 67 = 0 m1 = −1



C3 C1

e2 : 18x+ 18y − 54 = 0 m2 = −1
e1 ‖ e2

e1 ∩ e2 ∩ e3 = { }



PQ Σ AB CD
AD BC PQ

XY

PQ AB CD
AD BC PQ

D̂AB ∼= D̂CB ÂDC ∼=
ÂBC

x1 e x2 AB e CD
y1 e y2 AB e CD

X1 X2 x1 x2 Y1 Y2

y1 y2
PM = MQ = a x = XM e y = MY

ΔAXX1 ∼ ΔCY Y2 X̂AX1
∼= Ŷ CY2 e ÂX1X ∼= ĈY2Y

x1

y2
=

AX

CY



��

��� ΔDXX2 ∼ ΔBY Y1� ���� �	
 X̂DX2
∼= Ŷ BY1 e X̂X2D ∼= Ŷ Y1B�

�	�� �	
	���� ���	
��  �����

x2

y1
=

DX

BY
������

���� ΔXX1M ∼ ΔY Y1M � ���� �	
 X̂1MX ∼= Ŷ1MY e X̂X1M ∼= Ŷ Y1M �

�	�� �	
	���� ���	
��  �����

x

y
=

x1

y1
������

��� ΔMX1X ∼ ΔMY2Y � ���� �	
 X̂MX2
∼= Ŷ MY2 e X̂X2M ∼= Ŷ Y2M �

�	�� �	
	���� ���	
��  �����

x

y
=

x2

y2
������

�	 
���������
�� ���� ��� ����� �	
���

x1

y2
· x2

y1
=

AX

CY
· XD

Y B

� ������������ �	 ���� 	 ����� �	 �	�

x2

y2
=

AX

CY
· XD

Y B

⇔ AX ·XD

CY · Y B
=

PX ·XQ

QY · Y P

⇔ PX ·XQ

QY · Y P
=

(a− x) · (a+ x)

(a+ y) · (a− y)

⇔ x2

y2
=

(a− x) · (a+ x)

(a+ y) · (a− y)

⇔ x2

y2
=

(a2 − x2)

(a2 − y2)



��

⇔ a2x2 − x2y2 = a2y2 − x2y2

⇔ x2

y2
=

a2

a2
= 1

⇔ x = y



(O,−→e1 ,−→e2 ) −→e1 = (0, 1)−→e2 = (0, 1) O = (0, 0)

{
C :
C ′

α · f(x, y) = 0; ∀α �= 0 C

β · g(x, y) = 0; ∀β �= 0 C
′

∅ (C,C
′
)

∅ : α · f(x, y) + β · g(x, y) = 0



��

�� �� α = 0� ����� β · g(x, y) = 0� � ��	� β �= 0 ��
�� β · g(x, y)� �� 	��	������ � �	��
C

′

�� �� β = 0� ����� α·f(x, y) = 0� �� ��	� α �= o ��
�� α·f(x, y)� �� 	��	������ � �	�� C�

��	����� �� �	��� � � C
′
��	�����
 � ��
���� �� �	��� ������ φ�

�� �� α �= 0 � β �= 0� �����
α · f(x, y) + β · g(x, y) = 0
⇒ f(x, y) + β

α
· g(x, y) = 0

⇒ f(x, y) + λg(x, y) = 0� ���� λ = β
α

�� � � ������� �� 	�
��� ����� �� ������ ������ �� ���� (C,C
′
)� ����� λ


 ��	�
��	� 	����

 ���	��
�� �� ��	� λ = 0� ����
�� � �	�� C�

��!� A = (xA, yA) ��� �� A ∈ C ∩ C ′� "�#� f(xA, yA) = g(xA, yA) = 0 � ��	 �����#����
��
��$

α · f(xA, yA) + β · g(xA, yA) = 0 �� ��#��%�� �� �� �	��� �� 
� ��
���� �����	 �����

����� ������ �� ����	���&�� ��� ��� �	��� �� �����

������� �	 ����� ����� �� ��	�
��� ��� �����{
D : 	��������
D′ : 	�����������

� ��	�
�� �� ������� ������ �� ���� � ! �" #�

(ux+ vy + r) + λ(u′x+ v′y + r′) = 0

⇔ (u+ λu′)x+ (v + λv′)y + (r + λr′) = 0

������� 
	 ����� ����� �� ��	�
��� ��� �����{
D : ���$%��
D′ : &��'�$%���
� ��	�
�� �� ������� ������ �� ���� � ! �" #�

(x+ y − 1) + λ(4x+ 7y − 10) = 0

⇔ (1 + 4λ)x+ (1 + 7λ)y + (−1− 10λ) = 0

�	� ��� ���� �� ���� �	� (����� (��� (��� �$%!)"! �	� # � (��� �� ������
�� ����  �
 �*



C : x2 + (y − 2)2 = 4
C ′ : (x− 1)2 + y2 = 1

(C;C ′)

(x2 + y2 − 4y) + λ(x2 + y2 − 2x) = 0

⇔ (1 + λ)(x2 + y2)− 2λx− 4y = 0

(C,C ′) A =
(0, 0) e B = (8

5
, 4
5
)

λ = −1 2x−4y = 0
(C,C ′)

Cλ : x2 + y2 + 8x+ 8 = 0



Cδ : x
2 + y2 − 6x− 20 = 0

(1+k)(x2+y2)+(8−6k)x+(8−20k) = 0

C1 : x
2 + y2 + 7x− 10y + 31 = 0

C2 : x
2 + y2 − x− 6y + 3 = 0

C1 e C2

r : x− y − 2 = 0

F : (x2 + y2 + 7x− 10y + 31) + λ(x2 + y2 − x− 6y + 3) = 0

⇔ (1 + λ)(x2 + y2) + (7− λ)x− (10 + 6λ)y + (31 + 3λ) = 0

P = (
λ− 7

2(1 + λ)
,
3λ+ 5

1 + λ
)

r

λ− 7

2(1 + λ)
− 3λ+ 5

1 + λ
− 2 = 0



λ = −7

3

C3

C3 : x
2 + y2 − 7x− 3y − 18 = 0



C : f(x, y) = 0 C ′ : g(x, y) O O′ Δ

f(x, y) + λg(x, y)

OO′

Δ

P ∈ Δ
PotC(P ) = PotC′(P ) = c

f(x, y) = (x− a)2 + (y − b)2 − r2

=⇒ f(x, y) = (x− a)2 + (y − 0)2 − r2

=⇒ f(x, y) = x2 + y2 − 2ax+ a2 − r2

=⇒ x2 + y2 − 2ax+ c = 0
g(x, y) = (x− a′)2 + (y − b′)− r′2

g(x, y) = (x− a′)2 + (y − 0)− r′2

=⇒ g(x, y) = x2 + y2 − 2a′x+ a′2 − r′2

=⇒ x2 + y2 − 2a′x+ c = 0

f +Kg = 0

x2 + y2 − 2ax+ c+K(x2 + y2 − 2a′x+ c) = 0

(1 +K)(x2 + y2)− (2a+ 2a′K)x+ (1 +K)c = 0

(1 +K) K �= −1

x2 + y2 − 2
(a+ a′K)x

1 +K
+ c = 0

OO′



��

�������� � 	
���� �� ������� �	 �������� �	 	���	�	 �� ������

x2 + y2 − 2(a+a′K
1+K

)x+ c = 0� 
�	 � � 	
���� �	 �� ������� �	 �	�����

λ = (
a+ a′K
1 +K

, 0)

x2 + y2 − 2λx+ c = 0

�	��� ����� �	 (1 +K)(x2 + y2)− (2a+ 2a′K)x+ (1 +K)c = 0

�	 ���� ����� � �	���	 !�� 
�	 � � 	�!� ������� Δ

������� �	
 ���� �� �����	�� 
�� ������� �
C : f(x, y) = (x− a)2 + (y − b)2 − r2

=⇒ f(x, y) = (x+ 3)2 + (y − 0)2 − (
√
34)2

=⇒ x2 + y2 + 6x− 25 = 0
C ′ g(x, y) = (x− 6)2 + (y)2 − (

√
61)2

=⇒ g(x, y) = x2 + y2 − 12x− 25
=⇒ x2 + y2 − 12x− 25 = 0
� ������� 
� ������ 
� ������� 
� ���� ������ � ��������� � ��� �

f +Kg = 0

x2 + y2 + 6x− 25 +K(x2 + y2 − 12x− 25) = 0

(1 +K)(x2 + y2)− (12K − 6)x− (25 + 25K) = 0

!���� ���� K = −1� "#$ ��� % � ��"� ��
���� Δ
&��� ��
� K �= −1� � ������� 
� ������ 
� ������ �� ����'� 
� ������
x2 + y2 − 2(6K−3

1+K
)x− 25+25K

1+K
= 0� ��� % � ������� 
� �� ������ 
� ��(����

λ = (
6K − 3

1 +K
, 0)



x2+y2−2λx+c = 0 c = −α2

P x2 + y2 − 2λx− α2 = 0

⇒ (x2 − 2λx) + y2 − α2 = 0
⇒ (x− λ)2 − λ2 + y2 − α2 = 0
⇒ (x− λ)2 + y2 = α2 + λ2 α2 + λ2 = r2

⇒ (x− λ)2 + y2 = r2

(λ, 0) r =
√
α2 + λ2 ∀λ

λ = 0 r =
√
α2

x2 + y2 = α2

α > 0 x2 + y2 − 2λx − α2 = 0 A =
(0, α) e A′ = (0,−α)



λ = 0

A : (0, α) ⇒ 02 + α2 − 2λ · 0− α2 = 0
A′ : (0,−α) ⇒ 02 + (−α)2 − 2λ · 0− (−α)2 = 0

x2 + y2 = α2

A
′

C1 : x2 + y2 +6x− 16 = 0
C2 : x2 + y2 − 2x − 10 = 0

C1 C2

C1 + λC2 = 0
(x2 + y2 + 6x− 16) + λ(x2 + y2 − 2x− 10) = 0
(1 + λ)(x2 + y2) + (6− 2λ)x− (16 + 10λ) = 0

C3 C1

C2

C1 C2 λ = −1
Δ x = 3

4

x = 3
4

y = ±5
√
7

4

A = (3
4
, 5

√
7

4
) B = (3

4
, −5

√
7

4
)

λ



λ = 2 x2 + y2 +
2
3
x− 12 = 0

C3 : x2 + y2− 10x− 4 = 0 C1

C2 (λ, 0) C3

(x2 − 10x) + y2 − 4 = 0
(x2 − 10x+ 25) + y2 − 4− 25 = 0
(x− 5)2 + y2 − 29 = 0 C3 r =

√
29

A ∈ C3 ⇒ (3
4
, 5

√
7

4
) ∈ C3

x2 + y2 − 10x− 4 = (3
4
)2 + (5

√
7

4
)2 − 10(3

4
)− 4 = 0

B ∈ C3 ⇒ (3
4
, −5

√
7

4
) ∈ C3

x2 + y2 − 10x− 4 = (3
4
)2 + (−5

√
7

4
)2 − 10(3

4
)− 4 = 0

C3 C1 C2



x2+ y2− 2λx+ c = 0 c = α2

A x2 + y2 − 2λx+ α2 = 0

(x− λ)2 + y2 = λ2 − α2 λ2 − α2 > 0

λ2 + y2 = λ2 − α2

y2 = −α2

y = ± iα

λ2 − α2 ≥ 0

λ2 − α2 = 0⇔ λ = ±α

(x− λ)2 + y2 = 0

• (x− λ)2 = 0⇔ x = λ = ±α⇔

• y2 = 0⇔ y = 0

α P ′ −α
Cλ



λ2 − α2 > 0 x2 + y2 − 2λx + α2 = 0 ⇔ (x− λ)2 + y2 = λ2 − α2

(λ, 0) r =
√
λ2 − α2

Cλ

λ2 − α2 > 0⇔ λ2 > α2

λ > α λ < −α

x2+y2−2λx+α2 = 0
Cλ : x2 − 2λx+ α2 = 0 λ2 − α2 > 0
x′ = λ+ r
x” = λ− r
(λ+ r) · (λ− r) = λ2 − r2 = α2 ⇔ λ2 − α2 = r2

x2 + y2 − 2λx + 4 = 0

x2 + y2 −
2λx+ α2 = 0 λ2 − α2 ≥ 0

λ2 − 4 ≥ 0 λ < −2 λ > 2

λ2 − 4 = 0 ⇒ λ = ±2 x2 + y2 = 0
P = (2, 0) e P ′ = (−2, 0)

λ2 − 4 > 0 λ < −2 ou λ > 2

−2 < λ < 2 x2 + y2 − 2λx + 4 = 0



C1 : x2 + y2 − 4x − 5 = 0
x2 + y2 − 2λx+ 7 = 0

x2 + y2 − 2λx + α2 = 0 λ2 + α2 > 0
(λ, 0)

λ < −√7 ou λ >
√
7

C1 (x − 2)2 + y2 = 9
(λ, 0) = (2, 0) λ = 2 C1



x2 + y2− 2λx+ c = 0 c = 0

T x2 + y2 − 2λx = 0

(x2 − 2λx) + y2 = 0 ⇒ (x2 − λ)2 − λ2 + y2 = 0 ⇒ (x2 − λ)2 + y2 = λ2

O = (±λ, 0) r = λ

λ = 0 x2 + y2 = 0 ⇔ y = x = 0

C1

T

x2 + y2 − 2λx = 0

A ∈ C1 C1 ∈ T
λ = 13

4

λ = 13
4

C1 x2 + y2 − 13
4
x = 0



y′ =
f(x, y) (x0, y0)

f(x0, y0)
(x0, y0)

f(x0, y0) − 1
f(x0,y0)

(x0, y0)

2(aa′ + bb′) = c+ c′

r : y = mrx+ hr s : y = msx+ hs

mr = tan β ms = tan(90− β)

tan(90− β) = sen(90−β)
cos(90−β)

tan(90− β) = sen90·cosβ+senβ·cos90
cos90·cosβ−sen90·senβ = cosβ

−senβ
= −1

tanβ

ms =
−1
mr

r : ax+ by + c⇒ −ax−c
b
⇒ mr =

−a
b

s : a′x+ b′y + c′ ⇒ −a′x−c′
b′ ⇒ ms =

−a′
b′

mr =
−1
ms

−a
b
= 1

a′
b′



−a
b
= b′

a′−a · a′ = b · b′
aa′ + bb′ = 0⇒ 2(aa′ + bb′) = 0
2(aa′ + bb′) = α2 − α2

2(aa′ + bb′) = c+ c′

x2+y2−2λx−α2 = 0 φ φ′

x2 + y2 − 2μy + α2 = 0

φ φ′ λ e μ

2(aa′ + bb′) = c+ c′

a = λ b = 0 e c = −α2; a′ = 0 b′ = μ c′ = α2

φ φ′

φ φ′

C1 : x
2 + y2 − 8y − 9 = 0

C2 : x
2 + y2 + 12y − 9 = 0



C1

C2 P = (−3, 0) P ′ = (3, 0)



��

��� ������	
�
	� 
�� ������� 
	 ��������

������� ��� 	��
��� Cρ � �
������� x2 + y2 − 2λx+ c = 0

�� � �������� � �� ����� � �� ������� � �� �
����� � Cρ� ���� ������ � P = c

�� �� ����� � ��� � ����� �������� ���� ���� �� �
������ Cρ � 	��
��� ρ� ����� �
������ ����� � ���� ������ Δ � ��� �
������  ���� ���!

�� "�� 	��
��� � �
������ ��� ��� �#��� ��� �� �
����� Cγ � ��� ���� Γ Γ : x = 0
Cγ : x2 + y2 + c = 0

$����%���� � � ����� x2 + y2 + c = 0⇔ x2 + y2 = −c

&��� x2 + y2 > 0 ⇒ −c > 0⇒ c < 0!

�����
c = −α2 ��� α > 0!

$� ��'� x2 + y2 + c = 0� �( ��� ����������� �
�����  ���� c = −α2

��� ��'� � 	��
��� Cρ � �
������ x2 + y2 − 2λx+ c = 0 (c = α2)!

�� �� ����� A = (xo, yo) �������� � ���� 	��
���� ������
x2
o + y2o − 2λxo + α2 = 0
⇒ 2λxo = x2

o + y2o + c �� xo �= 0

⇒ λ =
x2
o + y2o + c

2xo

���� xo �= 0

����� ����  �� � � ����� x2 + y2 − 2λx+ c = 0� ������������ �� �
�����

(x2 − 2λx) + y2 + c = 0

(x− λ)2 − λ2 + y2 + c = 0
(x− λ)2 + y2 = λ2 − c
��� λ2 − c = r2 ⇒ r =

√
λ2 − c )λ > c �� λ < −c*

+�,�� �� �����  �� �������� �� ���� ������� ������ �������� xo = 0 � ��� �����	�- �
� �����!

λ =
x2
o + y2o + c

2xo



A = (xo, yo)
(λ, 0)

s Δ Q = (0, y) Cλ

M ′

QCλ
Cλ

QM ·QM
′
= QCλ

= K

Cρ QM ·QM
′
= QB ·QA = K



Cρ

QM ·QM
′
= QP 2 = QP ′2 = K

Cρ QM ·QM
′
= QO2 = K
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� ��� �� �� ������
� ��
���� 
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����� -�
 ������ ���
 �������� ����  ������� �� � �������� � � ��

�
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 ���� ���
 
� ���������  �� 
 �,��� � ��� ������ � ����� ������

' ���	���� ��� �
�������� ��
���� 
��� � �
 ���� � ��� �� � ����&����� �
�� �� �� 
����� ��
 ����
����.
� ��������� � ��
������
 ��
 ����
����.
 ��
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x2 + y2 + 10x − 6y + 30 = 0
C

x2 + y2 − 14x+ 12y + 76 = 0
D

C
D



r =
←→
AB

←→
AB

f : 3x+ 4y = −3
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C1 : x2 + y2 − 8x− 4y + 11 = 0

C2 : x2 + y2 − 4x+ 4y − 8 = 0

C1 e C2

x2+y2−8x−4y+11 = 0
c x2+y2−4x+4y−8 = 0

d

c
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