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Dirac Structures and their Homotopy Classification

por Aline ZANARDINI

In the present thesis we are interested in studying Dirac structures. Our main goal is to
classify such structures under homotopy. For that, we start by presenting the basics on the
generalized geometry formalism. First, we introduce the linear counterpart and then we
move on to manifolds, where we develop the most important concepts and constructions
concerning Dirac structures. At last, we consider a generalization of the Chern-Weil map
and we use an adequate algebraic model for equivariant cohomology in order to construct
explicit secondary characteristic classes and thus obtain the homotopical invariants.
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Resumo
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Dirac Structures and their Homotopy Classification

por Aline ZANARDINI

Nesta dissertagdo estamos interessados em estudar estruturas de Dirac. Nosso obje-
tivo maior é classifica-las por homotopia. Para tal, comegamos apresentando o forma-
lismo béasico da geometria generalizada. Primeiro introduzimos a contraparte linear e
entdo passamos para variedades, onde desenvolvemos os principais conceitos e constru-
¢Oes que envolvem a nocdo de estrutura de Dirac. Por fim, consideramos uma genera-
lizagdo da construcdo de Chern-Weil e utilizamos um modelo algébrico adequado para
a cohomologia equivariante para construir certas classes caracteristicas secundérias ob-
tendo assim os invariantes homotépicos desejados.
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Introduction

The key ingredients for defining Dirac structures are found within the context of gen-
eralized geometry. The basic idea lie in replacing the tangent bundle 7'M of a manifold
M by the Whitney sum 7'M @ T*M and the Lie bracket of vector fields by the so called
Courant bracket. Moreover, on 7'M @ T M one considers the natural symmetric bilinear
form given by pairing 1—forms and vector fields. The notion of a Dirac structure is then
formalized as a maximally isotropic subbundle which is involutive with respect to the
Courant bracket.

The main goal of the present work is to answer the following question

How can one classify Dirac structures up to homotopy?

The answer for it can be surprisingly found in the equivariant cohomology and it lies
in the observation the homotopy class of a Dirac structure (more generally a maximally
isotropic subbundle) only depends on the homotopy class of the corresponding section
of a particular bundle. Such construction originally appeared in [1]. The merit here,
however, is to exhibit the computations explicitly using a generalization of the Chern-
Weil map suggested in [2] and the BRST model for equivariant cohomology [3].

The thesis is organized as follows.

In Chapter 1, we briefly describe some elementary facts about the theory of non-
degenerate symmetric bilinear forms on vector spaces of finite dimension. A special
attention is given to the theory of the so called split symmetric bilinear forms. Also, a
contained discussion about Clifford algebras is given. The main references for this part
are [4] and [5].

In Chapter 2, we present the basics about generalized geometry with some emphasis
on Dirac structures. The main references here are [1],[6], and [7].

At last, in Chapter 3, we achieve the proposed goal. We obtain explicit secondary
characteristic forms, the cohomology classes of which gives us a classification of Dirac
structures up to homotopy. The main references are [2],[3] and [8].

It is worth to say the adopted framework is the C'*“-category, that is, all manifolds,
maps, vector bundles, etc we consider are assumed to be smooth.

As for the reader it is assumed basic knowledge on differential geometry and the text
is intended to be an introductory reading for those who are interested in generalized
geometry, Dirac structures and close topics. Hopefully it will be helpful to other students.

Finally, is valid mentioning the present work was vinculated to the National Scientific
Initiation and Master’s Program (PICME) and had the financial support from the Com-
mittee for the Betterment of Graduate Students (CAPES).



Chapter 1

Generalized Linear Algebra

We briefly describe some elementary facts about the theory of non-degenerate symmetric
bilinear forms on vector spaces of finite dimension. A special attention is given to the
theory of the so called split symmetric bilinear forms. In particular, we introduce the
canonical form on E @ E*, where E is a finite-dimensional (real) vector space and E* is
its dual space. Also, a contained discussion about Clifford algebras is given. Throughout,
K denotes a field of characteristic not two and V' is a K vector space of finite dimension.

1.1 Symmetric Bilinear Forms

Given any bilinear form B : V x V' — K, consider the linear map 5 : V — V* defined
by u — B(u,-). Recall a bilinear form B on V is said to be symmetric if B(u,v) = B(v, u)
for every u,v € V. Since V is of finite dimension this condition is equivalent to the map
¢ being self-adjoint.

We define the kernel of B, and denote it by ker(B), as the kernel of the linear map ¢,
that is,

ker(B) = {ue V|B(u,v) =0 YveV}

The bilinear form B is called non-degenerate if it has a trivial kernel. Thus, B is non-
degenerate if and only if ¢p is an isomorphism. Analogously, if we consider the linear
map ¢ : V — V* defined by v — B(-, v), then ¢ is an isomorphism precisely when B is
non-degenerate. This follows from the fact that V** ~ V and (pp5)* = 5. Notice that if
in addition B is symmetric, then ¢ = 5. For the rest of this section let us assume B is a
non-degenerate symmetric bilinear form on V.

It is known that every bilinear form on V is of the type B(u, Av) for some (unique)
endomorphism A : V' — V. In fact, the map &, : V x V — K given by (u,v) — B(u, Av)
is bilinear hence, ® : A — &4 is a map from End(V') to the space B(V') of bilinear forms
on V. This map is clearly linear. Moreover, since B is non-degenerate, 5 is injective and
therefore so is ®. Since End(V') and B(V') have the same dimension, we conclude the map
® is an isomorphism.

In particular, if (-, -) is any (positive) inner product on V, then there exists a unique
self-adjoint operator A € End(V') such that B(u,v) = (Au,v),Yu,v e V.
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1.1.1 Isotropic Subspaces

Due to the polarization identity, we know that B is uniquely determined by the asso-
ciated quadratic form Qz(v) = B(v,v). More precisely:

B(u,v) = %(@Bw £0) — Qulu) - Q3<v>), Vu,ue V 1)

Definition 1.1.1 A vector v € V is said to be isotropic if B(v,v) = 0 and non-isotropic if
B(v,v) # 0.

For a subspace W < V we define its orthogonal subspace, and denote it by W+, as the
set
W+ ={veV|Bv,w)=0 YweW}

Then, ¢5(W*) = W°, where W° is the annihilator of W. Since dim(WW)+ dim(W°) = n, it
follows that
dim(W) + dim(W+) = dim(V) (1.2)

Let us call a basis of {ey,...,e,} of V an orthogonal basis if B(e;,e;) = 0,Vi # j. Since
the restriction of B to any subspace I of V has kernel W n W one can easily show that V/
admits an orthogonal basis. Furthermore, if K = R, then one can consider B(e;, e;) = +1
depending on the signature of B.

The orthogonal group O(V; B) or simply O(V) is the group

O(V)={T e GL(V)|B(u,v) = B(Tu,Tv) Yu,veV}

and it has a canonical structure of a Lie group. Note that if V denotes the matrix of B with
respect to some basis of V, then O(V') can be identified with the group of all n xn invertible
matrices M with coefficients in K such that M*NM = N, where  denotes transposition.
If K = R and the signature of B is (p,q),p + ¢ = n, then O(V) is denoted by O(p, q)
and, up to isomorphism, it can be identified with the Lie group of real n x n matrices M

which satisfies

M'I,,M =1,, where I,,= Ly 0
, , «=\o -1,

(and I, denotes the identity matrix of order r). Its Lie algebra, denoted by o(p, ¢), consists
of the set of n x n real matrices X such that X'I,, = —1, . X.

My My
My Mo

Note that in the particular case where n is even and p = ¢, then M = (
belongs to O(p, p) if and only if

My M{, — MM, = I,
Moy My — MMy, = —1,
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In this case, by setting

Hyu(s) = [(I, + 32M12Mf2)(fp + M12M52)71]1/2M11
HlQ(S) = SM12, H21(5) — SM21
Hy(s) = [(I, + 8" Moy My;)(I, + Moy Mgy) ™1 Ma,

we have that
O(p.p) > H(s) = @218 %28) . Wseo1],

H(1) = M and H(0) has only diagonal blocks which are elements of O(p). As a conse-
quence, we conclude that O(p, p) can be contracted to its subgroup O(p) x O(p).

Definition 1.1.2 A subspace W < V is called isotropic ifB‘WXw =0, that is, if W < W™

The polarization identity (1.1) shows that a subspace W < V is isotropic if and only if
all of its vectors are isotropic. Moreover, from (1.2) it follows that if W is isotropic, then
2 dim(W) < dim(V).

Proposition 1.1.1 Given any isotropic subspace W < 'V, there exists another isotropic subspace
W' such that V. =W+ @ W'

Proof. Let U be any complement of W*. Then 0 = (U ® W*)* = U* n W. This implies
that the map ¢p|,, : W — U* defined by w — B(w, )| , is an isomorphism. Thus, if we
consider the composition ¢ : U — W given by

u— B(u,-)|, — (e5],) " (Bu,-)|,)

1 1
we have that B(pz,y) = B(x,y),Vz,y € U and hence B (x — 5T Y - §<py) = 0 for

1
every z,y € U. Therefore, the subspace W' = {u - §<,ou]u elU } is isotropic. Now, W'is a

complement to 1+ because it is the graph of amap U — W < W+ and U is a complement
to W+
O

Definition 1.1.3 An isotropic subspace is called maximal isotropic if and only if it is not prop-
erly contained in any other isotropic subspace.

Proposition 1.1.2 An isotropic subspace W < V' is maximal isotropic if and only if it contains
all v e W+ such that v is isotropic.

Proof. Let W < V be an isotropic subspace. Define W = {w € W*|B(w,w) = 0}. Itis clear
that W < W.

(=) Let us assume that there exists w € W*\WW isotropic, that is, W < W. Then W is
not maximal isotropic. Indeed, the subspace W’ = W@ span{w} is an isotropic subspace
which properly contains V.



Chapter 1. Generalized Linear Algebra 5

(<) Conversely, suppose W is not maximal isotropic. Then there exists U an isotropic
subspace such that W < U and therefore U + < W*. The later inclusion implies that
U c W,since U < U*. In particular, W is properly contained in W and hence W ¢ .

O]

Proposition 1.1.3 Let W, W' < V be maximal isotropic subspaces. Then dim(W') =dim(W").

Proof. Let U = (W + W')/(W n W') and denote by By the induced bilinear form and
by 7 : W + W' — U the quotient map. Since W and W’ are both maximal isotropic the
previous proposition implies that W= n W = W n W and W n (W')* = W n W’. Thus,
from

WH+W)Yn(W+WHE = W+W) Wt (W)
= W+ W AaWh)n (W)t
= WnaWHH + W Wt

it follows that the kernel of the restriction of B to W +W" is precisely W n W' and therefore
By is non-degenerate. Moreover, (W) and 7(WW’') are clearly isotropic and a similar
computation as above implies that U = 7(W) @ (7(W'))*.

Therefore, dimV = dim (7 (W))+dim((7(W"))*) = dim(7(W))+dim(V)—dim(7(W’))
and hence 7(W) and 7 (W’) have the same dimension. It follows that

dim(W) = dim(x(W)) + dim(W n W') = dim(z7(W')) + dim(W n W’) = dim(W’)
[

Definition 1.1.4 The Witt index of the non-degenerate symmetric bilinear form B is the dimen-
sion of a maximal isotropic subspace of V.

Proposition 1.1.4 The Witt index of B coincides with the maximum of the dimension of an
isotropic subspace of V.

Proof. 1f d is the maximum possible dimension of an isotropic subspace of V, let U be an
isotropic subspace of dimension d.

It suffices to show that any isotropic subspace W of dimension less than d cannot be
maximal isotropic. Since W* + U < (W n U)™ it follows that

dim(W+ A U) = dim(W*) +dim(U) — dim(W+ + U)
> dim(V) — dim(W) + dim(U) — dim(W n U)*
= dim(W nU) + dim(U) — dim(W)
im (

> dim(W n U)

Thus, there exists a nonzero isotropic vector v € (W n U) with v ¢ W. The subspace
W @ span{v} is an isotropic subspace which properly contains IV, so IV is not maximal.
O
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Corollary 1.1.1 Any isotropic subspace W < V is contained in a maximal isotropic subspace
L < V of dimension equals to the Witt index of B.

Proposition 1.1.5 If K = R and B has signature (p, q), then its Witt index equals min{p, q}.

Proof. Without loss of generality, let us assume p < ¢. Then there exist vectors uy, ..., u,,
v1,...,v, € V such that B(u;,v;) = 0, B(u;,u;) = 6;; and B(v;,v;) = —6;; for every
1 < i,j < p. Next, consider W = span{u; + v;|i = 1,...,p}. Then W is an isotropic

subspace of dimension p. Now, let us assume there exists U — V' an isotropic subspace of
dimension d > p. Since p + ¢ =dim(V), it follows that U intersects any negative subspace
of dimension ¢ (which exists), a contradiction.

O

1.2 Split Symmetric Bilinear Forms

In this section we shall assume V' is a real vector space of even dimension 2m.

Definition 1.2.1 The non-degenerate symmetric bilinear form B on V is called split if its Witt
index is equal to half of the dimension of V. In this case, maximal isotropic subspaces L < V are
characterized by the property L = L*.

Note that the existence of a maximal isotropic of dimension m on V' is equivalent to B
having signature (m,m). Throughout this section, let us consider that B has Witt index
equals m.

Proposition 1.2.1 Any maximal isotropic subspace L < 'V admits a maximally isotropic comple-
ment L'. Moreover, any such complement is naturally isomorphic to L*.

Proof. Since L = L*, from Proposition 1.1.1 we know that there exists L' = V an isotropic
subspace such that L& L' = V. But, since dim(L) = m it follows that L' is also an isotropic
subspace of dimension m and thus, maximal isotropic. Next, we define p;, ;/ : L' — L*
given by u — B(u, )|, and observe that this linear map is an isomorphism. O

Given a maximal isotropic subspace L — V we can exhibit a natural maximally isotropic
complement as follows.

If g : V xV — Ris any (positive) inner product on V, we can consider the unique
symmetric operator J : V' — V such that B(u,v) = g(Ju,v) for every u,v € V. Moreover,
up to a different choice of the inner product, we can assume J 2 = jid. Now,if W c V
is isotropic, then J(W) is an isotropic subspace which is orthogonal to W, with respect
to the inner product ¢g. If v € J(W), then there exists w € W such that v = J(w) and
thus g(v,u) = g(Jw,u) = B(w,u) = 0 for every u € W. Yet, since any two elements of
J(W) are of the form Ju, Jv for some u,v € W, it follows that B(Ju, Jv) = g(JJu, Jv) =
g(u, Jv) = 0, that is, J(W) is isotropic. We now observe that since J is an isomorphism if
W is maximally isotropic, then V- = W @ J(W), with J(W) also maximally isotropic .

Note that Proposition 1.2.1 tells us that given L < V' maximal isotropic if we choose
abasis I, ...,l,, of L then we can complete it to a basis [, ..., [, [",...,I" of V such that
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B(l;,1l;) = 0, B(I', 1) = 0 and B(l;, 1) = &;; for every 1 < i, j < m. Clearly, the group O(V)
acts transitively on the set of such basis and therefore on the set of pairs of complementary
maximally isotropic subspaces.

Also, as a consequence of Proposition 1.2.1, we conclude that V' is naturally isomor-
phic to L& L*, where L < V is any maximal isotropic subspace. The bilinear form is given
by the natural pairing:

B((,6), (v.m)) = & v) + Gy =€) + n(w)

From now on let us fix a decomposition V' ~ L @ L*, where L < V is maximally
isotropic, i.e., let us fix a pair (L, L") of complementary maximally isotropic subspaces.
Then, every orthogonal transformation 7" € O(V') can be written as

Tll T12
T =
(T21 T22> ’
where Ty, : L - L, T\o: L* — L, Ty, : L —» L* and Ty, : L* — L*.
The following proposition implies that the subgroup of O(V') which fixes L pointwise
consists of skew-adjoint maps D : L* — L and thus can be identified with A*(L). More-
over, one can show thatif O(V), < O(V) is the subgroup that takes L to itself, then O(V),

is an extension
1 — A*(L) - O(V), - GL(L) — 1

For A*(L) can be embedded into O(V) by considering the map w — A,, where
A, v v+ (mpx(v))w and wpx V' — L* is the projection. Yet, if 7' € O(V), < O(V),
then 7}, = T‘ ;€ GL(L). Moreover, such restriction equals identity if and only if T
fixes L pointwise. To see that O(V), — GL(L) is surjective, let A € GL(L) and consider
A= A®(A)*. Then Ae O(V)and A|, = A.

In particular, if M is the set of all pairs of complementary maximal isotropic subspaces,
since O(V) acts transitively on M it follows that M ~ O(V)/GL(L). That is, the isotropy
subgroup of (L, L") under the action of O(V') is isomorphic to GL(L).

Proposition 1.2.2 Any other maximally isotropic complement to L is in one-to-one correspon-
dence with a skew-adjoint map D : L* — L.

Proof. In fact, the correspondence is determined by the graph of D. Since the group O(V)
acts transitively on }, it follows that maximally isotropic complements to L are graphs
of orthogonal maps which fixes L pointwise.

Now, if A € GL(V) fixes L pointwise, then A(l,£) = (I + D(§),S(£)) for some linear
maps D : L* — Land S : L* — L*. If in addiction A € O(V), then

0= B(A(o,g), Al 0)) . B((o,g), (1, 0)) _(SE—¢1) VieL,Vee L

and hence S = id. Furthermore,

0= B(A(0.€),A0,m) = B((0,6), 0.m)) = &, D) + (. DE), ¥, me L*
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and therefore D = —D*.
Conversely, any map of the form (,&) — (I + D¢, &), with D : L* — L skew-adjoint, is
orthogonal:

B((L+D(€),&), (m+ Dn),m) = (&m+Dny+nl+ D)

= (&m)+{& Dy + (o, ) + (n, DE)
&m)+ .y
B((1,€). (mm) ¥(1.8), (m,n) e LOL*

_ Thus, if we define L ={l+¢ e LOL*|l = D(€)}, where D : L* — L is skew-adjoint, then
L is a maximally isotropic complement to L and any maximally isotropic complement to
L can be obtained in this way. O

We now observe that Proposition 1.2.2 above implies that the set of maximal isotropic
complementary subspaces to L carries a canonical affine structure. It is an affine space
whose associated vector space is isomorphic to A*(L). Moreover, if we let M denote the
set of all maximal isotropic subspaces of V, .2 — M be the canonical vector bundle and
7 : M — M denote the projection to the first component, then 7 : M — M is an affine
bundle modelled on the vector bundle A*(.¥).

We end this section by showing that M is diffeomorphic to O(m).

Recall we have fixed a pair (L, L") of complementary maximally isotropic subspaces.
Furthermore, we know that L' ~ L*. Thus, let g : L x L — R be the inner prod-
uct on L induced by the latter isomorphism and let us consider the dual inner product
g (&,m) = g(R7'¢,R™'n), V&, m € L*. Then, the map R : L — L* givenby [ — g(l,-) is
canonically an isometry and we can identify the image of L through R with L itself. Via
this identification, lets us define the sets V. = {(I,{);l € L} and V_ = {(I,—I);l € L}, i.e,
Vi = graph(+R). The following result holds:

Proposition 1.2.3 The restriction of B to V. (resp. V_) is positive (resp. negative).

Proof. We begin by first noticing that under the identification RL ~ L we have that V' =
1

Vi@ V.. Clearly V. nV_ = {0} so, let (I,m) e V ~ L@ L. Taking ' = 5([ + m> and

1
m' = 3 [ —m | it follows that (I, m) = (I',l') + (m/, —m') and therefore, V =V, + V_.

Next, if ({,1) and (m,m) are elements in V, then
B((1,1), (m,m)) = g(t,m) + g(m, 1) = 2g(1,m)

and since g is positive, it follows that B‘V+ is also positive. Analogously, if we take
(I,=1),(m,—m) € V_, then

B((l, 1), (m, —m>) = —2¢(l,m)
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and we conclude that B]V_ is negative. O

Corollary 1.2.1 The map R : L — L* determines a (positive) inner product on V given by
B|, - B|, .
Vi V-

Finally, we show that maximally isotropic subspaces of V' are in one-to-one correspon-
dence with graphs of maps V,, — V_ determined by isometries L — L.

Proposition 1.2.4 The set M, of maximal isotropic subspaces of V, is diffeomorphic to O(m).

Proof. We begin by observing that every element of M is transversal to both V., and V_
and hence it can be seen as a graph of amap V, — V_. Next,since V;, ~ Land V_ ~ L,
given any map ¢ : V, — V_itinduces a map A : L — L. Now, the graph of ¢, which we
will denote by L”, is obviously a linear complement to L. We will show that L” is isotropic,
thus maximally isotropic, if and only if A belongs to O(m), proving the statement. Indeed,
elements of L” can be written as (I + Al,| — Al), where [ € L. Thus,

B((l-i—Al,l—Al),(l—i—Al,l—Al)) =0 <= g(l-ALl+A)+g(l+ALlI-Al)=0
— 29(I—All+ Al) =0
— g(Al,Al) = g(1,1)

]

Note that once we consider the inner product g on L, if we denote by L~ the subspace
L together with the opposite bilinear form —g, then we have a natural isometry from
L@ L™, with the split bilinear form g @® (—g), into L @ L*. Such an isometry, ®, is given by

[ —
(I,m) — (l—i—m,Tm),

Furthermore, if we define, for every A € O(L), the set L4 = {®(l, Al)|l € L}, then L, is
a maximal isotropic subspace of V' and we get a map O(L) — M.

1.3 Clifford Algebras

In the present section we will follow the notation used earlier in Section 2.2. That is,
V denotes a finite dimensional vector space over some field K (of characteristic not two)
and B is a symmetric bilinear form on V' .

Definition 1.3.1 The Clifford algebra of V, denoted by C1(V'; B) or simply CI(V'), is defined as
the quotient of the tensor algebra of V by the two-sided ideal generated by v ® v — B(v,v)1 for all
veV.

'We may drop the assumption of non-degeneracy.
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Note that we have a natural map V' — CI(V).
Example 1.3.1If B =0, then CI(V) = A*V.
A

We now show that the Clifford algebra of V' is characterized by the following universal
property:

Proposition 1.3.1 (Universal Property) Let A be a unital associative algebra with a linear map
¢ : V. — A such that p(v)> — B(v,v)14 = 0 for every v € V. Then, there exists a unique
homomorphism of algebras ¢ : Cl(V') — A making the diagram below commute

Ve—sCI(V) (1.3)

A

Proof. From the universal property of the tensor algebra, 7(V'), we know that ¢ extends
to an algebra homomorphism ¢ : 7 (V) — A. Since p(v)? — B(v,v)14 = 0 for every v e V,
it follows that ¢ vanishes on the ideal Z(V') = (v ® v — B(v,v)1). Thus, ¢ descends to the
quotient. [

Moreover, if C is any unital associative algebra satisfying (1.3), then CI(V') ~ C. Thatis,
Cl(V') is unique up to a unique isomorphism. Indeed, if we denote the embedding V' < C
by i, then the isomorphism V' — (V') induces an algebra isomorphism CI/(V') — C.

Next, we observe that if we apply the defining relation for the Clifford algebra to a
sum u + v of two vectors in V we obtain

Uu®v+v®u=2B(u,v)l Yu,veV (1.4)

In particular, CI(V) is the unital associative algebra generated by V' and the relations
(1.4) above.

Example 1.3.21If V = R" with the bilinear form given by the opposite of the standard
inner product %, then we denote its Clifford algebra by C(n).

Choosing {es, ..., e,} an orthonormal basis, with respect to the usual inner product,
we see that C'(n) is the algebra generated by the e;’s with relations

61‘6]‘ + ejei = _2513

One easily checks that C'(1) is the two dimensional algebra over R generated by {1, ¢; }
with relation e;% = —1, that is, just the complex numbers, so C(1) ~ C.

The appearance of this sign could be prevented by considering v? = —B(v,v)1 as the defining relation
for the Clifford algebra. Both conventions can be found in the literature.



Chapter 1. Generalized Linear Algebra 11

For n = 2, we have a four dimensional algebra over R generated by {1, ¢, eo} with

relations

e% = e% =—1 and ejey = —ey9eq

This is just the quaternions H under the identification ¢ = e;, j = es, K = ejes. Thus,
C (2) ~ H.
A

Corollary 1.3.1 (of Proposition 1.3.1) Let K = Rand h > 0. Then h- B defines a new symmetric
bilinear form on V. Let us denote by C1(V, h) the algebra generated by V an the relations

u®v+v®u=2h-B(u,v)l Yu,veV

Then CI1(V,h) ~ CIl(V).

Remark 1.3.1 If  goes to zero, then we obtain the exterior algebra of V' so that, intuitively,
we can think of CI(V') as a “deformation” of A*V. In fact, later on we will see how the
exterior product can be deformed into the Clifford product.

O

Note also, that as a consequence of Proposition 1.3.1, we can restate Corollary 1.3.1 in
more general terms:

Corollary 1.3.2 If B, and B, are symmetric bilinear forms on the K-vectors spaces Vy and Vs,
respectively, and  : Vi — V4 is a linear map such that

By (gp(u),gp(v)) = Bi(u,v), Yu,veV;

Viewing ¢ as a map into C1(Va; By), the universal property provides a (unique) homomorphism of
algebras Cl(Vy; By) — Cl(Va; Bs).

Example 1.3.3 Suppose again that (11, By) and (15, By) are two vector spaces with sym-
metric bilinear forms. Then

Cl(V1 @ Va; By @ By) ~ Cl(Vy; By) ® Cl(Vy; By)

For,let W = Vi @V, and let ¢y : Vi — W,iy : Vo — W denote the inclusion maps. Since
these maps are injective isometries they induce homomorphisms of the Clifford algebras,
which we still denote by ¢; and 4,. That is, i, : Cl(V1) — CI(W) and iy : Cl(V2) — CU(WV).

Now, let j = i; ® iy and observe that if u € V; and v € V4, then i;(u) and iy(v) are
orthogonal, and hence

iQ(U)il(U) + 11<U)ZQ<U) =0

So j: Cl(V}) ® Cl(Vy) — Cl(V; @ V3) is a morphism of super-algebras.

In fact 4, and i, are even maps and thus they preserve parity. Moreover, for a,b €
Cl(V1) and o', b’ € Cl(V,) we have that

ia(a)ir(b) = (=1)1*i1(b)ia(a")
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and hence

jla®a)j(b@b) = dii(a)iz(a’)ir(b)iz(V)

= D)y (a)iy (b)iz(a)ia (V)
)
)l

(=

= (=Dl (ab)iy(a')

— (=)W (ab ® a'D')
j((— )‘“H“ab@ab/)
J

(a®ad -bR)

To see j is an isomorphism we exhibit its inverse. Let k : V; @ Vo — Cl(V4) ® Cl(V)
be the map givenby u® v — u ® 1y, + 1y, ® v, where 1y, denotes the identity element in
Cl(V;),i=1,2. Then

E(u®v)? = (Bl(u, u) + Ba(v, v)) 1y, ® 1y,
= B ® B(u®v,u®v)leiveci(ve)

Thus, k extends to an algebra homomorphism Ci(V; ® Va) — Cl(Vy) ® Cl(V3).

Finally, an easy computation shows that the two maps we have constructed are in-
verses of each other. Their composition in both orders is the identity at the level of vectors
and so is the identity map.

Indeed, for u € V; and v € V5 we have that

koju®uv) = k(il(u)ig(v)>
E(u@®0)-k(0®v)
= (u®1ly,) - (1, ®v)
= u®u

Analogously, one can check that jo k(u @ v) = u@v.

In particular, Corollary 1.3.2 implies we have a group homomorphism
O(V:B) — Aut(CU(V; B)); g~ 3,

where § is the (unique) extension given by the universal property (1.3).

One automorphism of special interest is the so called parity automorphism which is
obtained from p : v — —v for every v € V. Since p* = 1, it follows that Cl(V) splits
as CI°(V) @ CI*(V), where CI°(V) = ker(p — 1) and CI*(V) = ker(p + 1). Moreover,
multiplication in C1(V') behaves like

Cl'(V)@CE(V) — CI'(V)
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where the indexes are taken modulo 2. As a consequence, CI(V) is naturally Z,—graded.

Remark 1.3.2 Theideal Z(V') = (v®v— B(v,v)1) is not an homogeneous ideal, so the quo-
tient 7(V)/Z(V') (which is just the Clifford algebra C'(V')) does not inherit the Z—grading
from the tensor algebra. For instance, if v € V, then v is of degree one however, v? € K has
degree zero (instead of degree two).

<
We now recall that the tensor algebra of V' has a natural filtration. If {vy,...,v,} is a
basis of V we can define )
F? = span{v;, ® ... Q@ u;; 1 < p}
Then, F' c F' < ...c T(V) and [P ® F" < F**4.
Setting F? = q¢i(F?), where q¢; : T(V) — CI(V) is the quotient map, we have that
F'cF'c...cClV) and FP.F7c FrH, (1.5)

In short, CI(V) is a filtered algebra.

Next, we observe that F* = K, F' = K@V and, in general, F” = span{v;, ... v;;1 < p}.
Thus we have a natural map V. — F'/F°. Given v € V let us denote by ¥ its image in
F'/F° through such a map.

Proposition 1.3.2 The associated graded algebra to the filtration (1.5) is the exterior algebra.

Proof. Let us define Gr' = F'/F'"!, then the associated graded algebra is
Gr(Cl(V)) = P Gr'. Now, if we consider the natural map f : V — Gr?, then the image
of v? by f is zero. On the other hand, f(v?) is just 9%, thus Gr' ~ A'V.

Since A'V generates the whole exterior algebra, it follows that the associated graded
algebra of CI(V') is isomorphic to A*V. Moreover, Gr? ~ APV O

To summarize, Gr(CI(V)) comes with a linear map V — F'/F° and all elements in
the image square to zero. Thus, the universal property of the exterior algebra gives an
algebra homomorphism of A*V into Gr(CI(V)) (x).

Also, we observe that we can associate to each v € V' two linear endomorphisms of
A*V. Namely, the exterior product A, : AP~V — APV and the interior product ¢, : A? —
A1 given by v, A ... A, 2(—1)”'“B(v,vij)vil A ... AT A...Av;,. Both maps
square to zero and A, o ¢, + t, © A\, = B(v,v) - Id. Thus, the map ¢ : v — A, + ¢, of V into
End(A*V) satisfies (¢(v))? = B(v,v)1. By the universal property (Proposition 1.3), this
gives an algebra homomorphism ¢ : CI(V) — End(A®V).

Furthermore, the map o : v — (¢(v))(1), 1 € K = A°V, which is known in literature as
the symbol map, induces an isomorphism of graded super-algebras Gr(CI(V)) — A°V.

In particular, Clifford multiplication between v € V and a € CI(V') can be written as

VA =VANGa+ L,a

so that [v,a] = 2u,a = 2B(v,a) defines a super Lie algebra structure in the vector space
F'=KaV.
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Remark 1.3.3 As a consequence, if B is non-degenerate, then the super-center of C/(V; B)
consists precisely of the scalars K.

O

To conclude, we give another proof for Proposition 1.3.2 by means of the following
Lemma:

Lemma 1.3.1 The symbol map is an isomorphism of filtered super vector spaces.

Proof. Let {e1,...,e,} be an orthogonal basis of V and I = (i1, ..., i) an ordered subset
of {1,...,n},ie., suchthat 1 <i; < ... < i, < n. Denoting by e; the producte;, ...e;,, as
I ranges over all ordered subsets, the e; form a basis of CI(V).

Now, if we compute (P(er))(1), then all the interior products vanish:

oler)(1) = Pley) .. pleq,)(1)

= Aoy oA, (1)
= € N ... NE
Thus, o(e;, ...€;,) = €, A ... A€, for all possible multi-index I = (iy, ..., 1), which

form a basis of A*V.
In particular, if v € Gr?, then o(v) € APV
O

Therefore, the associated graded map is an isomorphism of graded super vector spaces.
To see that it is compatible with the products we must show that for x € Gr” and y € Gr?
we have that o(zy) — o(x)o(y) € AP*7'V. But this follows from the fact that

o(viy ... v,) =vi, A ... Avy,  mod APV

ie., 00qe : ®V — AV coincides with ¢, : @V — AV up to lower order terms, where
qgor : T(V) = Cl(V)and g, : T(V) — A°V are the quotient maps.

The inverse map of the symbol map, which we denote by ¢, is called the quantization
map and the associated graded map coincides with the map in ().

1.3.1 The Spin Group

In the next paragraphs we will turn our attention to the Lie algebra ¢(A*V). Our
aim is to relate the quadratic elements of the Clifford algebra C(V; B) to the Lie algebra
so(V; B).

We have seen that associated to each vector v € V we have a derivation of CI(V; B)
given by super commutator: a — [v, a]. Furthermore, for generators this agrees with the
contraction by 2B8(wv, -).
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By contrast, we know that if « € F* and b € F, then their super commutator is com-
puted as follows B o
[a,b] = ab— (—1)7ba € F'*I~2

and, particularly, F* is closed under taking the bracket [, -].

Now, the quantization map restricts to an O(V')—equivariant map A*V — F?, so that
the elements g(a),« € A*V span a Lie subalgebra of Ci(V; B).

Moreover, for each such « the map A, : V' — V given by v — [¢(a), v] defines an
element A, € so(V; B) and we have a morphism of Lie algebras:

AV —s50(V;B), aw— A, (1.6)

The bracket in A*V is given by {«, 8} = L4, 8 = [¢(), 5]
Remark 1.3.4 If B is non-degenerate, then the map o — A, is an isomorphism.
<

Example 1.3.4 We know that the so(n) consists of n x n real antisymmetric matrices and a
basis for these is given by

Aij=Eij — E;i (i <))
for i < j, where E;; is the matrix whose unique non zero entry is the ij. Such matrices
satisfy the following commutation relations:

[Aij, Ar] = —0aArj + 0 Ay — 050 Ai + 0 Au (1.7)

Now, the generators e; of the Clifford algebra C'(n) are such that e;e; + eje; = —26;;and we

L 1 . . .
can use these relations in order to show that 56t verify analogous commutation relations

as above in (1.7)
In particular, the vector space spanned by the quadratic elements in C'(n) of the form
eiej, 1 < j, as a Lie algebra, is isomorphic to so(n).

A

Definition 1.3.2 The Spin group, denoted by Spin(V)) < CI(V)*, is the group obtained by
exponentiating the quadratic elements of the Clifford algebra.

Equivalently, one can define Spin(V) in terms of the invertible elements of CI(V)
which are even and that leave V' invariant under conjugation. Our goal is to show that
we have a homomorphism Spin(V) — SO(V') whose kernel is central with order 2.

From now on, let us assume that B is non-degenerate. Since V' can be thought of as a
subspace of C1(V), it makes sense to consider the so called Clifford Group

L(V)={aeClV)pla)Vat =V},

where p : C1(V') — CI(V') denotes the parity automorphism. Thus, the Clifford group has
a natural representation ® : ['(V) — GL(V) given by a +— ®, : v — p(a)va™'. Such repre-
sentation, which is known in literature as twisted adjoint representation, takes values in
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O(V') and defines an exact sequence
15K >T(V) - O(V) -1
Moreover, the elements of I'(V) are all products
a=v...0, (1.8)

where all the vy, . . ., v;, are non-isotropic and the corresponding element in O(V') is a prod-
uct of reflections R,, ... R,,. In particular, every element in the Clifford group has a defi-
nite parity.

In fact, if v € V, then p(v) = —v. Furthermore, if v is non-isotropic, then it is invertible
in CI(V), withv™! = " Hence, for all w € V we have that

B(v,v)

B(v,w) ;
B(v,v)

P =w—2

b, (w) = —vwv~

That is, ®, is the reflection through the hyperplane orthogonal to v, which we will denote
by R,. This proves that whenever a is of the form (1.8), then ®, = R,, ... R,,.

Now, the Cartan-Dieudonné theorem says that any map A € O(V) is a product of re-
flections, A = R,, ... R,,, which implies the map v — ®, has O(V) as its image and I'(V)
is generated by non-isotropic vectors in V.

Next, we observe that C(V') inherits the canonical anti-automorphism from the tensor
algebra. Namely, if v = v; @ 1y ® ... ® vy € T*(V), then the map v — v’, given by

UT£Uk®...®U2®Ul

is an anti-automorphism of 7 (V') which preserves the ideal Z(V"). Hence, it induces a well
defined anti-automorphism on C1(V) which we will also denote by v — v” and refer to
as transposition.

Thus, since every a € I'(V) can be written in the form (1.8), it follows that a’a € K*.
This defines the norm homomorphism N : a — a’a, which is a group morphism and has
the property that N(ta) = t*N(a) for every t e K* and a € I'(V).

Remark 1.3.5 Note that if v € V, then N(v) = B(v,v).
O

Remark 1.3.6 Note also, that for an even element a € T'(V) we have that ®,(v) = ava™".

So, if we take the derivative, we obtain a derivation of the Clifford algebra given by

¢a(v) = [a, v]

Proposition 1.3.3 The Spin group is the intersection of the kernel of the norm homomorphism
and those elements in the Clifford group which are even.
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Proof. 1tis sufficient to show that the Lie algebra of such group is y(so(V')), where v = go),
q denotes the quantization map and A : so(V) — A®V is the inverse of the isomorphism
given in (1.6).

By definition, for A € so(V') we have that A(v) = [y(A), v] for every v € V. Thus,

exp(A)(v) = exp(Pqa))v
and using the identity exzp(x) - y - exp(—x) = exp(ad(x))y, we obtain
exp(A)(v) = e/ Wye 7AW

Since the left hand side lies in V/, it follows that ¢”Y) € T'(V) and such element is even.
Moreover, since v(A)T = —y(A) we have that (e7™)T = ¢77™) and therefore, N(e?¥) =
1. That is, exzp(v(A)) € Spin(V).

[

The normalization N(a) = 1 gives a € I'(V) up to a sign, so we have an exact sequence
1 — Zy — Spin(V) - SO(V)

We see that given a non-isotropic vector v, then R;, = R, for any non-zero scalar ¢t € K
so one should be able to normalize any a € I'(V) so that N(a) = 1. But the equation t* = a
may or may not be solvable in the field K. Therefore, a sufficient condition for surjectivity
Spin(V) — SO(V) is that every element in K admits a square root. In this case,

Spin(V) ={vy...v.Jv; € V,B(v;,v;) =1 and r iseven}

Remark 1.3.7 If in V' we have non-zero isotropic vectors, then the condition that the equa-
tion t* = a is always solvable in K is also a necessary condition.

O

Remark 1.3.8 If K = R, the Spin group is sometimes defined using the weaker condition
N(a) = £1 so that the map Spin(V) — SO(V') is surjective.

1.3.2 The Clifford Product

Finally, we end this section by showing how the exterior product can be deformed into
the Clifford product. We shall assume that the field K has characteristic zero, e.g., K = R.
Let £ = {e1,...,e,} be an orthogonal basis of V. Then, B(e;,e;) = —e¢;0;; for some

e; € K. Also, let us consider the following operator in A*V @ A*V: B = Z e’ ®e', where
1=1
(as usual) {¢', ..., e"} denotes the dual basis of £.
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Lemma 1.3.2 Setting B; = e;¢' ® ¢!, for every 1 < i < n, we have that [B;, B;] = 0 and hence
exp(B) = Hexp(Bi).

1

Next, we define the following product over A*V:
1 AV @AY PR AV @AY T ATy
where m, (a ® ) = a A [ is the usual exterior product.

Proposition 1.3.4 The product ju is associative.

Proof. We begin by observing that for each 1 < i < n we have that exp(B;) = id + B;.
Next, we show that

p(p @id) = pid @ p) (1.9)

A

Firstly, let us denote by 4, the composition m . o exp(B;). Then, on the one hand,

il ®id) = (ma +mnoB)((mn +m, o B;)®id)
— m(m, ®id) + m, o Bi(m, ®id) + m,(m, o B;®id) + m, o Bi(m, o B; ® id)
(1.10)
= my(m,®id) +m, o R(mA ®id) +m,(m, o B; ® id) (1.11)

and on the other hand,
pi(id Q@ p;) = mA(id®m,) +m, o Bi(id®mA) +m(id®m, o Bl) (1.12)

Note that the last term in (1.10) was dropped out because each ¢’ acts by contraction
and thus B; = ¢,¢' ® e squares to zero.
Now, the expression in (1.11) can be written as

ma(m, ®id) (id@id@id + €i<(ei ®id + id ® €') ®ei> +eet®e' ®id>

[

"

A

and, analogously, the expression in (1.12) is equivalent to

mA(id®my,) (id@id@id+€i<ei®(ei®id~l—id®ei)> +5,~id®ei®ei>

[

B
Thus, since A = B and the product m, is associative, i.e., m,(m, ®id) = m,(id®@m,), it
follows that p;(p; ® id) = p;(1d & ;).
Furthermore, if we compute y; o exp(B;) (ui cexp(B;)® z‘d) , with i # j, then we obtain
the following

A

pi(pi @ id) + ,giBj (1 ®id) + pi(p: @ id)(B; ® id) (1.13)

/

N
*
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Yet, the expression = is equivalent to
M (m, ®id) lq@é@hﬂﬁd@éﬂ3&>+
+ €j€i<(eiej®id+ej®ei+ei®ej +id®eiej)®eiej) +
+ €j5i<(ejei®ei + e ®ele) ®ej>
+ gidd @€ @id + gje; <(eiej ®e +e ®e'e!)® ei> +ejee'ed ®e'ed @id

which, in turn, is equivalent to y; B; (id ® ;) + 11 (id ® p;)(id ® B;). Thus, by checking
that p; o exp(B )(zd ® piexp(B; )> equals to

piid @ p) + a3 (id @ pi) + puiid ® i) (id ® By)

"~
sk

it follows that
pi o exp(By) (i o eap(By) @id) = i o exp(By) (id @ peap(By)) Vi #

were we have used the associativity of each p;. In other words, the expressions * and =+
are equal.

Note that, in order to show the equality between * and =+, what we have used, essen-
tially, is that forall 1 < ¢,j <n

ej,u,- = ,uz-(ej®id+id®ej)

So, similar to the associativity of 1, we can prove that p o) = p; o GI'p(BQ) is also associa-
tive. Therefore, if we define ji(;) = m, 1_[ exp(B;) and we proceed inductively over k, we
i<k
conclude that the equality in (1.10) is valid.
In short, we have the following commutative diagram

AV @AYV @AY D) pey @ ney @AY B Ay @AY (114)
ea:p(B)@idl exp(B)
AV@AV @AV AV @AV
mA ®idl ij
AV @AV : AV @AV _ AV
cop(B) )

Moreover,
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Proposition 1.3.5 The product 1 satisfies the Clifford relations.

A

Proof. We first compute exp(B)(e, ® ¢;), with 1 < k, 1 < n:

2
— (id+ B)(exQe;)
= Qe+ ZE‘(%@@)

R . B2
exp(B)(ex ®e) = (id+ B+ — +.. .)(ek®el)

= e, ®e — Zéi@k ® 0y

Hence, u(ep ®e;) = ex A e — Zaiékl and, therefore, pi(ex ® ¢;) + ple;®ex) = 2B(eg, e;). O

(2

At last,
Proposition 1.3.6 The “deformed” exterior algebra is generated by V.

Proof. This follows from the following fact. If a = ¢;; A ... Ae;, and = e, A ... A ey, are
forms such that the sets {i,} and {j,,} are disjoint, then

Wa®B) = a B
O]

In particular, under the quantization map, the Clifford product and the “deformed”
exterior product coincide. That is,

A

mero (@®q) = qom, oexp(B)

Remark 1.3.9 Note that in the real case, if we had chosen B = F - E’, where h > 0, then we
could have considered a product ji given by m, o exp(B). Now, Corollary 1.3.1 implies
that the algebras (A*, ) and (A®, fi) would be isomorphic. Thus, we can think of a family
of parametrized products, i(h) = m, o exp(h - B), such that me; o (¢® q) = q o u(h). Yet,

if h > 0, then pu(h) — m,.

1.4 The Geometry of £ ® I~

In this section FE is a real vector space of dimension m and E* denotes its dual space.
In the space E @ E* we can consider the natural symmetric bilinear form given by

1

ey em =g (sm o) =50 9] o) (7).
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where X,Y € E and {,n € E*. Such a pairing is non-degenerate and have signature
(m,m). Therefore, setting V' = E@® E* and B = (-, -) the results we developed in Section
2.3 apply here.

Note that both £ and £* are null under the pairing (-, -) and since dim(E) =dim(E*) =
m these are examples of maximally isotropic subspaces. Our goal in this section is to
describe the maximal isotropic subspaces of £ @ E* using pure spinors.

Note also that the highest exterior power of £ ® E* can be decomposed as follows

det(E @ E*) = det(E) ® det(E™).
Moreover, there is a natural pairing between A*V* and A"V given by
(0%, u) = det(v](u;))ij,

where v* = vf A ... Avf e A"V and u = uy A ... A up € AFV. Thus, det(E ® E*) ~ R. The
number 1 € R then defines a canonical orientation on £ @ E* and the symmetry group of
E @ E* naturally reduces to SO(E ® E*) ~ SO(m,m).
Now, since we can identify £ @ E* with its dual space, the Lie algebra of SO(E ® E*)
is
so(E®E*) = {D|D = -D*} ~ A>(E® E*) ~ N*E ® End(E) ® A*E*

In particular, any element D € so(E @ E*) can be written as

A B
D:(B A*)’

where A € End(E), 3 e A’E and B € A*E*.

We now present how each part of the decomposition A*E @ End(E) ® A*E* acts on
the space E & E*.
A 0
0 —A*
acts on E @ E* by exponentiation as the linear map

Given A € End(E), it corresponds to D4 = ) € so(F @ E™). Such an element

€A

0 *
exp(DA) = (0 ((eA)*)1> € SO(EG_)E )

Note that the usual symmetries of the vector space £, that is GL(E), can be regarded as
part of the group SO(E @ E*). For the map

e (5 <T9>1)

is an injection of GL(E) into SO(E @ E*).
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Next, let us consider a 2-form B € A*E*. Then B corresponds to the element

Dgp = (g 8) € s0(E @ E*), which acts on E @ E* as the linear map

¢B = exp(Dy) = (é (1)) e SO(E® E*) (1.15)

X . X
5 §+ LxB ’
forevery X € Fand € € E*.

In short, any 2-form B € A’E* gives rise to a linear transformation which preserves
the projection 7 onto F, i.e., mg o e? = 1. In fact, these are the unique elements of
SO(E @ E*) satisfying this property.

More explicitly, this is the map

Proposition 1.4.1 If T' € SO(E@E*) preserves the projection onto E, then there exists B € A*E*
such that T = €®.

Proof. Since T preserves m, it follows that T(X +§) = X + (15 X + T%¢) for some linear
maps 15 : E — E* and Ty, : E* — E¥, that s,

1 0
T = .
(T21 Tzz)

0={(TO+&),T(X+0))—<0+&X+0)= (T —&)(X) VXeEVEeE*

Now, since 7" is orthogonal,

and hence T5, = id. Moreover,
0=(T(X +0),T(Y +0)5—(X +0,Y +0) = Ty (X)(Y) + T (Y)(X) VX,Y€E

and therefore, Ty, = —T3;.
Setting B = Ty we have that T' = ¢” with B e A’E*. O

Finally, a bivector 3 € A*E corresponds to the element D = (8 g) € so(E®@EY),

which acts on £ @ E* as the linear map

e’ = exp(Ds) = <(1) f) e SO(E® E™)

Analogously to the case of 2-forms, this is the map

(0)-C4)
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for every X € E and ¢ € E*. That is, any bivector 3 € A’E gives rise to a linear transfor-
mation which preserves the projection 7+ onto E* and, similarly as above, these are the
unique elements of SO(E @ E*) satisfying this property.

Proposition 1.4.2 If T € SO(E® E*) preserves the projection onto E*, then there exists 8 € A°E
such that T = €.

The reader may observe that this has already been proved in Proposition 1.2.2.
We now turn our attention to the maximal isotropic subspaces of £ @ E*. In literature,
such subspaces are also called linear Dirac structures.

Example 1.4.1

(i) E and E* are clearly maximally isotropic.

(ii) Also, given I a subspace of E, we have that I’ ® F” is a linear Dirac structure since
it is obviously isotropic and dim(F°) = m—dim(F).

(iii) Yet, the set ¢ - E* = {13 + £|¢ € E*} is maximally isotropic for every 3 € A*E and
similarly, for any B € A°’E* the set ¢” - E = {X + 1xB|X € E} is a maximal isotropic
subspace of £ @ E*.

A

Further, given any subspace F' = E and ¢ € A’F*, if j : F — E denotes the inclusion,
then
L(Fie) ={X + e F® E*|j"¢ = 1xe}

is maximally isotropic. If X +£, Y +n e L(F,¢), then2(X+&, Y +n) = (Y, X)+¢(X,Y) =0
and it follows that L(F,¢) is isotropic. Now, the graph {X + txe|X € F} has dimen-
sion equals dim(F') and there are dim(E™)—dim(F™*) = dim(£)—dim(F') possibilities for
choosing ¢ € E* such that j*¢ = tx¢, thus L(F, ¢) is maximal.

Note that if ¢ = 0, then L(F,0) = F @ F°. Yet, L(E,0) = E, L({0},0) = E* and in
general:

Proposition 1.4.3 Every maximal isotropic subspace of E ® E* is of the form L(F,¢), for some
F c Eand e e N°E*.

Proof. Let L ¢ E®E™ be maximally isotropic. Setting /' = 75(L) we have that LnE* = F*°
and we can define ¢ : F — F* by X — 7« (7' (X) n L). In other words, if X € F, then
there exists £ € E* such that X + £ € L and we define ¢(X) = [{] € E*/F° ~ F™.

Note that ¢(X) is well defined for every X € F. If {, n € ¢(X), then X + {, X +ne L
and hence £ — n € L. Now, if Y € F, then there exists ( € E* such that Y + ( € L and
therefore 0 = 2({ —n,Y + () = &(Y) — n(Y), thatis, £ —n e F°.

By construction, every element of L can be written as X + txe + £, with £ € F°. Thus,
L c L(F,e) and since L is maximal we have equality. O

The next result tells us that any maximal isotropic subspace of E @ E* can be seen as
an action of a 2-form B € A’E* on L(F,0), for some subspace F c E.
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Proposition 1.4.4 Let D < E,0 € A>D* and B € A*E*. Then
¢"(L(D,0)) = L(D,0 + j*B),
where j : D — E denotes the inclusion.

Thus, if L ¢ E @ E* is any maximal isotropic subspace, then L = L(F|¢), for some
F c Fand ¢ € A*F*. Taking B € A*E* such that j* B = ¢ we have that L = ¢ L(F,0). The
proof of the above proposition is straightforward.

1.4.1 Spinors

Recall (Section 1.3) for a general (real) vector space W with a non-degenerate symmet-
ric bilinear form b its Clifford algebra is the associative unital algebra generated by the
elements of W satisfying the relation

ww' + w'w = 2b(w, w')1

Plus, one can easily see that as a vector space CI(W) is isomorphic to A*(WW). In fact,
if {wy, ..., w,} is an orthonormal basis of IV, then any element of C{(W) is a linear com-
bination of finite strings w;, w;, . . ..

Now, using the relations w;,w; = —wjw;, those strings can be put into a form where
iy < iy < .... Yet, since w? = 1, we conclude, just as for the exterior algebra, the 2"
elements below form a basis of C1(WW).

1
w;

WiW3g ... Wy

We now specialize to the case W = E® E* and b = (-, -).
Let us consider the following natural action of £ @ E* on the exterior algebra A*E*.
Given X + € E® E* and p e A°E*, let

X+ -p=wxp+&np (1.16)
Next, we observe that this action satisfies

(X482 p = ix(xp+Enp)+En (xp+Enp)
= (x)p—Enixp+Enixp
= (X +§X+0p
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that is, € - p = {e,e)p for every ¢ € E @ E* and p € A°E*. Since this is the
defining relation of the Clifford algebra CI(E @ E*), it follows that we have a representa-
tion

ClE®E™) — End(A®*E*). Moreover, such representation is both faithful and irreducible.

Remark 1.4.1If A is an associative algebra with an irreducible representation acting on it
and its center consists of the algebra of scalars K, then by Wedderburn’s theorem, A is the
algebra of all endomorphisms of the vector space in question.

O

Remark 1.4.2 From the discussion in the beginning of this section we already knew that
dim(CI(E ® E*)) = 2™ = (2™)? = dim(End(A°E*)).

O

In another view, if ) denotes the associated quadratic form to the pairing (-, -), then
@ vanishes on any L ¢ F @ E* maximal isotropic subspace. Therefore the subalgebra
of CI(E @ E*) generated by L is naturally isomorphic to A°L. Since E* is maximally
isotropic, it follows that S = A®*E* is naturally embedded in CI(E @ E*). The space S will
be called the space of spinors.

Now, let us choose an orthonormal basis of £ @ E*, say {e; + et em e}

Proposition 1.4.5 There exists a volume form w € CI(E ® E*) such that w* = 1 and thus S
splits in ST ®S~, where S* = ker(w £ 1). Furthermore, such splitting corresponds to A°*" E* @
AOddE*.

Proof. Define

m(m—1)

w= (=12 (e1—e€') ... (em—e™)(er +e') ... (em +e™) (1.17)

Then w = w;...w,, where w; = (e; — ¢')(e; + ¢') and 1 < i < m. Next, note that each
w; squared equals one, thus w? = 1 follows easily. Moreover, w; = 1 — 2¢te; for every
1<t <m.

Finally, we claim that w anti-commutes with elements of both £ and £* and also w-1 =
1. This implies the splitting S™ @ S~ corresponds to A" E* @ A,

We observe that since each w; is of even degree it is sufficient to check that w;e; = —e;w;
and, analogously, w;e’ = —e'w;. In fact we have that each w; commutes with both e; and
e’ for j # i. O

Remark 1.4.3 The volume form defined in (1.17) is such that wa = (—1)P« for every a €
APE*.

O

Remark 1.4.4 Note thatif &, + é',...,é,, +é™is any other orthonormal basis of £ @ E*,
then &, + &' = Zgijej + ¢/, where G = (g;;) € SO(E ® E*). Therefore,

J

(61— . (Em—E™)(E1+EY) ... (Ent+e™) = (det(Q))(er—€) ... (em—e™)(er+e") ... (em+e™)
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and w does not depend on the choice of a basis.

The spaces S and S~ are both irreducible representations of the spin group
Spin(E® E*) = {v;...v.|Jv;e E® E* {v;,v;)y =+1 and r iseven}
which is a double cover of SO(E @ E*) via the homomorphism

®: Spin(E® E*) — SO(E@® E¥)

g — ®(g):ve— gug !

By taking the derivative it induces a morphism on Lie algebras
d.® : spin(E @ E*) — so(E® E™)

given by d.®(a)(v) = [a,v].

Pure Spinors

Our goal in this section is to associate to each maximally isotropic subspace of £ @ E*
a spinor (up to a non-zero scalar). Throughout, let us denote by M (as in Section 2.3) the
set of maximally isotropic subspaces of £ @ E*.

Next, let p € S be a non-zero spinor and define its null space as

L2 {X +£c EQES(X +6)-p=0)

In other words, consider the space of vectors in £ @ E* which annihilate p under the
action CI(E @ E*) — End(S).
Note that L, depends equivariantly on p under the spin representation. That is,

Ly, = (I)(g)Lp

for every g € Spin(E@®@E™), where ® : Spin(E®@E*) — SO(E@E™) as above. In particular,
Ly, = L, for every A € R*. Moreover,

Proposition 1.4.6 Given p € S\{0} its null space, L, is an isotropic subspace.
Proof. Leta = X +£eb =Y + nbeelementin L,. Since E® E* — CI(E @ E*), we have
1
that {(a,b) = §(ab + ba). Hence,
{la,byp =0={a,by =0
U

Definition 1.4.1 A spinor p € S\{0} is called pure if, and only if, its null space is maximally
isotropic.
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Example 1.4.2If p =e¢' A ... A €™, then L, = E* and p is pure.

Example 1.4.3If p = 1 € A°V*, then L, = V and p is pure.
A

Finally, we prove that “lines” of pure spinors are in one-to-one correspondence with
linear Dirac structures on £ @ E*.

Proposition 1.4.7 Given L < E ® E* a maximally isotropic subspace, there exists a pure spinor
p such that L, = L.

Proof. Proposition 1.4.3 tells us that L = L(F,¢) for some F' = E and ¢ € A*E*. So, let us
choose 01, . . ., 05, such that they form abasiso f £° and B € A?E* such that j*B = ¢, where
j : F — E denotes the inclusion. Then, p = e %0, A ... A 0 is pure and L, = L(F,¢).

In fact, for X + £ € L(F,0) one finds that

(X+E) Q=00+ Aw=0,

where 2 = 6; A ... A 0. Hence, by maximality, L(F,0) = Lg. Now, if we pick B €
A’E* such that j*B = ¢, then L(F,c) = exp(—B)L(F,0) (Proposition 1.4.4). Finally, by
equivariance,

L(F,e) = exp(—B)L(F,0) = exp(—B)Lq = L,

where p = ¢% A Q. O

In short, the representation of the Clifford group I'(E @ E*) on the spinor space S
restricts to a transitive action on the set of pure spinors, which we will denote by S,,. The
map S, — M given by p — L, is a Spin(E @ E*)—equivariant surjection and has fibers
R*.

A Bilinear pairing on spinors

We now present a canonical bilinear form on & which behaves well under the spin
representation.

To begin with, notice that the exterior algebras A*E and A®*E* are naturally subalge-
bras of CI(E @ E*). So, in particular, we can apply the transposition anti-automorphism
to elements in both A*E and A*E*. Moreover, det(E) = A™E is a distinguished line in the
Clifford algebra since it is a minimal (left) ideal and therefore

CIE® E*) - det(E) = CI(E ® E*)

Once we choose a generator f € det(E) every element of the ideal has a unique rep-
resentation pf, where p € S. So the action of the Clifford algebra on the space of spinors
satisfies

(@(@)p)f = apf, aeCUEDE)

where ¢ : Spin(E ® E*) - SO(E @ E*).
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Definition 1.4.2 We define the following bilinear form (-, ) : A*E* ® A*E* — det(E™) given by
(057 6) = [aT N ﬁ]topu
where (-], indicates taking only the top degree part of the form.

Such pairing is used in the Proposition 1.4.8 below to classify whether or not linear
Dirac structures intersect.
Now, we can express (-, -) using any generator f € det(E) as follows

(@, 8) = (e, B)f
= (" A B)f
= fra'Bf
= (af)'Bf

Hence, (v - «,3) = (a,v" - 8). From this, it follows that (v - a,v - ) = (v,v)(a, B) for any
v=X+¢e E@E*. Consequently, (¢-a,g- ) = £(a, ) for any g € Spin(E @ E*).

Proposition 1.4.8 Given maximally isotropic subspaces L and L' they satisfy the condition L
L' = {0} if, and only if, their associated pure spinors representatives p and p' (resp.) satisfy
(p. p') # 0.

Proof. First, let us assume that (p,p’) # 0 and, by contradiction, there exists 0 # a =
X+&eLnL. Then a-p=0anda-p = 0, which imply a - (p,p’) = 0 as well. This
means we can write p = £ A 0 and p' = £ A 6, and thus computing (p, p’) gives us zero, a
contradiction.

For the converse, we begin by observing that SO(E @ E*) acts transitively over M, the
set of maximally isotropic subspaces. Thus, for all L’ there exists g € Spin(E @ E*) such
that L' = ®(g)E*. Now, L n L' = {0} implies (¢ ')L n E* = 0 and therefore

0 (p,p)

In fact, writing p = exp” A Q (as in Proposition 1.4.7) and computing (p,e* A ... A €™)

we see that this form is zero if £ > 0 and equal to +e' A ... A e™ # 0if k = 0. On the
other hand, Q2 spans (7(L,))” (proof of Proposition 1.4.3), so such pairing is non-zero if,
and only if, (WE(Lp))O = {0}. But, L, n E* = (WE(Lp>)O, which is a trivial intersection by
hypothesis.

Finally, to conclude, we observe that the pairing (-, -) is Spin(E @ E*) equivariant up
to a sign. [

1.4.2 Linear Generalized Complex Structures

One of the aims of the next chapter is to introduce Generalized Complex Geometry. In
order to do so we first start with the linear case £ @ E* and then extend to TM @ T*M,
where M is a smooth manifold of dimension m.



Chapter 1. Generalized Linear Algebra 29

Definition 1.4.3 A linear generalized complex structure (LGCS) on E is an endomorphism J
of E @ E* such that it is both complex and symplectic, that is, 7°> = —Id and J* = —J.

Proposition 1.4.9 Equivalently, a LGCS on E is a complex structure on E'@® E* which is orthog-
onal with respect to the natural pairing.

Proof. Straightforward. O

Interestingly, the usual concepts of complex and symplectic structures on E are con-
tained in the notion of a linear generalized complex structure as follows:

Example 1.44 Let J : E — E be a complex structure on E and w € A*E* a symplectic
form. Then the following transformations are linear generalized complex structures on £

_ -1

Example 1.4.5If 7 is a linear generalized complex structure on £ and A € O(E @ E%),
then Ao J oA ! isalsoa LGCS on E. In particular, if B € A’E*, then exp(B) o J cexp(—B)
is a LGCS.

A

A

Proposition 1.4.10 The vector space E admits a linear generalized complex structure if, and only
if, it has even dimension.

The next result says that studying linear generalized complex structures on E is the
same as studying maximal isotropic subspaces in the complexification of £ & E* with
zero real index.

Proposition 1.4.11 A linear generalized complex structure on E' is equivalent to the choice of a
linear Dirac structure L on (E ® E*) ® C such that L n L = {0}.

Proof. Let J be a linear generalized complex structure on V. From the orthogonality
condition, it follows that its +i eigenspace L < (E @ E*) ® C is isotropic. Hence, L is
maximal since it is half-dimensional. Now, since L is the —i eigenspace of .7 we have
(E®E*)®C = L& L. Conversely, if L  (E® E*) ® C is a maximal isotropic subspace
such that L n L = {0}, then one can define a LGCS on E by letting L and L be the +i and
—1i eigenspaces. [
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Chapter 2

Dirac Geometry

In this chapter we are interested in studying Dirac structures, a geometrical structure
that unifies both Poisson and presymplectic geometries. For that reason, we introduce the
Courant bracket on sections of TM @1 M, where M is a smooth manifold of dimension
m, and we present the more general concept of a Courant algebroid. The Severa’s classi-
fication of exact Courant algebroids is also given. We end by describing any Lagrangian
(maximally isotropic) subbundle of an exact Courant algebroid.

2.1 Preliminaries

In this section we present some results and definitions needed throughout the chapter.

2.1.1 Lie Algebroids
We begin by presenting the notion of a Lie algebroid.

Definition 2.1.1 A Lie algebroid is a vector bundle A — M equipped with a Lie bracket [-, -] on
sections of A and a bundle map a : A — T M, called the anchor. The anchor must induce a Lie
algebra morphism I'(A) — X (M)

a([X,Y]) = [a(X),a(Y)]  VX,Y eT(A) 2.1)
and the following Leibniz rule must be satisfied:
(X, fY] = f[X, Y]+ (@X)f)Y  VX,Y eT(A) and f e C®(M) (2.2)

Thus, such notion generalizes the tangent bundle in the sense its sections act on func-
tions via the anchor map and the bracket respects the Leibniz rule under multiplication
by functions.

Example 2.1.1 A Lie algebroid over a single point and with the zero anchor is simply a
Lie algebra.

A
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Example 2.1.2 The tangent bundle is a Lie algebroid if we consider the identity map as
the anchor. Such example is called the standard algebroid.

A

Example 2.1.3 Any regular distribution D < T'M which is involutive defines a Lie al-
gebroid over M by considering the anchor map as the inclusion D < T'M and the Lie
bracket as the usual Lie bracket of vector fields.

A

Example 2.1.4 (Atiyah algebroid) Given a principal bundle G & P - M, let us consider
A = TP/G. Then, sections of A are G—invariant vector fields on P. Such space is closed
under the Lie bracket and since functions on M can be identified with G—invariant func-
tions on P we have that A — M is naturally a Lie algebroid. In this example we have a
surjective anchor dr : A — T'M which defines an exact sequence of vector bundles on M:

00— Pxgg—A—TM —0 (2.3)
where g denotes the Lie algebra of G.

A

Example 2.1.5 (Action algebroid) Let g be a Lie algebra acting on a manifold, i.e., we have
a Lie algebra morphism g — X(M), X ~ X. The trivial bundle A = g x M can be turned
into a Lie algebroid over M by considering the anchor map as (X,p) — X(p) and by
defining the bracket on sections as

e

[ 81(9) = [ap). 5(p)] + B(p) -~ alp) - 5
where sections of A are identified with maps M — g.
A

Remark 2.1.1 The concept of a Lie algebroid can be complexified and we define a complex
Lie algebroid by requiring £ to be a complex bundle and the anchora : £ - TM ® C a
complex map, satisfying complexified conditions (2.1) and (2.2).

&

Given a Lie algebroid (A — M, [, ], p), we can define a degree one derivation, called
the Lie algebroid differential, d, : (AkA*) — I (A*'A*), which is given by a formula
identical to the Cartan formula for the de Rham differential:

k
das(X1, ..., Xps1) = Z(—l)ip(X)ﬁ(Xl,...,Xi,...,XkH)+

+Z DX, X0, Xa, 0 Xy o Xy X)) (24)

1<j
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where £ € T (AkA*) and each X; is a section of A, fori = 1,...,k + 1. In particular, one
can consider the Lie algebroid cohomology.

Conversely, any Lie algebroid A — M can be characterized as a differential graded
algebra structure on I' (A*A*), which may be interpreted in the supergeometric language
as a homological vector field (also known as a ()—manifold structure) on A[1]. In this
setting I" (A® A¥) is identified with the algebra of functions on A[1].

More precisely, let A — M be a vector bundle. Given a degree one derivation
da : ST(A[1])* — S**'T(A[1])*, there exists a unique bundle map p : T['(A) — X(M)
and a unique graded skew-symmetric bilinear map [-,-] : I'(4) ® I'(4) — I'(A), satisfy-
ing the Leibniz rule, such that the graded analogue of (2.4) holds. Moreover, the Jacobi
identity is satisfied if and only if d% = 0.

In fact, if X is a section of A, we identify it with ¢x and the bracket we consider is the
derived bracket (see e.g. [9]), i.e.,

uxy1€ = [lex, dal, wrl€

The anchor map is then uniquely defined by p(X)f = [tx,da|f. Here, f € C*(M),
¢el'(A%)and X,Y € I'(A). See e.g. [10] for more details.

Example 2.1.6 (Chevalley-Eilenberg) In the particular case of a Lie algebroid over a point,
i.e., a Lie algebra, the Lie algebroid differential is the Chevalley-Eilenberg differential, which
we denote by d¢g:

dopé(X1, .o, Xppr) = D (D)X, X, X, Xy Xy X)) (25)

1<j

One can check (2.5) completely determines the Lie algebra structure, with the Jacobi iden-
tity being equivalent to d%., = 0. Note that the Lie bracket is a map A%g — g, so its dual is
amap S'(g*[1]) — S*(g*[1]) and since S*(g*[1]) is free it determines d¢p.

A

Definition 2.1.2 (Lie Bialgebroid) Let A — M be a Lie algebroid and let us assume A* also has
the structure of a Lie algebroid. We say (A, A*) is a Lie bialgebroid if the Lie algebroid differential
d 4 is a derivation of the Schouten bracket on multi-sections of A, i.e.,

dA[X, Y] = [dAX, Y] + [X, dAY]

Example 2.1.7 The most simple example is (T'M,T*M). We take the usual Lie algebroid
structure on 7'M and the trivial structure on 7% M.

A

Example 2.1.8 More interesting, if (A/,II) is a Poisson manifold (see discussion below),
then 7% M inherits a Lie algebroid structure with anchor map ¢ : 7%M — T'M as in (2.8),
which satisfies ¢ (df) = Xy, and Lie bracket on Q'(M) given by the Koszul bracket

[5777] = ‘CSOH(&)?? - ‘C<,0H(5)6 - dﬂ(faﬁ)
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A

Remark 2.1.2 In general, any Lie algebroid can be viewed as a Lie bialgebroid by consid-
ering the trivial structure on the dual bundle, i.e., the zero anchor and the zero bracket.

2.1.2 Poisson and Presymplectic Structures

As mentioned in the beginning of the chapter we are interested in studying Dirac
structures. Moreover, such concept allows us to treat two types of “degenerate” sym-
plectic geometry in a unified manner. In the next paragraphs we review these two types,
namely Poisson and presymplectic geometries. A main idea in the next section then will
be to understand both structures as certain subbundles of 7'M @ T* M given as graphs of
the maps 2.6 and 2.8 below.

Itis known that a symplectic structure on a manifold is given either by a non-degenerate
closed 2—form or by a non-degenerate Poisson bivector field. If we drop the non-degeneracy
assumption then we are led by the first approach to the notion of a presymplectic struc-
ture, as the second leads us to Poisson structures (see e.g. [6]).

If (M, w) is a symplectic manifold, that is, M is a smooth manifold and w € Q%(M) is
non-degenerate, then the bundle map

Yo TM —T*M, X — 1xw (2.6)

is an isomorphism. Thus, given any function f € C*(M) we can always consider its
associated Hamiltonian vector field, X;, which is the unique vector field satisfying the
following condition

Lx,w = df (2.7)

Moreover, we have a bilinear map on functions {-,-} : C*(M) x C*(M) — C*(M) that
measures the rate of change of a function g along the flow of the Hamiltonian vector field
of a function f:

{f,9} =w(Xy, Xy) = Eng

Such map, known as the Poisson bracket, makes the pair (C*, {-, -}) into a Poisson algebra,
i.e., {-,-} is a Lie bracket which is also compatible with the product on C* (M) via the
Leibniz rule:

{f.gh} ={f.gth +{f h}g
Now, if we consider IT € I'(A*T' M) to be the bivector field uniquely determined by

1(df,dg) = {/, 9}
then it defines a bundle map
o T*M — TM, € — i1 (2.8)

and we see that o = ().
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More generally, given a bivector field IT € T'(A*T'M) we say it is non-degenerate if the
map in (2.8) is an isomorphism. Furthermore, since

ST TINF,dg, dh) = {9}, ) + {9, ), £} + (A F}.),

the associated bracket {f, g} = II(df,dg) makes (C*(M),{:,}) into a Lie algebra if and
only if [IIII] = 0, where [-,] : T'(A’TM) @ I' (A‘TM) — T (AP**"'TM) denotes the
Schouten bracket of multivector fields.

Definition 2.1.3 A bivector field 11 € T'(A*T' M) satisfying [I1,11] = 0 is called a Poisson struc-
ture on M. A pair (M,1I), where 11 is a Poisson structure on M is a Poisson
manifold.

To sum up, we have a one-to-one correspondence between non-degenerate bivector
tields and non-degenerate 2—forms on M and a bivector field is Poisson if an only if the
corresponding 2—form is closed. Such correspondence is given by the relation

II(df,dg) = w(Xy, Xy)

Presymplectic manifolds

A 2—form on a manifold is said to be presymplectic if it is closed, but not necessarily
non-degenerate.

Definition 2.1.4 A presymplectic manifold is a manifold equipped with a presymplectic form.

Note that still makes sense considering Hamiltonian vector fields on a presymplectic
manifold (M, w) defined via (2.7) however, because of the possible degeneracy of w, we
can’t ensure every function admits a Hamiltonian vector field. For instance, consider
f € C*(M) such that df does not belong to the image of ¢, as defined in (2.6).

Example 2.1.9 On a symplectic manifold (1/, w), let us consider a submanifold . : N — M.
The 2—form *w on N is always closed, but in general it fails to be non-degenerate.

A

More generally, any presymplectic form can be represented as the pullback of a sym-
plectic form. In fact, recall we have a natural symplectic form (2 on the cotangent bun-
dle 7% M, which is given by the negative of the de Rham differential of the so called
tautological 1—form on 7™M !, Furthermore, if B is any closed 2—form, the form
Qp = Q + 7B is also a symplectic form on 7*M, where 7 : T*M — M denotes the
projection®. Indeed, one can find local coordinates such that Q2 is represented by the

'Tf  is a point on T*M (i.e., ¢ : T, M — R is linear, where p = 7(p) and 7 : T*M — M), then the value
of the tautological 1—form, 7, at ¢ is defined by 7, = 7*¢.

2This symplectic form is also sometimes referred to as the magnetic symplectic form because B has the
physical interpretation of representing a homogeneous magnetic field.
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following (constant) skew-symmetric matrix

B Id
—Id 0
which is nonsingular so that §2; is non-degenerate . Plus, the form € is obviously closed
since both €2 and B are closed and the pullback commutes with exterior differentiation.

Hence, if (M, w) is a presymplectic manifold, then w is the pullback of the form €, on
T*M by its zero section, z. That is,

w=2"Q, =2*(Q+ 7*w)

Moreover, if a presymplectic form is of constant rank, then the following result due to
Gotay holds [11].

Proposition 2.1.1 Every presymplectic manifold (M, w) (with w of constant rank) can be coisotrop-
ically embedded into a symplectic manifold. Such construction is unique up to a local symplecto-
morphism in a neighborhood of M.

For every p € M let E, be the kernel of w,, ie., £, = {X € T,M; w,(X,:) = 0}.
Now, consider the so called characteristic bundle of (M,w), which is the vector bundle
m : E — M with fibers E,, for p € M. What Gotay showed is that the total space E*
of its dual bundle carries a symplectic structure in a neighborhood U of the zero section.
Moreover, (M, w) is coisotropically embedded in (U, w) as the zero section and further, all
coisotropic embeddings of (M,w) into a symplectic manifold are neighborhood equivalent*
to this embedding.

Remark 2.1.3 A coisotropic embedding of (M,w) into a symplectic manifold (/V,(2) is an
embedding i : M — N such that ¢*Q2 = w and (M) is coisotropic as a submanifold of N.

<&

2.2 The Courant Bracket

The key ingredients for the precise definition of a Dirac structure lie in some canonical
geometrical structures that are present in the generalized tangent bundle 7'M/ @7 M. One
of these is known as the Courant bracket and we introduce it here.

We begin by recalling some known identities from the Cartan calculus that will be
useful for us later on.

As usual, throughout the text 2°(M) will denote the graded algebra of differential
forms on M and X(M) will denote the space of sections of the tangent bundle 7'}/, i.e.,
the space of vector fields on M.

3For non-degeneracy, one can also check that Q% is a volume form. This holds because Q" (7*B)"~* = 0
for every k < n and hence Qp = Q".

“Two embeddings i1 : M — (N1,1) and is : M — (N3, Qs) are said to be neighborhood equivalent
if there exist open neighborhoods U; of i;(M) in N; and a symplectomorphism ¢ : U; — Us such that
Y oip =iy
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In Q°(M) let us consider the following three endomorphisms: the exterior derivative,
the contraction by a vector field and the Lie derivative along a vector field. Also, let us
take their graded commutator.

For X,Y € X(M) we have that’

d,d] =0 (2.9)
[d,Lx] =0 (2.10)
[d.ex] = Lx (2.11)

[Lx, Ly] = Lixy (2.12)
[Lx,v] = txy (2.13)
[tx,tv] =0 (2.14)

where d is the exterior derivative, ¢x is the contraction by X and Ly is the Lie deriva-
tive along X; while [, -] indicates the graded commutator in End(2°(M)), except from
[X,Y]in (2.12) and (2.13) which denotes the Lie bracket of the vector fields X, Y.

One consequence of equation (2.9), [d, d] = 0, is that we obtain a cochain complex:

0 —> QO(M) 4, _d,Qp—l(M) _d,QP(M) 4, et 4,

and hence we can consider the de Rham cohomology “groups”:

p . Ker(d‘ o)
HdR(M> - Im(d}QjJ

Now, observe that from equation (2.13) it follows that

Lxy] = [[d, LX]y LY]

Moreover, the latter equation can be used as an alternative definition for the Lie bracket
on vector fields. The bracket [ X, Y] is the unique vector field which acts on forms in the
following way

[X>Y]'90: [[d>LX]’LY]90 V@EQ.(M)

In short, under the identification X ~ ¢x what is known in literature as a derived bracket
(see e.g. [9]) is identified with the Lie bracket. Later on we will introduce another derived
bracket on sections of T'M @ T* M instead.

Now, let X,Y e X(M) be vector fields and &, 1 € Q' (M) be 1-forms on M. Then, X + ¢
and Y + n are sections of TM @ T*M.

*Equation (2.11) is known as Cartan’s magic formula.
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Definition 2.2.1 The Courant bracket, |-, -|c, on sections of T M @ T M is defined by
[X—Ff,Y-i-?]]c = [X,Y]—Fﬁx?]—ﬁyf—%d(bxﬁ—byf) (215)

Note that on vector fields the Courant bracket reduces to the usual Lie bracket and,
on the other hand, on 1-forms it vanishes. In particular, if 7 : TM @ T*M — TM denotes
the natural projection, then

([, Ble) = [w(@), 7(B)] (2.16)

forevery o, e I'(TM @ T*M).

Now, sections of TM @T*M act on forms in M by considering on each fiber the action
given by the Spin representation 1.16 introduced in Chapter 1. Thus, one can define a
bracket on sections of 7'M @ T M by defining it through its action on Q°*(M).

Definition 2.2.2 The Dorfman bracket, |-, -|p, is given by
la, Bl - = [ld, ], 5] (2.17)
forevery p e Q*(M) and o, e '(TM @ T*M).
Lemma 2.2.1 The Dorfman bracket satisfies
[X + &Y +n]lp =[X, Y]+ Lxn — 1ydf (2.18)
Moreover, it satisfies a Leibniz rule which resembles the Jacobi identity

[, [8,7]p]p = [lev, Blp.v]p + [B, [a:.v]plp (2.19)
for every o, B and ~y sections of TM @ T™ M.

Note that the Dorfman bracket is not skew-symmetric:
(X +&6X +¢p = Lx€ —ixdl =dix§ =d( X+, X +E)

But it differs from being skew-symmetric by exact terms.
The next proposition tells us how the Courant and the Dorfman brackets are related.

Proposition 2.2.1 The Courant bracket is the skew-symmetrization of the Dorfman bracket. More-
over,

['7 ']C = [‘7 ']D - d<7 '>7 (220)
where (-, - is the natural pairing (considered fiberwise) introduced in the previous chapter, section
1.4.
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Proof. Leta = X+¢and = Y +1n be sections of M @T* M. If we compute the difference
between their Dorfman and Courant brackets, then we obtain
[, Blp — [o, Ble = Ly&—wydé + Ld(exn — &)
= d(iy€) + 5d(exn — 1v€)
= o, )
where in the second equality above we have used the Cartan’s magic formula (2.11).

Direct computation shows the Courant bracket is the skew-symmetrization of the
Dorfman bracket, i.e.,

s(ledlo—1.al0) = 3| (V14 Ln—wvae) — (614 Lye = xan )|
= XY Lan - L (e - )

= [Oé, 5]0
where in the second equality above we have used the Cartan’s magic formula (2.11) and
the skew-symmetricity of the Lie bracket of vector fields. O

Although the Courant bracket is a skew-symmetric bracket it is not a Lie bracket since
it does not satisfy the Jacobi identity. It is interesting though to measure its failure to
satisfy the Jacobi identity.

If o,  and ~y are sections of 7'M @ T M we define the Jacobiator to be the following
trilinear operator

Jac(a, B,7) = [, Ble, vle + [[B:7]es e + [[7, ale. Ble

In the next Proposition we prove the Jacobiator can be expressed as the exterior deriva-
tive of a quantity we will call Nijenhuis operator. Thus, the Courant bracket satisfy the
Jacobi identity up to an exact term.

Proposition 2.2.2 The following equality holds for sections of TM & T M

Jac(a, B,7) = d(Nij(e, B,7)), (2.21)

where

Vi 5,2) = 3 (s Blond + Blerad + ale. )

Proof. Let o, f and +y be sections of TM @ 7™M and observe that

[[ev, Ble:vle = [lo, Ble,v]p — o, Ble,7)
= [la. Blp — da, 8),7]p — [, Ble, )
= [[aa B]D’ 7]D - d<[a> ﬁ]07 7> (2-22)
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On the other hand,
1

o Blesrle = —([[a,mc,m—h,[a,ﬁ]c]p)

1
4

- ([[a,ﬁ]D,ﬂD 18, alo Ao — [, [ Blolo + [, [8, aJD]D)

Next, introducing the notation [«, 5|p = « o § for simplicity, it follows from (2.19) that

o Blenle = 3 (200 (897) ~ 280 (@on) = oo + 70 (50a)

Now, Jac(e, B,7) = [, Ble, v]e + c.p., where c.p. indicates cyclic permutations. Thus,

Jac(a, 5,7)

t(a0@on - pot@on +rot@op +

—70(6004)+BO(7004)—040(705))

i(aO(ﬁov)—SO(awH c.p-)
1

Z((Ozoﬁ) o+ c.p.)

and, therefore, using equation (2.22) above we find equality (2.21):

Jac(a, B,7)

1

| ([[a, BloAle + da, Blos ) + P)

}l <Jac(a, B,7) + 3dNij(o, B, ’Y))

]

We now describe the failure of the Courant bracket to satisfy the second Lie algebroid

(2.2) axiom.

Proposition 2.2.3 Let f € C*(M). Then the Courant bracket satisfies

[, fBle = fle, Ble + (w(a) )8 — e, Bdf (2.23)
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Proof. Leta = X +{and 8 =Y + 1, then

[, fBle = [X, Y]+ Lxfn— L&~ 3d(ex(fn) — tpvE)
= fIXY]+ (XY + fLxn+ (X [)n — fLyE — (w&)df +
_%fd(LXTI - LY§) - %((LXU - LY§)df)
= [IX+&Y +nle+ (XNHY + (X f)n— (wé)df — 5(exn — wvé)df
= fIX+&Y +nl + (XY +n) =X +&Y +ndf

as we claimed. ]

In short, again an exact term is what differs 7 : 7'M ® T*M — T M with the Courant
bracket from being a Lie algebroid.

Note that both properties (2.21) and (2.23) tells us that the Courant bracket is closely
related to the inner product (-, -). The next Proposition stresses this relationship.

Proposition 2.2.4 Differentiation of the natural pairing can be expressed in terms of the Courant
bracket as follows

W(a)<ﬁ7 7> = <[O&, B]C’ + d<aa ﬁ>7 ’7> + <B> [O'/a ’Y]C' + d<a7 ’7>> (224)

Proof. Using the notation introduced in the proof of Proposition 2.2.2 what we want to
show is that

m(@){B,7) ={ao B,7) +{(B,ao).
Leta=X+¢ =Y +nand v = Z + (, then

{aoB,y)+{B,a0y) = %(L[X,Y]C +1z7(Lxn — tyd€) + x.zm + ty (LxC — Lde))
= % <£XLYC + £XLZ77)
= Lx (% (LYC + LZW))
= ()6,
where in the second equality above we have used the formulas (2.13) and (2.14). [

In other words, in terms of the Dorfman bracket, [«, -] is a derivation of the inner
product.

Remark 2.2.1 Note that (2.19) tell us that the adjoint endomorphism [« -] is also a deriva-
tion of the Dorfman bracket itself. Thus, over each fiber we have a (left) Loday algebra.
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The fundamental properties (2.16), (2.21), (2.23) and (2.24) make (TTM@&T* M, -, ), [, -]c, ™)
into an example of a structure called a Courant algebroid as it was introduced in the pa-
per [12] by Liu-Weinstein-Xu. There, the notion of a Courant algebroid was introduced in
order to obtain a generalization of the double construction to Lie bialgebroids.

We present here, however, a simplification due to Roytenberg (see e.g. [13]) which
uses the Dorfman bracket instead. It is worth mentioning yet, that such structure first
appeared in the paper [14] by T.J. Courant.

Definition 2.2.3 (Roytenberg,[13]) A Courant algebroid is a quadruple (E, (-, ), [-, -], p) where
p: E — M is a vector bundle, (-,-) is a non-degenerate symmetric bilinear form on the fibers of
E, [-,-] is a bilinear bracket on the space I'(E) and p : E — T M which is called the anchor and
is a smooth bundle map, such that it satisfies the following properties for all a,b,c € I'(E) and
feC?(M).

(C1) [a, [b,¢]] = [[a,b], ] + [b, [a, c]]
(C2) pla)(b,¢) = ([a,b],¢) + (b, [a, c])

(C3) [a,b] + [b,a] = p*(d(a,b))

(C4) [a, fb] = fla,b] + (p(a) )b

(C5) p(la,b]) = [p(a), p(b)]

where p* : T*M — E* ~ E is the dual map. More precisely, we mean the composition ™" o p*,
where k : E — E* is the isomorphism induced by (-, ).

Sometimes, a bracket as in the definition above is referred to as a Courant bracket.

Remark 2.2.2 Axioms (iv) and (v) can be deduced from the other three axioms [15]. In
addition, condition (iii) is equivalent to the following one: [a,a] = D{a,a) for every
ael'(E), where D = 1/2(p* o d).

Remark 2.2.3 The definition of D implies it satisfies the Leibniz rule,i.e.,

D(fg) = fD(g) + D(f)g-

&

Remark 2.2.4 Note that the bracket [-, -] in the above definition is not skew-symmetric but
it satisfies the property in axiom 3. If it were skew-symmetric, then we would have a Lie
algebroid. So, in particular, maximally isotropic subbundles which are closed under the
Courant bracket gives us examples of Lie algebroids.

&

Example 2.2.1 When M is just a single point a Courant algebroid is a quadratic Lie algebra
g, i.e.,, on g we have an invariant non-degenerate symmetric bilinear form.
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A

Example 2.2.2 Let (A, A*) be a pair of Lie algebroids in duality and denote the anchor by
a and a*, respectively. Now, on £ = A @ A" let us define the following structure

(X +&Y +n) = (Y)+n(X)
[X-i—f,Y-i-ﬁ] = ([X, ]A+£§Y—LndA*X)
+ ([&,n]ax + Lxn — tydaf)

p(X +&) = a(X)+a*(§)

If (A, A¥) is a Lie bialgebroid, then (E, (-, ), [+, -], p) is a Courant algebroid.
JAN

Example 2.2.3 As a special case of the previous example recall Example 2.1.7, i.e., consider
the standard Lie algebroid 7'M and on 7*M the zero anchor and zero bracket. Then the
bracket as above reduces to the Dorfman bracket (2.18). See also Theorem 2.2.5 below.

A

Definition 2.2.4 Let H € Q% (M) be an arbitrary closed 3-form on M. Then the twisted Dorf-
man bracket, |-, -|g on I'(T'M @ T*M) is defined as

[X—Ff,Y-i-?]]Hi [X+€,Y+?7]D—Lybe

Remark 2.2.5 In the definition above we could have considered H e Q*(M). The obtained
bracket still makes sense, but one can show that Jac = 0 if and only if dH = 0.

The twisted Dorfman bracket is also a derived bracket. Recall (2.17):

[a7/3]D = [[daa']»ﬂ‘]SO

Now, for H € Q2 (M) we can consider the “differential” d;; = d + H A - which still satisfies
d3, = 0:

d%- = dy(d+HA>)
= & +dHA)+HAd-+HAH -
dH AN-—HAd-+H A d-
=0

Note, however, that dy is not of degree one and it is not a derivation, but it is still odd.
One can easily check that the twisted Dorfman bracket acts on forms as follows

[O"B]H P = [[dH,Oz-],ﬁ-]gp

More interestingly,
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Theorem 2.2.5. The twisted Dorfman bracket turns T M @ T M into a Courant algebroid with
anchor map © - TM @ T*M — TM. Such structure will be denoted by TMY) (and in the
particular case when H = 0 it will be denoted simply by TM).

Proof. We start by checking (C2) and (C3). As before, leta = X +&,5 =Y + nand
v = Z + (. For axiom (C2) we proceed as in the proof of Proposition 2.2.4. For (C3):

[X +§,X +£]H = [X,X] + Exg - Lde - LXLXH = dLXg = D<X +£,X +£>
where we have used the Cartan’s magic formula (2.11). Finally, we prove (C1):

o, Bl Al + B, [ V]ule = [[X. Y]+ Lxn — wyd§ — wyixH,v]u +
[6,[X, Z] + LxC — tzd§ — 1ztx H] g
= [[X,Y],Z] + Lixyi¢ — tzdLxn + tzdiydé + tzdiyex H +
—tzuxy1H + [V [ X, Z]] + Ly Lx( — Lytzd§ — Lytzix H +
—tx,z21dn — tx 21ty H
= [X+&[Y, 2]+ LyC—tzdn — 170y H g
= [X+&Y +nZ2+ ulu
where in the third equation above we have used the formulas (2.11),(2.12) and (2.13),
plus the fact that the Lie bracket of vector fields satisfies the Jacobi identity and also the

closeness of H.
Note that remark 2.2.2 tells us we are done. ]

Definition 2.2.5 A Courant algebroid is called exact if its underlying vector bundle fits into an
exact sequence

0—T*M 25 B TM — 0 (2.25)
where p* : T*M — E is defined by (p*§, e) = &(pe), for every & € T*M and e € I'(E).
Example 2.2.4 If i € Q3(M), then TM ") is obviously an exact Courant algebroid.
A

Note that for an exact Courant algebroid the inclusion 7*M < E is always isotropic
because

(p°€, p*n) = €(pp™n)
and pp* = 0. Moreover, axiom (3) in Definition 2.2.3 implies [£,&] = 0, for every £ € T* M.
(

More generally, |-, -]{T*M = 0. In fact, let e € ['(E) and w € Q' (M) then, for any f € I'(E),
we have that
(le; p*w] ) = ple)(p*w, [) = (p"w, e, f1)
= ple)(w, p(f)) = (W, ple, f])
= ple)(w, p(f)) = (w, [p(e), p(f)])
= ple)(w, p(f)) = ple)(w, p(f)) + (Lpeyw; p(f))
)
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where we have used in the first equality above axiom (C2) and in the third axiom (C5).

In short, [e, p*w] = p*L,()w and the result follows.

Also, such a vector bundle £ is always isomorphic to TM @ T*M by choosing an
isotropic complement of 7% M =~ kerp. In fact, if we choose any complement F' of 7% M in
E, then the map T%M — F* givenby { — (¢, ) ‘ - is an isomorphism. Now, since F™* ~ F,
we have amap ¢ : F — T*M and setting F’ to be the graph of —1¢ we have that ' is an
isotropic complement of 7 M (see Propositions 1.1.1 and 1.2.1).

In particular, if we have an exact Courant algebroid, then we can always split the
associated exact sequence (2.25).

Theorem 2.2.6 (Severa, [16]). A Courant algebroid = : E — M is exact if and only if it is
isomorphic to TMY) for some H € Q2 (M).

Proof. Let us choose an isotropic splitting

0T*M2ESTM -0

Sk S

Then we can transport the Courant structure of E to 7'M @ T*M. First, the “connection”
s : TM — E identifies E with TM @ T M with the canonical inner product (up to a 1/2
factor). If X, Y € TM and &,n € T*M, then

(sX +p*&, sY + p'n) = E(psY) + npsX) = (V) +n(X) =2X + &Y +1)
because (sX,sY) = 0 and pp* = 0. Moreover,
[sX + p*, sY + p*n] = [sX, sY] + [sX, p™n] + [p*¢, sY] (2.26)

where the second term on the right-hand side above has zero image under the anchor
map p so that it can be viewed as an element in Q'(M). Further, we can apply it on a
vector field to obtain

[sX.p*nl(Z) = ([sX,p"n],s2)
= X(p™n,sZ) — (p*n,[sX,sZ])
Xn(Z) —n([X, Z])
= 1zLxn

where we have used in the second equality above axiom (C2). Therefore, [sX, p*n] = Lx7.
Now, similarly, the third term is given by

([p*£7 5Y]7 SZ) = (’D(SK p*g) - [5Y7 p*£]7 SZ)
= 1zdiy& —17LyE

= —Lzbydf
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and so [p*¢, sY| = —iyd€. In the first equality above we have used axiom (C3) and in the
third the Cartan’s magic formula (2.11). Finally, if we look at the difference

[s(X), s(Y)] = s[X, Y] = p*H(X,Y)

and using the properties of a Courant algebroid we conclude that H € Q3(M ), thatis, H
is C*(M)—linear and completely skew-symmetric. Note that  is given by

H(X,Y) = s*[sX, sY]

Thus, the first term in (2.26) equals to [ X, Y| — tytx H. Furthermore, from the Jacobi
identity (C1) for the bracket [-,-] on E one deduces that dH = 0, which concludes the
proof.

The Courant bracket becomes

(X +&Y +n]=[X+&Y +nlu
O]

Now, let us consider how the form H changes if we change the splitting. Once a
connection s is chosen, any other one, differs from s by the graph of a 2—form. That is,
the space of connections form an affine space over Q?(M).

In fact, let B=s—s" : TM — T*M, where s, s’ : TM — E are two splittings (note that
p(s — ') = 0). If X € TM, then in the s splitting we have s(X) = X + (s — s')X. Using
the fact the two splittings are isotropic it follows that

(s =) X)X) = X +bX,),X+bX,))
= <X7 X> + <X7 b(X7 >> + <b<X7 ')7 X> + <b<X7 ')7 b(X7 )>
<X7 b(X7 )> + <b(X7 ')a X>
= 20(X,X)=0
where b(-, -) is the bilinear form induced by B and (-, -) is the natural pairing in TM®T* M.

Therefore B is skew-symmetric, i.e., B € A*(T*M).
Now, the corresponding “curvatures”, H' and H, are related simply by

H' = H + dw
Indeed, if we compute the bracket [, -] in the s’ splitting, we obtain

(X +oxw,Y + ywly = [X,Y]+ Lywyw — wyd(ixw) — yixH
= [X,Y]+ yqxyjw — tyLxw — Lyd(LXw) —wyux H
= [X,Y]+ yxyjw — tyix (H + dw)
In particular, the isomorphism classes of exact Courant algebroids are in one-to-one

correspondence with a degree-3 class in the de Rham cohomology of M, which is known
in literature as the Severa class.
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Example 2.2.5 (Anton Alekseev, [17],[18]) Let us consider the case when M = G is a
Lie group whose Lie algebra g is quadratic, i.e. we have a compatible (ad-invariant)
non-degenerate symmetric bilinear form B(-, ) on &. Then the exact Courant algebroid
structure on £ = T'G @ T*( is given on constant sections by the following

E = Gx(gdyg)
plz,y) = g-x—y-g
(@,2'),(y,¥)) = Blz,y)— B y)
(z,2) o (y,9) = ([z,y],[2",¥])

where we have trivialized both TG and TG as G x g by left translation.
Note the adjoint action of GG on itself extends to an action of G x G to G as follows

G x G_’szf(G)v (g7h> '_)LhoRgf1

where L,(g) = a- g and R,(g) = ¢ - a. Thus, the projection p : E — T'G is nothing but the
infinitesimal action g x g — X(G) on constant sections.

Moreover, also note the natural twisted bracket on E is simply the Lie bracket on the
Lie algebra g @ g.

Now, recall G' has a canonical closed 3—form, namely the Cartan 3 — form C =
B([6*,6%],6%), where 6" denotes the left-invariant Maurer-Cartan form. One can show
the Severa class of such exact Courant algebroid is precisely [C].

A

221 Symmetries of the Dorfman bracket

It is well known that the Lie bracket of (smooth) vector fields on a manifold is invariant
under diffeomorphisms. Moreover, these are the only symmetries of the tangent bundle
preserving the Lie bracket.

Lemma 2.2.2 Let (f, F') be an automorphism of the tangent bundle = : TM — M such that F
preserves the Lie bracket on vector fields. That is, the pair (f, F') makes the following diagram
commaute

Tf/[ 4 iw

Fis linear over each fiber and F ([ X,Y]) = [F(X), F(Y)].
Then F must be the differential of f.

In contrast, there are more symmetries of 7'M @ T*M which preserve the twisted
Dorfman bracket. We have an additional symmetry which we call a B—field transform.
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Example 2.2.6 Let f : M — M be a diffeomorphism. Then f € Aut(TM @ T*M) given by

f= (dof <f*0>—1)

is an orthogonal transformation such that | f f Jipoy-1m = f [, ]z So this does not give a
symmetry unless f*H = H.
Indeed, f is orthogonal:

<f(X +8), f(Y + ny = dFX) + (F) 7N, df (V) + (F) ()
= %(((f*)‘l(@)((df(i/)) + ((f*)—l(n))((df(X))>

- (e a00)

= X+&Y +n)

Moreover, since tqx)(f*) ™" = (f*)"'tx and the pullback commutes with the de Rham
differential it follows that

X+, FY + oy = FIX+EY +0lu

A

Example 2.2.7If B € Q*(M) is a 2-form on M we can view it as a map TM — T*M
and we have an automorphism (id, exp(B)) of TM @ T*M which is, fiberwise, given
by (1.15). Such an automorphism is an orthogonal transformation and it preserves the
twisted Dorfman bracket if and only if it is closed, i.e., dB = 0. Indeed in this case it
preserves the Courant bracket as well.

In fact, for X + &Y +neTM @ T*M we have that

[eB(X+£)7eB<Y+n)]H = [X+§+LXB,Y+17+LYB]H
= [X,Y]+ Lx(n+1yB) —iyd(§ +1xB) — tyixH
= [X+&Y 4+l +uxyviB+wLlxB —1ydixB
= [X+&Y +nlg +yxy)B + tyixdB
= P(X +&Y +nlu) + tyixdB
= P([X +&Y +nlu_as)

where in the third equality above we have used equation (2.13), while in the fourth, the
Cartan’s magic formula (2.11).

A

We now prove that every symmetry of the Dorfman bracket arrives in some sense
from the two given examples.

Given H € Q3 (M), let us denote by Dif f{; the subgroup of diffeomorphisms of M
preserving the cohomology class [H] € Hir(M). Then,
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Proposition 2.2.7 The group of orthogonal automorphisms of an exact Courant algebroid is a
semidirect product of Dif fim with Q2 (M) for the corresponding cohomology class [H].

Proof. We know that if p : E — M is an exact Courant algebroid, then £ ~ TM!" for
some H € Q2(M). Thus, let F be an orthogonal automorphism of TM (1) covering the
diffeomorphism f : M — M, with f*H = H. Then, F = f o exp(B), for some B € Q2 (M).
In fact, let G = f~' o F and g € C*(M), then G|, 9] = [G(a), G(gB)]r and from axiom
(C4) it follows that

G(gle, Bl + ((a)g)B) = glG(), G(B)]n + (m(G())9)G(B)
(m(G()g)G(B)

— 7=70@

E)
L
S
«Q
=

||

Thus, G is an orthogonal automorphism of TM ) which preserves the projection
T :TM @®T*M — TM and hence from Proposition 1.4.1 there exists B € Q*(M) such
that G = exp(B). Moreover, since G preserves the bracket, B must be closed. O

In particular, we have a short exact sequence

0— Q% — Sym(E) — Dif fir — 0

where Sym(E) denotes the group of symmetries of an exact Courant algebroid £ — M.

Remark 2.2.6 If we consider the Courant bracket [, -]o defined in (2.15), then we found
that the group of orthogonal automorphisms of the Courant bracket is Q% (M) x Dif f(M).

<&

2.3 Dirac Structures

So far we have seen that the Courant bracket [, -]¢ fails to be a Lie algebroid because
of exact terms involving the inner product (-, -). Our goal in this section is to determine
whether we can find a subbundle L < T'M & T*M that is closed under the Courant
bracket and isotropic as well so that the exact terms would vanish and (L, -, -]¢, 7) would
be a Lie algebroid. Such subbundles which are maximally isotropic are the so called
Dirac structures and we will see that achieving the proposed goal can be expressed by the
vanishing of an element in I'(A®L*).

Recall in Chapter 1 we have considered real linear Dirac structures (maximally isotropic
subspaces). Now, we present Dirac structures on manifolds. In what follows, we will dis-
cuss some examples of such structures and show how these, as previously stated, unifies
presymplectic and Poisson geometries.

Definition 2.3.1 A real maximally isotropic subbundle L < TM @ T*M is called an almost
Dirac structure. If in addition L is closed under the Courant bracket (see Rmk.2.3.1 below), then
we say L is integrable or a Dirac structure. Similarly, an involutive and maximally isotropic
subbundle L ¢ (TM @ T*M) ® C is called a complex Dirac structure.
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Remark 2.3.1 Note that for the integrability condition it does not matter the type of bracket
we are considering, i.e, Dorfman or Courant. Since L is assumed to be isotropic and equa-
tion (2.20) holds, that is, [«, S]lc = [a, B]p + d{«, [3), the brackets coincide on L. Further-
more, Theorem 2.26 implies that in the Definition 2.3.1 above we could have replaced
TM @ T*M by an exact Courant algebroid £ with a chosen splitting of zero curvature
(this implies the cohomology class [H ] is trivial).

Example 2.3.1

(i) From our discussion 7} is always a Dirac structure.

(ii) Note that if we split (E, [, -]n), where E is an exact Courant algebroid, then 7'M is
involutive if and only if H = 0.

(iii) Again, suppose we have a splitting (£, [, -|z), then any maximally isotropic com-
plement to 7*M is the graph of e” for some B € Q*(M). One can check that
[I'p,I'g] c I'pif and only if [TM,TM]y_q45 < TM, where I indicates the graph of
e” (see Proposition 2.2.7). Thus, I'g is a Dirac structure when and only when H = dB
(see also Example 2.3.2).

A

Remark 2.3.2 Recall from the previous section if B € Q?(M), then the so called B—field
transform e” is an orthogonal automorphism of an exact Courant algebroid whenever B
is closed. Therefore, if we apply a B—field transform on a Dirac structure, with dB = 0,
then what we obtain is another Dirac structure.

<&

Proposition 2.3.1 If L < TM @ T*M is closed under the Courant bracket, then L must either be
an isotropic subbundle, or a bundle of the type A®T™* M for some nontrivial involutive subbundle
AcTM.

Proof. Let L < TM @ T*M be involutive and let us assume L is not isotropic. Then there
exists X + ¢ € I'(L) and a point p € M such that {(X) # 0 at p. Thus, from (2.23):

[X + & f(X +9]e = [IX +& X +&e+ (X)X +8) —&(X)df  Vfe (M)

and the involutivity of L it follows that df,, € L forall f € C*(M). In particular, Ty M < L,,.
Since T,y M is isotropic, the inclusion must be proper and hence L, = A, @ T;) M, where
A, = ker(mrsa|,) : Ly — T, M. Moreover, the rank of L must be bigger than the maximal
dimension of an isotropic subbundle, which is in this case m, the dimension of M and so
L is not isotropic at every point of M. Thus, A = ker(wrsy|, ) : L — T*M is an involutive
subbundle of TM and L = A@ T* M. O

Moreover, for maximally isotropic subbundles we have the following equivalences:
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Proposition 23.2Let L < TM @& T*M be a Lagrangian subbundle.  Then the
following are equivalent:

(i) L is involutive,
(ii) Nij|, =0,
(iii) Jac|L = 0.

Proof. The equivalences (i) = (i) and (zi) = (4i7) are clear. Thus, it is sufficient to show
that (izi) implies (7). By contradiction, suppose L is not involutive, then there exists «, 5 €
I'(L) such that [, B]¢ ¢ L. The maximality of L then implies it must exist v € I'(L) such
that ([a, B]c, 7) # 0. Then, for any function f € C* (M) we have that

0 = Jac(a, B, fv)
= dNij(a, B, fv)
= Jac(a,B,7)f + Nij(a, 8,7)df
= Nij(a, 8,7)df
= [, Blo, v)df

a contradiction.

Note that second equality above follows from Proposition 2.2.2, while in the third
equality we have used the fact Nij| ; 1s tensorial (see Rmk. 2.3.3 below) and the last
equality is a consequence of axiom C2 as well L being isotropic. O

Remark 2.3.31f L « TM @ T*M is isotropic, then the restriction Nij|, is tensorial and
it belongs to the space of sections of A*L*. Thus, Proposition above tells us that the in-
tegrability condition for a Dirac structure is given by the vanishing of a 3—tensor. As
a consequence, any almost Dirac structure on a two dimensional surface is always inte-
grable.

For,let o, 8,7 e I'(L) and f € C*(M), then:

Nij(a, fB,7) = (o, [Bl.7) + cp.
= {fle, B] + p(e) fB,7) + c.p. (axiom C4)
e, Bl,v) + cp.
= [Nij(a,B,7)

Analogously, Nij(fa, 8,7) = Nij(a, 8, fv) = fNij(a, B,7).

We now give some more examples of Dirac structures.

Example 2.3.2 (Presymplectic geometry) Let w € Q*(M) be a 2—form considered as a
skew-symmetric map 7'M — T M. Then its graph

e’ = {X +ixw; X eTM}
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is a maximally isotropic subbundle whose projection to 7'M is non-degenerate. Moreover,
any maximally isotropic subbundle which has a non-degenerate projection to 7'M is a
graph of a 2—form (see Proposition 1.4.1). Now, Proposition 2.2.7 tells us e* is a Dirac
structure if and only if w is closed. In particular, presymplectic geometry can be described
by a Dirac structure.

In other words, presymplectic structures are identified with Dirac structures
L c TM & T*M satisfying the condition L n T*M = {0}. Moreover, the Lie algebroid
structure of L is isomorphic to the canonical one in 7'M.

A

Example 2.3.3 (Poisson geometry) Let Il € I'(T'M ® T'M) be a tensor field considered as a
map 7" M — TM. Then its graph

el = (Ll +¢&; e T M}

is maximally isotropic if and only if IT € ['(A*(T'M)). In this case the projection to 7% M
is non-degenerate and, conversely, any maximally isotropic subbundle which has a non-
degenerate projection to 7% M is a graph of a bivector field (see Proposition 1.4.2). One
can check that e is a Dirac structure if and only if IT is Poisson, i.e., [II, II] = 0.

In fact, since Nij ‘EH is tensorial, it suffices to check the integrability condition for sec-
tions of the form (Il + £, where { = df for some f € C*(M). The bivector II defines a
bracket on functions given by {f, g} = II(df, dg) such that

Nij(Lde + df> [/dQH + dg,thH + dh) = {{fag}vh} + {{97 h}7f} + {{h‘vf}vg}

which implies the Nijenhuis tensor vanishes on ¢ if and only if the bracket {-, -} satisfies
the Jacobi identity, i.e., if and only if I is a Poisson structure.

A

Remark 2.3.4 If E = TM@®T™* M has non-trivial cohomology class [ H ] one needs to replace
the Poisson structure II by a twisted one, i.e., such that [II, II| = —II*H (see e.g. [19]).

<&

Example 2.3.4 (Foliated geometry) Let A < T'M be a smooth distribution of constant
rank, i.e., a subbundle. Then L = A ® A® is maximally isotropic (see Example 1.4.1 in the
previous chapter, section 1.4) and since the Courant bracket vanishes on 7*M it follows
that L is involutive (with respect to the Courant bracket) if and only if A is Lie involutive,
i.e., if and only if A is integrable. Thus, in this setting, the Frobenius theorem allows us
to describe regular foliations as Dirac structures.

A

Example 2.3.5 (Complex geometry) Given an almost complex structure J on M, we can
consider its —i—eigenbundle 7%' M = TM ® C and the corresponding maximal isotropic
subbundle:

Ly=T"M@ (T M) =T M @ (T"°M)*
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The same argument used in the previous example tells us involutivity of L; implies Lie
involutivity of 7%' M and hence J is integrable®. Conversely, if .J is a complex structure
and X +¢,Y +nel'(L,), then

(X +&Y +n] =
+ Lxn — Ly§

= + 1x0n — 1y 0 eI'(Ly)
where we have used the definition of L; plus in the third equality above, the Cartan’s
magic formula (2.11), while in the fourth, the fact J is integrable.

Therefore, L is a Dirac structure if and only if J is integrable and we see that complex
geometry can be described by Dirac structures.

A

Example 2.3.6 (Cartan-Dirac, see e.g. [17],[19]) Recall Example 2.2.5. In that setting we
can define the Lagrangian subbundle

1
LG£{eazaL*aR@§(aL+aR)|Xeg}

where a” and o' denote the left and right invariant vector fields determined by a, respec-
tively. One can prove that L, is closed with respect to the twisted Dorfman bracket, with
H equals the Cartan 3—form on G. That is, computing the ordinary Courant bracket of
sections e, and e, gives us an expression that differs from e, ;) by a term in the 1—form

1
component that vanishes if we add —§B([a, bl, ).

A

Remark 2.3.5 Note that the map a — ¢, is an isomorphism to each fiber of L — G. In par-
ticular, we conclude the Lie algebroid L¢; is isomorphic to the action Lie algebroid g x G,
where the action is simply the adjoint action (see Example 2.2.5). Thus, the (twisted) cor-
responding presymplectic leaves are the connected components of the conjugacy classes
inG.

&

Example 2.3.7 We may construct other examples of Dirac structures from the observation
that Q2% (M) acts on TM @ T* M preserving both the inner product ¢, -) and the bracket
[-,]. See Remark 2.3.2.

®An almost complex structure on a manifold M is integrable if and only if the associated Nijenhuis
tensor, N : X(M) x X(M) — X(M), given by

N(X,Y) = [X,Y] + J[JX,Y] + J[X,JY] - [JX, Y]

vanishes. This happens precisely when sections of T"°M (equiv. %' M) are closed under the Lie bracket.
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2.3.1 Some Properties

We now describe the main geometrical properties Dirac structures have. Given a Dirac
structure L <« TM @ T*M on M we have seen the vector bundle L. — M inherits a
canonical Lie algebroid structure p : L — TM. Now, every Lie algebroid induces an
integrable smooth distribution called characteristic distribution (possibly of non-constant
rank) which is given by the image of the anchor map (see e.g. [14] Theorem 2.1.3). It
turns out in the case of a Lie algebroid coming from a Dirac structure, such distribution
possesses extra data: the corresponding foliation has presymplectic leaves.

In fact, L being fixed, let us denote by S, each leaf of the described foliation. Then S,
inherits a closed 2—form Q2 ,, : p(L) — p(L)*, which is defined at each z by

Qpa(2)(X,Y) = £(Y)

where XY € T,S, = p(L)|_and ¢ € T; M is such that X + ¢ € L,. The fact L is isotropic
guarantees each (2, does not depend on the choice of £ and hence it is well defined.
Closedness follows from the integrability of L.

Thus, if we regard the Dirac structure L as a (singular) presymplectic foliation {(S,, 21.0) }a
and assume connectedness of M, then

(i) L corresponds to a presymplectic structure as in Example 2.3.2 if and only if the
foliation consists of a single leaf.

(ii) L corresponds to a regular foliation as in Example 2.3.4 if and only if Q2 , = 0 for all
a.

(iii) L corresponds to a Poisson structure as in Example 2.3.3 if and only if each Q; , is
non-degenerate, i.e., a symplectic structure on S,

Moreover, one can show all the leaves of L have the same parity.

Hamiltonian vector fields

Since L is completely determined by the corresponding presymplectic foliation it be-
comes interesting to define what the Hamiltonian vector field of a function on M is, just
as in the symplectic or Poisson cases.

We say a function f € C*(M) is admissible if there exists a vector field X; on M such
that X; @ df is a section of L. Such vector field is referred to as a Hamiltonian vector field
of f. Note that a Hamiltonian of a function is not uniquely determined since we can add
any vector field tangent to the distribution L n T'M.

Now, if f and g are two admissible functions, we can define their bracket as follows

{f,9} = Xy g=dg(Xy)

and one can check {f, g} depends only on g and not on X,. In particular, the set of admis-
sible functions with the above bracket is turned into a Poisson algebra, [14].
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2.3.2 Expressing the Integrability Condition

We end our discussion on Dirac structures by describing all Lagrangian subbundles
of an exact Courant algebroid p : £ — T'M with a result that generalizes Proposition 1.2.4
in the previous chapter. Such result allows us to express the integrability condition of a
Dirac structure by means of the Levi-Civita connection on M once a Riemannian metric
is fixed.

Thus, let us choose any splitting o, so that £ = T'M @ T*M, and also fix an arbitrary
Riemannian metric g on M. Then g can be thought of as a non-generate symmetric map
TM — T*M and, similarly, the dual metric, ¢, is acting from 7™M to T'M 7 Combining
such maps we obtain an involution 7 : E — E given by X + ¢ — ¢*(§) + ¢(X, ), which
clearly when squared equals /d. Thus, E = E. ® E_, where E, = Ker(r F Id).

Proposition 2.3.3 ([14], [18]) There exists a one-to-one correspondence between maximally isotropic
subbundles L — E and sections O € I'(O(TM)).

Proof. The proof is analogous to the one of Proposition 1.2.4. First, we observe that the
restriction of the natural pairing (-,-) to E, (resp. E_) defines a positive (resp. neg-
ative) metric and (F;, E_) = 0 so that any Lagrangian subbundle of F is transversal
to £;. Hence, given L maximally isotropic, it follows that L is a graph of some map
¢ : B, — E_. It remains to check that using the splitting we can identify both F, with
T'M and ¢ uniquely corresponds to an orthogonal transformation of 7'M. Thus,

I'(L) ~ {(Id+ O)X + ((Id — O)X)*; X € X(M)} (2.27)
for some O € I'(O(TM)). O

Remark 2.3.6 Note that any graph of a map £, — E_ can be thought of as a linear com-
plement to 7'M by means of o, so if such graph is isotropic, then it is maximally isotropic.

<&

By means of expression (2.27) we now have a parametrization of any section of a
Lagrangian subbundle L — E. The next result uses such parametrization and gives us the
integrability condition for L to be a Dirac structure in terms of the Levi-Civita connection
Von M.

Proposition 2.3.4 Let L — E be any Lagrangian subbundle and O the orthogonal operator which
represents it as the set {(Id + O)X + ((Id — O)X)*}. Then L is a Dirac structure if and only if
the following property holds for every X; € X(M):

1
Z g (Oilvud_;(’))xg(l)(O)XO—(Q), Xg(3)> = —§H((Id + O)Xl, (Id + O)Xz, ([d + O)Xg)
o€ls

(2.28)

"The value of g* on a 1—form 7 is given by the Riesz representation theorem, i.e., is defined as the unique
vector field Y such thatn = ¢(Y,-)
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Proof. Recall the bracket on E is given by
zoy=|X, Y]+ Lxn—tyd§ —1yixH

where x ~ X + &,y ~ Y + n are sections of E ~ T'M @ T™* M. Thus, using the Levi-Civita
connection V, which is torsion free, we find

[X,Y] = VxY = VyX =V, 0)p(y) = Vyp(z) (2.29)
Lxn = 0,VX)+Vxn={0,VX)+ Vo (2.30)
—yd§ = diy§— Ly =(VEY) =V )€ (2.31)
—wixH = —H(X,Y,")=—-H(p(z),p(y),") (2.32)

where in Equation (2.31) we have used the Cartan’s magic formula (2.11) and the com-
patibility of V with the metric g.

Now, checking that (Vz,y) = (V¢, Y )+(VX,n)and combining Equations (2.29),(2.30),
(2.31) and (2.32) above, we conclude

ToYy = vp(:v)y - Vp(y)aj + <VZL', y> - H(p(iﬂ), p(y)a ) (233)

In short, we have rewritten the bracket in terms of the connection. Let us now use
such expression to derive the bracket between sections of L. Let [; € I'(L) fori = 1,2,3,
then

li={d+0)X;+ ((Id— O0)X,)*

and, therefore,
lioly = ([d + O) (Vp(ll)XQ — vp(lg)Xl) + ((Id — O) (vp(ll)XQ — Vp(lg)Xl) >

—I—Vp(ll)(O)Xg — VP(ZQ)(O)Xl + ( — Vp(ll)(O>X2 + VP(ZQ)(O))Q)
—29(07'V(0)X1, Xo) — H((Id + O) X1, (Id + 0)Xo, ") (2.34)

Next, our final goal is to express the 3—tensor Nij(ly,l5,l3) using what we have done
so far. Recall Proposition 2.3.2 which states its vanishing is the integrability condition for
L being a Dirac structure.

Now, observe that Nij(li,ls,13) = (I o l3,l3). Also, note the sum of the first two terms
in (2.34) belongs to L so its product with /3 vanishes.
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To conclude, {Iy o ly,l3) = (I) + (II) + (I11), where

() =

(1) =

(I1I) =

Vo) (0) Xz = (V) (0)X2)*, (Id + O) X5 + ((Id — 0) X3)*) —
<Vp(12)(O)X1 — (Vp(lg)(O)Xl)*, (Id+ O)X5+ ((Id— 0)X3)*)

(Vi) (0) X, (Id — O) X3) — g(V,1,)(O) Xz, (Id + O) X3)
—9(V,02)(0) Xy, (Id — 0) X3) + g(V ,01,)(0) X1, (Id + O) X3)

g(vp(ll)(O)X27 X3) - g(vp(ll)(O)X27 OXS) - g<vp(l1)(O)X27 XS)
—9(V1)(0) X2, 0X3) — g(V (1) (0) X1, X3) + 9(V 1) (0) X1, O X3)
+9(V12)(0) X1, X3) + 9(V,05) (0) X1, 0X3)

—QQ(O_IVp(h)(O)XQ — O‘lvp(b)(O)Xl, X3)
—29(07'V 1) (0) X1, X)

—H({Id+ 0)X1,(Id+ O)Xs, (Id+ O)X3)

Therefore, Nij(ly,12,13) = 0 if and only if (2.28) holds. O
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Chapter 3
Some Characteristic Classes

We have seen the notion of Dirac structures encompasses both Poisson and presymplectic
geometries in a natural way by considering these as graphs of bundle maps T*M — T'M
and TM — T*M, respectively. Interestingly, there are other examples of Dirac struc-
tures on exact Courant algebroids which are not necessarily projectable, either to T M or
T*M. In this chapter we are interested in the problem of classification, up to homotopy,
of Dirac structures. We use the generalized Chern-Weil map, [2], and the BRST model
for equivariant cohomology, [31, to obtain explicit characteristic forms, the cohomology
classes of which gives us homotopical invariants solving the proposed problem.

3.1 Characteristic Classes associated to Dirac Structures

We begin this final chapter by recalling Proposition 2.3.3 which establishes (once a
Riemannian metric, g, is chosen on M) a one-to-one correspondence between Lagrangian
subbundles L ¢ TM = TM @ T*M and orthogonal maps acting pointwise on 7M. The
idea is to consider such correspondence for constructing some characteristic forms, the
cohomology classes of which will give us homotopical invariants for L. In other words,
to classify L under homotopy it is enough to obtain homotopical invariants for the cor-
responding section S : M — O(TM): the homotopy class of S depends only on the
homotopy class of L.

To make it more precise, first note that any section S € I'(O(7'M)) can be viewed as an
O(n)—equivariant map, P — O(n), where P is the bundle of orthogonal frames and O(n)
acts on itself by conjugation. Moreover, if o : M — BO(n) denotes the classifying map,
then it induces a map & : P xp(,) O(n) = O(TM) — EO(n) xowm) O(n) so that we have
the following commutative diagram

P X0y O(n) —% EO(n) xom) O(n) (3.1)
M B BO(n)

In particular, (S o @)* produces a map from the equivariant cohomology of O(n) to
the cohomology of M. Consequently, if we restrict our attention to Dirac structures, we
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end up with a characteristic map from the product of the set of homotopy classes of Dirac
structures with Hp(,)(O(n)) to the cohomology ring of M. Our task now is in the next
paragraphs to make such construction explicit by means of the machinery presented in
[2] which gives us a generalization of the Chern-Weil map and also by a more geometrical
approach which will lead us to some natural and explicit secondary characteristic forms.

3.2 Generalized Chern-Weil Theory

Recall in the usual Chern-Weil theory we have a basic construction known as the
Chern-Weil homomorphism which goes from G principal bundles to the de Rham co-
homology of the base manifold by means of the choice of a connection form and further
evaluation of its curvature in the invariant polynomials of the Lie algebra to finally pro-
duce the so called curvature characteristic form. Moreover, when the group G is compact,
such construction gives us a map from the cohomology of the classifying space BG to the
de Rham cohomology ring.

We begin this section by describing the Chern-Weil homomorphism as a map from the
Weil algebra to the algebra of differential forms on the total space of the principal bundle.
This provides us with an algebraic framework for constructing characteristic classes. In
fact this can be generalized to any g—differential algebra (see Definition 3.2.1 below) and
such approach was first introduced by H. Cartan in [20].

3.2.1 g—Differential Algebras

The first step then is to introduce the notion of a g—differential algebra (or simply
g-da), the algebraic counterpart of a principal bundle.

Definition 3.2.1 Let g be a finite dimensional Lie algebra. A g-differential algebra is a graded

commutative algebra A = () A* endowed with graded derivations d*, L*, 1" of degrees 1,0, —1,
k
respectively, such that (A, d*) is a differential algebra, L* gives a representation of g in A" and,

moreover, the following graded commutation relations are satisfied

[d*,d" =0, [d" Ly] =0, [d* %] = L%

[L§7 L{}] = Lf})@Y]a [L)A(> L}é] = LJ[L}X,YP [Ll)qfa Lé] =0
where X,Y € g.

Equivalently, such structure is determined by a linear mapping X + i of g into
Der™'(A) (anti-derivations of degree —1 of A) such that if one defines the derivation L%
of degree 0 by Ly = [d*, %], then one has [LY, 1] = foy] and all other graded commu-

tation relations as above can be derived from these two.

Remark 3.2.1 Sometimes in literature a g—da is also referred to as a g—operation or an
operation of g in a dg-algebra.

'In fact a Lie algebra morphism of g into Der’(A) (derivations of degree 0 of A).
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In short, a g—differential algebra A is a dg-algebra (A, d*) with algebraic counterparts
of the Lie derivative and contraction operations for an action of the Lie algebra g.
For later purposes it is useful to consider some distinguished elements in a g—da.

Definition 3.2.2 Given any g—da, A, we say an element is horizontal if it lies in the kernel of 1’y
for every X € g, i.e., the horizontal subalgebra is ﬂ ker(i%). Similarly, we define the invariant
X

subalgebra as ﬂ ker(L%) and, finally, the basic elements are those which are both horizontal and

. . X
nvariant.

Such terminology, for some clear reasons, is inspired by the theory of differential forms
on principal bundles. Let G be a Lie group with Lie algebra g and let 7 : P — M be a
G—principal bundle. In particular,G acts freely on P and M ~ P/G. Then the projection
7 lifts to a map dn : TP — T'M and hence induces by duality an injective homomorphism
7 QM) — Q(P). The elements in the image 7*(€2()M)) denoted by Q5 (P) are called
basic differential forms on P. Moreover, we say a tangent vector to P is vertical if it lies
in the kernel of dr and it is known we have a well defined map (in fact a morphism of
Lie algebras) from g to the set of vertical vector fields which associates to each element
X € g the so called fundamental vector field denoted by X#*. Also, the horizontal forms
on P are those for which the inner derivations with vertical vector fields vanish and,
tinally, forms on P which are invariant under the action of the structure group G are
said to be invariant. To conclude, if we denote by tx# the inner derivation of {2(P) by
the fundamental vector field corresponding to X € g, then one can check the map X —
tx# turns Q(P) into a g—differential algebra. Furthermore, the usual notions of basicity,
horizontality and invariance correspond to the ones as in Definition 3.2.2 above.

Now, on any g—da we can define the concept of an algebraic connection.

Definition 3.2.3 A connection on a g—differential algebra is an invariant element 0 € A' ® g
satisfying the property 150 = X. We define its curvature as the element F, in A ® g given by

1
Fp = d*0 + 516,61

3.2.2 The Weil Algebra

We now turn our attention to one particular example of a g—da with a connection,
namely the Weil algebra. Furthermore, we shall see that in some sense, such example is
unique.

In one hand, the notion of Weil algebra, usually defined for Lie algebras, is commonly
presented, for a finite-dimensional Lie algebra g, as the graded exterior algebra generated
from g* and another copy of it shifted by one in degree

Wig) =A(g"®Dg*[1]) ~ A°g" ® S°g" (3.2)

d
*More precisely, X# : p T p(exp(tX),p), where ¢ : G x P — P denotes the action.
t=0
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So elements in W (g) correspond to functions on 7'[1]g[1]. In fact we can endow it with
a derivation making it into a dg-algebra, such that restricted to g* this derivation agrees
with the Chevalley-Eilenberg differential.

On the other hand, if we return to our discussion on g—differential algebras and alge-
braic connections one can understand W (g) as the algebraic counterpart of the classifying
bundle EG and we define the Weil algebra by the following universal property:

Theorem 3.2.1 ([21]). There exists a g—da W (g) with connection 6y such that if A is any other
g—da with connection 6, then there is a unique algebra morphism c : W (g) — A that sends Oy, to
6.

Proof. First, it is clear that if such W (g) exists, then it is unique up to isomorphism by the
universal property. Moreover, the presentation above in (3.2) indeed gives us an explicit
construction. Let {e,} be a basis of g and denote by e” the dual basis. Also, let {n®} be
the corresponding generators of A®g* and ¢* ~ dn the generators of S*g*. Then, on
A*g* ® S*g* define the differential V¥ = d + dp and the contraction by

LZ(Q)nb — 527 LEZ(Q)Qﬁb =0
Finally, consider Oy = 7" ® e,. O

Remark 3.2.2 One can check the differential '@ is completely determined by

a a 1 a C
A
"W~ —Cpoh
where Cj., are the structure constants of g, i.e., the constants given by [e;, e.] = Cj.e,.
<

In particular, we can consider A as the algebra of differential forms on the total space
of a G principle bundle P — M. Then, the restriction of the characteristic homomorphism
c: W(g) — Q(P) to the basic subalgebra of 1V (g), which consists precisely of the invariant
elements in S°g*, does not depend on the choice of the connection form on P, i.e., if we
choose two different connections then their corresponding characteristic morphisms are
g—homotopic, meaning we have a chain homotopy interchanging contractions and Lie
derivatives.

As a consequence, we obtain the Chern-Weil map

5*(g")* — H(Qp(P)) ~ H(Q(M))

Remark 3.2.3 Recall every principal G—bundle P — M is the pullback of the universal
bundle G — BG by some map o : M — BG. If G is compact, then by the discussion
above we may understand the Weil algebra as a model for EG®. In fact, its cohomology

*If EG were a manifold o would induce a morphism of g-da’s Q(EG) — Q(P).
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is trivial since R — W/(g) is a homotopy equivalence and this corresponds to the con-
tractibility of EG. Moreover, the cohomology of the basic subcomplex of 1 (g) agrees
with H(BG) (for compact G).

3.2.3 The ‘Q-category’

Our next goal is to reformulate the previous construction using the language of
()—manifolds as suggested in [2].

To begin with, recall we have begun Chapter 2 with a brief discussion on Lie alge-
broids and have seen the usual “anchor-bracket” definition on a vector bundle A — M
may be interpreted super-geometrically as a homological vector field () on A[1] (the Lie
algebroid A with the degree of fibers shifted by one). This is one of the basic examples of
(Q—manifolds which appear in literature.

Definition 3.2.4 By definition, a ()—manifold, also known as a dg-manifold, is a supermanifold
M equipped with a degree one vector field, (), satisfying the integrability condition [(Q), Q)] = 0,
i.e., a homological vector field.

Example 3.2.1 In the basic example of a Lie algebroid, A — M, @ is simply the usual
Lie algebroid differential, d4 (see (2.4)), and the algebra of functions on A[1] is modeled
on the exterior algebra of A—valued forms. Thus, in the particular case of a Lie alge-
bra, g, it is considered an odd manifold of degree one and denoted by g[1]|. The algebra
of functions is identified with A°g*, by declaring the product of two elements in g* to
be anti-commuting and elements in g* to have degree one. The () field is given by the
Chevalley-Eilenberg differential, dcgé(X,Y) = —£([X,Y]), for £ € g* and X,Y € g(see
(2.5)). This construction will be generalized later on to the case where the Lie algebra acts
on a manifold M by vector fields.

A

Example 3.2.2 For the standard Lie algebroid, T'[1]M is known as the odd tangent bundle.
The algebra of functions is canonically isomorphic to the algebra of differential forms on
M with the (Q—structure being determined by the de Rham operator.

A

Example 3.2.3 In general, we can endow the tangent bundle of a ()—manifold with a
canonical ()—structure by considering the Lie derivative along ().

A

Definition 3.2.5 A morphism of Q—manifolds (or ) — morphism), (M, Q1) and (M, Q2), is a
degree-preserving map ¢ : My — My which induces a morphism of differential algebras, i.e., its
pullback ¢* : C* (M) — C*(M,) commutes with the corresponding homological vector fields,
viewed as super-derivations on functions. In short, the following chain property holds:

Q1" — 9" Q2 =0
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Since the composition of two ()—morphisms is again a ()—morphism one can consider
the well-defined category of ()—manifolds.

Definition 3.2.6 A Q—bundle is a fiber bundle in the category of ()—manifolds.

Remark 3.2.4 Not every section of a () —bundle is a section in the category of ()—manifolds,
i.e., not necessarily a Q—morphism (see e.g. [2]).

<&

Example 3.2.4 Every vector bundle can be regarded as a ()—bundle by taking the trivial
differential.

A

Example 3.2.5 If we consider two ()—manifolds their product is again a ()—manifold. By
considering the projections to each factor we produce trivial ()—bundle structures.

A

Example 3.2.6 (Atiyah Algebroid) Given a G principal bundle 7 : P — M, let us consider
the corresponding Atiyah algebroid, see Example 2.1.4. Any connection on P allows us
to lift tangent vectors on M to tangent vectors on P. Equivariance with respect to the
G—action then gives a bundle map 7'M — T P/G and hence a section of the ()—bundle
7. : T[1]P/G — T[1]M. Such section is not a ()—morphism in general and it is, precisely
when the connection is flat (see e.g. [2], Section 2).

A

Now, for any degree preserving map between two ()—manifolds ¢ : M; — M, the
difference F' = Q19" — ¢* Q)5 is of particular interest since, by definition, it measures the
failure of ¢ being a morphism in the ()—category. Moreover, it can be interpreted as
a curvature since the Maurer-Cartan equation is a particular example of the chain map
property, [2].

Now, the operator £, called the field strength [22], is a degree one derivation on C*(15)
that takes values in C* (M) satisfying the following property

F(gh) = (Ql@ —©*Q2)(gh)
Q1(*ge*h) — ©*((Q29)h) — (—1)9* (g(Q2h))
= (") (9)¢*(h )+( 1o*(9)(Qre*) (h) — (¢*Q2)(9)¢™* (h) — (—1)¥* (9)(¢*Q2) ()
= (@ — " Q2)(9)¢*h + (—1)9p* g(Qre* — ©*Q2)(R)
= F(g)¢*(h) + (—1)l9* (g) F () (3.3)

where |g| denotes the degree of g.

The next step then is to identify such operator with a degree-preserving map covering
¢ [+ My — T[1]M; so that the Leibniz-type property in (3.3) is expressed as a mor-
phism of algebras. Moreover, under a suitable choice of a ()—field this map f becomes a
()—morphism.
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In order to do so, let us consider the ()—fields as maps from the underlying manifolds
to the odd tangent bundles and hence the following non-commutative diagram, where
the maps are morphisms of graded manifolds:

TM, ~Z~ T[1])M,

o] lo

M1T>M2

By noticing both ways from M to T'[1] M, end in the same fiber over M, it makes sense
considering the difference f = dp(Q)1 — Q2¢:

T[1]M,
27 e
M, % M,
Note that dp € I'(Hom(T M, ¢*(TMs))) and thus f is a section of the pullback bundle
©*(T'M,). Moreover, f*: Q(M,) — C*(M,)* satisfies
fr(h) = ¢*(h), [*(dh) = F(h), and f*(af) = f*() [*(P) (3.4)

for h e C*(M,)° and o, 3 € Q(M,).
In fact, let x € M, then f(x) € T,y M> and we have that

FHdh) @) = (f)dh] )
= dp@Qi(x).dh| ) — (" Qulple)). dh] )
= Qu(¢™h)(z) — " (Qa2h)(x)
= (Qiy" =" Qa)(h)(2)
= F(h)(z)
The remaining properties are straightforward.

Now, let us present, as previously stated, how one can endow 7[1]M, with a Q—field,
which we will denote by @);,, such that

Quf" — [ Qtot =0 (3.5)

The homological vector field we are looking for is given by the sum of two canonical
()—structures. We consider @), = d + Lg,, where d is the super-version of the de Rham
differential and L, is the super Lie derivative along (), (see footnote number 4).

*One can describe the algebra of functions on T[1]M as the algebra of super-differential forms Q(M)
according to the Bernstein Leites sign convention, see e.g. [23] .
>Note that Q(M>) is generated by &, dh for h e C*(My).
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For checking that (3.5) indeed holds, it is enough to apply the left-hand side of it on
the generators of 2(),) and then use the properties of f* listed in (3.4).

Example 3.2.7 (Weil Algebra, [2]) Let P — M be a GG principal bundle, with the Lie algebra
of G being denoted by g. Take M; as the odd tangent bundle 7T'[1]P with (), as the de
Rham differential and take M, as g[1] with @, as the Chevalley-Eilenberg differential. As
¢ we choose any connection one-form on P, say §. We want to describe our chain map f

in this particular case.

Note that the dual map f* goes from the Weil algebra, W (g) ~ C*(T'[1]g[1]) ~ Q(g[1]),
to the algebra of forms on P, Q(P) ~ C*(T[1]P).

Now, it is known that one can produce a chain map from W (g) to any dg commutative
algebra A as an extension of a graded morphism ¢ : A*g* — A. To our purposes, let A
be the algebra of forms Q(P). Since the exterior algebra A°g* is generated by g*, ¢ can

be identified with #, which is an element Q' (P) ® g. Since its curvature Fy = df + %[6, 0]
belongs to Q*(P) ® g, the required map is given by

where n € AY(g*) and ¢ € SP(g").
In fact, let us fix a basis {e,} on g as in the proof of Theorem 3.2.1. Using the notation
employed there it suffices to check the following

ff(*) = n*0)
fHdn*) = (d9" — 0*dor)(n")

The first equality is clear. And as for the second, we compute:

1
@~ g dce)ot) — o (e + 50t
— db, + %Ogcebec
~ B = (B = £()

and we are done, since ¢* = dn°“.

Next, note that on the odd tangent bundle 7'[1]P we have a natural action of the Lie
algebra g, which is simply the infinitesimal counterpart of the group action. Furthermore,
we also have an action of g[1], which is given by

g3 X — i e X(P)
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where, as before, X denotes the so called fundamental vector field.
Now, by definition, the connection one-form satisfies the following

O(X*) =X and (R,)*0 = Ad,0

If connectedness of G is assumed®, then such properties are equivalent, respectively,
to:

Lx#e =X and EX#G = [Q,X]
And, thus we can view 6 as a g—equivariant map 7'[1]P — g[1], where g = g[1| ® g.

Remark 3.2.5 Recall the Maurer-Cartan form, "¢, gives us a way of trivializing TG.
More precisely, for each g € G we have an isomorphism 6" (g) : T,G — g, given by
the following. If V' € T'G is such that V, equals X € g (here, V, denotes the vector field
evaluated at the identity), then #*“(g)(V) = X. Thus, since the fibers of P are naturally
copies of G, equivariance with respect to the odd part of g tells us 6 restricted to each
fiber of P is nothing but #"“. As a consequence, the curvature form F; vanishes when
restricted to fibers.

In particular, the map f* in (3.6) reproduces the usual Chern-Weil map.
In fact, we have a g action on W (g) such that for the generators ¢":

L)M(/(Q)W =0 VXeg

Thus, the horizontal subalgebra of W (g) is precisely S°g*. Moreover, if an element

w € S°g* is g— equivariant, then L?(/(g)w = 0 for every X € g and hence the basic subal-
gebra is S°(g*)?. Finally, one observes that the g—invariant forms on P are, by definition,
the basic ones. That is,

f75Mg") = QM)

To see such map does not depend on the choice of connection and hence it maps to
the de Rham cohomology of M one considers the ()—bundle given by the anchor map
p : A[1] — T[1]M of the associated Atiyah algebroid, 4, to the G principal bundle P — M.
Then 6 can be viewed as a section of p, i.e., a splitting of the Atiyah sequence (2.3), and
we apply the construction of characteristic classes suggested on Theorem 3.4 in [2].

A

Finally, we conclude this section by showing how one may apply the formalism em-
ployed so far to the computation of equivariant cohomology (see Section 3.3). For that, we
shall consider the following.

SFor the implications §(X#) = X = 1x40 = X and (R,)*0 = Ad,-10 = Lx+0 = [0, X] the group G
does not need to be connected.
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Example 3.2.8 (Equivariant Cohomology) Let 7 : P — B be a G—principal bundle and
let M be a G—space7, so we can define the associated bundle o : P xg M — B. Now,
let us choose a connection 1—form ¢ on P and a section of o, which we identify with
a G—equivariant map s : P — M. Then (6, s) can be viewed as a g—equivariant map
T[1]P — A[l], where A = g x M is the action Lie algebroid, with g denoting the Lie
algebra of G. Here the g action is slightly modified and it is determined in terms of the
operators Kalkman introduces for the BRST model of equivariant cohomology (see [3]),
in the next section we shall make this precise.
Now, this initial data gives a chain map

T[1]A (3.7)

/ TdCE-i-d
where under the previous notations we take as M; the odd tangent bundle 7[1]P
with the de Rham differential and as M, the action algebroid A[1] with shifted fibers. In

particular, the dual acts from W (g) ® (M) to the algebra of forms on P and restricted to
basic elements we end up, we obtain a map

(5°(g%) @ UM))* — H(B) (3.8)

which is precisely the Cartan model of equivariant cohomology (see next section).
An important question one might ask is the following;:

How does f* acts?

Clearly, if ¢ € Sk(g*), then f*(¢®1) agrees with the map in (3.6), i.e., the usual Chern-
Weil map.

A

3.3 Equivariant Cohomology

In what follows we are interested in studying differential forms (or better cohomol-
ogy) on the space of orbits M /G for G a compact and connected Lie group and M a space
where G acts, but not necessarily a G—space, i.e.,, M /G may not be a manifold. For that,
the main idea is to replace M by a G—space which is homotopically equivalent to M.

Let EG — BG be the universal or classifying bundle for G. We define the homotopy
quotient as the total space of the associated bundle EG xo M — BG (where EG x¢ M =
(EG x M)/G) and we denote it by M. Note that, such construction agrees up to homo-
topy with the quotient M /G provided the action of G on M is free. More precisely, let us
consider £ = EG x M. Then G acts freely on £ and because the action of G on EG is

"By M being aG—space we mean that we have a G—action on M so that the space of orbits is a manifold.
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fiberwise we have that map EG xg M — BG which sends the orbit through (e, m) to the
orbit through e is well defined and has as typical fiber /. Now, if in addition the action of
G on M is free, then such map descends to a well-defined map on the quotient with typ-
ical fiber G and since E'G is contractible we see in this case the homotopy quotient has
the homotopy type of M /G. In short, we have the following diagram (Borel’s diagram)

EG<——FEGxM—M

I

BG<~—FEG x¢ M —= M/G

By definition, the equivariant cohomology of M, denoted as H¢ (M), is the usual co-
homology ring of M. In literature this is referred to as the Borel model of equivariant
cohomology. One can check that H; (M) is a module over H(BG).

Example 3.3.1 (A point) Clearly, if M is a single point, then Hu(M) = He(pt) = H(BG).
A

Example 3.3.2 (Principal G—bundles) Let E — B be a principal G—bundle. Then, E; can

be viewed as a bundle over B and since the fibers of such bundle are contractible we have

a homotopy equivalence between the homotopy quotient and the base manifold. Thus,
Hq(E) = H(B).

A

Example 3.3.3 (G—spaces) If M is a G—space, then M can be viewed as a bundle over

the quotient M /G with fibers the contractible space EG and hence H; (M) = H(M/G).
A

Example 3.3.4 (G acting on itself by conjugation) If we take M = G itself and consider the

adjoint action, then one can prove H;(G) = H(BG)® H(G). This example is of particular
interest to our purposes.

A

As we are assuming G is compact and connected there are other two nice models for
the equivariant cohomology, namely the Weil and the Cartan models.

The Weil model considers the basic subalgebra of A = W(g) ® (M) with the natural
differential D = d"'(® + d. More precisely, one considers the following intersection

(ﬂ ker(VO®1+1® z,ea)> N <ﬂ ker(L?b/(g) ®1+1® Eeb)>
a b

elements in the left being the horizontals while in the right, the invariants.
In contrast, the Cartan model is given by the algebra morphism

(W(g) & Q(M))basic = (S.g* ® Q(M))G

induced from the map 7" — 0. Here, the upper G means the infinitesimal G —invariant
subalgebra.
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3.3.1 The BRST Model

Furthermore, in the paper [3] it is presented an explicit relation between the BRST
differential algebra and the two mentioned models of equivariant cohomology. We sum-
marize here the main ideas.

The BRST differential algebra is defined as nothing but the algebra A = W (g) ® Q(M)
with the differential

5= D+ nLe, — i, (3.9)

where we have maintained the previous notation, i.e.,  and ¢“ are the generators of 17 (g)
of degree 1 and 2, respectively, and {e,} is a basis of g. Moreover, its basic subalgebra is
defined in such way® it agrees with the algebra in the Cartan model. The laborious part
is to show the map ¢ = exp(—n“.,) makes the following diagram commute

W(g) ® UM) —2=W(g) @ QM) (3.10)

d |»

W(g) ® M) —~W(g) ® M)

where D = d"V® 1 4.

One needs to check the derivation 1/~' Dy agrees with § on generators and the next
step then is to compute the image of the basic subalgebra (as in the Weil model) un-
der v~' = exp(n®i.,). It turns out that for the horizontal elements one can look only to
the contractions on the Weil algebra which yields on the BRST algebra the subalgebra
S*(g*) ® Q(M). Moreover, one observes that the G action is the same in both sides of the
diagram (3.10) above so that in the end we obtain (S*(g*) ® Q(M))°.

The restriction of 1 to the ‘basic subalgebras” on each side of (3.10) agrees with the
map n* — 0, the same as before.

3.3.2 Closed Equivariant Extensions

In the last paragraphs we have been discussing the equivariant cohomology H¢ (M)
and have seen there are algebraic models for computing it. Following the ideas in [8]
our next step is to present how one can obtain explicit representatives for the equivariant
cohomology.

Recall in the usual Chern-Weil construction given a connection form on the total space
of some principal bundle by evaluating its curvature on invariant polynomials we obtain
the so called curvature characteristic form. Out of such forms one can produce some sec-
ondary characteristic forms namely the Chern-Simons forms. Now, in the equivariant
case one may ask if equivariant characteristic classes in the Cartan model can be con-
structed in a similar way, i.e., out of the curvature of some connection. The answer is

8Recall example 3.2.8. There, the g action is defined is such a way the horizontal subalgebra of A is given
p y g &
by ﬂ(LZ[:(g) ® 1) and the invariant elements are those in the intersection ﬂ(LZZ(g) Rl+1RQL.,).

a
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indeed positive as we shall see and it will be explained in the next paragraphs where we
make the later statements more precise.

To start, let §; and 6, be two connection forms on M, i.e., §; € Q' (M, g), withi = 1,2,
and let ¢ € (S*(g*))” be an invariant polynomial of degree k. We define the following
form w* (6, 6,) € Q* (M)

(6, 6,) = f o(F;) (3.11)

where 6 = (1 —t)8; + tf, for t € [0, 1] is viewed as a form on M x [0,1] and F; denotes its
curvature form.

In particular, if M = G and G acts on itself by conjugation, then we consider w*(6") =
w"(0,60%), where 0~ denotes the left invariant Maurer-Cartan form. For compact G it is
known the cohomology classes [w"(0)] generate H(G).

Note that the forms w* (%) are in fact closed, since

dw*(0") = ¢(Fyr) — ¢(Fp) = 0 (3.12)

Now, to obtain equivariant extensions of the forms in (3.11) , let us consider a G—principal
bundle P — M and recall in our discussion on equivariant cohomology we were assum-
ing G is both compact and connected. Thus, starting with a connection on P we can
use the averaging trick over the Haar measure on G to obtain a G—invariant connec-
tion. Therefore, let us consider the Cartan model for Hg(P) and let us choose 61, 6, two
(GG—invariant connections on P. The G action on P induces an infinitesimal action of g:
g3 X — X*# e Q(P) and we define the moment map p e (C*(P)® g)¢ ® g* by

X p(X) = —ixs0eg

for 6 € Q(P,g). Thatis, u(X) : P — gis the vertical action of X determined by 6.

Next, we observe that an element in (S*(g*) ® Q(P))“ can be viewed as a polynomial
map ¢ : g — (P) which is G—equivariant. So that, given an invariant polynomial
¢ € S¥(g*), the corresponding equivariant characteristic form on P has a representative
in the Cartan model given by °

o(Fy + 1)
Then, by considering the form 0 = (1 — )0, + th for t € [0,1] as before, we obtain the
following equivariantly closed form:

b(01,62) =~ [ o(F;+ ) (3.13)
0

These are equivariantly closed extensions of the forms in (3.11) and their cohomology
class are the pullback of classes in H¢(M).

°The term Fj + u is known in literature as the equivariant curvature and in fact corresponds to the
curvature of some superconnection on P, see e.g. [8].
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Restricting to the particular case where M = G and the action is by conjugation, we
find that u(X) ]g = —Ad,~1(X) and in particular,

deuwi(0,0%) = ¢(Ady-+(X)) — ¢(X) = 0

3.4 Secondary Characteristic Forms

We end the present thesis by presenting, on this final section, a geometrical approach
to the construction in (3.1).

First, we start quite generally. Let P — M be a G—principal bundle, with compact
and connected G, and let us consider the action of G on itself by conjugation. Then
P x G — E is also a principal bundle, where E is the associated bundle P x G. The
main idea will be to consider some particular basic forms on the total space of this bun-
dle so that given a section of £ — M they pull back to forms on the base manifold M.
Moreover, such construction when restricted to forms on G gives us precisely the forms
in (3.13) and which were developed in the paper [8].

The ingredients we need are the following. Starting with a connection form on P, say
6, the key point is to consider a connection form on the trivial bundle P x G, say ¢, such
that, viewed as forms P x G, f and ¢’ are conjugated as well as their curvatures.

We define ¢’ = Ad,-1(0) + 6", where (as before) §* denotes the left-invariant Maurer-
Cartan form of G. Then, #' = Ad,-,(6 + d) and for every Ad-invariant polynomial ¢ €
(S*(g*))® we have that

0 = ¢(Fy) — ¢(Fy) = dCS(¢,0,G) (3.14)

where CS(¢,0,G) € Q* 1P x () is some secondary characteristic form which is basic
and hence pulls back to a form on E. That is, we have a map

S'(g*)G N Hodd(P X G)

In the case P = G, we call such map transgression and the elements on its image are called

transgressive. For compact and connected G it is known the cohomology ring of G is

generated as an R—algebra by the transgressive elements, see also remark 3.4.1 below.
More explicitly, the secondary characteristic form we obtain is given by

C5(6.60.6) = | 0(F) (3.15)

where 6 is a connection form on the total space of p : (P x G) x [0,1] — P x G so that

~( 0
i(5)-0

and 0(t) is the family of connections (1 — t)§ + t{'.

by = PO (3.16)
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Note that by setting A = ¢ — § we have that §(t) = V + tA and thus (3.15) can be
rewritten as

1
CS(6,0,G) = JO S(dt A A+ Fy) (3.17)

Further, by pulling back either the form in (3.15) or the form in (3.17) we obtain a form
on E and hence a form on M whose cohomology class only depends on the homotopy
class of some section S € I'(E):

PxG——=PxgG

|

M

Moreover, one can prove that if § = 0, then the equivariant form on the associated bun-
dle E which corresponds to C'S(¢, 6, G) is precisely wg(#"), as in (3.13). In other words, if
we don’t look to the data on P, then the forms we obtain are just equivariant extensions
of forms on G.

Now, this construction is universal in the sense that as described above the data (¢, 5)
produces a map Hq(G) — H(M).

Recall on a slightly different approach we have seen this may also lead us to the gen-
eralized Chern-Weil map (3.8), i.e., a chain map

T[1](g x G)

/ TdCE-‘rd

To state more precisely, if we look at the algebraic counterpart of the construction (3.14)
above, the ingredients we face with are the following: First, forms on P x G correspond to
the Weil model W(g) x Q(G). Secondly, on the g—differential algebra, 17 (g), we consider
the (algebraic) connection n = 6y = 7"®e, as in the proof of Theorem 3.2.1 and, moreover,
on the product we consider ' = Ad,-1(n) + 6~ so that, combining these, we obtain some
closed and equivariant basic form whose differential is given by

¢(Fn’) - Qb(Fn)

In fact, one can check that F,, = Ad,-1F(n) and we may apply the map /™' = exp(n®..,) as
in (3.10), which is the analogue of the Mathai and Quillen map [24] described by Kalkman
on [3], to obtain an expression for 1’ on the BRST model.

Furthermore, by means of S*, such secondary characteristic forms correspond to a
form on the base manifold M. In particular, either ways somehow we obtain the same
results, i.e, we obtain a map

He(G) — H(M)

induced by the data (6, S).
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Remark 3.4.1 Note that in this setting, (see e.g. Example 3.3.4) Hs(G) can be decomposed
as H(BG) ® H(G). Plus, an algebraic way of computing H(BG) is given by the Weil
algebra and when restricted to its basic elements in fact f* recovers the usual Chern-Weil
map (3.6). Thus, the information we are really interested in lie in H(G) and, for instance,
how f* acts on €2(G). In fact, one may apply the following theorem due to Hopf, see e.g.
[25]:

Theorem 3.4.1 (Hopf). If G is a compact and connected Lie group of rank n, then the cohomology
ring H(G,R) is an exterior algebra on n generators (called primitives) of odd degrees, i.e., there
exist Py, ..., P, of odd degrees such that

H(G,R) ~ A[Py,...,P,]
so that it is sufficient to know how f* acts on each P,.

<

At last, we observe that for fullfilling our task it only remains to specialize to the case
of our interest, i.e., we must take as G the orthogonal group O(n)'’ so that S corresponds
to a Lagrangian subbundle L <« TM @ T M.

In order to do so, recall that for stablishing the correspondence between lagrangian
subbundles and orthogonal maps we have picked a Riemannian metric g on M, hence
we can consider the Levi-Civita connection on the orthogonal frame bundle P so that the
corresponding horizontal distribution at some orthogonal basis 3 of T),M is given by the
derivatives of all curves /(t) in P that are parallel along p(t) € M. In particular, the Levi-
Civita connection, which we shall denote by V, uniquely corresponds to a connection
form on P (that we still denote by V) and one can check the secondary characteristic
forms we obtain look as follows.

CS(6,V,50(n)) = f o(Fy)

where 6 is defined as in (3.16) but the family of connections we consider here is given
by (1 - )V +t(g~'Vg) + 0), with t € [0, 1].

Now, such form, which corresponds to a form on the associated bundle £, can be
pulled-back to a form on the base manifold M by means of any section S € I'(E) so that
we obtain [1]

co(S. ) = J o(Fy) (3.18)

where, anagously to (3.17), 6 is defined on M x [0,1] in terms of 6(t) = V + tA, and
A = §7'V(S). Note that here V is denoting the Levi-Civita on M compatible with the
chosen metric g.

!%In fact, its connected components
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We immediately see that if S is covariantly constant, then ¢,(S,g) = ¢(Fyv) and our
construction restricts to the usual Chern-Weil map. In some sense there is no new infor-
mation and as for our chain map (3.8), it vanishes on (G).

Now, we can make (3.18) more explicit by observing the following. If A belongs to the
Lie algebra so(n), i.e., A is skew-symmetric, then

det(A — A) = det(A — A") = det(\ + A)
so that the characteristic polynomial of A may be written as

det(N — A) = X" + 1 (A)N2 + g (AN + ..

for some polynomials ¢; of degree 2i that are known to generate the ring S*(so(n)*)5°™

for odd n, [25].
For instance, if A, ..., A, are the n eigenvalues of A, then by Vieta’s formulas

2N = ()
Z )‘i1)‘i2 = ¢2(A)

‘Z i iy = (—1D)Fer(A)

Mdaoo A = (—1)"6n(A) = —¢,(4) (oddn)

and we see that, up to a sign, ¢;(A) = Tr(A) and ¢,(A) = det(A).
Alternatively, we have a correspondence between the symmetric polynomials ¢; and

the so called Newton polynomials, py(A) = Tr(A¥F) = Z \i*. Such correspondence is given
i=1
by the Newton formula:
k

koy = Z(_l)i_lpi¢k—i
i=1
Now, in the even case we have an extra invariant which is not a polynomial in the ¢,
called the Pfaffian and which is defined as follows: To each A € so(n) we may associate
the alternating bilinear form w, given by

wa(u,v) = (Au,v)
for every u,v € R*, where (-, -) denotes the inner product. The Pfaffian of A, denoted by

Pfaff(A), is then defined by

1
sz = Pfaff(A)vol,
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where vol = e' A ... A e**, for some oriented orthonormal basis {¢;} and as usual {¢'} is
denoting the dual basis.
In fact, one can find an orthonormal basis relative to which A have blocks along its

main diagonal of the type
0 N
-A 0
and hence Pfaff(A) = A\ ... \,.
On the other hand, since det(A) = \?... )2, it follows that Pfaff > = det and thus

1 2
(—Pfaff) = ¢p
27"

In short, all characteristic classes (3.18) can be obtained from the ¢;’s (and possibly
Pfaff depending on the parity of n).

The main profit of obtaining such characteristic forms (3.18), as described above, is
that now we can use it to distinguish different Dirac structures (actually maximally isotropic
spaces in general). The most significant results to our interests are summarized next.

Theorem 3.4.2 ([1]). Let D be a Dirac structure on an exact Courant algebroid E. Then the
projection of D to T'M (resp. T* M) is non-degenerate, if and only if, the corresponding section S
is homotopic to 1 (resp. —1).

As a consequence, we have that a Dirac structure is the graph of a presymplectic form
(resp. a Poisson bivector field) if and only if its corresponding section is homotopic to the
identity section (resp. minus the identity).

Moreover,

Theorem 3.4.3 ([1]). Let D, D' be a pair of Dirac structures and denote the corresponding sections
by S and S', respectively. Then, D n D' = {0} if and only if S~'S’ can be deformed to the minus
identity section.

In particular, the above result gives us a homotopical invariant for Lie bialgebroids
since these can be defined as a pair of two Lie algebroids being transverse Dirac structures
in a Courant algebroid, see e.g. [12].
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