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❆ ❡❧❛❜♦r❛çã♦✱ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ❝♦♥❝❧✉sã♦ ❞❡ ✉♠❛ t❡s❡ ❡♥✈♦❧✈❡ t❛♥t♦s ❝♦❧❛❜♦r❛❞♦r❡s

❞✐r❡t♦s ❡ ✐♥❞✐r❡t♦s q✉❡ é ❛rr✐s❝❛❞♦ t❡♥t❛r ❡♥✉♠❡rá✲❧♦s s❡♠ ❝♦rr❡r ♦ r✐s❝♦ ❞❡ s❡r ♥❡❣❧✐❣❡♥t❡✳
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❆❣r❛❞❡ç♦ ✐♠❡♥s❛♠❡♥t❡ ❛♦ ♠❡✉ ♣r♦❢❡ss♦r ❡ ♦r✐❡♥t❛❞♦r ❊❧✐❛s ❉✉❛rt❡ ❏r✳ ♣❡❧♦ ✐♥❡st✐✲

♠á✈❡❧ tr❛❜❛❧❤♦ ❞❡ ♦r✐❡♥t❛çã♦ ❡ ♣❡❧❛s ✐♥ú♠❡r❛s ❞✐❝❛s✱ ❝♦♥s❡❧❤♦s✱ ❛♣♦✐♦✱ ♣✉❜❧✐❝❛çõ❡s✱ ❡♥tr❡

♠✉✐t❛s ♦✉tr❛s ❝♦♥tr✐❜✉✐çõ❡s✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛ ♣r♦❢❡ss♦r❛ ▲✉❝✐❛♥❛ ❆r❛♥t❡s✱ ❡s♣❡❝✐❛❧✲

♠❡♥t❡ ♣❡❧❛ ♦♣♦rt✉♥✐❞❛❞❡ ❡ ♦r✐❡♥t❛çã♦ ❞✉r❛♥t❡ ♦ ❡stá❣✐♦ s❛♥❞✉í❝❤❡ ♥♦ ▲✐♣✻ ✲ ▲❛❜♦r❛t♦✐r❡
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❖❜r✐❣❛❞♦ ❛ ♠✐♥❤❛ ❢❛♠í❧✐❛ ❡ ❛♠✐❣♦s ♣♦r ❝♦♠♣r❡❡♥❞❡r ❛ ♠✐♥❤❛ ❛✉sê♥❝✐❛ ❡♠ t❛♥t♦s

❛♥✐✈❡rsár✐♦s✱ ❢❡st❛s ❞❡ ❢❛♠í❧✐❛✱ ❞✐❛ ❞♦s ♣❛✐s✱ ❞❛ ♠ã❡s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❞✉r❛♥t❡ ♦ ❛♥♦ q✉❡

♣❛ss❡✐ ♥♦ ❡①t❡r✐♦r✳ ❖❜r✐❣❛❞♦ ❛ ♠✐♥❤❛ q✉❡r✐❞❛ t✐❛ ❡ ❛♠✐❣❛ ❘♦s❛ ▼❛r✐❛ ♣❡❧♦ ❛♣♦✐♦ ❞❡s❞❡

❛ ❣r❛❞✉❛çã♦✱ ♠❡str❛❞♦✱ ✉♥✐✈❡rs✐❞❛❞❡ ❡ ❞♦✉t♦r❛❞♦✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦ ❛♠✐❣♦ ❈❧♦❞✐s ❡

❛♦s ❞❡♠❛✐s ❝♦♠♣❛♥❤❡✐r♦s ❞❡ ❛✈❡♥t✉r❛s✱ ♣❡❧❛s ❞✐s❝✉ssõ❡s ♣r♦❞✉t✐✈❛s✱ ♠❛s ♣r✐♥❝✐♣❛❧♠❡♥t❡
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♣❡❧♦ ❛♣♦✐♦ ❡♠ t♦❞❛s ❛s ❞❡♠❛♥❞❛s ❜✉r♦❝rát✐❝❛s ❞♦ ♣r♦❝❡ss♦✱ s❡♠ ❡sq✉❡❝❡r é ❝❧❛r♦✱ ❞❡
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❯♠❛ ❞❛s ❣r❛♥❞❡s ✈❛♥t❛❣❡♥s ❞♦s s✐st❡♠❛s ❞✐str✐❜✉í❞♦s é ♦ ❝♦♠♣❛rt✐❧❤❛♠❡♥t♦ ❞❡ r❡❝✉rs♦s✳
◆♦ ❡♥t❛♥t♦✱ ❞✐✈❡rs♦s ♣r♦❝❡ss♦s ♣♦❞❡♠ s♦❧✐❝✐t❛r ♦ ❛❝❡ss♦ ❛ ✉♠ r❡❝✉rs♦ ❝♦♠♣❛rt✐❧❤❛❞♦ ❞❡
❢♦r♠❛ ❝♦♥❝♦rr❡♥t❡ ❡✱ ❡♠ ❝❡rt♦s ❝❛s♦s✱ é ♥❡❝❡ssár✐♦ ❣❛r❛♥t✐r q✉❡ ✉♠ ú♥✐❝♦ ♣r♦❝❡ss♦ ♦❜t❡♥❤❛
♣❡r♠✐ssã♦ ❞❡ ❛❝❡ss♦ ❛♦ r❡❝✉rs♦ ❡♠ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦✳ P❛r❛ t❛♥t♦✱ sã♦ ✉t✐❧✐③❛❞♦s
♦s ❛❧❣♦r✐t♠♦s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛✳ ◆❛s s♦❧✉çõ❡s q✉❡ ✉t✐❧✐③❛♠ ♣❡❞✐❞♦s ❞❡ ♣❡r♠✐ssã♦✱ ❝❛❞❛
♣r♦❝❡ss♦ ❞❡✈❡ s♦❧✐❝✐t❛r ❛♦s ❞❡♠❛✐s ❛ ♣❡r♠✐ssã♦ ♣❛r❛ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦✳ ❆ ♣❡r♠✐ssã♦ ❞❡✈❡
s❡r ♦❜t✐❞❛ ❞❡ t♦❞♦s ♦s ♣r♦❝❡ss♦s ♦✉ ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡❧❡s✱ ❝♦♠♦ ❞❡✜♥✐❞♦ ♣❡❧❛s s♦❧✉çõ❡s
❝♦♠ q✉ór✉♥s✳ ❯♠❛ ❡①t❡♥sã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①❝❧✉sã♦ ♠út✉❛ é ❛ k✲❡①❝❧✉sã♦ ♠út✉❛✳ ◆❡st❛
❝❛t❡❣♦r✐❛✱ ❛♦ ✐♥✈és ❞❡ ✉♠✱ ❡①✐st❡♠ k ❝ó♣✐❛s ✐❞ê♥t✐❝❛s ❞♦ r❡❝✉rs♦ ❝♦♠♣❛rt✐❧❤❛❞♦✳ ❖ ♦❜❥❡✲
t✐✈♦ é ❣❛r❛♥t✐r q✉❡✱ ♥♦ ♠á①✐♠♦✱ k ♣r♦❝❡ss♦s ♦❜t❡♥❤❛♠ ❛❝❡ss♦ ❛♦s r❡❝✉rs♦s ❞❡ ❝❛❞❛ ✈❡③✳
❆s s♦❧✉çõ❡s ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ ❡①✐st❡♥t❡s sã♦ ❜❛s✐❝❛♠❡♥t❡ ❛❞❛♣t❛çõ❡s ❞♦s ❛❧❣♦r✐t♠♦s
❞❡ ✶✲❡①❝❧✉sã♦ ♠út✉❛✳ ❊♥tr❡t❛♥t♦✱ ❛ ♠❛✐♦r ♣❛rt❡ ❞❡st❛s s♦❧✉çõ❡s ♥ã♦ ❛❜♦r❞❛ ❛ q✉❡stã♦
❞❛ ♦❝♦rrê♥❝✐❛ ❞❡ ❢❛❧❤❛s ♥♦ s✐st❡♠❛✳ ◆❡st❛ t❡s❡ é ♣r♦♣♦st❛ ✉♠❛ s♦❧✉çã♦ ❛✉t♦♥ô♠✐❝❛ ❞❡
k✲❡①❝❧✉sã♦ ♠út✉❛ ❞✐str✐❜✉í❞❛ q✉❡ ♦♣❡r❛ ❝♦rr❡t❛♠❡♥t❡ ♣❛r❛ ❛té n − 1 ♣r♦❝❡ss♦s ❢❛❧❤♦s✱
s❡♥❞♦ n ♦ t♦t❛❧ ❞❡ ♣r♦❝❡ss♦s ♥♦ s✐st❡♠❛✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ é ❜❛s❡❛❞♦ ❡♠
❛❧❣♦r✐t♠♦s ❤✐❡rárq✉✐❝♦s ❞❡ ❞✐❢✉sã♦ ✭❜r♦❛❞❝❛st✮✱ t❛♠❜é♠ ♣r♦♣♦st♦s ♥❡st❛ t❡s❡✳ ❖ ♦❜❥❡t✐✈♦
❞❡ ❞❡s❡♥✈♦❧✈❡r ❡st❡s ❛❧❣♦r✐t♠♦s é ♦t✐♠✐③❛r ❛ ♣r♦♣❛❣❛çã♦ ❞❛s ♠❡♥s❛❣❡♥s ❞❡ r❡q✉✐s✐çã♦ ❞❡
r❡❝✉rs♦s ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛✳ ❉♦✐s ❛❧❣♦r✐t♠♦s ❞❡ ❞✐❢✉sã♦ ❢♦r❛♠ ♣r♦♣♦st♦s✱
✉♠ ♣❛r❛ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❡ ♦✉tr♦ ♣❛r❛ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧✳ ❊st❡s ❛❧❣♦r✐t♠♦s sã♦
❜❛s❡❛❞♦s ❡♠ ✉♠❛ ♦✉tr❛ s♦❧✉çã♦ t❛♠❜é♠ ♣r♦♣♦st❛ ♥❡st❡ tr❛❜❛❧❤♦✿ ✉♠ ❛❧❣♦r✐t♠♦ ❛✉t♦♥ô✲
♠✐❝♦ ❡ ❤✐❡rárq✉✐❝♦ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❡ ♠❛♥✉t❡♥çã♦ ❞❡ ár✈♦r❡s ❣❡r❛❞♦r❛s ✭s♣❛♥♥✐♥❣ tr❡❡s✮✳
❆s ár✈♦r❡s sã♦ ❝♦♥str✉í❞❛s ❞❡ ❢♦r♠❛ t♦t❛❧♠❡♥t❡ ❞✐str✐❜✉í❞❛ ❡ ❛❞❛♣t❛t✐✈❛ s♦❜r❡ ✉♠❛ t♦✲
♣♦❧♦❣✐❛ ❞❡ ❤✐♣❡r❝✉❜♦ ✈✐rt✉❛❧✱ ❞❡♥♦♠✐♥❛❞❛ ❱❈✉❜❡✳ ❆ ❡str❛té❣✐❛ ♣r♦♣♦st❛ é ❡✜❝✐❡♥t❡ ❡
❡s❝❛❧á✈❡❧✱ ❛❧é♠ ❞❡ t♦❧❡r❛r ❛té n−1 ❢❛❧❤❛s ❞❡ ♣r♦❝❡ss♦✳ ❆s s♦❧✉çõ❡s ♣r♦♣♦st❛s sã♦ t❛♠❜é♠
❛✉t♦♥ô♠✐❝❛s ♥♦ s❡♥t✐❞♦ q✉❡ s❡ ❛❞❛♣t❛♠ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ❢r❡♥t❡ à ♦❝♦rrê♥❝✐❛ ❞❡ ❢❛❧❤❛s✱
r❡♦r❣❛♥✐③❛♥❞♦ ♦s ❡❧❡♠❡♥t♦s ❝♦rr❡t♦s ❞♦ s✐st❡♠❛✳ ❯♠❛ s❡❣✉♥❞❛ ❛❜♦r❞❛❣❡♠ ❢♦✐ ♣r♦♣♦st❛
♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①❝❧✉sã♦ ♠út✉❛✱ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ q✉ór✉♥s✱ t❛♠❜é♠ ❝♦♥str✉í❞♦ s♦❜r❡
❛ t♦♣♦❧♦❣✐❛ ❱❈✉❜❡✳ ❆ ❝❛r❣❛ ❡ ♦ t❛♠❛♥❤♦ ❞♦s q✉ór✉♥s sã♦ ❜❛❧❛♥❝❡❛❞♦s✱ ♠❡s♠♦ ❛♣ós ❛
♦❝♦rrê♥❝✐❛ ❞❡ ❢❛❧❤❛s✳ ❚♦❞♦s ♦s ❛❧❣♦r✐t♠♦s ♣r♦♣♦st♦s sã♦ ❞❡s❝r✐t♦s✱ ❡s♣❡❝✐✜❝❛❞♦s ❡ ❢♦r❛♠
✐♠♣❧❡♠❡♥t❛❞♦s ❛tr❛✈és ❞❡ s✐♠✉❧❛çã♦✳ ❙ã♦ ❛♣r❡s❡♥t❛❞❛s ♣r♦✈❛s ❞❡ ❝♦rr❡çã♦ ❡ r❡s✉❧t❛❞♦s
❡①♣❡r✐♠❡♥t❛✐s ♣❛r❛ t♦❞❛s ❛s ♣r♦♣♦st❛s✳
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❆❇❙❚❘❆❈❚

❖♥❡ ♦❢ t❤❡ ❦❡② ♣✉r♣♦s❡s ♦❢ ❞✐str✐❜✉t❡❞ s②st❡♠s ✐s t♦ ❛❧❧♦✇ r❡s♦✉r❝❡s t♦ ❜❡ s❤❛r❡❞✳ ❍♦✇❡✲
✈❡r✱ s❡✈❡r❛❧ ♣r♦❝❡ss❡s ❝❛♥ r❡q✉❡st ❛❝❝❡ss t♦ ❛ s❤❛r❡❞ r❡s♦✉r❝❡ ❝♦♥❝✉rr❡♥t❧② ❛♥❞ ✐♥ s♦♠❡
❝❛s❡s ✐t ✐s ♥❡❝❡ss❛r② t♦ ❡♥s✉r❡ t❤❛t ♦♥❧② ❛ s✐♥❣❧❡ ♣r♦❝❡ss ❤❛s ♣❡r♠✐ss✐♦♥ t♦ ❛❝❝❡ss t❤❡
r❡s♦✉r❝❡ ♣❡r ✐♥st❛♥t ♦❢ t✐♠❡✳ ▼✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠s ❛r❡ ✉s❡❞ ❢♦r t❤✐s ♣✉r♣♦s❡✳ ■♥
♣❡r♠✐ss✐♦♥✲❜❛s❡❞ s♦❧✉t✐♦♥s✱ ❡❛❝❤ ♣r♦❝❡ss ♠✉st r❡q✉❡st ♣❡r♠✐ss✐♦♥ t♦ ♦t❤❡rs ❜❡❢♦r❡ ❛❝❝❡s✲
s✐♥❣ t❤❡ r❡s♦✉r❝❡✳ ❚❤❡ ♣❡r♠✐ss✐♦♥ ♠✉st ❜❡ ♦❜t❛✐♥❡❞ ❢♦r ❛❧❧ ♣r♦❝❡ss❡s ♦r ❛ s✉❜s❡t ♦❢ t❤❡♠✱
❛s ✐s t❤❡ ❝❛s❡ ✇❤❡♥ q✉♦r✉♠✲❜❛s❡❞ s♦❧✉t✐♦♥s ❛r❡ ❡♠♣❧♦②❡❞✳ ❆♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♠✉t✉❛❧
❡①❝❧✉s✐♦♥ ♣r♦❜❧❡♠ ✐s k✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ ✐♥st❡❛❞ ♦❢ ♦♥❡✱ t❤❡r❡ ❛r❡ k ✐❞❡♥t✐❝❛❧
❝♦♣✐❡s ♦❢ t❤❡ s❤❛r❡❞ r❡s♦✉r❝❡✳ ❚❤❡ ♠❛✐♥ ✐ss✉❡ ✐s t♦ ❡♥s✉r❡ t❤❛t ❛t ♠♦st ❦ ♣r♦❝❡ss❡s ❣❡t
❛❝❝❡ss t♦ r❡s♦✉r❝❡s ❛t ❛ t✐♠❡ ✐♥st❛♥t✳ ❈✉rr❡♥t k✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠s ❛r❡ ❜❛s✐❝❛❧❧②
❛❞❛♣t❛t✐♦♥s ♦❢ ❛❧❣♦r✐t❤♠s ❢♦r ♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ♦❢ ❛ s✐♥❣❧❡ r❡s♦✉r❝❡✳ ❍♦✇❡✈❡r✱ ♠♦st ♦❢ t❤❡s❡
s♦❧✉t✐♦♥s ❞♦ ♥♦t ❛❞❞r❡ss t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❢❛✉❧ts ✐♥ t❤❡ s②st❡♠✳ ■♥ t❤✐s
t❤❡s✐s ❛♥ ❛✉t♦♥♦♠✐❝ s♦❧✉t✐♦♥ ❢♦r ❞✐str✐❜✉t❡❞ ❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ✐s ♣r♦♣♦s❡❞ t❤❛t ✇♦r❦s
❝♦rr❡❝t❧② ❡✈❡♥ ✐❢ ✉♣ t♦ n− 1 ♣r♦❝❡ss❡s ❛r❡ ❢❛✉❧t②✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ s②st❡♠ ❝♦♥s✐sts ♦❢ n
♣r♦❝❡ss❡s✳ ❚❤❡ k✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ ❤✐❡r❛r❝❤✐❝❛❧ r❡❧✐❛❜❧❡ ❜r♦❛❞❝❛st
❛❧❣♦r✐t❤♠s ❛❧s♦ ♣r♦♣♦s❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❚❤❡ ♣✉r♣♦s❡ ❢♦r ❞❡✈❡❧♦♣✐♥❣ t❤❡s❡ ❛❧❣♦r✐t❤♠s ✐s
t♦ ♦♣t✐♠✐③❡ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ r❡q✉❡st ♠❡ss❛❣❡s ✉s❡❞ ❜② t❤❡ ♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠✳
❚✇♦ ❤✐❡r❛r❝❤✐❝❛❧ ❜r♦❛❞❝❛st ❛❧❣♦r✐t❤♠s ✇❡r❡ ♣r♦♣♦s❡❞✱ ♦♥❡ ❢♦r ❜❡st✲❡✛♦rt ❜r♦❛❞❝❛st ❛♥❞
❛♥♦t❤❡r ❢♦r r❡❧✐❛❜❧❡ ❜r♦❛❞❝❛st✳ ❚❤❡s❡ ❜r♦❛❞❝❛st ❛❧❣♦r✐t❤♠s ❛r❡ ❜❛s❡❞ ♦♥ ②❡t ❛♥♦t❤❡r
❜✉✐❧❞✐♥❣ ❜❧♦❝❦ t❤❛t ✇❛s ♣r♦♣♦s❡❞ ✐♥ t❤✐s t❤❡s✐s✿ ❛♥ ❛✉t♦♥♦♠✐❝ ❤✐❡r❛r❝❤✐❝❛❧ ❛❧❣♦r✐t❤♠ ❢♦r
❜✉✐❧❞✐♥❣ ❛♥❞ ♠❛✐♥t❛✐♥✐♥❣ s♣❛♥♥✐♥❣ tr❡❡s✳ ❚❤❡ s♣❛♥♥✐♥❣ tr❡❡s ❛r❡ ❝♦♥str✉❝t❡❞ ✐♥ ❛ ❢✉❧❧②
❞✐str✐❜✉t❡❞ ❛♥❞ ❛❞❛♣t✐✈❡ ✇❛② ♦♥ ❛ ✈✐rt✉❛❧ ❤②♣❡r❝✉❜❡✲❧✐❦❡ t♦♣♦❧♦❣②✱ ❝❛❧❧❡❞ ❱❈✉❜❡✳ ❚❤❡
♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤ ✐s ❡✣❝✐❡♥t ❛♥❞ s❝❛❧❛❜❧❡✱ ❜❡s✐❞❡s t♦❧❡r❛t✐♥❣ t❤❡ ❢❛✉❧t ♦❢ ✉♣ t♦ n − 1
♣r♦❝❡ss❡s✳ ❚❤❡ ♣r♦♣♦s❡❞ s♦❧✉t✐♦♥s ❛r❡ ❛❧s♦ ❛✉t♦♥♦♠✐❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡② ❛❞❛♣t t❤❡♠✲
s❡❧✈❡s ❛✉t♦♠❛t✐❝❛❧❧② ❛❢t❡r t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❢❛✉❧ts ❜② r❡♦r❣❛♥✐③✐♥❣ t❤❡ ❝♦rr❡❝t ♣r♦❝❡ss❡s
r❡♠❛✐♥✐♥❣ ✐♥ t❤❡ s②st❡♠✳ ❆ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ✇❛s ❛❧s♦ ♣r♦♣♦s❡❞ ❢♦r t❤❡ ♠✉t✉❛❧ ❡①❝❧✉s✐♦♥
♣r♦❜❧❡♠✱ ❛ q✉♦r✉♠✲❜❛s❡❞ ❛❧❣♦r✐t❤♠✱ ❛❧s♦ ❜✉✐❧t ♦♥ t❤❡ ❱❈✉❜❡ t♦♣♦❧♦❣②✳ ❚❤❡ ❧♦❛❞ ❛♥❞
s✐③❡ ♦❢ t❤❡ q✉♦r✉♠s ❛r❡ ❦❡♣t ❜❛❧❛♥❝❡❞✱ ❡✈❡♥ ❛❢t❡r ❢❛✉❧ts✳ ❆❧❧ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s ❛r❡
❞❡s❝r✐❜❡❞✱ s♣❡❝✐✜❡❞ ❛♥❞ ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❜② s✐♠✉❧❛t✐♦♥✳ Pr♦♦❢s ♦❢ ❝♦rr❡❝t♥❡ss ❛♥❞
❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢♦r ❛❧❧ ♣r♦♣♦s❛❧s ❛r❡ ♣r❡s❡♥t❡❞✳
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✸✳✶ ▼étr✐❝❛s ❞❡ ❞❡s❡♠♣❡♥❤♦ ♣❛r❛ ❛❧❣♦r✐t♠♦s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✷ ❊①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ▲❛♠♣♦rt ♣❛r❛ n = 3✳ ❈❛❞❛ s♦❧✐❝✐t❛çã♦ é r❡♣r❡✲

s❡♥t❛❞❛ ♣❡❧♦ ♣❛r ✭♣r♦❝❡ss♦✱ t✐♠❡st❛♠♣✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✸ ❊①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘✐❝❛rt✲❆❣r❛✇❛❧❛ ♣❛r❛ n = 3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✹ ❊①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❙✐♥❣❤❛❧ ♣❛r❛ n = 5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✺ ❆❧❣♦r✐t♠♦ ❞❡ ▼❛❡❦❛✇❛ ♣❛r❛ n = 7✱ |Ci| = 3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸✳✻ ❆❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ♣❛r❛ n = 6✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✼ ❊①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ♣❛r❛ n = 3 ❡ k = 2 s❡♠ ❢❛❧❤❛s✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✽ ❖r❣❛♥✐③❛çã♦ ❤✐❡rárq✉✐❝❛ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❈❤❛✉❞❤✉r✐✲❊❞✇❛r❞ ♣❛r❛ n = 16✳ ✳ ✹✺
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✹✳✸ ▼❡❝❛♥✐s♠♦ ❞❡ ♣r♦♣❛❣❛çã♦ ❞❛s ♠❡♥s❛❣❡♥s ♥❛ ár✈♦r❡ ❣❡r❛❞♦r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✺✳✶ ❇r♦❛❞❝❛st ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❡♠ ✉♠❛ ❡①❡❝✉çã♦ s❡♠✲❢❛❧❤❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✺✳✷ ❊①❡❝✉çã♦ ❝♦♠ ❢❛❧❤❛ ❞❡ ♣r♦❝❡ss♦s ❢♦❧❤❛ ✭p1 ♦✉ pn−1✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✺✳✸ ❊①❡❝✉çã♦ ❝♦♠ ❢❛❧❤❛ ❞❡ ♣r♦❝❡ss♦ ♥ã♦✲❢♦❧❤❛ pn/2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✹ ❚♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ❡♠ ❡①❡❝✉çõ❡s ❝♦♠ ❡ s❡♠ ❢❛❧❤❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✺ ❊①❡❝✉çõ❡s ❞❡ ❆❇❇ ❡ ❚❘❊❊ ❝♦♠ ✺✶✷ ♣r♦❝❡ss♦s ❡ ❢❛❧❤❛s ♠ú❧t✐♣❧❛s✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✺✳✻ ❊①❡❝✉çã♦ ❞❡ ❆❇❇✱ ◆❆❇❇ ❡ ❚❘❊❊ ❝♦♠ ✺✶✷ ♣r♦❝❡ss♦s ❡ ❢❛❧❤❛s ♠ú❧t✐♣❧❛s✳ ✳ ✼✵

✻✳✶ ❖r❣❛♥✐③❛çã♦ ❞♦s ♠ó❞✉❧♦s ❞❡ s✐♠✉❧❛çã♦ ♥♦ ◆❡❦♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✻✳✷ ❚♦t❛❧ ❞❡ r❡❝✉rs♦s ❛❧♦❝❛❞♦s ❡♠ ❝❡♥ár✐♦s s❡♠ ❢❛❧❤❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✻✳✸ ❈♦♠♣❛r❛t✐✈♦ ❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s ❡♥✈✐❛❞❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✻✳✹ ❈♦♠♣❛r❛t✐✈♦ ❞❡ ❡✜❝✐ê♥❝✐❛ ♥❛ ♦❜t❡♥çã♦ ❞♦s r❡❝✉rs♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✻✳✺ ◗✉ór✉♥s ❞♦ ✸✲❱❈✉❜❡ ❝♦♠ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ♣❛r❛ ♦s ♣r♦❝❡ss♦s p0 ❡ p7✳ ✳ ✽✸

✻✳✻ ❚❛♠❛♥❤♦ ❡ ❝❛r❣❛ ❞♦s q✉ór✉♥s ❡♠ ✉♠ s✐st❡♠❛ ❱❈✉❜❡ ❝♦♠ ✽ ♣r♦❝❡ss♦s✳ ✳ ✳ ✽✻
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✷✳✶ ❊①❡♠♣❧♦ ❞❡ ♦r❞❡♥❛çã♦ ❞❡ ❡✈❡♥t♦s ❝♦♠ r❡❧ó❣✐♦s ❧ó❣✐❝♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✶ ❈♦♠♣❛r❛t✐✈♦ ❞♦s ♣r✐♥❝✐♣❛✐s ❛❧❣♦r✐t♠♦s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✻✳✶ ❚♦t❛❧ ❞❡ r❡❝✉rs♦s ❛❧♦❝❛❞♦s ♥♦s ❝❡♥ár✐♦s s❡♠ ❢❛❧❤❛s ✭f = 0 ❡ k = 3✮✳ ✳ ✳ ✳ ✳ ✼✼

✻✳✷ ❚❡♠♣♦ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ r❡❝✉rs♦ ❡♠ ❝❡♥ár✐♦s s❡♠ ❢❛❧❤❛s ✭f = 0 ❡ k = 3✮✳ ✳ ✼✽

✻✳✸ ❘❡❝✉rs♦s ❛❧♦❝❛❞♦s ♥♦s ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛s ✭n = 512✱ f = 10 ❡ k = 10✮✳ ✳ ✳ ✳ ✼✾

✻✳✹ ❚❡♠♣♦ ❞❡ ♦❜t❡♥çã♦ ❞♦s r❡❝✉rs♦s ♥♦s ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛s ✭n = 512✱ f = 10

❡ k = 10✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✻✳✺ ❘❡s✉❧t❛❞♦s ❞♦s t❡st❡s ❡♠ ❝❡♥ár✐♦s s❡♠ ❢❛❧❤❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✻✳✻ ❘❡s✉❧t❛❞♦s ❞♦s t❡st❡s ❝♦♠ ❱❈✉❜❡ ♣❛r❛ ❛ ❢❛❧❤❛ ❞❡ ✉♠ ú♥✐❝♦ ♣r♦❝❡ss♦✳ ✳ ✳ ✳ ✽✼

✻✳✼ ❘❡s✉❧t❛❞♦s ❞♦s t❡st❡s ❝♦♠ ❚❘❊❊ ♣❛r❛ ✉♠ ♣r♦❝❡ss♦ ❢❛❧❤♦ ♥ã♦✲r❛✐③ ✭p1✮✳ ✳ ✳ ✽✽

✻✳✽ ❘❡s✉❧t❛❞♦s ❞♦s t❡st❡s ❝♦♠ ❚❘❊❊ ♣❛r❛ ❛ ❢❛❧❤❛ ❞❛ r❛✐③ ✭p0✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽
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❖r❣❛♥✐③❛çõ❡s ❡ ✐♥❞✐✈í❞✉♦s ❞❡♣❡♥❞❡♠ ❝❛❞❛ ✈❡③ ♠❛✐s ❞❛ ❝♦♠♣✉t❛çã♦ ❞✐str✐❜✉í❞❛ ♣❛r❛ ❛ r❡❛✲

❧✐③❛çã♦ ❞❛s ♠❛✐s ❞✐✈❡rs❛s t❛r❡❢❛s✳ ❊①❡♠♣❧♦s ❞✐ss♦ sã♦ ♦s s✐st❡♠❛s ♣❛r❛ ❝♦♠ér❝✐♦ ❡❧❡trô♥✐❝♦✱

❣♦✈❡r♥♦ ❡❧❡trô♥✐❝♦✱ ❡❞✉❝❛çã♦ ❛ ❞✐stâ♥❝✐❛✱ ❡♥tr❡ ✈ár✐❛s ♦✉tr❛s ❛♣❧✐❝❛çõ❡s ❡♠♣r❡s❛r✐❛✐s ❡ ❞❛

■♥t❡r♥❡t✳ ◆❛ s✉❛ ❞❡✜♥✐çã♦ ❝❧áss✐❝❛✱ ✉♠ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ ❝♦♥s✐st❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦

Π ❞❡ n > 1 ♣r♦❝❡ss♦s ✐♥❞❡♣❡♥❞❡♥t❡s {p0, ..., pn−1} ❡♠ ❡①❡❝✉çã♦ s♦❜r❡ ✉♠❛ r❡❞❡ ❞❡ ❝♦♠✲

♣✉t❛❞♦r❡s✱ ❝♦♠♦ ❛ ■♥t❡r♥❡t✱ q✉❡ s❡ ❝♦♠✉♥✐❝❛♠ ✉s❛♥❞♦ tr♦❝❛ ❞❡ ♠❡♥s❛❣❡♥s✱ ❝♦❧❛❜♦r❛♥❞♦

♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡ ❛❧❣✉♠❛ t❛r❡❢❛ ✭❈♦✉❧♦✉r✐s ❡t ❛❧✳✱ ✷✵✶✶❀ ❘❛②♥❛❧✱ ✷✵✶✸✮✳

❯♠❛ ❞❛s ✈❛♥t❛❣❡♥s ❞♦s s✐st❡♠❛s ❞✐str✐❜✉í❞♦s é ♦ ❝♦♠♣❛rt✐❧❤❛♠❡♥t♦ ❞❡ r❡❝✉rs♦s ✭❞✐s✲

♣♦s✐t✐✈♦s✱ ♣r♦❣r❛♠❛s✱ ❞❛❞♦s✱ ❡♥tr❡ ♦✉tr♦s✮✳ ◆♦ ❡♥t❛♥t♦✱ ❝❛❞❛ ♣r♦❝❡ss♦ ♣♦❞❡ s♦❧✐❝✐t❛r ♦

❛❝❡ss♦ ❛ ✉♠ r❡❝✉rs♦ ❝♦♠♣❛rt✐❧❤❛❞♦ ❞❡ ❢♦r♠❛ ❛r❜✐trár✐❛✳ ❊♠ ❛❧❣✉♥s ❝❛s♦s✱ ❡st❡ ❛❝❡ss♦ ♣r❡✲

❝✐s❛ s❡r ❡①❝❧✉s✐✈♦✳ ❆ss✐♠✱ ✉♠❛ q✉❡stã♦ r❡❧❡✈❛♥t❡ é ❝♦♠♦ ♦r❣❛♥✐③❛r ❛ ❝♦♥❝♦rrê♥❝✐❛ ♣❡❧♦s

r❡❝✉rs♦s ❣❛r❛♥t✐♥❞♦ ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s ♣r✐♥❝✐♣❛✐s✿ ❛ s❡❣✉r❛♥ç❛ ✭s❛❢❡t②✮✱ q✉❡ ❣❛r❛♥t❡ q✉❡

♥♦ ♠á①✐♠♦ ✉♠ s♦❧✐❝✐t❛♥t❡ ♦❜t❡♥❤❛ ♦ r❡❝✉rs♦ ❞❡ ❝❛❞❛ ✈❡③❀ ❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♣r♦❣r❡ssã♦

✭❧✐✈❡♥❡ss✮✱ ♥❛ q✉❛❧ t♦❞♦s ♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ✉♠ r❡❝✉rs♦ ❝♦♥s✐❣❛♠ ♦❜tê✲❧♦ ❡♠ ✉♠ t❡♠♣♦ ✜✲

♥✐t♦✳ ❆ s♦❧✉çã♦ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ é ❝❤❛♠❛❞❛ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ✭▲❛♠♣♦rt✱ ✶✾✼✽❀ ❘✐❝❛rt

❡ ❆❣r❛✇❛❧❛✱ ✶✾✽✶❀ ❘❛②♥❛❧ ❡ ❇❡❡s♦♥✱ ✶✾✽✻❀ ▲✉♦ ❡t ❛❧✳✱ ✷✵✶✸✮✳

❊①✐st❡♠ ❞✉❛s ❛❜♦r❞❛❣❡♥s ❝❧áss✐❝❛s ♣❛r❛ ✐♠♣❧❡♠❡♥t❛r ❛ ❡①❝❧✉sã♦ ♠út✉❛ ❡♠ s✐st❡♠❛s

❞✐str✐❜✉í❞♦s✳ ❆ ♣r✐♠❡✐r❛ é ♣♦r s♦❧✐❝✐t❛çã♦ ❞❡ ♣❡r♠✐ssã♦ ❡ ❛ s❡❣✉♥❞❛ é ❛tr❛✈és ❞❡ ♣❛ss❛❣❡♠

❞❡ t♦❦❡♥ ✭❘❛②♥❛❧✱ ✶✾✾✶✮✳ ◆❛ s♦❧✐❝✐t❛çã♦ ❞❡ ♣❡r♠✐ssã♦ ❝❛❞❛ ♣r♦❝❡ss♦ q✉❡ ❞❡s❡❥❛ ❢❛③❡r ✉s♦

❞♦ r❡❝✉rs♦ ❞❡✈❡ s♦❧✐❝✐t❛r ❛ t♦❞♦s ♦s ❞❡♠❛✐s ❛ ♣❡r♠✐ssã♦ ♣❛r❛ ✉t✐❧✐③á✲❧♦ ✭❘✐❝❛rt ❡ ❆❣r❛✇❛❧❛✱

✶✾✽✶❀ ❙❛♥❞❡rs✱ ✶✾✽✼✮✳ P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ✉♠ ú♥✐❝♦ r❡❝✉rs♦ é ❝♦♠♣❛rt✐❧❤❛❞♦✱ ❛ s♦❧✉çã♦

tr✐✈✐❛❧ é ❡♥✈✐❛r ✉♠❛ ♠❡♥s❛❣❡♠ ❞❡ s♦❧✐❝✐t❛çã♦ ❛ ❝❛❞❛ ✉♠ ❞♦s ♦✉tr♦s n − 1 ♣r♦❝❡ss♦s ❞♦

s✐st❡♠❛ ❡ ❛❣✉❛r❞❛r ❛s r❡s♣♦st❛s ✭❇❡rts❡❦❛s ❡t ❛❧✳✱ ✶✾✾✶✮✳ ❈♦♠ ♣❛ss❛❣❡♠ ❞❡ t♦❦❡♥✱ s♦♠❡♥t❡

♦ ♣r♦❝❡ss♦ q✉❡ ❞❡té♠ ♦ t♦❦❡♥ ♣♦❞❡ ❛❝❡ss❛r ♦ r❡❝✉rs♦ ❝♦♠♣❛rt✐❧❤❛❞♦ ✭▲❡ ▲❛♥♥✱ ✶✾✼✼❀ ❙✉③✉❦✐

❡ ❑❛s❛♠✐✱ ✶✾✽✺❀ ❘❛②♠♦♥❞✱ ✶✾✽✾❜❀ ◆❛✐♠✐ ❡t ❛❧✳✱ ✶✾✾✻❀ ❇❡rt✐❡r ❡t ❛❧✳✱ ✷✵✵✹✮✳ ❖ t♦❦❡♥ ♣♦❞❡

❝✐r❝✉❧❛r ❡♥tr❡ ♦s ♣r♦❝❡ss♦s s❡❣✉✐♥❞♦ ✉♠❛ ♦r❣❛♥✐③❛çã♦ ❧ó❣✐❝❛ ❡♠ ❛♥❡❧✱ ♣♦r ❡①❡♠♣❧♦✳

❯♠❛ ✈❛r✐❛çã♦ ❞❛ ❡①❝❧✉sã♦ ♠út✉❛ é ❛ k✲❡①❝❧✉sã♦ ♠út✉❛✱ ♥❛ q✉❛❧ k r❡❝✉rs♦s sã♦ ❝♦♠♣❛r✲

t✐❧❤❛❞♦s ❡♥tr❡ ♦s n ♣r♦❝❡ss♦s ✭❘❛②♠♦♥❞✱ ✶✾✽✾❛❀ ❇✉❧❣❛♥♥❛✇❛r ❡ ❱❛✐❞②❛✱ ✶✾✾✺❀ ❇♦✉✐❧❧❛❣✉❡t

❡t ❛❧✳✱ ✷✵✵✽✮✳ ❖s ❛❧❣♦r✐t♠♦s ❞❡st❛ ❝❛t❡❣♦r✐❛ t❛♠❜é♠ sã♦ ❜❛s❡❛❞♦s ❡♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦

❡ ♣❛ss❛❣❡♠ ❞❡ t♦❦❡♥✳ ◆❛s s♦❧✉çõ❡s ❝♦♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦✱ ♦ ♣r♦❝❡ss♦ s♦❧✐❝✐t❛♥t❡ ♣r❡❝✐s❛

❛❣✉❛r❞❛r✱ ♥♦ ♠í♥✐♠♦✱ n− k ♣❡r♠✐ssõ❡s✳ ❈♦♠ ❛ ✉t✐❧✐③❛çã♦ ❞❡ t♦❦❡♥s✱ ❛♣❡♥❛s ♦s ♣r♦❝❡ss♦s

q✉❡ ♣♦ss✉❡♠ ✉♠ ❞♦s k t♦❦❡♥s ♣♦❞❡♠ ❢❛③❡r ✉s♦ ❞♦s r❡❝✉rs♦s✳

❯♠ ❢❛t♦r r❡❧❡✈❛♥t❡ q✉❡ t❡♠ ✐♠♣❛❝t♦ ❞✐r❡t♦ ♥❛ ❡s❝❛❧❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❡①✲



✶✽

❝❧✉sã♦ ♠út✉❛ ❞✐str✐❜✉í❞♦ é ♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❞✐ss❡♠✐♥❛çã♦ ❞❡ ♠❡♥s❛❣❡♥s✳ ❯♠❛ ❛❜♦r❞❛❣❡♠

s✐♠♣❧❡s✱ ❡♠♣r❡❣❛❞❛ ♥❛ ♠❛✐♦r✐❛ ❞❛s ♣r♦♣♦st❛s✱ é ✉t✐❧✐③❛r ❜r♦❛❞❝❛st ♣❛r❛ ❡♥✈✐❛r ❛s ♠❡♥✲

s❛❣❡♥s ❞❡ r❡q✉✐s✐çã♦✳ ❊♠ r❡❞❡s ♥❛s q✉❛✐s ❡st❡ ♠❡❝❛♥✐s♠♦ ♥ã♦ ❡stá ❞✐s♣♦♥í✈❡❧✱ ❝♦♠♦ ❛

■♥t❡r♥❡t✱ ✉♠❛ ❢♦r♠❛ ❞❡ ❡♠✉❧á✲❧♦ é ❡♥✈✐❛r ✉♠❛ ♠❡♥s❛❣❡♠ ♣♦♥t♦✲❛✲♣♦♥t♦ ♣❛r❛ ❝❛❞❛ ♦✉tr♦

♣r♦❝❡ss♦✳ ◆♦ ❡♥t❛♥t♦✱ ❡ss❛ s♦❧✉çã♦ ♣♦❞❡ s♦❜r❡❝❛rr❡❣❛r ♦ ❡♠✐ss♦r q✉❛♥❞♦ ♠✉✐t♦s ♣r♦❝❡ss♦s

❡stã♦ ❡♥✈♦❧✈✐❞♦s✳ ❯♠❛ ❢♦r♠❛ ❞❡ ❝♦♥t♦r♥❛r ❡st❡ ♣r♦❜❧❡♠❛ é ✉t✐❧✐③❛r s♦❧✉çõ❡s ❤✐❡rárq✉✐❝❛s✱

❝♦♠♦ ❛s ár✈♦r❡s ✭❆✈r❡s❦②✱ ✶✾✾✾✮✳ ❊♠ ❢✉♥çã♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❧♦❣❛rít♠✐❝❛s✱ ❛ ✉t✐❧✐③❛çã♦

❞❡ ár✈♦r❡s ❞✐str✐❜✉✐ ❛ ❝❛r❣❛ ❞❡ ❡♥✈✐♦ ❞❡ ♠❡♥s❛❣❡♥s ❡♥tr❡ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❞♦ s✐st❡♠❛✳

❯♠ s❡❣✉♥❞♦ ♣r♦❜❧❡♠❛ q✉❡ ♠❡r❡❝❡ ❛t❡♥çã♦ ❡♠ ✉♠❛ s♦❧✉çã♦ ❞✐str✐❜✉í❞❛ ❞❡ ❡①❝❧✉sã♦

♠út✉❛ é ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rrê♥❝✐❛ ❞❡ ❢❛❧❤❛s✳ ◆♦ ♠♦❞❡❧♦ ❝♦♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦✱

♣♦r ❡①❡♠♣❧♦✱ ♦ s♦❧✐❝✐t❛♥t❡ ♣r❡❝✐s❛ t❡r ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ❡st❛❞♦ ❞♦s ♣r♦❝❡ss♦s ♣❛r❛ ♥ã♦

✜❝❛r ❛❣✉❛r❞❛♥❞♦ ✐♥❞❡✜♥✐❞❛♠❡♥t❡ ♣♦r r❡s♣♦st❛s ❞❛q✉❡❧❡s ❢❛❧❤♦s ✭❇♦✉✐❧❧❛❣✉❡t ❡t ❛❧✳✱ ✷✵✵✽✮✳

❖ ♠❡s♠♦ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ s❡ ✉s❛ ♣❛ss❛❣❡♠ ❞❡ ♣❡r♠✐ssã♦✳ ◆♦ ❝❛s♦ ❞❡ ❢❛❧❤❛ ❞♦ ♣r♦❝❡ss♦

q✉❡ ♣♦ss✉✐ ♦ t♦❦❡♥✱ ♦ s✐st❡♠❛ ♣r❡❝✐s❛ ✐❞❡♥t✐✜❝❛r ♦ ♣r♦❜❧❡♠❛ ❡ ❣❡r❛r ✉♠ ♥♦✈♦ t♦❦❡♥✳ ❈♦♥s✐✲

❞❡r❛♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❡♥✈♦❧✈✐❞♦s ❡ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❝❛❞❛ ✈❡③ ♠❛✐s ❝r❡s❝❡♥t❡

❞♦s s✐st❡♠❛s ❞✐str✐❜✉í❞♦s✱ é ✐♠♣r❡s❝✐♥❞í✈❡❧ q✉❡ ❛s s♦❧✉çõ❡s ♣r♦♣♦st❛s s❡❥❛♠ ❝❛♣❛③❡s ❞❡

s❡ r❡❝✉♣❡r❛r ❞❡ ❢❛❧❤❛s ❞❡ ♠♦❞♦ ❛✉t♦♠át✐❝♦✱ ❛❞❛♣t❛♥❞♦✲s❡ ❢r❡♥t❡ ❛ ❝♦♥❞✐çõ❡s ❛❞✈❡rs❛s

✭❑❡♣❤❛rt ❡ ❈❤❡ss✱ ✷✵✵✸✮✳

◆❡st❡ ❝♦♥t❡①t♦✱ ❢♦✐ ♣r♦♣♦st❛ ✉♠❛ s♦❧✉çã♦ ❛✉t♦♥ô♠✐❝❛ t♦❧❡r❛♥t❡ ❛ ❢❛❧❤❛s ❞❡ k✲❡①❝❧✉sã♦

♠út✉❛ ❞✐str✐❜✉í❞❛ ❜❛s❡❛❞❛ ♥♦ ♠♦❞❡❧♦ ❝♦♠ ♣❡❞✐❞♦s ❞❡ ♣❡r♠✐ssã♦✳ ❖ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦

♣♦ss✐❜✐❧✐t❛ ❛ ♦❜t❡♥çã♦ ❞❡ r❡❝✉rs♦s ❞❡ ❢♦r♠❛ ❡✜❝✐❡♥t❡✱ ♠❡s♠♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❛té n − 1

♣r♦❝❡ss♦s ❢❛❧❤♦s✳ ❯♠ ♠❡❝❛♥✐s♠♦ ❛✉①✐❧✐❛r ❞❡ ♠♦♥✐t♦r❛♠❡♥t♦✱ ❝❤❛♠❛❞♦ ❱❈✉❜❡ ✭❘✉♦s♦✱

✷✵✶✸✮✱ é ✉t✐❧✐③❛❞♦ ♣❛r❛ ❞❡t❡❝t❛r ❛s ❢❛❧❤❛s ❡ ❛❞❛♣t❛r ♦ s✐st❡♠❛✳ ◆♦ ❱❈✉❜❡✱ ♦s ♣r♦❝❡ss♦s

❞♦ s✐st❡♠❛ sã♦ ♦r❣❛♥✐③❛❞♦s ❡♠ ✉♠❛ t♦♣♦❧♦❣✐❛ ✈✐rt✉❛❧ ❡♠ ❤✐♣❡r❝✉❜♦✱ ❛♣r❡s❡♥t❛♥❞♦ ❞✐✈❡r✲

s❛s ♣r♦♣r✐❡❞❛❞❡s ❧♦❣❛rít♠✐❝❛s✳ ❯♠❛ s❡❣✉♥❞❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛ ❞❛

❡①❝❧✉sã♦ ♠út✉❛ ✉t✐❧✐③❛♥❞♦ s✐st❡♠❛s ❞❡ q✉ór✉♥s ❡stá ❡♠ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ✉♠ ❛❧❣♦r✐t♠♦

♣❛r❛ ❝♦♥str✉çã♦ ❞❡ q✉ór✉♥s ❝♦♠ ❜❛s❡ ♥♦ ❱❈✉❜❡ é ❛♣r❡s❡♥t❛❞♦✳ ❘❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦

❞❡♠♦♥str❛♠ ❛ ❡st❛❜✐❧✐❞❛❞❡ ♥♦ t❛♠❛♥❤♦ ❡ ❝❛r❣❛ ❞♦s q✉ór✉♥s ❡♠ ❝❡♥ár✐♦s ❝♦♠ ❡ s❡♠ ❢❛❧❤❛s✳

P❛r❛ ♣r♦♣❛❣❛r ❛s ♠❡♥s❛❣❡♥s ❞❡ r❡q✉✐s✐çã♦ ❞❡ r❡❝✉rs♦s ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛✱

❞♦✐s ♠❡❝❛♥✐s♠♦s ❤✐❡rárq✉✐❝♦s ❞❡ ❞✐❢✉sã♦ ❞❡ ♠❡♥s❛❣❡♥s ✭❜r♦❛❞❝❛st✮ ❢♦r❛♠ ❝r✐❛❞♦s✿ ✉♠ ♣❛r❛

❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❡ ♦✉tr♦ ♣❛r❛ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧✳ ❖s ❞♦✐s ♠❡❝❛♥✐s♠♦s sã♦ ❜❛s❡❛❞♦s

❡♠ ✉♠ ❛❧❣♦r✐t♠♦ ❞✐str✐❜✉í❞♦ ❞❡ ár✈♦r❡ ❣❡r❛❞♦r❛ ♠í♥✐♠❛✱ t❛♠❜é♠ ♣r♦♣♦st♦ ♥❡st❡ tr❛❜❛❧❤♦✳

❖ ❛❧❣♦r✐t♠♦ ❞❡ ár✈♦r❡ ❢❛③ ✉s♦ ❞❛ t♦♣♦❧♦❣✐❛ ♠❛♥t✐❞❛ ♣❡❧♦ ❱❈✉❜❡ ♣❛r❛ ❝♦♥str✉✐r✱ ❛ ♣❛rt✐r ❞❡

✉♠ ♥♦❞♦ ❢♦♥t❡ q✉❛❧q✉❡r ✭r❛✐③✮✱ ✉♠❛ ár✈♦r❡ ❣❡r❛❞♦r❛ ♠í♥✐♠❛ q✉❡ ❝♦♥té♠ t♦❞♦s ♦s ♥♦❞♦s

❝♦♥s✐❞❡r❛❞♦s ❝♦rr❡t♦s ♣❡❧♦ ❱❈✉❜❡✳ ❖ ❛❧❣♦r✐t♠♦ é t♦t❛❧♠❡♥t❡ ❞✐str✐❜✉í❞♦ ❡ ❛✉t♦♥ô♠✐❝♦ ♥♦

s❡♥t✐❞♦ q✉❡ ❛ ár✈♦r❡ é ❝♦♥str✉í❞❛ ❡ ♠❛♥t✐❞❛ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ❛♣ós ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ❢❛❧❤❛s✱

s❡♠ ❛❝❛rr❡t❛r✱ ❡♥tr❡t❛♥t♦✱ ❝✉st♦s ❛❞✐❝✐♦♥❛✐s ❝♦♠ tr♦❝❛ ❞❡ ♠❡♥s❛❣❡♥s ❡✴♦✉ ♣❛r❛❧✐s❛çã♦ ❞♦

s✐st❡♠❛✳ ❆❧é♠ ❞❛s ♣r♦✈❛s✱ t❡st❡s ❞❡ s✐♠✉❧❛çã♦ ❝♦♥✜r♠❛♠ ❛ ❡✜❝✐ê♥❝✐❛ ❞♦s ❛❧❣♦r✐t♠♦s

❝♦♠♣❛r❛❞♦s ❛ ♦✉tr❛s ❛❧t❡r♥❛t✐✈❛s✳
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❖ r❡st❛♥t❡ ❞♦ t❡①t♦ ❡stá ♦r❣❛♥✐③❛❞♦ ♥♦s s❡❣✉✐♥t❡s ❝❛♣ít✉❧♦s✳ ❖ ❈❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛

❛❧❣✉♥s ❞♦s ♣r✐♥❝✐♣❛✐s ♠♦❞❡❧♦s ❞❡ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ ♣r❡s❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛✱ ❞❡st❛❝❛♥❞♦

s✉❛s ♣r✐♥❝✐♣❛✐s ❝❛r❛❝t❡ríst✐❝❛s ❡♠ t❡r♠♦s ❞♦s ❛tr✐❜✉t♦s ❞❡ s✐♥❝r♦♥✐s♠♦ ❡ ♠♦❞❡❧♦ ❞❡ ❢❛✲

❧❤❛s✳ ❖ ❈❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①❝❧✉sã♦ ♠út✉❛ ❡ ♦s ♣r✐♥❝✐♣❛✐s ❛❧❣♦r✐t♠♦s

❜❛s❡❛❞♦s ❡♠ ♣❡❞✐❞♦s ❞❡ ♣❡r♠✐ssã♦ ❡ ♣❛ss❛❣❡♠ ❞❡ t♦❦❡♥✳ ◆♦ ❈❛♣ít✉❧♦ ✹ é ❛♣r❡s❡♥t❛❞❛

❛ s♦❧✉çã♦ ❞❡ ár✈♦r❡ ❣❡r❛❞♦r❛ ♠í♥✐♠❛ ❞✐str✐❜✉í❞❛ ❡ ❛✉t♦♥ô♠✐❝❛✱ q✉❡ é ❛ ❜❛s❡ ♣❛r❛ t♦❞❛s

❛s ❞❡♠❛✐s s♦❧✉çõ❡s ♣r♦♣♦st❛s ♥❡st❡ tr❛❜❛❧❤♦✳ ❖ ❈❛♣ít✉❧♦ ✺ ❛♣r❡s❡♥t❛ ❞✉❛s s♦❧✉çõ❡s ❞❡

❜r♦❛❞❝❛st ❝♦♥str✉í❞❛s ✉t✐❧✐③❛♥❞♦ ❛ ár✈♦r❡ ❣❡r❛❞♦r❛ ♣r♦♣♦st❛✳ ❖ ❈❛♣ít✉❧♦ ✻ ❛♣r❡s❡♥t❛ ❛

s♦❧✉çã♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ q✉❡ ❢❛③ ✉s♦ ❞❛ ár✈♦r❡ ❣❡r❛❞♦r❛ ❡ ❞❛ s♦❧✉çã♦ ❞❡ ❜r♦❛❞❝❛st ♣r♦✲

♣♦st❛s ♥♦ tr❛❜❛❧❤♦✳ P♦r ✜♠✱ ♦ ❈❛♣ít✉❧♦ ✼ ❝♦♥té♠ ❛ ❝♦♥❝❧✉sã♦✱ ✉♠ r❡s✉♠♦ ❞❛s ♣r✐♥❝✐♣❛✐s

❝♦♥tr✐❜✉✐çõ❡s ❡ ✉♠❛ ❧✐st❛ ❞❡ tr❛❜❛❧❤♦s ❢✉t✉r♦s✳
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❈❆P❮❚❯▲❖ ✷

▼❖❉❊▲❖❙ ❉❊ ❙■❙❚❊▼❆❙ ❉■❙❚❘■❇❯❮❉❖❙

❯♠ ♠♦❞❡❧♦ ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❛tr✐❜✉t♦s ❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s q✉❡

❞❡✜♥❡ ❝♦♠♦ ❡st❡s ❛tr✐❜✉t♦s ✐♥t❡r❛❣❡♠ ✭▼✉❧❧❡♥❞❡r✱ ✶✾✾✸✮✳ ❆ ♣❛rt✐r ❞♦ ♠♦❞❡❧♦✱ é ♣♦ssí✈❡❧

❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ s✐st❡♠❛✱ s❡❥❛ ♣♦r ♠❡✐♦ ❞❡ ❛♥á❧✐s❡ t❡ór✐❝❛ ♦✉ ❞❡ s✐♠✉❧❛çã♦✳

❯♠ ❜♦♠ ♠♦❞❡❧♦ é ❝♦♠♣❧❡t♦ ♦ ❜❛st❛♥t❡ ♣❛r❛ r❡♣r❡s❡♥t❛r ✜❡❧♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞♦ s✐st❡♠❛ ❞❛ ❢♦r♠❛ ♠❛✐s s✐♠♣❧❡s ♣♦ssí✈❡❧✱ ✐st♦ é✱ ❝♦♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s

♥❡❝❡ssár✐♦s✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ♠♦❞❡❧♦s ❞❡ s✐st❡♠❛s ❞✐str✐❜✉í❞♦s sã♦ ❛♥❛❧✐s❛❞♦s s♦❜ ♦ ♣♦♥t♦

❞❡ ✈✐st❛ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s r❡❢❡r❡♥t❡s à t♦♣♦❧♦❣✐❛ ❞♦ s✐st❡♠❛✱ ❛♦ s✐♥❝r♦♥✐s♠♦✱ às ❢❛❧❤❛s q✉❡

♣♦❞❡♠ ♦❝♦rr❡r ❡ ❛♦ ❞✐♥❛♠✐s♠♦ ♥❛ ❝♦♠♣♦s✐çã♦ ❞♦ s✐st❡♠❛✳

✷✳✶ ❉❡✜♥✐çõ❡s ❇ás✐❝❛s

❯♠ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ ❝♦♥s✐st❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ Π ❞❡ n > 1 ♣r♦❝❡ss♦s ✐♥❞❡♣❡♥❞❡♥t❡s

{p1, ..., pn} q✉❡ s❡ ❝♦♠✉♥✐❝❛♠ ✉s❛♥❞♦ tr♦❝❛ ❞❡ ♠❡♥s❛❣❡♥s✱ ❝♦❧❛❜♦r❛♥❞♦ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦

❞❡ ❛❧❣✉♠❛ t❛r❡❢❛ ✭❘❛②♥❛❧✱ ✷✵✶✸✮✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❝♦♥s✐❞❡r❛✲s❡ q✉❡ ❝❛❞❛

♣r♦❝❡ss♦ é ❡①❡❝✉t❛❞♦ ❡♠ ✉♠ ♣r♦❝❡ss❛❞♦r ✭♥♦❞♦✮ ✐♥❞✐✈✐❞✉❛❧✳ ❆ ❡①❡❝✉çã♦ ❞❡ ✉♠ ♣r♦❝❡ss♦ é

❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧❛ ❡①❡❝✉çã♦ s❡q✉❡♥❝✐❛❧ ❞❡ ❛çõ❡s✱ q✉❡ ❛❜r❛♥❣❡♠ ❡✈❡♥t♦s ✐♥t❡r♥♦s ❡ ❡✈❡♥t♦s

❞❡ ❡♥✈✐♦✴r❡❝❡❜✐♠❡♥t♦ ❞❡ ♠❡♥s❛❣❡♥s✳ ❆s ❛çõ❡s sã♦ ❡①❡❝✉t❛❞❛s ❞❡ ❢♦r♠❛ ❛tô♠✐❝❛ ❡ ❡♠

t❡♠♣♦ ✜♥✐t♦✳

❆ ❝♦♠✉♥✐❝❛çã♦ ❡♥tr❡ ♣r♦❝❡ss♦s é r❡❛❧✐③❛❞❛✱ ❡♠ ❣❡r❛❧✱ ❞❡ ❞✉❛s ❢♦r♠❛s✿ ♣♦♥t♦✲❛✲♣♦♥t♦

❡ ❜r♦❛❞❝❛st ✭❍❛❞③✐❧❛❝♦s ❡ ❚♦✉❡❣✱ ✶✾✾✹✮✳ ❊①✐st❡♠ ❞✉❛s ♣r✐♠✐t✐✈❛s ❛ss♦❝✐❛❞❛s ❛♦s ❡♥❧❛❝❡s✿

s❡♥❞ ✉t✐❧✐③❛❞❛ ♣❛r❛ ♦ ❡♥✈✐♦ ❞❡ ♠❡♥s❛❣❡♥s ❡ r❡❝❡✐✈❡✱ ✉t✐❧✐③❛❞❛ ♣❛r❛ ♦ r❡❝❡❜✐♠❡♥t♦ ❞❡

♠❡♥s❛❣❡♥s✳ ❊♠ r❡❞❡s ♣♦♥t♦✲❛✲♣♦♥t♦✱ ❝❛❞❛ ❡♥❧❛❝❡ ❝♦♥❡❝t❛ ✉♠ ♣❛r ❞❡ ♣r♦❝❡ss♦s ❡ ❝❛❞❛

♣r♦❝❡ss♦ ♣♦❞❡ ❡♥✈✐❛r ✉♠❛ ♠❡♥s❛❣❡♠ ♣❛r❛ ✉♠ ú♥✐❝♦ ❞❡st✐♥❛tár✐♦ ❞❡ ❝❛❞❛ ✈❡③✳ ❊♠ r❡❞❡s

❜r♦❛❞❝❛st✱ ✉♠ ❝❛♥❛❧ ❝♦♠♣❛rt✐❧❤❛❞♦ ❝♦♥❡❝t❛ t♦❞♦s ♦s ♣r♦❝❡ss♦s✳ ❈♦♠ ✐ss♦✱ ❝❛❞❛ ♣r♦❝❡ss♦

♣♦❞❡ ❡♥✈✐❛r ✉♠❛ ♠❡♥s❛❣❡♠ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❛ t♦❞♦s ♦s ♦✉tr♦s ♣r♦❝❡ss♦s✳

❊♠ ✉♠ s✐st❡♠❛ ❜❛s❡❛❞♦ ❡♠ tr♦❝❛ ❞❡ ♠❡♥s❛❣❡♥s ❡①✐st❡ ✉♠ ❛tr❛s♦ ❡♥tr❡ ♦ ❡♥✈✐♦ ❞❛

♠❡♥s❛❣❡♠ ♣♦r ✉♠ ♣r♦❝❡ss♦ ❡ ♦ r❡❝❡❜✐♠❡♥t♦ ❞❡❧❛ ♥♦ ❞❡st✐♥❛tár✐♦✳ ◆❡st❡ tr❛❥❡t♦✱ ❛ ♠❡♥✲

s❛❣❡♠ ♥♦r♠❛❧♠❡♥t❡ é ❛r♠❛③❡♥❛❞❛ ❡♠ ❜✉✛❡rs ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛✱ q✉❡ ♣♦❞❡♠ s❡r ✜♥✐t♦s

♦✉ ✐♥✜♥✐t♦s ✭▲❛♠♣♦rt ❡ ▲②♥❝❤✱ ✶✾✾✵✮✳ ❙❡ ♦ ❜✉✛❡r é ✜♥✐t♦✱ ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❞❡ ♠❡♥✲

s❛❣❡♥s ♣♦❞❡ s❡r ❡♥✈✐❛❞♦ ❛tr❛✈és ❞♦ ❡♥❧❛❝❡ ❛té q✉❡ ♦ ❜✉✛❡r ❡st❡❥❛ ❝❤❡✐♦✳ ❙❡ ♦ ❜✉✛❡r t❡♠

❝❛♣❛❝✐❞❛❞❡ ✐♥✜♥✐t❛✱ ♣♦❞❡ ❡①✐st✐r ✉♠❛ q✉❛♥t✐❞❛❞❡ ❛r❜✐trár✐❛ ❞❡ ♠❡♥s❛❣❡♥s ❡♠ trâ♥s✐t♦ ❡

✉♠ ♣r♦❝❡ss♦ s❡♠♣r❡ ♣♦❞❡ ❡♥✈✐❛r ✉♠❛ ♥♦✈❛ ♠❡♥s❛❣❡♠✳

◗✉❛♥❞♦ ♦ ❜✉✛❡r ❞♦ ❡♥❧❛❝❡ ♣❡r♠✐t❡ q✉❡ ♠❛✐s ✉♠❛ ♠❡♥s❛❣❡♠ s❡❥❛ ❡♥✈✐❛❞❛✱ é ♣♦ssí✈❡❧

q✉❡ ♠❡♥s❛❣❡♥s s❡❥❛♠ r❡❝❡❜✐❞❛s ❢♦r❛ ❞❡ ♦r❞❡♠✱ ✐st♦ é✱ ❡♠ ✉♠❛ ♦r❞❡♠ ❞✐❢❡r❡♥t❡ ❞❛ q✉❡



✷✷

❢♦r❛♠ ❡♥✈✐❛❞❛s ✭❇✐r♠❛♥ ❡ ❏♦s❡♣❤✱ ✶✾✽✼❀ ❍❛❞③✐❧❛❝♦s ❡ ❚♦✉❡❣✱ ✶✾✾✹✮✳ ❯♠ ♠♦❞❡❧♦ q✉❡ ✉t✐❧✐③❛

❝❛♥❛✐s ❞❡ ❝♦♠✉♥✐❝❛çã♦ ❋■❋❖ ✭❋✐rst ■♥✱ ❋✐rst ❖✉t✮ ❣❛r❛♥t❡ q✉❡ ❛s ♠❡♥s❛❣❡♥s ❡♥✈✐❛❞❛s ♣♦r

✉♠ ❡♠✐ss♦r s❡rã♦ ❡♥tr❡❣✉❡s ♥♦ r❡❝❡♣t♦r ♥❛ ♦r❞❡♠ ❡♠ q✉❡ ❢♦r❛♠ ❡♥✈✐❛❞❛s✳ ■st♦ é✱ s❡ ✉♠

♣r♦❝❡ss♦ ❡♥✈✐❛ ✉♠❛ ♠❡♥s❛❣❡♠ m1 ❛♥t❡s ❞❡ ✉♠❛ ♠❡♥s❛❣❡♠ m2✱ ♦ ♣r♦❝❡ss♦ ❞❡st✐♥❛tár✐♦

❞❡✈❡rá r❡❝❡❜❡r m1 ❛♥t❡s ❞❡ r❡❝❡❜❡r m2✳

❙❡ ❝♦♥s✐❞❡r❛❞♦ ♦ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ ❝♦♠♦ ✉♠ t♦❞♦✱ ❛ ♦r❞❡♥❛çã♦ ❋■❋❖ ❣❛r❛♥t❡ q✉❡

❛s ♠❡♥s❛❣❡♥s ❡♥✈✐❛❞❛s ♣♦r ✉♠ ♠❡s♠♦ ❡♠✐ss♦r s❡rã♦ ❡♥tr❡❣✉❡s ❛ t♦❞♦s ♦s ❞❡st✐♥❛tár✐♦s

♥❛ ♦r❞❡♠ ❡♠ q✉❡ ❢♦r❛♠ ❡♥✈✐❛❞❛s✳ ◗✉❛♥❞♦ ♠❛✐s ❞❡ ✉♠ ❡♠✐ss♦r ❡stá ❡♥✈♦❧✈✐❞♦ ❡ ❛s ♠❡♥✲

s❛❣❡♥s ❡♥✈✐❛❞❛s ♣♦r ❡❧❡s ♣♦ss✉❡♠ ✉♠❛ r❡❧❛çã♦ ❞❡ ❞❡♣❡♥❞ê♥❝✐❛✱ ❛ ♦r❞❡♥❛çã♦ ❝❛✉s❛❧ ♣♦❞❡

s❡r ✉t✐❧✐③❛❞❛✳ ❆ ♦r❞❡♥❛çã♦ ❝❛✉s❛❧ ❜❛s❡✐❛✲s❡ ♥❛ r❡❧❛çã♦ ❞❡ ♣r❡❝❡❞ê♥❝✐❛ ✭→✮ ❞❡ ▲❛♠♣♦rt

✭▲❛♠♣♦rt✱ ✶✾✼✽✮✱ q✉❡ ♣♦❞❡ s❡r ❧✐❞❛ ✐♥❢♦r♠❛❧♠❡♥t❡ ❝♦♠♦ ✏❛❝♦♥t❡❝❡✉ ❛♥t❡s ❞❡✑✳ ❯♠ s✐st❡♠❛

♥❡st❡ ♠♦❞❡❧♦ t❡♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✭❑s❤❡♠❦❛❧②❛♥✐ ❡ ❙✐♥❣❤❛❧✱ ✷✵✵✽✮✿ ♣❛r❛ q✉❛✐sq✉❡r

❞✉❛s ♠❡♥s❛❣❡♥s mij ❡♥✈✐❛❞❛ ♣❡❧♦ ♣r♦❝❡ss♦ pi ♣❛r❛ ♦ ♣r♦❝❡ss♦ pj ❡ mkj ❡♥✈✐❛❞❛ ❞❡ pk ♣❛r❛

pj✱ s❡ send(mij)→ send(mkj)✱ ❡♥tã♦ receive(mij)→ receive(mkj)✳

◗✉❛♥t♦ ♥ã♦ ❡①✐st❡ r❡❧❛çã♦ ❞❡ ♣r❡❝❡❞ê♥❝✐❛✱ ♠❡♥s❛❣❡♥s ♣♦❞❡♠ s❡r ❡♥tr❡❣✉❡s ❡♠ ♦r❞❡♥s

❞✐❢❡r❡♥t❡s ❡♠ ❝❛❞❛ ♣r♦❝❡ss♦✳ P❛r❛ ♣r❡✈❡♥✐r ❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦✱ ❛ ♦r❞❡♥❛çã♦ t♦t❛❧ ♣♦❞❡

s❡r ❡♠♣r❡❣❛❞❛✳ ◆❛ ♦r❞❡♥❛çã♦ t♦t❛❧✱ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s r❡❝❡❜❡♠ t♦❞❛s ❛s ♠❡♥✲

s❛❣❡♥s ♥❛ ♠❡s♠❛ ♦r❞❡♠✳ ❋♦r♠❛❧♠❡♥t❡✱ s❡ ❞♦✐s ♣r♦❝❡ss♦s ❝♦rr❡t♦s pi ❡ pj r❡❝❡❜❡♠ ❞✉❛s

♠❡♥s❛❣❡♥s m1 ❡ m2✱ pi ♣♦❞❡ r❡❝❡❜❡r m1 ❛♥t❡s ❞❡ m2 s❡ ❡✱ s♦♠❡♥t❡ s❡✱ pj r❡❝❡❜❡r m1 ❛♥t❡s

❞❡ m2✳

◆❛ ♣rát✐❝❛✱ ♦s s✐st❡♠❛s r❡❛✐s ♣♦❞❡♠ ✐♠♣❧❡♠❡♥t❛r ❛ ♦r❞❡♥❛çã♦ ❋■❋❖ ❞❛s ♠❡♥s❛❣❡♥s

✉t✐❧✐③❛♥❞♦ ♥ú♠❡r♦s ❞❡ s❡q✉ê♥❝✐❛ ❡ ❛s ♦r❞❡♥❛çõ❡s ❝❛✉s❛❧ ❡ t♦t❛❧ ♣♦r ♠❡✐♦ ❞❡ t✐♠❡st❛♠♣s✳

❆❧é♠ ❞✐ss♦✱ ❛❧❣♦r✐t♠♦s ❞✐str✐❜✉í❞♦s ❡s♣❡❝í✜❝♦s ❞❡✈❡♠ ❡st❛r ✐♠♣❧❡♠❡♥t❛❞♦s ♣❛r❛ ❣❛r❛♥t✐r

♦s ❞✐❢❡r❡♥t❡s ♥í✈❡✐s ❞❡ ♦r❞❡♥❛çã♦✳ ❈♦♠ ✐ss♦✱ ♠❡s♠♦ q✉❡ ♥♦ ♥í✈❡❧ ❞♦ r♦t❡❛♠❡♥t♦ ❡❧❛s

♣♦ss❛♠ s❡r ❡♥❝❛♠✐♥❤❛❞❛s ♣♦r ❡♥❧❛❝❡s ❞✐❢❡r❡♥t❡s ❡ ❛❧❝❛♥❝❡♠ ♦ ❞❡st✐♥♦ ❡♠ ✉♠❛ ♦r❞❡♠

❛r❜✐trár✐❛✱ ❛ ♦r❞❡♥❛çã♦ é ❣❛r❛♥t✐❞❛ ♣❛r❛ ♦s ♣r♦❝❡ss♦s ✜♥❛✐s✳

✷✳✷ ❚♦♣♦❧♦❣✐❛

❆ t♦♣♦❧♦❣✐❛ ❞❡s❝r❡✈❡ ❝♦♠♦ ♦s ♣r♦❝❡ss♦s ❞❡ ✉♠ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ ♣♦❞❡♠ ❡♥✈✐❛r ♠❡♥s❛✲

❣❡♥s ❡♥tr❡ s✐ ✭▲❛♠♣♦rt ❡ ▲②♥❝❤✱ ✶✾✾✵✮✳ ❯♠❛ t♦♣♦❧♦❣✐❛ é ❞❡s❝r✐t❛ ♣♦r ✉♠ ❣r❛❢♦ G = (V,E)

♥♦ q✉❛❧ ♦s ✈ért✐❝❡s V (G) = Π sã♦ ♦s ♥♦❞♦s ❡ ❛s ❛r❡st❛s E(G) sã♦ ♦s ❡♥❧❛❝❡s ❡♥tr❡ ♦s ♥♦❞♦s✳

❯♠ ❡♥❧❛❝❡ ❝♦rr❡s♣♦♥❞❡ à ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❞♦✐s ♥♦❞♦s s❡ ❝♦♠✉♥✐❝❛r❡♠ s❡♠ ✐♥t❡r♠❡❞✐ár✐♦s✱

♣♦❞❡♥❞♦ s❡r ✉♠ ❡♥❧❛❝❡ ❢ís✐❝♦ ♦✉ ❧ó❣✐❝♦✳ ❙❡♥❞♦ ❛ss✐♠✱ ✉♠❛ ❛r❡st❛ (i, j) ∈ E(G) ✐♥❞✐❝❛ q✉❡ ♦

♣r♦❝❡ss♦ i ♣♦❞❡ s❡ ❝♦♠✉♥✐❝❛r ❞✐r❡t❛♠❡♥t❡ ❝♦♠ ♦ ♣r♦❝❡ss♦ j✳ ❖ ❣r❛❢♦ ♣♦❞❡ s❡r ❞✐r❡❝✐♦♥❛❞♦

♦✉ ♥ã♦✲❞✐r❡❝✐♦♥❛❞♦✳ ❊♠ ✉♠ ❣r❛❢♦ ♥ã♦✲❞✐r❡❝✐♦♥❛❞♦✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❛r❡st❛ ❡♥tr❡ ❞♦✐s

♣r♦❝❡ss♦s ✐♥❞✐❝❛ q✉❡ ❛♠❜♦s ♣♦❞❡♠ s❡ ❝♦♠✉♥✐❝❛r ❞✐r❡t❛♠❡♥t❡✳ ❊♠ ❛❧❣✉♥s ❝❛s♦s✱ ❛ t♦♣♦❧♦✲

❣✐❛ é ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♥❤❡❝✐❞❛✱ ♠❛s ❡①✐st❡♠ s✐t✉❛çõ❡s ♥❛s q✉❛✐s ♦ ❝♦♥❤❡❝✐♠❡♥t♦ é ❧✐♠✐t❛❞♦

❡✱ ♥♦ ♠í♥✐♠♦✱ ❝❛❞❛ ♥♦❞♦ ❝♦♥❤❡❝❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❝❡ss♦s ✈✐③✐♥❤♦s✳ ❖ s✐st❡♠❛ ♣♦❞❡ s❡r
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t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦ ✭❢✉❧❧② ❝♦♥♥❡❝t❡❞✮✱ ✐st♦ é✱ t♦❞♦s ♦s ♣r♦❝❡ss♦s ♣♦❞❡♠ s❡ ❝♦♠✉♥✐❝❛r

❞✐r❡t❛♠❡♥t❡ ❡♥tr❡ s✐✱ ❝♦♥✜❣✉r❛♥❞♦ ✉♠ ❣r❛❢♦ ♥ã♦✲❞✐r❡❝✐♦♥❛❞♦ ❝♦♠♣❧❡t♦✳ ❖s s✐st❡♠❛s q✉❡

♥ã♦ sã♦ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦s sã♦ ❞✐t♦s ❞❡ t♦♣♦❧♦❣✐❛ ❛r❜✐trár✐❛✳

✷✳✸ ❙✐♥❝r♦♥✐s♠♦

❯♠ ♠♦❞❡❧♦ ❞❡ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ ❝♦♥s✐❞❡r❛✱ ❡♠ ❣❡r❛❧✱ ❞♦✐s ❛tr✐❜✉t♦s t❡♠♣♦r❛✐s✿ ❛ ✈❡❧♦✲

❝✐❞❛❞❡ ❞❡ ❡①❡❝✉çã♦ ❞♦s ♣r♦❝❡ss♦s ∆ ❡ ♦ ❛tr❛s♦ ❞❡ ♠❡♥s❛❣❡♥s ♥♦s ❝❛♥❛✐s ❞❡ ❝♦♠✉♥✐❝❛çã♦

Φ✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❡st❡s ❧✐♠✐t❡s✱ ♦s s✐st❡♠❛s ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞♦s ❡♠ sí♥❝r♦♥♦s ♦✉

❛ssí♥❝r♦♥♦s ✭❈r✐st✐❛♥✱ ✶✾✾✶✮✳ ❊♠ ✉♠ s✐st❡♠❛ sí♥❝r♦♥♦✱ ❤á ❧✐♠✐t❡s ❝♦♥❤❡❝✐❞♦s ♣❛r❛ ❡st❡s

❛tr✐❜✉t♦s✳ ◆♦s s✐st❡♠❛s ❛ssí♥❝r♦♥♦s ❡st❡s ❧✐♠✐t❡s ♥ã♦ ❡①✐st❡♠✳ ❊♥tr❡t❛♥t♦✱ ❛ ♠❛✐♦r✐❛ ❞♦s

s✐st❡♠❛s r❡❛✐s ♥ã♦ s❡ ❡♥❝❛✐①❛ ♥❡st❡s ♠♦❞❡❧♦s✳ ❯♠❛ s♦❜r❡❝❛r❣❛ ♠♦♠❡♥tâ♥❡❛ ♥❛ r❡❞❡✱ ♣♦r

❡①❡♠♣❧♦✱ ♣♦❞❡ ❢❛③❡r ❝♦♠♦ q✉❡ ♦ t❡♠♣♦ ❞❡ tr❛♥s♠✐ssã♦ ❞❛s ♠❡♥s❛❣❡♥s ♣❛ss❡ ❛ s❡r ♠❛✐♦r

q✉❡ ♦ ❡s♣❡r❛❞♦✳ ❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❞❡✜♥✐r ♠♦❞❡❧♦s q✉❡ ♠❡❧❤♦r r❡✢✐t❛♠ ♦s s✐st❡♠❛s r❡✲

❛✐s✱ ❢♦r❛♠ ❞❡✜♥✐❞♦s ♦s s✐st❡♠❛s ♣❛r❝✐❛❧♠❡♥t❡ sí♥❝r♦♥♦s✳ ❊st❛ s❡çã♦ ❛♣r❡s❡♥t❛ ♦s ♠♦❞❡❧♦s

t❡♠♣♦r❛✐s ♣❛r❛ s✐st❡♠❛s ❞✐str✐❜✉í❞♦s ❝♦♠ ❢♦❝♦ ♥❛s ❞❡✜♥✐çõ❡s ❡ ❝❛r❛❝t❡ríst✐❝❛s ♣r✐♥❝✐♣❛✐s

❞❡ ❝❛❞❛ ✉♠ ❞❡❧❡s✳

✷✳✸✳✶ ❙✐st❡♠❛s ❙í♥❝r♦♥♦s

❊♠ ✉♠ s✐st❡♠❛ sí♥❝r♦♥♦ ❡①✐st❡♠ ❧✐♠✐t❡s ❝♦♥❤❡❝✐❞♦s ♣❛r❛ ♦s t❡♠♣♦s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦✱

❡♥✈✐♦ ❞❡ ♠❡♥s❛❣❡♥s✱ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❡ r❡❧ó❣✐♦ ✭❞r✐❢t✮ ❡ ❞✐❢❡r❡♥ç❛s ❡♥tr❡ r❡❧ó❣✐♦s ❧♦❝❛✐s

✭❱❡ríss✐♠♦ ❡ ❘♦❞r✐❣✉❡s✱ ✷✵✵✶✮✳ ❍❛❞③✐❧❛❝♦s ❡ ❚♦✉❡❣ ✭✶✾✾✹✮ ❞❡✜♥❡♠ três ♣r♦♣r✐❡❞❛❞❡s q✉❡

❝❛r❛❝t❡r✐③❛♠ ❡ss❡s s✐st❡♠❛s✿

✶✳ ❊①✐st❡ ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r ❞❡ t❡♠♣♦ ✉t✐❧✐③❛❞♦ ♣♦r ✉♠ ♣r♦❝❡ss❛❞♦r ♣❛r❛ ❡①❡❝✉t❛r

✉♠ ♣❛ss♦ ❞❡ ❡①❡❝✉çã♦✱ ✐st♦ é✱ ❞❛❞❛ ✉♠❛ ❝♦♥st❛♥t❡ τ ≥ 0✱ t♦❞♦ ♣r♦❝❡ss♦ p ❡①❡❝✉t❛

✉♠❛ ✐♥str✉çã♦ ❡♠✱ ♥♦ ♠á①✐♠♦✱ τ ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦ ❛♣ós ✐♥✐❝✐á✲❧❛✳ ❉❡st❛ ❢♦r♠❛✱

♣♦❞❡✲s❡ ❞❡✜♥✐r ✉♠ ❧✐♠✐t❡ ∆ ♥♦ q✉❛❧ ✉♠ ♣r♦❝❡ss❛❞♦r ♣♦❞❡ ❡①❡❝✉t❛r ♠❛✐s rá♣✐❞♦ q✉❡

♦s ❞❡♠❛✐s ✭❚✉r❡❦ ❡ ❙❤❛s❤❛✱ ✶✾✾✷✮✳

✷✳ ❈❛❞❛ ♣r♦❝❡ss♦ ♣ ♣♦ss✉✐ ✉♠ r❡❧ó❣✐♦ ❧♦❝❛❧ Cp ❝♦♠ ❧✐♠✐t❡ ❞❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❝♦♥❤❡❝✐❞❛

ρ ≥ 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ ♣ ❡ t♦❞♦ t❡♠♣♦ t > t′✱

1

1 + ρ
≤ Cp(t)− Cp(t

′)

(t− t′)
≤ (1 + ρ) ✭✷✳✶✮

✸✳ ❊①✐st❡ ✉♠ ❧✐♠✐t❡ ❝♦♥❤❡❝✐❞♦ Φ ≥ 0 ♣❛r❛ ♦ ❛tr❛s♦ ♥❛ ❡♥tr❡❣❛ ❞❡ ♠❡♥s❛❣❡♥s✱ ❝♦♥st✐✲

t✉í❞♦ ♣❡❧♦ t❡♠♣♦ ❞❡ ❡♥✈✐♦✱ tr❛♥s♣♦rt❡ ❡ r❡❝❡❜✐♠❡♥t♦ ❞❛s ♠❡♥s❛❣❡♥s ♣❡❧❛ r❡❞❡❀
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❋❡t③❡r ❡ ❈r✐st✐❛♥ ✭✶✾✾✺✮ ❛❝r❡s❝❡♥t❛♠ q✉❡ ♦s r❡❧ó❣✐♦s ❡♥tr❡ ❞♦✐s ♣r♦❝❡ss♦s p ❡ q q✉❛✐sq✉❡r

❡stã♦ s✐♥❝r♦♥✐③❛❞♦s s❡ ❡①✐st❡ ✉♠ ♣❛râ♠❡tr♦ ❞❡ ❡rr♦ ♠á①✐♠♦ ε ♣❛r❛ t♦❞♦ t❡♠♣♦ t t❛❧ q✉❡✿

| Cp(t)− Cq(t) |≤ ε ✭✷✳✷✮

❆♦ ✐♥✈és ❞❡ ❝❛r❛❝t❡r✐③❛r ♦s ❧✐♠✐t❡s t❡♠♣♦r❛✐s ❡♠ t❡r♠♦s ❞❡ t❡♠♣♦ r❡❛❧✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐✲

❧♦s ❡♠ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛ss♦s ❡①❡❝✉t❛❞♦s ♣❡❧♦s ♣r♦❝❡ss♦s ✭❋r❡✐❧✐♥❣ ❡t ❛❧✳✱ ✷✵✶✶✮✳ ◆❡st❡ ❝❛s♦✱

∆ ❡ Φ tê♠ ♦s s❡❣✉✐♥t❡s s✐❣♥✐✜❝❛❞♦s✿

• ❱❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦✿ ♣❛r❛ ❝❛❞❛ ∆ ♣❛ss♦s r❡❛❧✐③❛❞♦s ♣♦r ✉♠ ♣r♦❝❡ss♦✱ t♦❞♦s

♦s ♦✉tr♦s ♣r♦❝❡ss♦s ❡①❡❝✉t❛♠ ❛♦ ♠❡♥♦s ✉♠ ♣❛ss♦❀

• ❆tr❛s♦ ❞❛s ♠❡♥s❛❣❡♥s✿ s❡ ✉♠❛ ♠❡♥s❛❣❡♠ é ❡♥✈✐❛❞❛ ♥♦ ♣❛ss♦ k✱ ❡❧❛ ❞❡✈❡ s❡r ❡♥tr❡❣✉❡

❡♠ ♥♦ ♠á①✐♠♦ k + Φ ♣❛ss♦s ❞♦ ♣r♦❝❡ss♦ ❡♠✐ss♦r✳

❆ss✐♠✱ ♦ ❧✐♠✐t❡ ω✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ t❡♠♣♦ ❞❡ ✐❞❛ ❡ ✈♦❧t❛ ❞❡ ✉♠❛ ♠❡♥s❛❣❡♠ tr♦❝❛❞❛

❡♥tr❡ ❞♦✐s ♣r♦❝❡ss♦s p ❡ q✱ ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❝♦♠♦✿

ω = Φ+ s ·∆+∆ · Φ ✭✷✳✸✮

■♥✐❝✐❛❧♠❡♥t❡✱ sã♦ ♥❡❝❡ssár✐♦s Φ ♣❛ss♦s ❡♥tr❡ ♦ ❡♥✈✐♦ ❞❛ ♠❡♥s❛❣❡♠ ♣❡❧♦ ♣r♦❝❡ss♦ p ❡ ❛

r❡❝❡♣çã♦ ♣❡❧♦ ♣r♦❝❡ss♦ q✳ ❊♠ s❡❣✉✐❞❛✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ✉♠ ♣r♦❝❡ss♦ ✉t✐❧✐③❛ s ♣❛ss♦s ♣❛r❛

r❡❝❡❜❡r ❛ ♠❡♥s❛❣❡♠ ❡ ❡♥✈✐❛r ✉♠❛ r❡s♣♦st❛✱ s❡rã♦ ♥❡❝❡ssár✐♦s s · ∆ ♣❛ss♦s ♣❛r❛ r❡❝❡❜❡r✱

♣r♦❝❡ss❛r ❡ r❡s♣♦♥❞❡r ❝❛❞❛ ♠❡♥s❛❣❡♠✳ P♦r ✜♠✱ ❛♣ós ∆ ♣❛ss♦s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❡♠ q✱ ❛

♠❡♥s❛❣❡♠ ❞❡ r❡s♣♦st❛ ❛❧❝❛♥ç❛ p✳ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡ q ♣♦❞❡ s❡r ♠✉✐t♦ ♠❛✐s ❧❡♥t♦ q✉❡ p ❡

∆ é ♠❡❞✐❞♦ ❡♠ q✱ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ∆ ♣♦r Φ ❞❡✜♥❡ ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ q ❡①❡❝✉t❛r

∆ ♣❛ss♦s✳

❖ ❢❛t♦ ❞❡ ❡①✐st✐r❡♠ ❧✐♠✐t❡s ♥❛ ✈❡❧♦❝✐❞❛❞❡ r❡❧❛t✐✈❛ ❞♦s ♣r♦❝❡ss♦s ♣❡r♠✐t❡ q✉❡ q✉❛❧q✉❡r

♣r♦❝❡ss♦ ❞❡✜♥❛ ✉♠❛ q✉❛♥t✐❞❛❞❡ ♠á①✐♠❛ ❞❡ ♣❛ss♦s q✉❡ ✉♠ ♦✉tr♦ ♣r♦❝❡ss♦ ❡①❡❝✉t♦✉ ♥♦

s✐st❡♠❛✳ ❊st❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s à ❡①✐stê♥❝✐❛ ❞❡ ✉♠ r❡❧ó❣✐♦ ❣❧♦❜❛❧✱ ♦ q✉❡

❝❛r❛❝t❡r✐③❛ ❡st❡s s✐st❡♠❛s ❝♦♠♦ sí♥❝r♦♥♦s✳ ❆❧é♠ ❞✐ss♦✱ é ♣♦ssí✈❡❧ ❡ s❡❣✉r♦ ❢❛③❡r ✉s♦

❞❡ t✐♠❡♦✉ts ♣❛r❛ ❞❡t❡❝t❛r ❢❛❧❤❛s ❞❡ ♣r♦❝❡ss♦s ♦✉ ❞❡ ❝♦♠✉♥✐❝❛çã♦✳ ❊st❛s ❝❛r❛❝t❡ríst✐❝❛s

♣❡r♠✐t❡♠ q✉❡ ♦s s✐st❡♠❛s sí♥❝r♦♥♦s s❡❥❛♠ ✉t✐❧✐③❛❞♦s✱ ✐♥❝❧✉s✐✈❡✱ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❞❡ t❡♠♣♦

r❡❛❧ ✭❋r❡✐❧✐♥❣ ❡t ❛❧✳✱ ✷✵✶✶✮✳ ➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ♦ ❢❛t♦ ❞♦s r❡❧ó❣✐♦s ❛✈❛♥ç❛r❡♠

❞❡ ❢♦r♠❛ s✐♥❝r♦♥✐③❛❞❛ ❡ ❝♦♥st❛♥t❡ ♥ã♦ s✐❣♥✐✜❝❛ q✉❡ ♦s ♣r♦❝❡ss♦s ❛✈❛♥ç❛♠ ✐❣✉❛❧♠❡♥t❡ ♥❛

❡①❡❝✉çã♦ ❧♦❝❛❧ ❞❡ ❛❧❣♦r✐t♠♦s✳

❆ ♠❛✐♦r ❧✐♠✐t❛çã♦ ❡♠ ❛ss✉♠✐r ✉♠ s✐st❡♠❛ sí♥❝r♦♥♦ é ❛ ❞✐✜❝✉❧❞❛❞❡ ❞❡ ❣❛r❛♥t✐r ♦s ❧✐♠✐t❡s

t❡♠♣♦r❛✐s✳ ❚❛✐s ❣❛r❛♥t✐❛s ♥♦r♠❛❧♠❡♥t❡ ❡①✐❣❡♠ ✉♠ ❝♦♥tr♦❧❡ r✐❣♦r♦s♦ ❡♠ ❞✐✈❡rs♦s ❛s♣❡❝t♦s

❞♦ s✐st❡♠❛✱ ✐♥❝❧✉s✐✈❡ ♥❛ s✉❛ ❝❛r❣❛ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦✱ ♦ q✉❡ ❞❡♠❛♥❞❛ ✉s✉❛❧♠❡♥t❡ ❤❛r❞✇❛r❡

❡ s♦❢t✇❛r❡ ❛♣r♦♣r✐❛❞♦s✳ ❊♠ r❡❞❡s ❧♦❝❛✐s ❡st❛s ❝♦♥❞✐çõ❡s ♣♦❞❡♠ ❛té s❡r s❛t✐s❢❡✐t❛s✱ ♠❛s é

♠✉✐t♦ ❞✐❢í❝✐❧ ✭♣❛r❛ ♥ã♦ ❞✐③❡r ✐♠♣♦ssí✈❡❧✮ ♠❛♥t❡r ❣❛r❛♥t✐❛s tã♦ rí❣✐❞❛s ❡♠ r❡❞❡s ❞❡ ❧❛r❣❛



✷✺

❡s❝❛❧❛✱ ❝♦♠♦ ❛ ■♥t❡r♥❡t✳ ❆♦ s❡ ❞❡✜♥✐r ❧✐♠✐t❡s ♠✉✐t♦ ♣❡q✉❡♥♦s✱ ❝♦rr❡✲s❡ ♦ r✐s❝♦ ❞❡ ✈✐♦❧á✲❧♦s✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❧✐♠✐t❡s ♠✉✐t♦ ❣r❛♥❞❡s ✐♠♣❛❝t❛♠ ♥♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ s✐st❡♠❛✳ P♦r ❡st❛s

r❛③õ❡s✱ é ♠✉✐t♦ ❞✐❢í❝✐❧ ❡ ❝✉st♦s♦ ✐♠♣❧❡♠❡♥t❛r ✉♠ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ sí♥❝r♦♥♦✳

✷✳✸✳✷ ❙✐st❡♠❛s ❆ssí♥❝r♦♥♦s

❙✐st❡♠❛s ❞✐str✐❜✉í❞♦s ❛ssí♥❝r♦♥♦s sã♦ ❛q✉❡❧❡s ❧✐✈r❡s ❞❡ r❡str✐çõ❡s t❡♠♣♦r❛✐s✱ t❛♠❜é♠ ❞❡✲

✜♥✐❞♦s ❝♦♠♦ t✐♠❡✲❢r❡❡ ✭❈r✐st✐❛♥ ❡ ❋❡t③❡r✱ ✶✾✾✾❀ ❱❡ríss✐♠♦ ❡ ❘♦❞r✐❣✉❡s✱ ✷✵✵✶✮✳ ◆❡st❡

♠♦❞❡❧♦✱ ♦s ❧✐♠✐t❡s t❡♠♣♦r❛✐s ✭❝♦♠♦ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❡ ❛tr❛s♦ ❞❡ ❡♥tr❡❣❛ ❞❛s

♠❡♥s❛❣❡♥s✮ ♥ã♦ sã♦ ❝♦♥❤❡❝✐❞♦s ♦✉ ♥ã♦ ❡①✐st❡♠✱ ♦ q✉❡ ✐♠♣♦ss✐❜✐❧✐t❛ ❛ ❞❡✜♥✐çã♦ ❞❡ q✉❛❧✲

q✉❡r ❛ss❡rçã♦ ♥❡st❡ s❡♥t✐❞♦✳ ❆ss✐♠✱ ♥ã♦ é ♣♦ssí✈❡❧ ❣❛r❛♥t✐r q✉❡ ✉♠❛ ❡①❡❝✉çã♦ t❡r♠✐♥❡ ♥♦

t❡♠♣♦ ❡s♣❡r❛❞♦ ✭❑r❛❦♦✇✐❛❦ ❡ ❙❤r✐✈❛st❛✈❛✱ ✶✾✾✾✮✳

❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛✲s❡ q✉❡ ♦s ♣r♦❝❡ss♦s ♥ã♦ tê♠ ❛❝❡ss♦ ❛ q✉❛❧q✉❡r t✐♣♦ ❞❡ r❡❧ó❣✐♦

❣❧♦❜❛❧✱ ❡♠❜♦r❛ ✉♠❛ ♦r❞❡♥❛çã♦ ✈✐rt✉❛❧ ❞♦s ❡✈❡♥t♦s ♥♦ s✐st❡♠❛ ♣♦ss❛ s❡r ❞❡✜♥✐❞❛ ❝♦♠

♦ ❛✉①í❧✐♦ ❞❡ r❡❧ó❣✐♦s ❧ó❣✐❝♦s ✭▲❛♠♣♦rt✱ ✶✾✼✽✮✳ ❆ ♣❛ss❛❣❡♠ ❞❡ t❡♠♣♦ ❡♠ ✉♠ s✐st❡♠❛

❛ssí♥❝r♦♥♦ ♣♦❞❡ s❡r ♠❡❞✐❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛ ✭●✉❡rr❛♦✉✐ ❡ ❘♦❞r✐❣✉❡s✱ ✷✵✵✻✮✿

• ❈❛❞❛ ♣r♦❝❡ss♦ p ♠❛♥té♠ ✉♠ ❝♦♥t❛❞♦r ✐♥t❡✐r♦ ❧♦❝❛❧ lp✱ ✐♥✐❝✐❛❧✐③❛❞♦ ❡♠ ✵❀

• P❛r❛ ❝❛❞❛ ✐♥str✉çã♦ ❡①❡❝✉t❛❞❛ ♣♦r p✱ lp é ✐♥❝r❡♠❡♥t❛❞♦ ❡♠ ✉♠❛ ✉♥✐❞❛❞❡❀

• ◗✉❛♥❞♦ p ❡♥✈✐❛ ✉♠❛ ♠❡♥s❛❣❡♠✱ r❡❣✐str❛ ♥❡❧❛ ♦ ✈❛❧♦r ❞♦ s❡✉ ❝♦♥t❛❞♦r lp✳ ❊st❛

♠❛r❝❛çã♦ ❞♦ ❡✈❡♥t♦ e✱ ❞❡♥♦♠✐♥❛❞❛ ✭t✐♠❡st❛♠♣✮✱ é ❞❡♥♦t❛❞❛ ♣♦r t(e)❀

• ◗✉❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ q r❡❝❡❜❡ ✉♠❛ ♠❡♥s❛❣❡♠ ❞❡ p ❝♦♠ t✐♠❡st❛♠♣ lp✱ ✐♥❝r❡♠❡♥t❛

s❡✉ ❝♦♥t❛❞♦r lq = max(lq, lp) + 1✳

❉❡st❛ ❢♦r♠❛✱ ❞❛❞♦s ❞♦✐s ❡✈❡♥t♦s q✉❛✐sq✉❡r e1 ❡ e2✱ ♣♦❞❡ s❡ ❞✐③❡r q✉❡ e1 → e2 ✭e1
♣r❡❝❡❞❡ e2 ✮ s❡✿ ✭❛✮ e1 ❡ e2 ♦❝♦rr❡r❛♠ ♥♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ❡ e1 ❛❝♦♥t❡❝❡✉ ❛♥t❡s ❞❡ e2❀

✭❜✮ e1 é ✉♠ ❡♥✈✐♦ ❞❡ ♠❡♥s❛❣❡♠ ❞♦ ♣r♦❝❡ss♦ p ♣❛r❛ ♦ ♣r♦❝❡ss♦ q ❡ e2 é ❛ r❡❝❡♣çã♦ ❞❡st❛

♠❡♥s❛❣❡♠❀ ♦✉ ✭❝✮ ❡①✐st❡ ✉♠ ❡✈❡♥t♦ e′ t❛❧ q✉❡ e1 → e′ ❡ e′ → e2✳ ❈♦♥s✐❞❡r❛♥❞♦✲s❡ ♦

t✐♠❡st❛♠♣✱ e1 → e2 ⇒ t(e1) < t(e2)✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ♦ ❝❡♥ár✐♦ ❝♦♠ três ♣r♦❝❡ss♦s pA✱ pB ❡ pC ❞❛ ❚❛❜❡❧❛ ✷✳✶✳

❖s ❡✈❡♥t♦s sã♦ r❡♣r❡s❡♥t❛❞♦s ♣♦r ✐♥str✉çõ❡s ❧♦❝❛✐s ✭instr✮✱ ❡♥✈✐♦ ❞❡ ♠❡♥s❛❣❡♥s ✭send✮ ❡

r❡❝❡❜✐♠❡♥t♦ ✭recv✮✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♠♦ ♦ ❝♦♥t❛t♦r ✐♥❝✐❛ ❡♠ ✵✱ ❝❛❞❛ ♣r♦❝❡ss♦ ❛tr✐❜✉✐ ♦

✈❛❧♦r ✶ ❛♦ ♣r✐♠❡✐r♦ ❡✈❡♥t♦✳ ❖ ♣r♦❝❡ss♦ pC t❛♠❜é♠ ✐♥✐❝✐❛ ♦ ❝♦♥t❛❞♦r ❡♠ ✵✱ ♠❛s ♦ ❛t✉❛❧✐③❛

❥á ♥♦ ♣r✐♠❡✐r♦ ❡✈❡♥t♦ ❞❡ r❡❝❡❜✐♠❡♥t♦✳ ◆♦t❡ q✉❡ t♦❞♦ ❡✈❡♥t♦ ❞❡ r❡❝❡❜✐♠❡♥t♦ ❡①✐❣❡ ❡st❡

tr❛t❛♠❡♥t♦ ❞✐❢❡r❡♥❝✐❛❞♦ ♥♦ ✐♥❝r❡♠❡♥t♦ ❞♦ ❝♦♥t❛❞♦r✳

❋❡✐t❛ ❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧✱ é ♣♦ssí✈❡❧ q✉❡ ♠❛✐s ❞❡ ✉♠ ♣r♦❝❡ss♦ ♣♦ss✉❛ ❡✈❡♥t♦s ❝♦♠ ♦

♠❡s♠♦ t✐♠❡st❛♠♣✳ ❯♠❛ s♦❧✉çã♦ ♣❛r❛ ♦❜t❡r ❛ ♦r❞❡♥❛çã♦ t♦t❛❧ é ✉t✐❧✐③❛r ♦ ✐❞❡♥t✐✜❝❛❞♦r

❞♦ ♣r♦❝❡ss♦ ❝♦♠♦ r❡❢❡rê♥❝✐❛✳ ◆♦ ❡①❡♠♣❧♦ ❞❛ ❚❛❜❡❧❛ ✷✳✶✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♦r❞❡♠ ❞♦s ✐❞❡♥✲

t✐✜❝❛❞♦r❡s ❝♦♠♦ pA✲pB✲pC ✱ ❛ ♦r❞❡♥❛çã♦ t♦t❛❧ é✿ instr A1 → instr B1 → send(pB) →
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instr B2 → recv(pA) → instr B3 → send(pC) → recv(pB) → instr C1 → send(pA) →
recv(pC)→ instr C2✳

❚❛❜❡❧❛ ✷✳✶✿ ❊①❡♠♣❧♦ ❞❡ ♦r❞❡♥❛çã♦ ❞❡ ❡✈❡♥t♦s ❝♦♠ r❡❧ó❣✐♦s ❧ó❣✐❝♦s✳

pA lA pB lB pC lC
instr A1 ✭✶✮ instr B1 ✭✶✮ recv(pB) max(0, 5) + 1❂✭✻✮
send(pB) ✭✷✮ instr B2 ✭✷✮ instr C1 ✭✼✮
recv(pC) max(2, 8) + 1❂✭✾✮ recv(pA) max(2, 2) + 1❂✭✸✮ send(pA) ✭✽✮

instr B3 ✭✹✮ instr C2 ✭✾✮
send(pC) ✭✺✮

❊♠❜♦r❛ ♦ ✉s♦ ❞❡ r❡❧ó❣✐♦s ❧ó❣✐❝♦s s❡❥❛ út✐❧ ♣❛r❛ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s✱ ❛ ❛✉sê♥❝✐❛ ❞❡ ❧✐♠✐t❡s

t❡♠♣♦r❛✐s ✐♠♣♦ss✐❜✐❧✐t❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ s♦❧✉çõ❡s ❞❡t❡r♠✐♥íst✐❝❛s ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡

❛❝♦r❞♦ ❡♠ s✐st❡♠❛s ❛ssí♥❝r♦♥♦s s✉❥❡✐t♦s ❛ s❡q✉❡r ✉♠❛ ❢❛❧❤❛✳ ❆ ❣r❛♥❞❡ ❞✐✜❝✉❧❞❛❞❡ ❡stá

♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ❡st❛❞♦ ❞♦s ♣r♦❝❡ss♦s ❞✐str✐❜✉í❞♦s✱ ❞❛❞♦ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ❞✐st✐♥❣✉✐r

❡♥tr❡ ✉♠ ♣r♦❝❡ss♦ ❢❛❧❤♦ ❡ ✉♠ ♠✉✐t♦ ❧❡♥t♦ ✭❋✐s❝❤❡r✱ ▲②♥❝❤ ❡ P❛t❡rs♦♥✱ ✶✾✽✺✮✳ ❉❛❞❛ ❡st❛

✐♠♣♦ss✐❜✐❧✐❞❛❞❡✱ ✈ár✐❛s ❛♣❧✐❝❛çõ❡s ✜❝❛♠ ✐♥✈✐❛❜✐❧✐③❛❞❛s✱ ❝♦♠♦ ♦ ❣❡r❡♥❝✐❛♠❡♥t♦ ❞❡ ❣r✉♣♦s

✭❣r♦✉♣ ♠❡♠❜❡rs❤✐♣✮ ❡ ❛ ♦r❞❡♥❛çã♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ✭❛t♦♠✐❝ ❜r♦❛❞❝❛st✮✱ ❡♥tr❡ ♦✉tr❛s✳

✷✳✸✳✸ ❙✐st❡♠❛s P❛r❝✐❛❧♠❡♥t❡ ❙í♥❝r♦♥♦s

❯♠ ❞♦s ♣r♦❜❧❡♠❛s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❡♠ s✐st❡♠❛s ❞✐str✐❜✉í❞♦s é ♦ ❝♦♥s❡♥s♦ ✭P❡❛s❡ ❡t ❛❧✳✱

✶✾✽✵❀ ❉✐①✐t ❡t ❛❧✳✱ ✷✵✵✾❀ ❈♦rr❡✐❛ ❡t ❛❧✳✱ ✷✵✶✶✮✳ ◆♦ ❝♦♥s❡♥s♦✱ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s

❞❡✈❡ ❡♥tr❛r ❡♠ ❛❝♦r❞♦ s♦❜r❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ✈❛❧♦r✱ ♠❡s♠♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❢❛❧❤❛s✳ ❊♠

s✐st❡♠❛s sí♥❝r♦♥♦s✱ ❡st❡ ♣r♦❜❧❡♠❛ t❡♠ s♦❧✉çã♦ tr✐✈✐❛❧✱ ❞❡✈✐❞♦ à ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉t✐❧✐③❛çã♦

❞❡ t✐♠❡♦✉ts✳ ❊♠ s✐st❡♠❛s ❛ssí♥❝r♦♥♦s✱ ❋✐s❝❤❡r✱ ▲②♥❝❤ ❡ P❛t❡rs♦♥ ✭✶✾✽✺✮ ♠♦str❛r❛♠ q✉❡

♥ã♦ ❡①✐st❡ s♦❧✉çã♦ ♣❛r❛ ♦ ❝♦♥s❡♥s♦ ❞❡✈✐❞♦ à ✐♠♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❞✐❢❡r❡♥❝✐❛r ✉♠ ♣r♦❝❡ss♦

♠✉✐t♦ ❧❡♥t♦ ❞❡ ✉♠ ♣r♦❝❡ss♦ ❢❛❧❤♦✳ ❊st❛ ♣r♦✈❛ ✜❝♦✉ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡ ❋▲P✱

s✐❣❧❛ ❞❡r✐✈❛❞❛ ❞❛s ✐♥✐❝✐❛✐s ❞♦s s♦❜r❡♥♦♠❡s ❞♦s ❛✉t♦r❡s✳

❉❛❞❛ ❛ ❞✐✜❝✉❧❞❛❞❡ ❞❡ s❡ ❝♦♥str✉✐r ✉♠ s✐st❡♠❛ sí♥❝r♦♥♦ ❡ ❛ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥s❡♥s♦

❡♠ s✐st❡♠❛s ❛ssí♥❝r♦♥♦s ❝♦♠ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❢❛❧❤❛s✱ ♣❛ss❛r❛♠ ❛ s❡r ♣r♦♣♦st❛s ❡str❛té❣✐❛s

q✉❡ ❝♦♥s✐❞❡r❛♠ ✉♠ ♠♦❞❡❧♦ ❞❡ s✐st❡♠❛ ❡♥tr❡ ♦ sí♥❝r♦♥♦ ❡ ♦ ❛ssí♥❝r♦♥♦✱ ❝❤❛♠❛❞♦s ❞❡

♠♦❞❡❧♦s ♣❛r❝✐❛❧♠❡♥t❡ sí♥❝r♦♥♦s✳ ❉✇♦r❦ ❡t ❛❧✳ ✭✶✾✽✽✮ ❝♦♥s✐❞❡r❛♠ ❞♦✐s t✐♣♦s ❞❡ s✐st❡♠❛s

♣❛r❝✐❛❧♠❡♥t❡ sí♥❝r♦♥♦s✳ ◆♦ ♣r✐♠❡✐r♦✱ ♦s ❧✐♠✐t❡s ❞♦s ❛tr✐❜✉t♦s t❡♠♣♦r❛✐s ❡①✐st❡♠✱ ♠❛s

sã♦ ❞❡s❝♦♥❤❡❝✐❞♦s✳ ◆♦ s❡❣✉♥❞♦ ♠♦❞❡❧♦✱ ♦s ❧✐♠✐t❡s sã♦ ❝♦♥❤❡❝✐❞♦s✱ ♠❛s s♦♠❡♥t❡ ❛♣ós ✉♠

t❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛çã♦ GST ✭●❧♦❜❛❧ ❙t❛❜✐❧✐③❛t✐♦♥ ❚✐♠❡✮✱ q✉❡ t❡♠ ❞✉r❛çã♦ ✜♥✐t❛✱ ♠❛s

❞❡s❝♦♥❤❡❝✐❞❛✳ ◆❡st❡s ❝❛s♦s✱ ❛ s♦❧✉çã♦ ♣❛r❛ ♦ ❝♦♥s❡♥s♦ ❡①✐st❡ s❡ ❛ ♠❛✐♦r✐❛ ❞♦s ♣r♦❝❡ss♦s é

❝♦rr❡t❛✳ ❏á ❡♠ ❈❤❛♥❞r❛ ❡ ❚♦✉❡❣ ✭✶✾✾✻✮ é ❝♦♥s✐❞❡r❛❞♦ ✉♠ ♠♦❞❡❧♦ ♣❛r❝✐❛❧♠❡♥t❡ sí♥❝r♦♥♦

q✉❡ ❡♥❣❧♦❜❛ ♦s ❞♦✐s ❛♥t❡r✐♦r❡s✱ ♥♦ q✉❛❧ ♦s ❛tr✐❜✉t♦s t❡♠♣♦r❛✐s tê♠ ❧✐♠✐t❡s✱ ♠❛s ♦s ❧✐♠✐t❡s

sã♦ ❞❡s❝♦♥❤❡❝✐❞♦s ❡ só ✈❛❧❡♠ ❛♣ós ✉♠ t❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛çã♦ t❛♠❜é♠ ❞❡s❝♦♥❤❡❝✐❞♦✳
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❖ ❢❛t♦ ❞❡ ❡①✐st✐r ♦ t❡♠♣♦ GST ♥ã♦ s✐❣♥✐✜❝❛ q✉❡ ♦s ❧✐♠✐t❡s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛✲

♠❡♥t♦ ∆ ❡ ❛tr❛s♦ ❞❡ ♠❡♥s❛❣❡♥s Φ s❡rã♦ ❣❛r❛♥t✐❞♦s ❡t❡r♥❛♠❡♥t❡✳ ❊♠ ✉♠❛ s✐t✉❛çã♦ r❡❛❧✱

❡ss❛s ❣❛r❛♥t✐❛s ♥♦r♠❛❧♠❡♥t❡ sã♦ ✈á❧✐❞❛s ♣♦r ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❧✐♠✐t❛❞♦ L✳ ❈♦♥s✐❞❡r❡

q✉❡ GST s❡ r❡❢❡r❡ ❛♦ ✐♥st❛♥t❡ ❡♠ q✉❡ ✐♥✐❝✐❛ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❡st❛❜✐❧✐③❛çã♦✳ ❆ ❣r❛♥❞❡ q✉❡stã♦

é ❣❛r❛♥t✐r q✉❡ ❡st❡ ✐♥t❡r✈❛❧♦ L s❡❥❛ ❣r❛♥❞❡ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛✱ ♦✉ s❡❥❛✱

✉♠ ✐♥t❡r✈❛❧♦ ❞❡✜♥✐❞♦ ❡♥tr❡ GST ❡ GST +L é s✉✜❝✐❡♥t❡ ♣❛r❛ t♦r♥❛r ❛s s♦❧✉çõ❡s ❢❛❝tí✈❡✐s✳

❙❡❣✉♥❞♦ ❈r✐st✐❛♥ ❡ ❋❡t③❡r ✭✶✾✾✾✮✱ ❡♠ ✉♠❛ r❡❞❡ ❧♦❝❛❧ ♦s ♣❡rí♦❞♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ sã♦ ♠✉✐t♦

♠❛✐♦r❡s q✉❡ ♦s ❞❡ ✐♥st❛❜✐❧✐❞❛❞❡✳ Pr♦✈❛ ❞✐ss♦ sã♦ ❛s s♦❧✉çõ❡s ❜❛s❡❛❞❛s ❡♠ t✐♠❡♦✉t✱ q✉❡

❢✉♥❝✐♦♥❛♠ ♣❡r❢❡✐t❛♠❡♥t❡ ❡♠ ❜♦❛ ♣❛rt❡ ❞♦ t❡♠♣♦✳ ❈♦♠ ✐ss♦✱ ♣❡rí♦❞♦s ❡stá✈❡✐s ♥❛ ♦r❞❡♠

❞❡ ♠✐♥✉t♦s ♦✉ ❤♦r❛s sã♦ ♠❛✐s q✉❡ s✉✜❝✐❡♥t❡s ♣❛r❛ ✜♥❛❧✐③❛r✱ ♣♦r ❡①❡♠♣❧♦✱ ✉♠❛ tr❛♥s❛çã♦

❡♠ ✉♠ ❜❛♥❝♦ ❞❡ ❞❛❞♦s ❞✐str✐❜✉í❞♦ ✭❋r❡✐❧✐♥❣ ❡t ❛❧✳✱ ✷✵✶✶✮✳

❆❧é♠ ❞❛ ❞❡✜♥✐çã♦ ❞♦ ♠♦❞❡❧♦ ♣❛r❝✐❛❧♠❡♥t❡ sí♥❝r♦♥♦✱ ♦ tr❛❜❛❧❤♦ ❞❡ ❉✇♦r❦ ❡t ❛❧✳ ✭✶✾✽✽✮

❞❡✜♥❡ ✉♠❛ ❛❜str❛çã♦ ❞❡ s✐st❡♠❛ ♣❛r❛ ♣❡r♠✐t✐r ❛ s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❛❝♦r❞♦✳ ◆❡st❛

❛❜str❛çã♦✱ ♦ ♣r♦❝❡ss❛♠❡♥t♦ é ❞✐✈✐❞✐❞♦ ❡♠ r♦❞❛❞❛s ✭r♦✉♥❞s✮ s✐♥❝r♦♥✐③❛❞❛s✳ ❈❛❞❛ r♦❞❛❞❛

r ♣♦ss✉✐ três ❡t❛♣❛s✿ ❡♥✈✐♦✱ r❡❝❡♣çã♦ ❡ tr❛♥s✐çã♦✳ ◆♦ ❡♥✈✐♦✱ ❝❛❞❛ ♣r♦❝❡ss♦ ❡♥✈✐❛ ✉♠❛

♠❡♥s❛❣❡♠ ♣❛r❛ t♦❞♦s ♦s ♦✉tr♦s✳ ◆❛ r❡❝❡♣çã♦✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡♥s❛❣❡♥s q✉❡ ❤❛✈✐❛♠

s✐❞♦ ❡♥✈✐❛❞❛s é r❡❝❡❜✐❞♦ ♣♦r t♦❞♦s ♦s ♣r♦❝❡ss♦s✳ ❊st❡ ❝♦♥❥✉♥t♦ ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡

✐❣✉❛❧ ❛♦ ❝♦♥❥✉♥t♦ ❡♥✈✐❛❞♦✱ ❥á q✉❡ ♠❡♥s❛❣❡♥s ♣♦❞❡♠ s❡r ♣❡r❞✐❞❛s✳ ◆❛ t❡r❝❡✐r❛ ❡t❛♣❛✱ ♦

♣r♦❝❡ss♦ ❛t✉❛❧✐③❛ ♦ s❡✉ ❡st❛❞♦ ❜❛s❡❛❞♦ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ♠❡♥s❛❣❡♥s q✉❡ r❡❝❡❜❡✉✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞♦ ✐♥t❡r✈❛❧♦ ❞❡ ❡st❛❜✐❧✐③❛çã♦✱ ♥❡♥❤✉♠❛ ♠❡♥s❛❣❡♠ ♣♦❞❡

s❡r ♣❡r❞✐❞❛ ❡♥q✉❛♥t♦ ♦ s✐st❡♠❛ ❡st✐✈❡r ❡stá✈❡❧✳ ❚❡♥❞♦ ❡♠ ✈✐st❛ ❛ ♦r❣❛♥✐③❛çã♦ ❞♦ s✐st❡♠❛

❡♠ r♦❞❛❞❛s✱ ♣♦❞❡✲s❡ ❞❡✜♥✐r q✉❡ ❡①✐st❡ ✉♠ GSR ✭●❧♦❜❛❧ ❙t❛❜✐❧✐③❛t✐♦♥ ❘♦✉♥❞✮ t❛❧ q✉❡✱

♥❡♥❤✉♠❛ ♠❡♥s❛❣❡♠ é ♣❡r❞✐❞❛ ♣❛r❛ t♦❞❛ r♦❞❛❞❛ r ≥ GSR✳ ❙❡❥❛ C ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❝❡ss♦s

❝♦rr❡t♦s✱ σr
p ♦ ❝♦♥❥✉♥t♦ ❞❡ ♠❡♥s❛❣❡♥s ❡♥✈✐❛❞❛s ♣❡❧♦ ♣r♦❝❡ss♦ p ♥❛ r♦❞❛❞❛ r ❡ µr

p[q] ♦

❝♦♥❥✉♥t♦ ❞❛s ♠❡♥s❛❣❡♥s r❡❝❡❜✐❞❛s ♣❡❧♦ ♣r♦❝❡ss♦ p ❞♦ ♣r♦❝❡ss♦ q ♥❛ r♦❞❛❞❛ r✱ ❡st❛ ❞❡✜♥✐çã♦

♣♦❞❡ s❡r ❡①♣r❡ss❛ ❝♦♠♦ ✭P❡❞♦♥❡ ❡ ❙❝❤✐♣❡r✱ ✷✵✶✵✮✿

∀r ≥ GSR : ∀p, q ∈ C : µr
p[q] = σr

q ✭✷✳✹✮

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣❛r❛ t♦❞❛ r♦❞❛❞❛ r ❛ ♣❛rt✐r ❞♦ GSR ❡ ❝♦♥s✐❞❡r❛♥❞♦ t♦❞♦s ♦s

♣❛r❡s ❞❡ ♣r♦❝❡ss♦s p, q ❝♦rr❡t♦s✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♠❡♥s❛❣❡♥s r❡❝❡❜✐❞❛s ♣♦r p ❞❡ q é ✐❣✉❛❧ ❛♦

❝♦♥❥✉♥t♦ ❞❡ ♠❡♥s❛❣❡♥s ❡♥✈✐❛❞❛s ♣♦r q✱ ♦✉ s❡❥❛✱ ♥❡♥❤✉♠❛ ♠❡♥s❛❣❡♠ ❢♦✐ ♣❡r❞✐❞❛✳

❆❧é♠ ❞❡st❛ ❞❡✜♥✐çã♦ ❝❧áss✐❝❛✱ ❞♦✐s ♦✉tr♦s ♠♦❞❡❧♦s ❢♦r❛♠ ♣r♦♣♦st♦s ♣❛r❛ ❞❡✜♥✐r ♦s

s✐st❡♠❛s ♣❛r❝✐❛❧♠❡♥t❡ sí♥❝r♦♥♦s✳ ◆♦ ♠♦❞❡❧♦ t✐♠❡❞ ❛s②♥❝❤r♦♥♦✉s✱ ❈r✐st✐❛♥ ❡ ❋❡t③❡r ✭✶✾✾✾✮

❝♦♥s✐❞❡r❛♠ q✉❡ ♦ s✐st❡♠❛ ♥ã♦ é s❡♠♣r❡ ❛ssí♥❝r♦♥♦✱ ✈❛r✐❛♥❞♦ ❡♥tr❡ ♣❡rí♦❞♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡

❡ ✐♥st❛❜✐❧✐❞❛❞❡ ✭●✉❡rr❛♦✉✐ ❡ ❙❝❤✐♣❡r✱ ✶✾✾✼✮✳ ◆♦ ♠♦❞❡❧♦ q✉❛s✐✲s②♥❝❤r♦♥♦✉s✱ ♣r♦♣♦st♦ ♣♦r

❱❡ríss✐♠♦ ❡ ❆❧♠❡✐❞❛ ✭✶✾✾✺✮✱ ♦ s✐st❡♠❛ ♥ã♦ é ❛ssí♥❝r♦♥♦ ❡♠ s✉❛ t♦t❛❧✐❞❛❞❡✱ ✐st♦ é✱ ❡①✐st❡♠

❧✐♠✐t❡s ♣❛r❛ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ r❡❧ó❣✐♦ ♣♦❞❡ s❡r s✐♥❝r♦♥✐③❛❞♦ ♦✉ ♦

❛tr❛s♦ ❞❛s ♠❡♥s❛❣❡♥s ♣♦ss✉✐ ✉♠ ❧✐♠✐t❡ ❝♦♥❤❡❝✐❞♦✳
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❖ ♠♦❞❡❧♦ t✐♠❡❞ ❛s②♥❝❤r♦♥♦✉s ❞✐❢❡r❡ ❞♦ ♠♦❞❡❧♦ ❛ssí♥❝r♦♥♦ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ ♦s ♣r♦❝❡ss♦s

tê♠ ❛❝❡ss♦ ❛ r❡❧ó❣✐♦s ❧♦❝❛✐s s✐♥❝r♦♥✐③❛❞♦s ❞❡ t❛❧ ❢♦r♠❛ q✉❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❝♦♥st❛♥t❡

❞❡ ✈❛r✐❛çã♦ ❞❡ r❡❧ó❣✐♦ ρ✱ ✉♠ r❡❧ó❣✐♦ ❧♦❝❛❧ ♣♦ss✉✐ ✉♠ ✈❛❧♦r ❡♥tr❡ −ρ ❡ +ρ ❡♠ r❡❧❛çã♦

❛♦ r❡❧ó❣✐♦ ❝♦rr❡t♦✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝♦♠✉♥✐❝❛çã♦ é ❢❡✐t❛ ♣♦r ✉♠ s❡r✈✐ç♦ ❞❡ ❞❛t❛❣r❛♠❛

♥ã♦ ❝♦♥✜á✈❡❧✱ q✉❡ ♣❡r♠✐t❡ ♣❡r❞❛s ❡ ❛tr❛s♦s ❞❡ ♠❡♥s❛❣❡♥s✳ Pr♦❝❡ss♦s ♣♦❞❡♠ ❢❛❧❤❛r ♣♦r

❝♦❧❛♣s♦ ✭❝r❛s❤✮ ❡ ❞❡s❡♠♣❡♥❤♦✱ ♣♦❞❡♥❞♦ s❡ r❡❝✉♣❡r❛r✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ s❡✉s ❛✉t♦r❡s✱ ❡st❛s

❝♦♥❞✐çõ❡s ❛♣r♦①✐♠❛♠ ♦ ♠♦❞❡❧♦ ❞❛s r❡❞❡s r❡❛✐s ❡ ♣❡r♠✐t❡♠ q✉❡ s✐st❡♠❛s ♥ã♦ sí♥❝r♦♥♦s

♣♦ss❛♠ ✐♠♣❧❡♠❡♥t❛r s♦❧✉çõ❡s ❝♦♠♦ ♦ ❝♦♥s❡♥s♦✳

❏á ♦ ♠♦❞❡❧♦ q✉❛s✐✲s②♥❝❤r♦♥♦✉s ❝♦♥s✐❞❡r❛ q✉❡ ♦s ❛tr✐❜✉t♦s t❡♠♣♦r❛✐s ✭✈❡❧♦❝✐❞❛❞❡ ❞♦s

♣r♦❝❡ss♦s✱ ❛tr❛s♦ ❞❡ ♠❡♥s❛❣❡♥s✱ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❡ r❡❧ó❣✐♦✱ ❡♥tr❡ ♦✉tr♦s✮ ❡①✐st❡♠✱ ♠❛s

❛❧❣✉♥s ♦✉ t♦❞♦s ❡❧❡s ❡stã♦ tã♦ ❞✐st❛♥t❡s ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ✏♥♦r♠❛❧✑ q✉❡ ♦✉tr♦s ✈❛❧♦r❡s

♠❛✐s ♣ró①✐♠♦s ❞♦s ❧✐♠✐t❡s ❡st❛❜❡❧❡❝✐❞♦s ❞❡✈❡♠ s❡r ✉t✐❧✐③❛❞♦s ♣❛r❛ ✈✐❛❜✐❧✐③❛r ❛ s♦❧✉çã♦✳

◆❡st❡ ❝❛s♦✱ s✉r❣❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❞❡t❡r♠✐♥❛r q✉❛♥❞♦ ✉♠ ❛tr✐❜✉t♦ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ❡

q✉❛♥❞♦ ❞❡✈❡ s❡r ❞❡s❝❛rt❛❞♦✳ P❛r❛ t❛♥t♦✱ ❆❧♠❡✐❞❛ ❡ ❱❡ríss✐♠♦ ✭✶✾✾✻✮ ❞❡✜♥❡♠ ♦ ❝♦♥❝❡✐t♦

❞❡ ❞❡t❡❝t♦r ❞❡ ❢❛❧❤❛s ❞❡ t❡♠♣♦r✐③❛çã♦ ✭t✐♠✐♥❣ ❢❛✐❧✉r❡ ❞❡t❡❝t♦r✮✳ ❙❡♠❡❧❤❛♥t❡ ❛♦s ❞❡t❡❝t♦r❡s

❞❡ ❢❛❧❤❛s tr❛❞✐❝✐♦♥❛✐s✱ s✉❛ ❢✉♥❝✐♦♥❛❧✐❞❛❞❡ é ❞❡t❡❝t❛r q✉❛♥❞♦ ✉♠❛ ❛ss❡rçã♦ t❡♠♣♦r❛❧ ❢♦✐

✈✐♦❧❛❞❛✳

❆❧é♠ ❞❡st❡s ♠♦❞❡❧♦s✱ ❱❡ríss✐♠♦ ✭✷✵✵✻✮ s✉❣❡r❡ ✉♠❛ ♦✉tr❛ ❢♦r♠❛ ❞❡ ❝♦♥t♦r♥❛r ♦ ♣r♦✲

❜❧❡♠❛ ❞❛ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡ ❋▲P ♣♦r ♠❡✐♦ ❞❡ ✇♦r♠❤♦❧❡s✳ ❖ ❛✉t♦r ❢❛③ ✉♠❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ❛

t❡♦r✐❛ s♦❜r❡ ❛t❛❧❤♦s ♥♦ ❡s♣❛ç♦✱ q✉❡ ♣❡r♠✐t✐r✐❛♠ ✈✐❛❣❡♥s ❛tr❛✈és ❞❡ ❞✐♠❡♥sõ❡s✱ ♣❡r♠✐t✐♥❞♦

❛❧❝❛♥ç❛r ❧✉❣❛r❡s ♥♦ ✉♥✐✈❡rs♦ ♠❛✐s r❛♣✐❞❛♠❡♥t❡ q✉❡ ♦ ❧✐♠✐t❡ ✐♠♣♦st♦ ♣❡❧❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛

❧✉③✳ ❆ ❛❜♦r❞❛❣❡♠ ❝♦♥s✐❞❡r❛ ❛ s✐♥❝r♦♥✐❛ ❞♦ s✐st❡♠❛ ♥❛s ❞✐♠❡♥sõ❡s t❡♠♣♦r❛❧ ❡ ❡s♣❛❝✐❛❧

✭❇♦♥❛ ❡t ❛❧✳✱ ✷✵✶✷✮✳ ◆❛ ❧✐♥❤❛ ❞♦ t❡♠♣♦✱ ♦s ❝♦♠♣♦♥❡♥t❡s ❞♦ s✐st❡♠❛ ♣♦❞❡♠ ♦♣❡r❛r ♠❛✐s

rá♣✐❞♦ ♦✉ ♠❛✐s ❞❡✈❛❣❛r✱ ♠♦❞✐✜❝❛♥❞♦ ♦s ❧✐♠✐t❡s t❡♠♣♦r❛✐s ❡ ❛❧t❡r♥❛♥❞♦ ❡♥tr❡ ♣❡rí♦❞♦s

s✐♥❝r♦♥✐③❛❞♦s ❡ ♥ã♦✲s✐♥❝r♦♥✐③❛❞♦s✳ ❆❧é♠ ❞✐ss♦✱ ❛❧❣✉♥s ❝♦♠♣♦♥❡♥t❡s ❞♦ s✐st❡♠❛ ♣♦❞❡♠

❛♣r❡s❡♥t❛r ✉♠ ♠❛✐♦r ❣r❛✉ ❞❡ s✐♥❝r♦♥✐s♠♦ ❡♥tr❡ s✐✱ ❡st❛❜❡❧❡❝❡♥❞♦ ✉♠ s✐♥❝r♦♥✐s♠♦ ❡s♣❛✲

❝✐❛❧✳ ❆ s♦❧✉çã♦ ♣r♦♣õ❡ ♦ ✉s♦ ❞❡ ✉♠ s✐st❡♠❛ ❤í❜r✐❞♦✱ ❝♦♠❜✐♥❛♥❞♦ s✉❜s✐st❡♠❛s ❛ssí♥❝r♦♥♦s

❡ ♥ã♦✲❛ssí♥❝r♦♥♦s✳ ❖ ✇♦r♠❤♦❧❡ s❡r✐❛ ✉♠ s✉❜s✐st❡♠❛ ♥ã♦✲❛ssí♥❝r♦♥♦ ✭sí♥❝r♦♥♦ ♦✉ ♣❛r❝✐❛❧✲

♠❡♥t❡ sí♥❝r♦♥♦✮ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛❧❝❛♥ç❛r ❛ s✐♥❝r♦♥✐❛ ❡①✐❣✐❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦✳

❖ ♠♦❞❡❧♦ Θ✱ ♣r♦♣♦st♦ ♣♦r ❲✐❞❞❡r ❡ ❙❝❤♠✐❞ ✭✷✵✵✾✮✱ ❝♦♥s✐❞❡r❛ q✉❡ ✉♠❛ tr♦❝❛ ❞❡

♠❡♥s❛❣❡♠ ❝♦♥s✐st❡ ❞❡✿ ♣r❡♣❛r❛çã♦ ❧♦❝❛❧ ♥♦ ❡♠✐ss♦r✱ tr❛♥s♠✐ssã♦ ❛tr❛✈és ❞♦ ❡♥❧❛❝❡ ❡ ❝♦♠✲

♣✉t❛çã♦ ❧♦❝❛❧ ♥♦ r❡❝❡♣t♦r✳ ❙❡♥❞♦ ❛ss✐♠✱ ♦ ❛tr❛s♦ ❞❡ tr❛♥s♠✐ssã♦ δpq ❡♥tr❡ ❞♦✐s ♣r♦❝❡ss♦s

❝♦rr❡t♦s p ❡ q ❝♦♥s✐st❡ ❞❡ ❞✉❛s ♣❛rt❡s✿ ✉♠❛ ♣❛rt❡ ✜①❛ dpq > 0 ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ✈❡❧♦❝✐❞❛❞❡

❞♦s ♣r♦❝❡ss❛❞♦r❡s ❡ ♣❡❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ tr❛♥s♠✐ssã♦ ❞♦ ❡♥❧❛❝❡ ✭❞✐stâ♥❝✐❛✱ ✈❡❧♦❝✐❞❛❞❡✱

❡t❝✳✮❀ ❡ ✉♠❛ ♣❛rt❡ ✈❛r✐á✈❡❧ ωpq ≥ 0✱ ❝♦♥st✐t✉í❞❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❡❧♦s ❛tr❛s♦s ♥❛s ✜❧❛s✱

❝♦♠♣❛rt✐❧❤❛♠❡♥t♦ ❞❡ r❡❝✉rs♦s✱ ❝❛r❣❛ ❞♦ s✐st❡♠❛ ❡ ♦❝♦rrê♥❝✐❛ ❞❡ ❢❛❧❤❛s✳ ❖ ♠♦❞❡❧♦ ❞❡✜♥❡

✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r τ+ ❡ ✉♠ ❧✐♠✐t❡ ✐♥❢❡r✐♦r τ− ♣❛r❛ ♦ ❛tr❛s♦ ❡♥tr❡ ❞♦✐s ♣r♦❝❡ss♦s ❝♦rr❡t♦s✱

t❛❧ q✉❡ ❛ t❛①❛ Θ = τ+/τ− r❡s♣❡✐t❡ ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r✳



✷✾

✷✳✹ ▼♦❞❡❧♦ ❞❡ ❋❛❧❤❛s

❊♠ ✉♠ ♠♦❞❡❧♦ ❞❡ s✐st❡♠❛ ❜❛s❡❛❞♦ ❡♠ tr♦❝❛ ❞❡ ♠❡♥s❛❣❡♥s ❡①✐st❡♠ ❞♦✐s t✐♣♦s ❞❡ ❢❛❧❤❛s✿

❢❛❧❤❛s ❞❡ ❝♦♠✉♥✐❝❛çã♦ ❡ ❢❛❧❤❛s ❞❡ ♣r♦❝❡ss♦ ✭▲❛♠♣♦rt ❡ ▲②♥❝❤✱ ✶✾✾✵✮✳ ❋❛❧❤❛s ❞❡ ❝♦♠✉✲

♥✐❝❛çã♦ ❣❡r❛❧♠❡♥t❡ r❡s✉❧t❛♠ ❡♠ ♣❡r❞❛ ❞❡ ♠❡♥s❛❣❡♥s✱ ❞✉♣❧✐❝❛çã♦ ♦✉ ❝♦rr✉♣çã♦ ❞❡ ❞❛❞♦s✳

❯♠❛ ❢❛❧❤❛ ❞❡ ♣r♦❝❡ss♦ ♦❝♦rr❡ q✉❛♥❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ❡♠ ❡①❡❝✉çã♦ ❢♦❣❡

❞❛ ❡s♣❡❝✐✜❝❛çã♦ ✐♥✐❝✐❛❧✳

❉✉r❛♥t❡ ❛ ❝♦♠✉♥✐❝❛çã♦✱ ♠❡♥s❛❣❡♥s ♣♦❞❡♠ s❡r ♣❡r❞✐❞❛s ♣♦r ❢❛❧❤❛s ❞❡ ♦♠✐ssã♦ ❡ t❡♠✲

♣♦r✐③❛çã♦✴❞❡s❡♠♣❡♥❤♦ ✭▼✉❧❧❡♥❞❡r✱ ✶✾✾✸❀ ❏❛❧♦t❡✱ ✶✾✾✹❀ ❇✐r♠❛♥✱ ✶✾✾✻✮✳ ❋❛❧❤❛s ❞❡ ♦♠✐ssã♦

sã♦ ❝❛r❛❝t❡r✐③❛❞❛s ♣❡❧♦ ♥ã♦ ❡♥✈✐♦ ❡✴♦✉ ♥ã♦ r❡❝❡❜✐♠❡♥t♦ ❞❡ ♠❡♥s❛❣❡♥s q✉❡ ❞❡✈❡r✐❛♠ t❡r

s✐❞♦ ❡♥✈✐❛❞❛s ❡✴♦✉ r❡❝❡❜✐❞❛s ♣♦r ❛❧❣✉♠ ♣r♦❝❡ss♦✳ P♦❞❡♠ s❡r ❝❛✉s❛❞❛s ♣♦r ❢❛❧t❛ ❞❡ ❡s♣❛ç♦

♥♦s ❜✉✛❡rs ❞♦ s✐st❡♠❛ ♦♣❡r❛❝✐♦♥❛❧ ❡ ❞❛ ✐♥t❡r❢❛❝❡ ❞❡ r❡❞❡ ♦✉ ♣♦r ❡rr♦s ❞❡ tr❛♥s♠✐ssã♦ ❞❡✲

t❡❝t❛❞♦s ♥♦ r❡❝❡♣t♦r✳ ❋❛❧❤❛s ❞❡ t❡♠♣♦r✐③❛çã♦ ♦❝♦rr❡♠ q✉❛♥❞♦ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ t❡♠♣♦r❛❧

❞♦ s✐st❡♠❛ é ✈✐♦❧❛❞❛✱ ❝♦♠♦ ✉♠❛ s✉♣❡r❛çã♦ ❞♦ ❧✐♠✐t❡ ❞❡ ✈❛r✐❛çã♦ ❞♦ r❡❧ó❣✐♦ ♦✉ q✉❛♥❞♦

✉♠❛ ♠❡♥s❛❣❡♠ é ❡♥tr❡❣✉❡ ❝♦♠ ✉♠ ❛tr❛s♦ ♠❛✐♦r q✉❡ ♦ t♦❧❡r❛❞♦ ♣❡❧♦s ♣r♦❝❡ss♦s✳ ◆♦s

♠♦❞❡❧♦s q✉❡ ❝♦♥s✐❞❡r❛♠ r❡❧ó❣✐♦s✱ ✉♠❛ ♠❡♥s❛❣❡♠ ❛tr❛s❛❞❛ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦

♣❡r❞✐❞❛✱ ❥á q✉❡ ❡st❡ t✐♣♦ ❞❡ ♠❡♥s❛❣❡♠ é ♥♦r♠❛❧♠❡♥t❡ ❞❡s❝❛rt❛❞❛✳ ❉❡♥tr♦ ❞❛s ❢❛❧❤❛s

❞❡ ❡♥❧❛❝❡ ♣♦❞❡✲s❡ ❛✐♥❞❛ ❝♦♥s✐❞❡r❛r ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❢❛❧❤❛s ❞❡ ♣❛rt✐❝✐♦♥❛♠❡♥t♦✱ q✉❡ ✐♠✲

♣♦ss✐❜✐❧✐t❛♠ ❛ ❝♦♠✉♥✐❝❛çã♦ ❡♥tr❡ ❞❡t❡r♠✐♥❛❞♦s ♣❛r❡s ❞❡ ♥♦❞♦s✳ ❊st❡ é ♦ t✐♣♦ ❞❡ ❢❛❧❤❛

❞❡ ❝♦♠✉♥✐❝❛çã♦ ♠❛✐s ❞✐❢í❝✐❧ ❞❡ tr❛t❛r✱ ♣♦✐s ❛s ♣❛rt✐çõ❡s ♣♦❞❡♠ ❡✈♦❧✉✐r ♥♦ ♣r♦❝❡ss❛♠❡♥t♦

✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ✉♠❛s ❞❛s ♦✉tr❛s✳

❆❧é♠ ❞❛s ❢❛❧❤❛s ❞❡ ❝♦♠✉♥✐❝❛çã♦✱ ♣r♦❝❡ss♦s ♣♦❞❡♠ ❢❛❧❤❛r ♣♦r ❝♦❧❛♣s♦ ✭❝r❛s❤✮✳ ❉✉r❛♥t❡

♦ ❝♦❧❛♣s♦✱ ♦ ♣r♦❝❡ss♦ ♥ã♦ ❡①❡❝✉t❛ q✉❛❧q✉❡r ❛çã♦ ❡ ♥ã♦ r❡s♣♦♥❞❡ ❛♦s ❡stí♠✉❧♦s ❡①t❡r♥♦s✱

✐st♦ é✱ ♥ã♦ ❡①❡❝✉t❛ ♣r♦❝❡ss❛♠❡♥t♦✱ ♥❡♠ ❡♥✈✐❛ ♦✉ r❡❝❡❜❡ ♠❡♥s❛❣❡♥s✳ ❖ ♠♦❞❡❧♦ ❞❡ ❢❛❧❤❛s

❞❡ ❝♦❧❛♣s♦ ♣♦❞❡ ❝♦♥s✐❞❡r❛r ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ r❡❝✉♣❡r❛çã♦ ❞♦ ♣r♦❝❡ss♦✳ ❙❡ ❛ r❡❝✉♣❡r❛çã♦

é ♣♦ssí✈❡❧✱ ♦ s✐st❡♠❛ é ❞✐t♦ ❝r❛s❤✲r❡❝♦✈❡r②✳ ◆❡st❡ ❝❛s♦✱ ♦s ♣r♦❝❡ss♦s ♣♦ss✉❡♠ ❞♦✐s t✐♣♦s ❞❡

❛r♠❛③❡♥❛♠❡♥t♦✿ ❡stá✈❡❧ ❡ ✈♦❧át✐❧✳ ❉✉r❛♥t❡ ❛ r❡❝✉♣❡r❛çã♦✱ ❛♣❡♥❛s ♦s ❞❛❞♦s ❛r♠❛③❡♥❛❞♦s

❡♠ ♠❡♠ór✐❛ ❡stá✈❡❧✱ ❝♦♠♦ ❞✐s❝♦s✱ sã♦ r❡❝✉♣❡r❛❞♦s✳

❖ ♠♦❞❡❧♦ ❞❡ ❢❛❧❤❛s ♠❛✐s ❛❜r❛♥❣❡♥t❡ é ❛q✉❡❧❡ q✉❡ ❝♦♥s✐❞❡r❛ ❢❛❧❤❛s ❛r❜✐trár✐❛s✱ t❛♠❜é♠

❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❜✐③❛♥t✐♥❛s✱ t❡r♠♦ ✐♥s♣✐r❛❞♦ ♥♦ ♣r♦❜❧❡♠❛ ❞♦s ❣❡♥❡r❛✐s ❜✐③❛♥t✐♥♦s ✭▲❛♠✲

♣♦rt ❡t ❛❧✳✱ ✶✾✽✷✮✳ ❋❛❧❤❛s ❛r❜✐trár✐❛s ✐♥❝❧✉❡♠✱ ❛❧é♠ ❞❛s ❢❛❧❤❛s ❞❡ ❝♦♠✉♥✐❝❛çã♦ ❡ ♣r♦❝❡ss♦

❞❡s❝r✐t❛s ❛♥t❡r✐♦r♠❡♥t❡✱ ❛q✉❡❧❛s ❣❡r❛❞❛s ❞❡✈✐❞♦ ❛ ❝♦♠♣♦rt❛♠❡♥t♦ ♠❛❧✐❝✐♦s♦✳

❊♠ ✉♠❛ ❞❡✜♥✐çã♦ ❤✐❡rárq✉✐❝❛✱ ❛s ❢❛❧❤❛s ❞❡ ❝♦❧❛♣s♦ sã♦ ❡s♣❡❝✐✜❝❛çõ❡s ❞❛s ❢❛❧❤❛s ❞❡

♦♠✐ssã♦✳ ❊st❛s ♣♦r s✉❛ ✈❡③✱ sã♦ ❡♥❣❧♦❜❛❞❛s ♣❡❧❛s ❢❛❧❤❛s ❞❡ t❡♠♣♦r✐③❛çã♦ ❡ ❛s ❢❛❧❤❛s ❛r✲

❜✐trár✐❛s ❝♦♠♣r❡❡♥❞❡♠ t♦❞❛s ❛s ❛♥t❡r✐♦r❡s ✭❏❛❧♦t❡✱ ✶✾✾✹✮✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ ✉♠ s✐st❡♠❛

♣r♦❥❡t❛❞♦ ♣❛r❛ ❛ss✉♠✐r ❢❛❧❤❛s ❛r❜✐trár✐❛s é ❝❛♣❛③ ❞❡ t♦❧❡r❛r q✉❛❧q✉❡r t✐♣♦ ❞❡ ❢❛❧❤❛✳ ❊♥✲

tr❡t❛♥t♦✱ ❞❡✈✐❞♦ ❛♦ ❛❧t♦ ❝✉st♦ ❞❡ ♣r♦❥❡t❛r s✐st❡♠❛s ❝♦♠ ❡st❡ r❡q✉✐s✐t♦✱ ❛ ♠❛✐♦r ♣❛rt❡ ❞❛s

❛♣❧✐❝❛çõ❡s ✉t✐❧✐③❛ ♠♦❞❡❧♦s q✉❡ ❝♦♥t❡♠♣❧❛♠ ❜❛s✐❝❛♠❡♥t❡ ❛s ❢❛❧❤❛s ❞❡ ❝♦❧❛♣s♦✱ ✈✐st♦ q✉❡

❢❛❧❤❛s ❞❡ ♦♠✐ssã♦ ♣♦❞❡♠ s❡r s✉♣❡r❛❞❛s ❝♦♠ ♦ ✉s♦ ❞❡ ❝❛♥❛✐s ❝♦♥✜á✈❡✐s✱ ❜❡♠ ❝♦♠♦ ❝♦♠ ♦
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❛✉①í❧✐♦ ❞❡ ❡✈❡♥t♦s ❞❡ ♥♦t✐✜❝❛çã♦ ❞♦ s✐st❡♠❛ ♦♣❡r❛❝✐♦♥❛❧ ❡ ❛s ❢❛❧❤❛s ❞❡ t❡♠♣♦r✐③❛çã♦ sã♦

❛❜str❛í❞❛s ❞♦ ♠♦❞❡❧♦ ❞❡ s✐♥❝r♦♥✐s♠♦ ❛❞♦t❛❞♦✳

✷✳✺ ❙✐st❡♠❛s ❉✐str✐❜✉í❞♦s ❉✐♥â♠✐❝♦s

❆♦ ❝♦♥trár✐♦ ❞❡ ✉♠ s✐st❡♠❛ ❡stát✐❝♦✱ ❡♠ ✉♠ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ ❞✐♥â♠✐❝♦ ♥ã♦ ❡①✐st❡ t♦✲

♣♦❧♦❣✐❛ ✜①❛ ❡ ♥❡♠ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ s♦❜r❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ♥❛ r❡❞❡✱ q✉❡

✈❛r✐❛♠ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡♥tr❛❞❛ ❡ s❛í❞❛ ❞❡ ♥♦❞♦s ✭▼♦st❡❢❛♦✉✐ ❡t ❛❧✳✱ ✷✵✵✺❀ ❆✉❣✉st✐♥❡

❡t ❛❧✳✱ ✷✵✶✷✮✳ ❊st❡ ♠♦❞❡❧♦ é ❡s♣❡❝✐❛❧♠❡♥t❡ ✐♥t❡r❡ss❛♥t❡ ♣♦rq✉❡ r❡♣r❡s❡♥t❛ ✉♠❛ ❣❛♠❛ ❞✐❢❡✲

r❡♥❝✐❛❞❛ ❞❡ ❛♣❧✐❝❛çõ❡s✱ ❝♦♠♦ ❛q✉❡❧❛s ❜❛s❡❛❞❛s ❡♠ P✷P ✭♣❡❡r✲t♦✲♣❡❡r✮✱ ▼❆◆❊❚❙ ✭▼♦❜✐❧❡

❆❞✲❤♦❝ ◆❡t✇♦r❦s✮✱ ❱❆◆❊❚❙ ✭❱❡❤✐❝✉❧❛r ❆❞✲❤♦❝ ◆❡t✇♦r❦s✮✱ r❡❞❡s ❞❡ s❡♥s♦r❡s ❡✱ ♠❛✐s r❡✲

❝❡♥t❡♠❡♥t❡✱ ❝♦♠♣✉t❛çã♦ ❡♠ ♥✉✈❡♠✳

❆ ❞✐♥❛♠✐❝✐❞❛❞❡ ❞❛s r❡❞❡s ✐♠♣❧✐❝❛ ❡♠ ✉♠❛ ♠♦❞✐✜❝❛çã♦ s✐❣♥✐✜❝❛t✐✈❛ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s

❞♦s s✐st❡♠❛s ❞✐str✐❜✉í❞♦s✳ ❆ ❡♥tr❛❞❛ ❡ s❛í❞❛ ❞❡ ♥♦❞♦s ❣❡r❛ ❝♦♥st❛♥t❡s ♠✉❞❛♥ç❛s ♥❛

t♦♣♦❧♦❣✐❛ ❞❛ r❡❞❡✳ ❆ ♠♦❜✐❧✐❞❛❞❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦❞❡ ❞❡✜♥✐r ✉♠ ❣r❛❢♦ ❞❡ ❝♦♠✉♥✐❝❛çã♦

♥ã♦ ❝♦♠♣❧❡t♦✱ ♣♦❞❡♥❞♦ ✐♥❝❧✉s✐✈❡ ❝r✐❛r ♦ ♣❛rt✐❝✐♦♥❛♠❡♥t♦ t❡♠♣♦rár✐♦ ❞❛ r❡❞❡✳ ◆❡st❡s

❝❡♥ár✐♦s✱ ❝❛❞❛ ♥♦❞♦ t❡♠ ✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ♣❛r❝✐❛❧ ❞❛ t♦♣♦❧♦❣✐❛ ❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♥♦❞♦s

q✉❡ ❝♦♠♣õ❡♠ ♦ s✐st❡♠❛✳ ❋♦r♠❛❧♠❡♥t❡✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ Π ❞❡ n > 1 ♥♦❞♦s ♥♦

s✐st❡♠❛✱ ❝❛❞❛ ♥♦❞♦ i ♣♦ss✉✐ ✉♠❛ ✈✐sã♦ ♣❛r❝✐❛❧ Πi ⊆ Π✱ ♠❛s ❞❡s❝♦♥❤❡❝❡ Π ❡ n✳

❆ss✐♠✱ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ s♦❧✉çõ❡s ❞✐str✐❜✉í❞❛s ♣❛r❛ s✐st❡♠❛s ❞✐♥â♠✐❝♦s é ✉♠ ❞❡✲

s❛✜♦✱ ♣♦✐s ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❞♦s ❡❧❡♠❡♥t♦s ♣r❡❥✉❞✐❝❛ ❛ ♣❡r❝❡♣çã♦ ❣❧♦❜❛❧ ❞♦ s✐st❡♠❛ ✭❝♦♥❥✉♥t♦

t♦t❛❧ ❞❡ ♥♦❞♦s✱ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❢❛❧❤❛s✱ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❡ ❝♦♠✉♥✐❝❛çã♦ ❝♦♥✜á✈❡❧✱ ♣♦r

❡①❡♠♣❧♦✮ ✭❲❛❧t❡r ❡t ❛❧✳✱ ✷✵✵✶❀ ▲✐♥ ❡t ❛❧✳✱ ✷✵✵✹❀ ❚❛♠❤❛♥❡ ❡ ❑✉♠❛r✱ ✷✵✶✵❀ ●r❡✈❡ ❡t ❛❧✳✱

✷✵✶✶❜✮✳ ❊♠ ❣❡r❛❧✱ ❛s s♦❧✉çõ❡s ♣❛r❛ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✉t✐❧✐③❛♠ ❛❧❣✉♠❛s ❛ss❡rçõ❡s✱ ❝♦♠♦

❛ ❡st❛❜✐❧✐③❛çã♦✱ ♦✉ s❡❥❛✱ ❡♠ ❛❧❣✉♠ ♠♦♠❡♥t♦ ❛s ♠✉❞❛♥ç❛s ♣❛r❛♠ ❞❡ ❛❝♦♥t❡❝❡r ♦✉ ♣❛ss❛♠

❛ ❛❝♦♥t❡❝❡r ❝♦♠ ♠❡♥♦s ❢r❡q✉ê♥❝✐❛✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ q✉❡ ♦ s✐st❡♠❛ ❝♦♥s✐❣❛ s❡ ♦r❣❛♥✐③❛r ❡♥tr❡

✉♠ ❡✈❡♥t♦ ❡ ♦✉tr♦ ✭❑✉❤♥ ❡t ❛❧✳✱ ✷✵✶✵✮✳ P♦r ❡st❡ ♠♦t✐✈♦✱ ❡st❡ t✐♣♦ ❞❡ s✐st❡♠❛ é t❛♠❜é♠

❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❛✉t♦✲♦r❣❛♥✐③á✈❡❧✳

❖ ♣ró♣r✐♦ ♠♦❞❡❧♦ ❞❡ ❣r❛❢♦s ♣❛r❛ r❡❞❡s ❡stát✐❝❛s ♥ã♦ ❝♦♥s❡❣✉❡ r❡♣r❡s❡♥t❛r ❛❞❡q✉❛✲

❞❛♠❡♥t❡ ❛ t♦♣♦❧♦❣✐❛ ❞❡ ✉♠❛ r❡❞❡ ❞✐♥â♠✐❝❛✳ P♦r ❡st❛ r❛③ã♦✱ ♥♦✈♦s ❝♦♥❝❡✐t♦s ❞❡ ❣r❛❢♦s

❞✐♥â♠✐❝♦s tê♠ s✐❞♦ ♣r♦♣♦st♦s ❡ ❛❞♦t❛❞♦s ♥❡st❡ ❝♦♥t❡①t♦ ✭❈❛st❡✐❣ts ❡t ❛❧✳✱ ✷✵✶✵✱ ✷✵✶✶❀

●r❡✈❡ ❡t ❛❧✳✱ ✷✵✶✶❛✮✳
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❈❆P❮❚❯▲❖ ✸

❊❳❈▲❯❙➹❖ ▼Ú❚❯❆ ❊▼ ❙■❙❚❊▼❆❙ ❉■❙❚❘■❇❯❮❉❖❙

❖ ❝♦♠♣❛rt✐❧❤❛♠❡♥t♦ ❞❡ r❡❝✉rs♦s ❡♠ s✐st❡♠❛s ❞✐str✐❜✉í❞♦s ❢r❡q✉❡♥t❡♠❡♥t❡ ❞❡♠❛♥❞❛ s♦❧✉✲

çõ❡s ❞❡ ❝♦♥tr♦❧❡ ❞❡ ❛❝❡ss♦ ❛♦s r❡❝✉rs♦s ❝♦♠♣❛rt✐❧❤❛❞♦s✳ ❯♠❛ q✉❡stã♦ r❡❧❡✈❛♥t❡ é ❝♦♠♦

♦r❣❛♥✐③❛r ♦ ❛❝❡ss♦ ❝♦♥❝♦rr❡♥t❡ ❣❛r❛♥t✐♥❞♦ ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s ♣r✐♥❝✐♣❛✐s✿ ❛ s❡❣✉r❛♥ç❛

✭s❛❢❡t②✮✱ q✉❡ ❣❛r❛♥t❡ q✉❡ s♦♠❡♥t❡ ✉♠ s♦❧✐❝✐t❛♥t❡ ♦❜t❡♥❤❛ ♦ r❡❝✉rs♦ ❞❡ ❝❛❞❛ ✈❡③ ❡ ❛

♣r♦❣r❡ssã♦ ✭❧✐✈❡♥❡ss✮✱ ♥❛ q✉❛❧ t♦❞♦s ♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ✉♠ r❡❝✉rs♦ ❝♦♥s✐❣❛♠ ♦❜tê✲❧♦ ❡♠

✉♠ t❡♠♣♦ ✜♥✐t♦✳ ❆ s♦❧✉çã♦ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ é ❝❤❛♠❛❞❛ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ✭▲❛♠♣♦rt✱

✶✾✼✽❀ ❙♦♣❡♥❛ ❡t ❛❧✳✱ ✷✵✵✻❀ ❘♦♠❛♥♦ ❡ ❘♦❞r✐❣✉❡s✱ ✷✵✵✾✮✳

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①❝❧✉sã♦ ♠út✉❛ ❡ ❛s ♣r✐♥❝✐♣❛✐s s♦❧✉çõ❡s r❡❧❡✲

✈❛♥t❡s ❡①✐st❡♥t❡s✱ ✐♥❝❧✉✐♥❞♦ ❛ k✲❡①❝❧✉sã♦ ♠út✉❛✱ ✉t✐❧✐③❛❞❛ q✉❛♥❞♦ ♠❛✐s ❞❡ ✉♠❛ ❝ó♣✐❛ ❞♦

r❡❝✉rs♦ ❡stá ❞✐s♣♦♥í✈❡❧ ♥♦ s✐st❡♠❛✳ ❖ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛ t❛♠❜é♠ ❛s ♠étr✐❝❛s ❝♦♠✉♠❡♥t❡

✉t✐❧✐③❛❞❛s ♣❛r❛ ♠❡❞✐r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s✱ q✉❡ sã♦ ❞✐s❝✉t✐❞♦s ♥❡st❡ ❝♦♥t❡①t♦✳

✸✳✶ ❉❡✜♥✐çã♦ ❞♦ Pr♦❜❧❡♠❛

❆ ❡①❝❧✉sã♦ ♠út✉❛ s♦❧✉❝✐♦♥❛ ✉♠ ♣r♦❜❧❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ s✐st❡♠❛s ❞✐str✐❜✉í❞♦s q✉❡ é

❣❛r❛♥t✐r ❛ ✐♥t❡❣r✐❞❛❞❡ ❞♦s r❡❝✉rs♦s ❝♦♠♣❛rt✐❧❤❛❞♦s✳ ◆❛ s✉❛ ❞❡✜♥✐çã♦ ❜ás✐❝❛✱ ❛ ❡①❝❧✉sã♦

♠út✉❛ ❣❛r❛♥t❡ q✉❡ ✉♠ ú♥✐❝♦ ♣r♦❝❡ss♦ t❡♥❤❛ ♣❡r♠✐ssã♦ ❞❡ ❛❝❡ss♦ ❛ ✉♠ r❡❝✉rs♦ ❡♠ ❝❛❞❛

✐♥st❛♥t❡ ❞❡ t❡♠♣♦ ✭▲❛♠♣♦rt✱ ✶✾✼✽❀ ❘✐❝❛rt ❡ ❆❣r❛✇❛❧❛✱ ✶✾✽✶❀ ❘❛②♥❛❧ ❡ ❇❡❡s♦♥✱ ✶✾✽✻❀

❑s❤❡♠❦❛❧②❛♥✐ ❡ ❙✐♥❣❤❛❧✱ ✷✵✵✽✮✳

❊①✐st❡♠ ❜❛s✐❝❛♠❡♥t❡ ❞✉❛s ❛❜♦r❞❛❣❡♥s ❝❧áss✐❝❛s ♣❛r❛ ✐♠♣❧❡♠❡♥t❛r ❛ ❡①❝❧✉sã♦ ♠út✉❛

❡♠ s✐st❡♠❛s ❞✐str✐❜✉í❞♦s✿ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦ ✭♣❡r♠✐ss✐♦♥✲❜❛s❡❞✮ ❡ ♣❛ss❛❣❡♠ ❞❡ t♦❦❡♥

✭t♦❦❡♥✲❜❛s❡❞✮ ✭❘❛②♥❛❧✱ ✶✾✾✶✮✳ ◆❛s s♦❧✉çõ❡s q✉❡ ✉t✐❧✐③❛♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦✱ ❝❛❞❛ ♣r♦✲

❝❡ss♦ q✉❡ ❞❡s❡❥❛ ❢❛③❡r ✉s♦ ❞♦ r❡❝✉rs♦ ❞❡✈❡ s♦❧✐❝✐t❛r ❛ t♦❞♦s ♦s ❞❡♠❛✐s ❛ ♣❡r♠✐ssã♦ ♣❛r❛

✉t✐❧✐③á✲❧♦ ✭❘✐❝❛rt ❡ ❆❣r❛✇❛❧❛✱ ✶✾✽✶❀ ❙❛♥❞❡rs✱ ✶✾✽✼✮✳ P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ✉♠ ú♥✐❝♦ r❡❝✉rs♦

é ❝♦♠♣❛rt✐❧❤❛❞♦✱ ❛ s♦❧✉çã♦ tr✐✈✐❛❧ é ❡♥✈✐❛r ✉♠❛ ♠❡♥s❛❣❡♠ ❞❡ s♦❧✐❝✐t❛çã♦ ❛ ❝❛❞❛ ✉♠ ❞♦s

♦✉tr♦s n− 1 ♣r♦❝❡ss♦s ❞♦ s✐st❡♠❛ ❡ ❛❣✉❛r❞❛r t♦❞❛s ❛s r❡s♣♦st❛s ✭❇❡rts❡❦❛s ❡t ❛❧✳✱ ✶✾✾✶✮✳

❏á ♥♦s ❛❧❣♦r✐t♠♦s ❝♦♠ ♣❛ss❛❣❡♠ ❞❡ t♦❦❡♥✱ s♦♠❡♥t❡ ♦ ♣r♦❝❡ss♦ q✉❡ ❞❡té♠ ♦ t♦❦❡♥ ♣♦❞❡

❛❝❡ss❛r ♦ r❡❝✉rs♦ ❝♦♠♣❛rt✐❧❤❛❞♦ ✭▲❡ ▲❛♥♥✱ ✶✾✼✼❀ ❙✉③✉❦✐ ❡ ❑❛s❛♠✐✱ ✶✾✽✺❀ ❘❛②♠♦♥❞✱ ✶✾✽✾❜❀

◆❛✐♠✐ ❡t ❛❧✳✱ ✶✾✾✻✮✳

◆♦s ♠♦❞❡❧♦s ❝♦♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦ ❛✐♥❞❛ ♣♦❞❡♠ s❡r ✐♥❝❧✉í❞♦s ♦s ❛❧❣♦r✐t♠♦s ❜❛s❡❛✲

❞♦s ❡♠ q✉ór✉♥s ✭q✉♦r✉♠✲❜❛s❡❞✮ ✭▼❛❡❦❛✇❛✱ ✶✾✽✺✮✳ ❖s q✉ór✉♥s sã♦ ❝♦♥❥✉♥t♦s ❞❡ ♣r♦❝❡ss♦s

❢♦r♠❛❞♦s ❞❡ t❛❧ ❢♦r♠❛ q✉❡✱ s❡ ❞♦✐s ♣r♦❝❡ss♦s pi ❡ pj s♦❧✐❝✐t❛r❡♠ ♦ ❛❝❡ss♦ ❛♦ r❡❝✉rs♦✱ ❛♦

♠❡♥♦s ✉♠ ♦✉tr♦ ♣r♦❝❡ss♦ pk q✉❛❧q✉❡r r❡❝❡❜❡rá ❛♠❜❛s ❛s s♦❧✐❝✐t❛çõ❡s✳ ❈❛❜❡ ❛ pk ❣❛r❛♥t✐r

❛ s❡❣✉r❛♥ç❛✱ ❞❛♥❞♦ ♣❡r♠✐ssã♦ ❛ ❛♣❡♥❛s ✉♠ ❞♦s s♦❧✐❝✐t❛♥t❡s ❞❡ ❝❛❞❛ ✈❡③✳
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❊♠ r❡❧❛çã♦ ❛ ❞✐♥❛♠✐❝✐❞❛❞❡✱ ❙❛①❡♥❛ ❡ ❘❛✐ ✭✷✵✵✸✮ ❝❧❛ss✐✜❝❛♠ ♦s ❛❧❣♦r✐t♠♦s ❞❡ ❡①❝❧✉sã♦

♠út✉❛ ❡♠ ❡stát✐❝♦s ♦✉ ❞✐♥â♠✐❝♦s✳ ❯♠ ❛❧❣♦r✐t♠♦ é ❡stát✐❝♦ s❡ ♥ã♦ ❢❛③ ✉s♦ ❞❡ ✐♥❢♦r♠❛✲

çõ❡s ❞❡ ❡①❡❝✉çõ❡s ❛♥t❡r✐♦r❡s ❡ ♥ã♦ ♠❛♥té♠ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ❡st❛❞♦ ❛t✉❛❧ ❞♦ s✐st❡♠❛✳

◗✉❛♥t♦ à ❞✐ss❡♠✐♥❛çã♦ ❞❡ ♠❡♥s❛❣❡♥s ❡♥tr❡ ♣r♦❝❡ss♦s✱ ❛s s♦❧✉çõ❡s ♣♦❞❡♠ ❢❛③❡r ✉s♦ ❞❡

t♦♣♦❧♦❣✐❛s ❧ó❣✐❝❛s ❡s♣❡❝í✜❝❛s ♦✉ ❞✐❢✉sã♦ ✭❜r♦❛❞❝❛st✮✳ ❊♠ ✉♠❛ t♦♣♦❧♦❣✐❛✱ ❝♦♠♦ ár✈♦r❡

♦✉ ❛♥❡❧✱ ❛s ♠❡♥s❛❣❡♥s sã♦ tr❛♥s♠✐t✐❞❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❛r❡st❛s q✉❡ ❢❛③❡♠ ♣❛rt❡ ❞❛

t♦♣♦❧♦❣✐❛ ❛❞♦t❛❞❛✳ ❏á ♥❛ ❞✐ss❡♠✐♥❛çã♦ ❜❛s❡❛❞❛ ❡♠ ❞✐❢✉sã♦✱ t♦❞♦ ♣r♦❝❡ss♦ ♣♦❞❡ ❡♥✈✐❛r

♠❡♥s❛❣❡♥s ❛ t♦❞♦s ♦s ♦✉tr♦s ❡♠ ♣❛r❛❧❡❧♦✳

❯♠❛ ✈❛r✐❛çã♦ ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ sã♦ ❛s s♦❧✉çõ❡s q✉❡ ❝♦♥s✐❞❡r❛♠ ❛

❡①✐stê♥❝✐❛ ❞❡ ♠❛✐s ❞❡ ✉♠❛ ❝ó♣✐❛ ❞♦ r❡❝✉rs♦✳ ◆❡st❡s ❝❛s♦s✱ q✉❛♥❞♦ k r❡❝✉rs♦s ❡stã♦ ❞✐s✲

♣♦♥í✈❡✐s✱ é ♣r❡❝✐s♦ ❣❛r❛♥t✐r q✉❡✱ ♥♦ ♠á①✐♠♦✱ k ♣r♦❝❡ss♦s ♦s ❡st❡❥❛♠ ✉t✐❧✐③❛♥❞♦ ❡♠ ❝❛❞❛

✐♥st❛♥t❡ ❞❡ t❡♠♣♦✳ ❊st❡ ♣r♦❜❧❡♠❛ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ k✲❡①❝❧✉sã♦ ♠út✉❛✳

✸✳✷ ▼❡❞✐❞❛s ❞❡ ❉❡s❡♠♣❡♥❤♦

❖ ❞❡s❡♠♣❡♥❤♦ ❡♠ ❛❧❣♦r✐t♠♦s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ é ❛✈❛❧✐❛❞♦✱ ❡♠ ❣❡r❛❧✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s

♠étr✐❝❛s ❞❡s❝r✐t❛s ♥❡ss❛ s❡çã♦ ✭❑s❤❡♠❦❛❧②❛♥✐ ❡ ❙✐♥❣❤❛❧✱ ✷✵✵✽✮✳ ❆ ♣r✐♠❡✐r❛ é ❛ ❝♦♠♣❧❡✲

①✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s ✭MC✮✱ ✐st♦ é✱ ♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ♥❡❝❡ssár✐❛s ♣♦r ❝❛❞❛ ♣r♦❝❡ss♦

♣❛r❛ ♦❜t❡r ❛❝❡ss♦ ❛♦ r❡❝✉rs♦✳ ❏á ♦ ❛tr❛s♦ ❞❡ s✐♥❝r♦♥✐③❛çã♦ ✭SD✮ ♠❡❞❡ ♦ ✐♥t❡r✈❛❧♦ ❞❡

t❡♠♣♦ ❡♥tr❡ ♦ ✐♥st❛♥t❡ ❡♠ q✉❡ ✉♠ ♣r♦❝❡ss♦ ❧✐❜❡r❛ ♦ r❡❝✉rs♦ ❡ ♦ ♣ró①✐♠♦ ♣r♦❝❡ss♦ ❝♦♥s❡✲

❣✉❡ ♦❜tê✲❧♦✳ ❚❡♠✲s❡ ❛✐♥❞❛ ♦ t❡♠♣♦ ❞❡ r❡s♣♦st❛✱ q✉❡ é ❞❡✜♥✐❞♦ ♣❡❧♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦

❡♥tr❡ ♦ ❡♥✈✐♦ ❞❛ s♦❧✐❝✐t❛çã♦ ❡ ❛ ❧✐❜❡r❛çã♦ ❞♦ r❡❝✉rs♦ ❛♣ós ♦ s❡✉ ✉s♦ ♣♦r ✉♠ ❞❡t❡r♠✐♥❛❞♦

♣r♦❝❡ss♦✳ ❊st❛s ♠étr✐❝❛s✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛ ✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦✱ ❡stã♦ r❡♣r❡s❡♥t❛❞❛s

♥❛ ❋✐❣✉r❛ ✸✳✶✳ P♦r ✜♠✱ ♦ t❤r♦✉❣❤♣✉t ❞❡✜♥❡ ❛ t❛①❛ ❡♠ q✉❡ ♦ s✐st❡♠❛ ❡①❡❝✉t❛ s♦❧✐❝✐t❛çõ❡s✳

❙❡♥❞♦ E ♦ t❡♠♣♦ ♠é❞✐♦ ❞❡ ✉t✐❧✐③❛çã♦ ❞♦ r❡❝✉rs♦ ♣❡❧♦s ♣r♦❝❡ss♦s✱ ♦ t❤r♦✉❣❤♣✉t é ❞❛❞♦ ♣♦r

1/(SD + E)✳
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❋✐❣✉r❛ ✸✳✶✿ ▼étr✐❝❛s ❞❡ ❞❡s❡♠♣❡♥❤♦ ♣❛r❛ ❛❧❣♦r✐t♠♦s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛✳

❈♦♥❢♦r♠❡ ♦❜s❡r✈❛❞♦ ♣♦r ❋✉ ❡t ❛❧✳ ✭✷✵✵✵✮✱ ❡♠❜♦r❛ ♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s s❡❥❛ ✐♠♣♦rt❛♥t❡

❡♠ ❢✉♥çã♦ ❞❛ s♦❜r❡❝❛r❣❛ ❞❛ r❡❞❡✱ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞♦ ✉s✉ár✐♦ ❞♦ s✐st❡♠❛✱ ♦ t❡♠♣♦ ❞❡

r❡s♣♦st❛ é ♣r✐♦r✐tár✐♦✳ ■st♦ é ❛✐♥❞❛ ♠❛✐s ❡✈✐❞❡♥t❡ q✉❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛

❡♥✈♦❧✈❡ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ ❡s❝❛❧❛❜✐❧✐❞❛❞❡✳
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❙❛①❡♥❛ ❡ ❘❛✐ ✭✷✵✵✸✮ ❛✐♥❞❛ ❛❝r❡s❝❡♥t❛♠ ❛s ♠étr✐❝❛s ❞❡ t♦❧❡râ♥❝✐❛ ❛ ❢❛❧❤❛s ❡ ❞✐s♣♦♥✐❜✐❧✐✲

❞❛❞❡✳ ❆ t♦❧❡râ♥❝✐❛ ❛ ❢❛❧❤❛s ♠❡❞❡ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ♣r♦❝❡ss♦s q✉❡ ♣♦❞❡♠ ❢❛❧❤❛r ❛té q✉❡

♥❡♥❤✉♠ ♣r♦❝❡ss♦ ❝♦♥s✐❣❛ ♠❛✐s ❛❝❡ss❛r ♦ r❡❝✉rs♦✳ ❆ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ♠❡❞❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❞❡ ✉♠ ♣r♦❝❡ss♦ ♦❜t❡r ♦ r❡❝✉rs♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❢❛❧❤❛s✳

❆ss✐♠✱ ✉♠ ❜♦♠ ❛❧❣♦r✐t♠♦ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ é ❛q✉❡❧❡ q✉❡ ♣♦ss✉✐ ✈❛❧♦r❡s ❜❛✐①♦s ♣❛r❛

❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s ❡ ❛tr❛s♦ ❞❡ s✐♥❝r♦♥✐③❛çã♦✳ ❊♠ t❡r♠♦s q✉❛❧✐t❛t✐✈♦s✱ ❡s♣❡r❛✲s❡

q✉❡ ❛ s♦❧✉çã♦ ❛♣r❡s❡♥t❡ ❛❧t❛s t❛①❛s ❞❡ t♦❧❡râ♥❝✐❛ ❛ ❢❛❧❤❛s ❡ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡✳

❆ ❛✈❛❧✐❛çã♦ ❞♦ ❞❡s❡♠♣❡♥❤♦ ❛✐♥❞❛ ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛ ✉t✐❧✐③❛♥❞♦ ✈❛r✐❛çõ❡s ❞❡ ❝❛r❣❛✱

❝♦♥❢♦r♠❡ ♣r♦♣♦st♦ ♣♦r ❑s❤❡♠❦❛❧②❛♥✐ ❡ ❙✐♥❣❤❛❧ ✭✷✵✵✽✮✳ ❈♦♠ ❝❛r❣❛ ❜❛✐①❛✱ ❡♠ ❣❡r❛❧✱ ♥ã♦ ❤á

❝♦♥❝♦rrê♥❝✐❛ ♥❛s s♦❧✐❝✐t❛çõ❡s✳ ❈♦♠ ❝❛r❣❛ ❛❧t❛✱ ✈ár✐♦s ♣r♦❝❡ss♦s ❡♥✈✐❛♠ s♦❧✐❝✐t❛çõ❡s✱ s❡♠♣r❡

❤❛✈❡♥❞♦ s♦❧✐❝✐t❛çõ❡s ♣❡♥❞❡♥t❡s✳ ❊♠ ❝❡♥ár✐♦s ❝♦♠ ♣♦✉❝❛s s♦❧✐❝✐t❛çõ❡s s✐♠✉❧tâ♥❡❛s✱ ♦ t♦t❛❧

❞❡ ♠❡♥s❛❣❡♥s ❡ ❛ ❧❛tê♥❝✐❛ ♣♦❞❡♠ ❝❤❡❣❛r ❛ ③❡r♦✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ ♥❛s s♦❧✉çõ❡s ❜❛s❡❛❞❛s

❡♠ ♣❛ss❛❣❡♠ ❞❡ t♦❦❡♥✱ ✉♠❛ ✈❡③ q✉❡ ♦ ♣r♦❝❡ss♦ ♦❜t❡♥❤❛ ♦ t♦❦❡♥✱ ♣♦❞❡rá ✉t✐❧✐③á✲❧♦ ✐♥✜♥✐t❛s

✈❡③❡s s❡♠ t❡r q✉❡ r❡q✉✐s✐tá✲❧♦ ♥♦✈❛♠❡♥t❡✳

✸✳✸ ❙♦❧✉çõ❡s ❝♦♠ P❡❞✐❞♦ ❞❡ P❡r♠✐ssã♦

◆❛s s♦❧✉çõ❡s q✉❡ ✉t✐❧✐③❛♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦✱ ❝❛❞❛ ♣r♦❝❡ss♦ q✉❡ ❞❡s❡❥❛ ❢❛③❡r ✉s♦ ❞♦

r❡❝✉rs♦ ❞❡✈❡ s♦❧✐❝✐t❛r ❛ t♦❞♦s ♦s ❞❡♠❛✐s ❛ ♣❡r♠✐ssã♦ ♣❛r❛ ✉t✐❧✐③á✲❧♦✳ ❊st❛ s❡çã♦ ❛♣r❡s❡♥t❛

♦s ♣r✐♥❝✐♣❛✐s ❛❧❣♦r✐t♠♦s ❜❛s❡❛❞♦s ❡♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦✳

✸✳✸✳✶ ❆❧❣♦r✐t♠♦ ❞❡ ▲❛♠♣♦rt

❆ ♣r✐♠❡✐r❛ s♦❧✉çã♦ ♣❛r❛ ❡①❝❧✉sã♦ ♠út✉❛ ❞✐str✐❜✉í❞❛ ❜❛s❡❛❞❛ ❡♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦ ❢♦✐

❛♣r❡s❡♥t❛❞❛ ♣♦r ▲❛♠♣♦rt ✭✶✾✼✽✮ ❡ ✉t✐❧✐③❛ r❡❧ó❣✐♦s ❧ó❣✐❝♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ♦r❞❡♥❛çã♦

t♦t❛❧ ❞❛s s♦❧✐❝✐t❛çõ❡s✱ ❝♦♥❢♦r♠❡ ❞✐s❝✉t✐❞♦ ♥❛ ❙❡çã♦ ✷✳✶✳ ◗✉❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ pi ❞❡s❡❥❛

♦❜t❡r ❛❝❡ss♦ ❛♦ r❡❝✉rs♦✱ ❡♥✈✐❛ ✉♠❛ ♠❡♥s❛❣❡♠ ❘❊◗❯❊❙❚✭i✱ tsi✮ ❝♦♠ ♦ s❡✉ t✐♠❡st❛♠♣

tsi ♣❛r❛ t♦❞♦s ♦s ♦✉tr♦s ♣r♦❝❡ss♦s ❡ ❛r♠❛③❡♥❛ ❛ s✉❛ s♦❧✐❝✐t❛çã♦ ❡♠ ✉♠❛ ✜❧❛ ❧♦❝❛❧✳ ❖

❡♥✈✐♦ é ❢❡✐t♦ ♣♦r ❜r♦❛❞❝❛st✳ ❯♠ ♣r♦❝❡ss♦ pj q✉❡ r❡❝❡❜❡ ✉♠❛ ♠❡♥s❛❣❡♠ ❞❡ s♦❧✐❝✐t❛çã♦

❞❡ pi t❛♠❜é♠ ❛r♠❛③❡♥❛ ❛ ♠❡♥s❛❣❡♠ ♥❛ s✉❛ ✜❧❛ ❡ r❡t♦r♥❛ ✉♠❛ ♠❡♥s❛❣❡♠ ❞❡ r❡s♣♦st❛

❘❊P▲❨✭j✱ tsj✮ ❝♦♠ ♦ s❡✉ t✐♠❡st❛♠♣ ❛t✉❛❧✐③❛❞♦✳ ❆ss✐♠✱ pi ♣♦❞❡ ❛❝❡ss❛r ♦ r❡❝✉rs♦ q✉❛♥❞♦

♦ s❡✉ ♣❡❞✐❞♦ é ♦ ♣r✐♠❡✐r♦ ❞❛ ✜❧❛ ❡ ❡❧❡ ❥á r❡❝❡❜❡✉ n−1 ♣❡r♠✐ssõ❡s ❝♦♠ t✐♠❡st❛♠♣ ♠❛✐♦r q✉❡

tsi✳ ❆ ❋✐❣✉r❛ ✸✳✷ ✐❧✉str❛ ✉♠ ❝❡♥ár✐♦ ❝♦♠ ✸ ♣r♦❝❡ss♦s ❡♠ q✉❡ ♦s ♣r♦❝❡ss♦s p1 ❡ p2 s♦❧✐❝✐t❛♠

r❡❝✉rs♦s✳ ◗✉❛♥❞♦ p1 ❡♥✈✐❛ ✉♠❛ r❡q✉✐s✐çã♦✱ ✐♥❝❧✉✐ ♦ ♣❛r ✭✶✱✶✮ ♥❛ s✉❛ ✜❧❛✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ❡❧❡

♣ró♣r✐♦ ❡stá s♦❧✐❝✐t❛♥❞♦ r❡❝✉rs♦✳ ❖ ♣r♦❝❡ss♦ p2 ❡①❡❝✉t❛ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦✳ ◗✉❛♥❞♦

p1 r❡❝❡❜❡ ❛ s♦❧✐❝✐t❛çã♦ ❞❡ p2✱ ✐♥❝❧✉✐ ✭✷✱✶✮ ♥❛ s❡❣✉♥❞❛ ♣♦s✐çã♦ ❞❛ ✜❧❛✱ ❥á q✉❡ t❡♠ ♣r✐♦r✐❞❛❞❡

❞❡ ✐❞❡♥t✐✜❝❛❞♦r✱ ❡ r❡s♣♦♥❞❡ ❝♦♠ ❘❊P▲❨ ❛t✉❛❧✐③❛❞♦✳ ❖ ♣r♦❝❡ss♦ p2 s❡ ❝♦♠♣♦rt❛ ❞❛ ♠❡s♠❛

❢♦r♠❛✳ ❆♦ r❡❝❡❜❡r ❛ r❡s♣♦st❛ ❞❡ p3✱ p1 ✈❡r✐✜❝❛ q✉❡ é ♦ ♣r✐♠❡✐r♦ ❞❛ ✜❧❛ ❡ q✉❡ ❥á t❡♠ t♦❞❛s

❛s r❡s♣♦st❛s ♥❡❝❡ssár✐❛s✱ ♣♦❞❡♥❞♦ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦✳
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❋✐❣✉r❛ ✸✳✷✿ ❊①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ▲❛♠♣♦rt ♣❛r❛ n = 3✳ ❈❛❞❛ s♦❧✐❝✐t❛çã♦ é r❡♣r❡s❡♥✲
t❛❞❛ ♣❡❧♦ ♣❛r ✭♣r♦❝❡ss♦✱ t✐♠❡st❛♠♣✮✳

◗✉❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❧✐❜❡r❛ ♦ r❡❝✉rs♦✱ ❡♥✈✐❛ ✉♠❛ ♠❡♥s❛❣❡♠ ❞❡ ❧✐❜❡r❛çã♦ ❘❊▲❊❆❙❊

✭t❛♠❜é♠ ♣♦r ❜r♦❛❞❝❛st✮ ♣❛r❛ q✉❡ ♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s r❡t✐r❡♠ ❛ s♦❧✐❝✐t❛çã♦ ❞❛s s✉❛s ✜❧❛s✱

❞❛♥❞♦ ♦♣♦rt✉♥✐❞❛❞❡ às ❞❡♠❛✐s s♦❧✐❝✐t❛çõ❡s ♣❡♥❞❡♥t❡s✳ ◆♦ ❡①❡♠♣❧♦ ❞❛ ❋✐❣✉r❛ ✸✳✷✱ p1 ❡♥✈✐❛

♦ ❘❊▲❊❆❙❊ ❛ p2 ❡ p3 q✉❡ r❡♠♦✈❡♠ ❛ s♦❧✐❝✐t❛çã♦ ❞❡ p1 ❞❡ s✉❛s ✜❧❛s✳ ❆ss✐♠✱ ❛ s♦❧✐❝✐t❛çã♦

❞❡ p2 ♣❛ss❛ ❛ s❡r ❛ ♣r✐♠❡✐r❛ ❞❛ s✉❛ ✜❧❛ ❡ ❡❧❡ ❥á ♣♦❞❡ ❢❛③❡r ✉s♦ ❞♦ r❡❝✉rs♦✳ P♦r ✜♠✱ p2
t❛♠❜é♠ ❡♥✈✐❛ ♦ ❘❊▲❊❆❙❊ ❡ ❛s ✜❧❛s sã♦ ❛❥✉st❛❞❛s✱ ✜❝❛♥❞♦ ✈❛③✐❛s✳

❈❛❞❛ ❢❛s❡ ❞❡ r❡q✉✐s✐çã♦✱ r❡s♣♦st❛ ❡ ❧✐❜❡r❛çã♦ ❣❡r❛ n−1 ♠❡♥s❛❣❡♥s✱ t♦t❛❧✐③❛♥❞♦ 3(n−1)
♠❡♥s❛❣❡♥s ♣♦r r♦❞❛❞❛✳ ❖ ❛tr❛s♦ ❞❡ s✐♥❝r♦♥✐③❛çã♦ é 1t✱ s❡♥❞♦ t ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦ ♣❛r❛

❛ tr❛♥s♠✐ssã♦ ❞❛ ♠❡♥s❛❣❡♠ ❞❡ ❘❊▲❊❆❙❊✳

✸✳✸✳✷ ❆❧❣♦r✐t♠♦ ❞❡ ❘✐❝❛rt✲❆❣r❛✇❛❧❛

❖ tr❛❜❛❧❤♦ ❞❡ ❘✐❝❛rt ❡ ❆❣r❛✇❛❧❛ ✭✶✾✽✶✮ ❛♣r✐♠♦r♦✉ ❛ s♦❧✉çã♦ ❞❡ ▲❛♠♣♦rt ❝♦♠ ✉♠ ❛❧❣♦✲

r✐t♠♦ q✉❡ r❡q✉❡r 2(n − 1) ♠❡♥s❛❣❡♥s✳ ❆♦ ✐♥✈és ❞❡ ✉s❛r ✉♠❛ ✜❧❛ ❞❡ s♦❧✐❝✐t❛çõ❡s ❧♦❝❛❧✱

s❡ ✉♠ ♣r♦❝❡ss♦ pi r❡❝❡❜❡ ✉♠❛ ♠❡♥s❛❣❡♠ ❞❡ s♦❧✐❝✐t❛çã♦ ❞❡ ✉♠ ♣r♦❝❡ss♦ pj✱ ♠❛s pi ❡stá

✉t✐❧✐③❛♥❞♦ ♦✉ t❡♥t❛♥❞♦ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦ ❡ t❡♠ ♠❛✐♦r ♣r✐♦r✐❞❛❞❡ q✉❡ pj ❞❡ ❛❝♦r❞♦ ❝♦♠

♦ r❡❧ó❣✐♦ ❧ó❣✐❝♦✱ pi r❡té♠ ❛ r❡s♣♦st❛ ❞❡ ♣❡r♠✐ssã♦ ❡ ❛❞✐❝✐♦♥❛ ❛ s♦❧✐❝✐t❛çã♦ ❞❡ pj ❡♠ ✉♠❛

❧✐st❛ ❞❡ r❡q✉✐s✐çõ❡s ♣❡♥❞❡♥t❡s✳ ❆ss✐♠✱ q✉❛♥❞♦ ♦ ♣r♦❝❡ss♦ pi ❧✐❜❡r❛r ♦ r❡❝✉rs♦✱ ❡❧❡ ❡♥✈✐❛rá

t♦❞❛s ❛s ♠❡♥s❛❣❡♥s ❞❡ r❡s♣♦st❛ ❛❞✐❛❞❛s✱ ♣❡r♠✐t✐♥❞♦ q✉❡ ♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s ✐♥t❡r❡ss❛❞♦s

♥♦ r❡❝✉rs♦ t❡♥❤❛♠ ❛ ❝❤❛♥❝❡ ❞❡ ♦❜tê✲❧♦✱ ❝♦♥❢♦r♠❡ ❛ ♣r✐♦r✐❞❛❞❡ ❞❛❞❛ ♣❡❧♦ r❡❧ó❣✐♦ ❧ó❣✐❝♦✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ♦ ❝❡♥ár✐♦ ❞❛ ❋✐❣✉r❛ ✸✳✸✳ ❆s s❡t❛s ❝♦♥tí♥✉❛s r❡♣r❡s❡♥t❛♠ ❛s

♠❡♥s❛❣❡♥s ❞❡ ❘❊◗❯❊❙❚ ❡ ❛s ♣♦♥t✐❧❤❛❞❛s ❛s ❞❡ ❘❊P▲❨✳ ❖s ♣r♦❝❡ss♦s p1 ❡ p2 s♦❧✐❝✐t❛♠

♦ r❡❝✉rs♦ ❞❡ ❢♦r♠❛ ❝♦♥❝♦rr❡♥t❡✳ ◗✉❛♥❞♦ p2 r❡❝❡❜❡ ❛ s♦❧✐❝✐t❛çã♦ ❞❡ p1 r❡s♣♦♥❞❡ ✐♠❡❞✐❛✲

t❛♠❡♥t❡✱ ♣♦✐s ❛♠❜♦s ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ✈❛❧♦r ❞❡ r❡❧ó❣✐♦ ❡ ♦ ❞❡ ♠❡♥♦r ✐❞❡♥t✐✜❝❛❞♦r t❡♠

♣r✐♦r✐❞❛❞❡✳ P❡❧❛ ♠❡s♠❛ r❛③ã♦✱ q✉❛♥❞♦ p1 r❡❝❡❜❡ ❛ s♦❧✐❝✐t❛çã♦ ❞❡ p2 ❡❧❡ r❡té♠ ❛ r❡s♣♦st❛✳

❆♦ r❡❝❡❜❡r ❛s ♣❡r♠✐ssõ❡s ❞❡ p2 ❡ p3✱ p1 ♦❜té♠ ❛❝❡ss♦ ❛♦ r❡❝✉rs♦✳ ❆♦ ❧✐❜❡rá✲❧♦✱ ❡♥✈✐❛ ♣❛r❛

p2 ❛ r❡s♣♦st❛ r❡t✐❞❛✱ ♣❡r♠✐t✐♥❞♦ q✉❡ ♦ ♠❡s♠♦ ❛❝❡ss❡ ♦ r❡❝✉rs♦✳

❊st❛ s♦❧✉çã♦ ❣❛r❛♥t❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ♣r♦❝❡ss♦s s♦❧✐❝✐t❛♥❞♦ ♦ r❡❝✉rs♦✱ ❛q✉❡❧❡ ❝♦♠

♠❛✐♦r ♣r✐♦r✐❞❛❞❡ ❛❞✐❛rá ❛ r❡s♣♦st❛ ♣❛r❛ ♦ ❞❡ ♠❡♥♦r ♣r✐♦r✐❞❛❞❡✳ ❆ss✐♠✱ ❛♣❡♥❛s ♦ ♣r♦❝❡ss♦
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❋✐❣✉r❛ ✸✳✸✿ ❊①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘✐❝❛rt✲❆❣r❛✇❛❧❛ ♣❛r❛ n = 3✳

❞❡ ♠❛✐♦r ♣r✐♦r✐❞❛❞❡ ❝♦♥s❡❣✉✐rá t♦❞❛s ❛s n − 1 r❡s♣♦st❛s ❞❡ ♣❡r♠✐ssã♦ ♥❡❝❡ssár✐❛s ♣❛r❛

❛❝❡ss❛r ♦ r❡❝✉rs♦ ❞❡ ❢♦r♠❛ ❡①❝❧✉s✐✈❛✱ ❣❛r❛♥t✐♥❞♦ ❛ ❡①❝❧✉sã♦ ♠út✉❛✳

✸✳✸✳✸ ❆❧❣♦r✐t♠♦ ❞❡ ❙✐♥❣❤❛❧

❖s ❛❧❣♦r✐t♠♦s ❞❡ ▲❛♠♣♦rt ❡ ❘✐❝❛rt✲❆❣r❛✇❛❧❛ ✉t✐❧✐③❛♠ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❡stát✐❝❛ ♣❛r❛ s♦✲

❧✐❝✐t❛r ❛ ♣❡r♠✐ssã♦✱ ✐st♦ é✱ ♦ ♣r♦❝❡ss♦ ❞❡ s♦❧✐❝✐t❛çã♦ é s❡♠♣r❡ ♦ ♠❡s♠♦✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦

❡st❛❞♦ ❞♦ s✐st❡♠❛✳ ❙✐♥❣❤❛❧ ✭✶✾✾✷✮✱ ♣❡❧♦ ❝♦♥trár✐♦✱ ♣r♦♣ôs ✉♠❛ s♦❧✉çã♦ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛

❛❞❛♣t❛t✐✈❛ q✉❡ ✈✐s❛ ❡①♣❧♦r❛r ❛ ❞✐♥❛♠✐❝✐❞❛❞❡ ❞♦ s✐st❡♠❛ ❡ ♦t✐♠✐③❛r ♦ ❞❡s❡♠♣❡♥❤♦✳ ❖

❛❧❣♦r✐t♠♦ ❞❡ ❙✐♥❣❤❛❧ ❜❛s❡✐❛✲s❡ ♥♦ s❡❣✉✐♥t❡ ❝❡♥ár✐♦✿ s❡ ❛❧❣✉♥s ♣r♦❝❡ss♦s s♦❧✐❝✐t❛♠ r❡❝✉rs♦s

❝♦♠ ♠❛✐♦r ❢r❡q✉ê♥❝✐❛ ❡ ♦s ♦✉tr♦s ❝♦♠ ♣♦✉❝❛ ♦✉ ♥❡♥❤✉♠❛ ❢r❡q✉ê♥❝✐❛✱ ❛q✉❡❧❡s q✉❡ s♦❧✐❝✐✲

t❛♠ ❝♦♠ ♠❛✐s ❢r❡q✉ê♥❝✐❛ ♥ã♦ ♣r❡❝✐s❛♠ s♦❧✐❝✐t❛r ❛ ♣❡r♠✐ssã♦ ❛♦s q✉❡ s♦❧✐❝✐t❛♠ ❝♦♠ ♣♦✉❝❛

❢r❡q✉ê♥❝✐❛ s❡♠♣r❡ q✉❡ q✉✐s❡r❡♠ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦✳ P❛r❛ t❛♥t♦✱ ♦ ❛❧❣♦r✐t♠♦ ❢❛③ ✉s♦ ❞❡ ❞♦✐s

❝♦♥❥✉♥t♦s✿ ♦ ❝♦♥❥✉♥t♦ Ri ✭r❡q✉❡st s❡t✮✱ q✉❡ ❝♦♥té♠ ♦s ♣r♦❝❡ss♦s ❞♦s q✉❛✐s ♦ ♣r♦❝❡ss♦ pi

♣r❡❝✐s❛ ♦❜t❡r ❛ ♣❡r♠✐ssã♦ ❡ ♦ ❝♦♥❥✉♥t♦ Ii ✭✐♥❢♦r♠ s❡t✮✱ ❝♦♠ ♦s ♣r♦❝❡ss♦s ♣❛r❛ ♦s q✉❛✐s pi
❞❡✈❡ ❡♥✈✐❛r ❛ ♣❡r♠✐ssã♦ ❞❡♣♦✐s q✉❡ t❡r♠✐♥❛r ❞❡ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦✳

■♥✐❝✐❛❧♠❡♥t❡✱ s❡❣✉✐♥❞♦ ❛ ♣r✐♦r✐❞❛❞❡ ❞♦s r❡❧ó❣✐♦s ❧ó❣✐❝♦s✱ Ri ❝♦♥té♠ t♦❞♦s ♦s ♣r♦❝❡ss♦s

❝♦♠ ✐❞❡♥t✐✜❝❛❞♦r ♠❡♥♦r q✉❡ ♦ ❞❡ pi ❡ Ii ❡stá ✈❛③✐♦✳ ◗✉❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ pi ❡stá t❡♥t❛♥❞♦

♦❜t❡r ♦ r❡❝✉rs♦ ❡ r❡❝❡❜❡ ✉♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦ ❞❡ ✉♠ ♣r♦❝❡ss♦ pj ❝♦♠ ♠❛✐♦r ♣r✐♦r✐❞❛❞❡

❡❧❡ ❡♥✈✐❛ ♦ ❘❊P▲❨ ✐♠❡❞✐❛t❛♠❡♥t❡ ♣❛r❛ pj ❡✱ s❡ pj /∈ Ri✱ ❡♥✈✐❛ ❘❊◗❯❊❙❚ ♣❛r❛ pj ❡

❛❞✐❝✐♦♥❛ pj ❡♠ Ri✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ pi t❡♠ ♣r✐♦r✐❞❛❞❡ s♦❜r❡ pj✱ pi ❛♣❡♥❛s ❛❞✐❝✐♦♥❛ pj

❡♠ Ii✱ ❣❛r❛♥t✐♥❞♦ q✉❡ pj s❡rá ♥♦t✐✜❝❛❞♦ ❛ss✐♠ q✉❡ pi ❧✐❜❡r❛r ♦ r❡❝✉rs♦✳ ❖ ♠❡s♠♦ ❛❝♦♥t❡❝❡

s❡ pi r❡❝❡❜❡r ♦ ♣❡❞✐❞♦ ❞❡ pj ❡♥q✉❛♥t♦ ❡st✐✈❡r ✉t✐❧✐③❛♥❞♦ ♦ r❡❝✉rs♦✳ P♦r ✜♠✱ s❡ pi r❡❝❡❜❡r

❘❊◗❯❊❙❚ ❞❡ pj ❡ pi ♥ã♦ ❡stá s♦❧✐❝✐t❛♥❞♦ ❡ ♥❡♠ ✉t✐❧✐③❛♥❞♦ ♦ r❡❝✉rs♦✱ pi ❛❞✐❝✐♦♥❛ pj ❡♠

Ri ❡ ❡♥✈✐❛ ✐♠❡❞✐❛t❛♠❡♥t❡ ♦ ❘❊P▲❨ ♣❛r❛ pj✳

◗✉❛♥❞♦ pi ❞❡s❡❥❛ ❛❝❡ss❛r ♦ r❡❝✉rs♦✱ ❡♥✈✐❛ ❘❊◗❯❊❙❚ ♣❛r❛ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❡♠ Ri

❡ ❛❣✉❛r❞❛ ❛té r❡❝❡❜❡r ❘❊P▲❨ ❞❡ t♦❞♦s✳ P❛r❛ ❝❛❞❛ ❘❊P▲❨ r❡❝❡❜✐❞♦ ❞❡ pj✱ pi r❡♠♦✈❡

pj ❞❡ Ri✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ♦r❞❡♥❛çã♦ p1 ❛ pn ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✱ ❛

❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ Ri ❞✐♠✐♥✉✐ ❞❛ ❞✐r❡✐t❛ ♣❛r❛ ❛ ❡sq✉❡r❞❛✱ ❝r✐❛♥❞♦ ✉♠ ♣❛❞rã♦ ❡s❝❛❞❛ ✭❡♠
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✐♥❣❧ês✱ st❛✐r❝❛s❡ ♣❛tt❡r♥✮✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ♦s ✺ ♣r♦❝❡ss♦s ♥♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞❛

❋✐❣✉r❛ ✸✳✹✳ ❈❛❞❛ ❝♦❧✉♥❛ r❡♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦ Ri ❞❡ ❝❛❞❛ ♣r♦❝❡ss♦ pi✳ ◆❛ ✜❣✉r❛ ♠❛✐s

à ❡sq✉❡r❞❛✱ ♦ ♣r♦❝❡ss♦ p5 s♦❧✐❝✐t❛ ♦ r❡❝✉rs♦ ❡♥✈✐❛♥❞♦ ❘❊◗❯❊❙❚ ♣❛r❛ t♦❞♦s ♦s ♣r♦❝❡ss♦s

❡♠ R5✳ ❈❛❞❛ ♣r♦❝❡ss♦ pj✱ ❛♦ r❡❝❡❜❡r ❘❊◗❯❊❙❚ ❞❡ p5 ❡ ♥ã♦ ❡st❛♥❞♦ ✉t✐❧✐③❛♥❞♦✱ ♥❡♠

s♦❧✐❝✐t❛♥❞♦ r❡❝✉rs♦✱ ❡♥✈✐❛ ✐♠❡❞✐❛t❛♠❡♥t❡ ❘❊P▲❨ ♣❛r❛ p5 ❡ ♦ ✐♥❝❧✉✐ ♥♦ ❝♦♥❥✉♥t♦ Rj✳ P❛r❛

❝❛❞❛ ❘❊P▲❨ r❡❝❡❜✐❞♦✱ p5 s❡ ❞❡s❧♦❝❛ ✉♠❛ ♣♦s✐çã♦ ♣❛r❛ ❛ ❡sq✉❡r❞❛ ❛té ❛❧❝❛♥ç❛r ❛ ♣r✐♠❡✐r❛

♣♦s✐çã♦ ❡ ♣♦❞❡r ❛❝❡ss❛r ♦ r❡❝✉rs♦✳ ❖ ♠❡s♠♦ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ p3 é ♦ s♦❧✐❝✐t❛♥t❡✳ ◆♦t❡ q✉❡

p4✱ ❡st❛♥❞♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡s❝❛❞❛✱ ♥ã♦ ♣❛rt✐❝✐♣❛ ❡ s❡ ♠❛♥té♠ ✐♥❛❧t❡r❛❞♦✳ ❆ss✐♠✱ ♦s

♣r♦❝❡ss♦s q✉❡ s♦❧✐❝✐t❛♠ ❝♦♠ ♠❡♥♦s ❢r❡q✉ê♥❝✐❛ t❡♥❞❡♠ ❛ ❡st❛r à ❞✐r❡t❛ ❡ ♦s q✉❡ s♦❧✐❝✐t❛♠

❝♦♠ ♠❛✐s ❢r❡q✉ê♥❝✐❛ t❡♥❞❡♠ ❛ ♠❛♥t❡r✲s❡ ♠❛✐s à ❡sq✉❡r❞❛✳
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❋✐❣✉r❛ ✸✳✹✿ ❊①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❙✐♥❣❤❛❧ ♣❛r❛ n = 5✳

❖ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ♥❡❝❡ssár✐❛s ♣❛r❛ ❝❛❞❛ s♦❧✐❝✐t❛çã♦ ♥♦ ❛❧❣♦r✐t♠♦ ❞❡ ❙✐♥❣❤❛❧ ♣♦❞❡

✈❛r✐❛r ❞❡ ③❡r♦ ❛ 3(n− 1)/2✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣r♦❝❡ss♦s s♦❧✐❝✐t❛♥❞♦ r❡❝✉rs♦s

s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❡ ❝♦♠ ❛ s✉❛ ♣♦s✐çã♦ ♥❛ ❡s❝❛❞❛✳

❯t✐❧✐③❛♥❞♦ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞✐♥â♠✐❝❛ ❡ ❜❛s❡❛❞♦s ♥♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘✐❝❛rt✲❆❣r❛✇❛❧❛✱

❈❛r✈❛❧❤♦ ❡ ❘♦✉❝❛✐r♦❧ ✭✶✾✽✸✮ ♣r♦♣✉s❡r❛♠ ✉♠❛ ♦t✐♠✐③❛çã♦ q✉❡ ♠❛♥té♠ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡

♠❡♥s❛❣❡♥s ❡♥tr❡ ③❡r♦ ❡ 2(n − 1)✳ ❖ ❛❧❣♦r✐t♠♦ ♣❛rt❡ ❞❛ ♣r❡♠✐ss❛ ❞❡ q✉❡✱ s❡ ✉♠ ♣r♦❝❡ss♦

pi r❡❝❡❜❡✉ ✉♠ ❘❊P▲❨ ❞♦ ♣r♦❝❡ss♦ pj✱ pi ♣♦❞❡ ❢❛③❡r ✉s♦ ❞♦ r❡❝✉rs♦ q✉❛♥t❛s ✈❡③❡s ♣r❡❝✐s❛r

s❡♠ t❡r q✉❡ ❝♦♥s✉❧t❛r pj ❛té q✉❡ pj s♦❧✐❝✐t❡ ♣❡r♠✐ssã♦ ❛ pi✳ ❊st❛ ♠♦❞✐✜❝❛çã♦ ❞✐♠✐♥✉✐

❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s q✉❛♥❞♦ ✉♠ ♣❡q✉❡♥♦ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❝❡ss♦s s♦❧✐❝✐t❛ r❡❝✉rs♦s✳

❈♦♥s✐❞❡r❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❝❡♥ár✐♦ ❡♠ q✉❡ ❛♣❡♥❛s ✉♠ ♣r♦❝❡ss♦ s♦❧✐❝✐t❛ r❡❝✉rs♦✳ ❆♣ós

♦ r❡❝❡❜✐♠❡♥t♦ ❞❡ t♦❞❛s ❛s ♣❡r♠✐ssõ❡s ❞❛ ♣r✐♠❡✐r❛ s♦❧✐❝✐t❛çã♦✱ ❡❧❡ ♣♦❞❡rá ❢❛③❡r ✉s♦ ❞♦

r❡❝✉rs♦ ✐♥✜♥✐t❛s ✈❡③❡s s❡♠ t❡r q✉❡ ❡♥✈✐❛r ♥♦✈❛s s♦❧✐❝✐t❛çõ❡s✳

P♦st❡r✐♦r♠❡♥t❡✱ ▲♦❞❤❛ ❡ ❑s❤❡♠❦❛❧②❛♥✐ ✭✷✵✵✵✮ ♣r♦♣✉s❡r❛♠ ✉♠❛ ❛❞❛♣t❛çã♦ ❞♦ ❛❧❣♦✲

r✐t♠♦ ❞❡ ❘✐❝❛rt✲❆❣r❛✇❛❧❛ ❝♦♠ ❜❛s❡ ♥❛ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✿ s❡ ✉♠ ♣r♦❝❡ss♦ s♦❧✐❝✐t♦✉ ✉♠

r❡❝✉rs♦ ❡ ❡stá ❛❣✉❛r❞❛♥❞♦ ♣❛r❛ ✉t✐❧✐③á✲❧♦✱ ❡❧❡ ♥ã♦ ♣r❡❝✐s❛ ❛❣✉❛r❞❛r t♦❞❛s ❛s ♣❡r♠✐ssõ❡s✱

♠❛s ❛♣❡♥❛s ❛q✉❡❧❛s ❞❡ ♣r♦❝❡ss♦s q✉❡ ♣♦ss✉❡♠ s♦❧✐❝✐t❛çõ❡s ❝♦♠ ♠❛✐♦r ♣r✐♦r✐❞❛❞❡✳ ❖s ♣❡❞✐✲

❞♦s ❞❡ ♣❡r♠✐ssã♦ ❝♦♥t✐♥✉❛♠ s❡♥❞♦ ❢❡✐t♦s ♣♦r ♠❡♥s❛❣❡♥s ❞❡ ❘❊◗❯❊❙❚✭i✱ tsi✮ ❡♠ ❜r♦❛❞❝❛st

❡ ❝❛❞❛ ♣r♦❝❡ss♦ ♠❛♥té♠ ✉♠❛ ✜❧❛ ❧♦❝❛❧ ❞❡ r❡q✉✐s✐çõ❡s ♦r❞❡♥❛❞❛ ♣❡❧♦s t✐♠❡st❛♠♣s✳ ▼❡♥s❛✲

❣❡♥s ❞❡ ❘❊P▲❨ sã♦ ❡♥✈✐❛❞❛s ❛♣❡♥❛s ♣♦r ♣r♦❝❡ss♦s q✉❡ ♥ã♦ s♦❧✐❝✐t❛r❛♠ r❡❝✉rs♦✳ ❆ss✐♠✱ s❡
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❛♣❡♥❛s ✉♠ ♣r♦❝❡ss♦ ❡stá s♦❧✐❝✐t❛♥❞♦ r❡❝✉rs♦s✱ ❡❧❡ r❡❝❡❜❡rá ❛s n− 1 ♠❡♥s❛❣❡♥s ❞❡ ❘❊P▲❨

❡s♣❡r❛❞❛s✳ ❊♥tr❡t❛♥t♦✱ s❡ ❞♦✐s ♦✉ ♠❛✐s ♣r♦❝❡ss♦s ❝♦♥❝♦rr❡♠ ♣♦r r❡❝✉rs♦s✱ s♦♠❡♥t❡ ✉♠❛

♠❡♥s❛❣❡♠ ❞❡ ❋▲❯❙❍ é ❡♥✈✐❞❛ ❞♦ ♣r♦❝❡ss♦ q✉❡ ❛❝❛❜♦✉ ❞❡ ✉t✐❧✐③á✲❧♦ ♣❛r❛ ♦ ♣ró①✐♠♦ ♣r♦✲

❝❡ss♦ ♥❛ ✜❧❛✳ ❊ss❛ ♠❡♥s❛❣❡♠ r❡♣r❡s❡♥t❛ ✉♠❛ ♠❡♥s❛❣❡♠ ❞❡ ❘❊P▲❨ ❝♦❧❡t✐✈❛✱ q✉❡ ❡♥❣❧♦❜❛

❛ ♣❡r♠✐ssã♦ ❞❡ t♦❞♦s ♦s ♦✉tr♦s ♣r♦❝❡ss♦s ❝♦♠ r❡q✉✐s✐çõ❡s ❞❡ ♠❡♥♦r ♣r✐♦r✐❞❛❞❡✳ ◆❡st❡s ❝❛✲

s♦s✱ sã♦ ❡♥✈✐❛❞❛s n− 1 ♠❡♥s❛❣❡♥s ❞❡ ❘❊◗❯❊❙❚ ❡ n−|CSeti| ♠❡♥s❛❣❡♥s ❞❡ ❘❊P▲❨ ♣♦r

r❡q✉✐s✐çã♦✱ s❡♥❞♦ CSeti ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣r♦❝❡ss♦s ❝♦♥❝♦rr❡♥t❡s✳ ◆♦ t♦t❛❧✱ ♦ ❛❧❣♦r✐t♠♦ ❣❡r❛

2n− |CSeti| ♠❡♥s❛❣❡♥s ♣♦r r❡q✉✐s✐çã♦✳ ❙❡ t♦❞♦s ♦s ♣r♦❝❡ss♦s sã♦ ❝♦♥❝♦rr❡♥t❡s✱ ❛♣❡♥❛s n

♠❡♥s❛❣❡♥s sã♦ ✉t✐❧✐③❛❞❛s✳

✸✳✸✳✹ ❆❧❣♦r✐t♠♦ ❞❡ ▼❛❡❦❛✇❛

❯♠❛ ✈❛r✐❛çã♦ ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ❝♦♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦ sã♦ ❛s s♦❧✉çõ❡s

❜❛s❡❛❞❛s ❡♠ q✉ór✉♥s✳ ◗✉ór✉♥s sã♦ s✉❜❝♦♥❥✉♥t♦s ❞❡ ♣r♦❝❡ss♦s t❛✐s q✉❡✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦

❞❡ q✉ór✉♥s C✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❝♦t❡r✐❡✱ ∀g, h ∈ C, g ∩ h 6= ∅ ❡ g + h ✭●❛r❝✐❛✲▼♦❧✐♥❛ ❡

❇❛r❜❛r❛✱ ✶✾✽✺✮✳ ❊ss❛s ♣r♦♣r✐❡❞❛❞❡s ❣❛r❛♥t❡♠ q✉❡ s❡♠♣r❡ ❡①✐st✐rá ✉♠ ❡❧❡♠❡♥t♦ ❝♦♠✉♠

❡♥tr❡ ❞♦✐s q✉ór✉♥s ❡ q✉❡ ♥❡♥❤✉♠ q✉ór✉♠ ❡st❛rá ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ ♦✉tr♦✳ ❈♦♥s✐✲

❞❡r❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♦s ❝♦♥❥✉♥t♦s {1, 2, 3}✱ {2, 5, 7}✱ {5, 7, 9} ❡ {2, 3}✳ ❚❛✐s ❝♦♥❥✉♥t♦s ♥ã♦

sã♦ ✈á❧✐❞♦s ♣♦rq✉❡ ♦ ♣r✐♠❡✐r♦ ❡ ♦ t❡r❝❡✐r♦ ♥ã♦ tê♠ ❡❧❡♠❡♥t♦s ❡♠ ❝♦♠✉♠ ❡ ♦ ú❧t✐♠♦ ❡stá

❝♦♥t✐❞♦ ♥♦ ♣r✐♠❡✐r♦✳

❊♠ t❡r♠♦s ❣❡r❛✐s✱ ❡♠ ✉♠❛ s♦❧✉çã♦ ❜❛s❡❛❞❛ ❡♠ q✉ór✉♥s✱ s❡ ✉♠ ♣r♦❝❡ss♦ pi ♣❡rt❡♥❝❡♥t❡

❛ ✉♠ q✉ór✉♠ Ci ❞❡s❡❥❛ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦✱ ❡❧❡ ❡♥✈✐❛ ❘❊◗❯❊❙❚ ❛ t♦❞♦s ♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s

❡♠ Ci✳ ❈♦♠♦ Ci ❝♦♥té♠ ❛♦ ♠❡♥♦s ✉♠ ♣r♦❝❡ss♦ pj ❡♠ ❝♦♠✉♠ ❝♦♠ ♦ q✉ór✉♠ ❞❡ ❝❛❞❛

♦✉tr♦ ♣r♦❝❡ss♦ ❡ pj só ❢♦r♥❡❝❡ ✉♠❛ ú♥✐❝❛ ♣❡r♠✐ssã♦ ❞❡ ❝❛❞❛ ✈❡③✱ ❛ ❡①❝❧✉sã♦ ♠út✉❛ ❡stá

❣❛r❛♥t✐❞❛✳ ❆ ✈❛♥t❛❣❡♠ ❞❡st❡s ❛❧❣♦r✐t♠♦s é ❛ r❡❞✉çã♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s ❡♠

❝❛❞❛ s♦❧✐❝✐t❛çã♦✱ ✈✐st♦ q✉❡ ❛♣❡♥❛s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❝❡ss♦s ♣r❡❝✐s❛ s❡r ❝♦♥s✉❧t❛❞♦✳

❖ ❛❧❣♦r✐t♠♦ ❞❡ ▼❛❡❦❛✇❛ ✭✶✾✽✺✮ ❢♦✐ ❛ ♣r✐♠❡✐r❛ s♦❧✉çã♦ ❜❛s❡❛❞❛ ❡♠ q✉ór✉♥s✳ P❛r❛

❝♦♥str✉✐r ♦s q✉ór✉♥s ❡❧❡ ✉t✐❧✐③❛ ❛ t❡♦r✐❛ ❞❡ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s ♣❛r❛ ❝r✐❛r q✉ór✉♥s ❝♦♠

t❛♠❛♥❤♦
√
n✳ P❧❛♥♦s ♣r♦❥❡t✐✈♦s sã♦ ❡str✉t✉r❛s ❣❡♦♠étr✐❝❛s ❞❡r✐✈❛❞❛s ❞♦ ♣❧❛♥♦ ♥❛s q✉❛✐s

q✉❛✐sq✉❡r ❞✉❛s ❧✐♥❤❛s s❡ ✐♥t❡rs❡❝t❛♠ ❡♠ ✉♠✱ ❡ s♦♠❡♥t❡ ✉♠✱ ♣♦♥t♦✳ ❆ ❋✐❣✉r❛ ✸✳✺✭❛✮

❛♣r❡s❡♥t❛ ❝♦♠♦ ❡①❡♠♣❧♦ ♦ ♠❡♥♦r ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❞❡ ♦r❞❡♠ ✷✱ ❝♦♠ ✼ ♣♦♥t♦s ❡ ✼ ❧✐♥❤❛s✱

❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣❧❛♥♦ ❞❡ ❋❛♥♦ ✭❇❛❡③✱ ✷✵✵✷✮ ✭❤♦♠❡♥❛❣❡♠ ❛♦ ♠❛t❡♠át✐❝♦ ✐t❛❧✐❛♥♦ ●✐♥♦

❋❛♥♦✮✳ ❊♠ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✱ ❛ ♦r❞❡♠ d ✐♠♣❧✐❝❛ ❡♠ d + 1 ♣♦♥t♦s ❡♠ ❝❛❞❛ ❧✐♥❤❛ ❡ d + 1

❧✐♥❤❛s ♣❛ss❛♥❞♦ ♣♦r ❝❛❞❛ ♣♦♥t♦✳ ❖s ❝♦♥❥✉♥t♦s ❞♦ ♣❧❛♥♦ ❞❡ ❋❛♥♦ sã♦ ❣❡r❛❞♦s ❛ ♣❛rt✐r ❞♦

❡❧❡♠❡♥t♦ {1, 2, 4} ♣❡❧❛ ❛❞✐çã♦ ❞❡ ✶ ❡♠ ❝❛❞❛ ❡♥tr❛❞❛✱ ♠ó❞✉❧♦ ✼✳

❆ ❝♦♥str✉çã♦ ❞♦s q✉ór✉♥s ♣r♦♣♦st❛ ♣♦r ▼❛❡❦❛✇❛ ♦❜❡❞❡❝❡ q✉❛tr♦ ❝♦♥❞✐çõ❡s✿

✶✳ ∀i, j, i 6= j, 1 ≤ i, j ≤ n : Ci ∩ Cj 6= ∅

✷✳ ∀i, 1 ≤ i ≤ n : pi ∈ Ci
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✭❜✮ ❊①❡♠♣❧♦

❋✐❣✉r❛ ✸✳✺✿ ❆❧❣♦r✐t♠♦ ❞❡ ▼❛❡❦❛✇❛ ♣❛r❛ n = 7✱ |Ci| = 3✳

✸✳ ∀i, 1 ≤ i ≤ n : |Ci| = k =
√
n+ 1

✹✳ ∀i, j, 1 ≤ i, j ≤ n : t♦❞♦ pi ❡stá ♣r❡s❡♥t❡ ❡♠ k ❝♦♥❥✉♥t♦s Cj

❆ss✐♠ ❝♦♠♦ ♥♦ ❛❧❣♦r✐t♠♦ ❞❡ ▲❛♠♣♦rt✱ ❛ s♦❧✉çã♦ ❞❡ ▼❛❡❦❛✇❛ t❛♠❜é♠ ✉t✐❧✐③❛ ♠❡♥s❛✲

❣❡♥s ❞❡ ❘❊◗❯❊❙❚✱ ❘❊P▲❨ ❡ ❘❊▲❊❆❙❊✳ ❈❛❞❛ ♣r♦❝❡ss♦ pi q✉❡ ❞❡s❡❥❛ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦

❡♥✈✐❛ ♠❡♥s❛❣❡♥s ❞❡ ❘❊◗❯❊❙❚ ❛ t♦❞♦s ♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s pj ♣❡rt❡♥❝❡♥t❡s ❛♦ s❡✉ q✉ór✉♠

❡ ❛❣✉❛r❞❛ ♣❡❧❛s r❡s♣♦st❛s ❞❡ ❘❊P▲❨✳ ❖s ♣r♦❝❡ss♦s q✉❡ r❡❝❡❜❡♠ ♦ ❘❊◗❯❊❙❚ ✈❡r✐✜❝❛♠ s❡

❥á ❞❡r❛♠ ♣❡r♠✐ssã♦ ❛ ♦✉tr♦ ♣r♦❝❡ss♦✳ ❙❡ ❛ ♣❡r♠✐ssã♦ ❛✐♥❞❛ ♥ã♦ ❢♦✐ ❞❛❞❛✱ ❡♥✈✐❛♠ ❘❊P▲❨

♣❛r❛ pi✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❛❞✐❝✐♦♥❛♠ ❛ r❡q✉✐s✐çã♦ ❞❡ pi ❡♠ ✉♠❛ ✜❧❛✳

◗✉❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ ❧✐❜❡r❛ ♦ r❡❝✉rs♦✱ ❡♥✈✐❛ ❘❊▲❊❆❙❊ ♣❛r❛ t♦❞♦s ♦s ♣r♦❝❡ss♦s ♥♦ s❡✉

q✉ór✉♠✳ ◗✉❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ r❡❝❡❜❡ ✉♠ ❘❊▲❊❆❙❊✱ ❡♥✈✐❛ ♦ ❘❊P▲❨ ♣❛r❛ ♦ ♣ró①✐♠♦

♣r♦❝❡ss♦ ♥❛ ✜❧❛ ❞❡ ♣❡♥❞❡♥t❡s ❡ ♦ r❡♠♦✈❡ ❞❛ ✜❧❛✳ ❆ ✜❧❛ ✈❛③✐❛ ✐♥❞✐❝❛ q✉❡ ♦ ♣r♦❝❡ss♦ ♥ã♦

❡♥✈✐♦✉ ♠❡♥s❛❣❡♥s ❞❡ ❘❊P▲❨ ❞❡s❞❡ ❛ ú❧t✐♠❛ ♠❡♥s❛❣❡♠ ❞❡ ❘❊▲❊❆❙❊ r❡❝❡❜✐❞❛✱ ✐st♦ é✱ ♦

♣ró①✐♠♦ ♣r♦❝❡ss♦ q✉❡ s♦❧✐❝✐t❛r ♦ r❡❝✉rs♦ ❛ ❡❧❡ r❡❝❡❜❡rá ♦ ❘❊P▲❨ ✐♠❡❞✐❛t❛♠❡♥t❡✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ✉♠ s✐st❡♠❛ ❝♦♠ ✼ ♣r♦❝❡ss♦s {p1, p2, .., p7} r❡♣r❡s❡♥t❛❞♦ ♥❛

❋✐❣✉r❛ ✸✳✺✭❜✮ ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ q✉ór✉♥s ♦❜t✐❞♦ ❞❛ ❋✐❣✉r❛ ✸✳✺✭❛✮✳ ❈❛❞❛ ♣r♦❝❡ss♦ pi ❡stá

♦r❣❛♥✐③❛❞♦ ❡♠ ✉♠ q✉ór✉♠ Ci q✉❡ ❝♦♥té♠✱ ❛❧é♠ ❞♦ ♣ró♣r✐♦ pi✱ ❞♦✐s ♦✉tr♦s ✐❞❡♥t✐✜❝❛❞♦r❡s

❞❡ ♣r♦❝❡ss♦s✳ ❆ss✐♠✱ s❡ p1 ❞❡s❡❥❛ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦✱ ❡❧❡ ❡♥✈✐❛ ❘❊◗❯❊❙❚ ♣❛r❛ ♦ q✉ór✉♠

C1 q✉❡ ❝♦♥té♠ p2 ❡ p4✳ ❖s ♣r♦❝❡ss♦s p2 ❡ p4 ❡♥✈✐❛♠ ❘❊P▲❨ ❡ ❜❧♦q✉❡✐❛♠ ❡♠ p1✱ ✐st♦ é✱ ♥ã♦

r❡s♣♦♥❞❡♠ ❛ ♠❛✐s ♥❡♥❤✉♠❛ s♦❧✐❝✐t❛çã♦ ❡♥q✉❛♥t♦ p1 ♥ã♦ ❡♥✈✐❛r ♦ ❘❊▲❊❆❙❊✳ ❈♦♥s✐❞❡r❡

q✉❡ ❡♠ s❡❣✉✐❞❛ p6 s♦❧✐❝✐t❛ ♦ r❡❝✉rs♦✳ ❖ q✉ór✉♠ ❞❡ p6 ✐♥❝❧✉✐ p2 ❡ p7✱ ♠❛s p2 ❥á ❡stá ❜❧♦✲

q✉❡❛❞♦ ♥❛ r❡q✉✐s✐çã♦ ❞❡ p1✳ ❊♠ ❢✉♥çã♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s q✉ór✉♥s✱ q✉❛❧q✉❡r ♣r♦❝❡ss♦

♥ã♦ ❝♦♥t✐❞♦ ♥♦ q✉ór✉♠ C1 ❞❡ p1 t❡rá ✉♠❛ ✐♥t❡rs❡❝çã♦ ❝♦♠ ❛❧❣✉♠ ♣r♦❝❡ss♦ ❝♦♥t✐❞♦ ❡♠

C1✱ ❣❛r❛♥t✐♥❞♦ ❛ ❡①❝❧✉sã♦ ♠út✉❛✳

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦s q✉ór✉♥s tê♠ t❛♠❛♥❤♦ ♠á①✐♠♦
√
n✱ ❝❛❞❛ s♦❧✐❝✐t❛çã♦ ❞❡ r❡❝✉rs♦

✉t✐❧✐③❛ 3
√
n ♠❡♥s❛❣❡♥s✳ ❊♥tr❡t❛♥t♦✱ ❝♦♥❢♦r♠❡ ❝♦♠♣r♦✈❛❞♦ ♣♦r ❙✐♥❣❤❛❧ ✭✶✾✾✶✮✱ ♦ ❛❧❣♦✲

r✐t♠♦ ❞❡ ▼❛❡❦❛✇❛ ❡stá s✉❥❡✐t♦ ❛ ❞❡❛❞❧♦❝❦s✱ ✈✐st♦ q✉❡ ❛s s♦❧✐❝✐t❛çõ❡s ♥ã♦ sã♦ ♣r✐♦r✐③❛❞❛s



✸✾

♣❡❧♦s s❡✉s t✐♠❡st❛♠♣s✳ ❆ss✐♠✱ ✉♠ ♣r♦❝❡ss♦ ♣♦❞❡ ❡♥✈✐❛r ❘❊P▲❨ ❛ ✉♠ ♦✉tr♦ ♣r♦❝❡ss♦

s♦❧✐❝✐t❛♥t❡ ❡✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ❢♦rç❛r q✉❡ ✉♠ ♦✉tr♦ ♣r♦❝❡ss♦ ❞❡ ♠❛✐♦r ♣r✐♦r✐❞❛❞❡ ❛❣✉❛r❞❡

♥❛ ✜❧❛✳ ❆ s♦❧✉çã♦ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ r❡q✉❡r ✉♠ ♠❡❝❛♥✐s♠♦ ❛✉①✐❧✐❛r ❞❡ r❡❝✉♣❡r❛çã♦ ❡✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♠❡♥s❛❣❡♥s ❛❞✐❝✐♦♥❛✐s q✉❡ ♣♦❞❡♠ ❛✉♠❡♥t❛r ♦ t♦t❛❧ ♣❛r❛ 5
√
n ♠❡♥s❛✲

❣❡♥s ♣♦r s♦❧✐❝✐t❛çã♦ ✭❑s❤❡♠❦❛❧②❛♥✐ ❡ ❙✐♥❣❤❛❧✱ ✷✵✵✽✮✳ ❖ ❛tr❛s♦ ❞❡ s✐♥❝r♦♥✐③❛çã♦ é ❞❡ 2t✱

❝♦♠♣♦st♦ ♣❡❧❛ ♠❡♥s❛❣❡♠ ❞❡ ❘❊▲❊❆❙❊ ❞♦ ♣r♦❝❡ss♦ q✉❡ ❧✐❜❡r♦✉ ♦ r❡❝✉rs♦ ❡ ♣❡❧♦ ❘❊P▲❨

❞♦ ♣r♦❝❡ss♦ ♥❛ ✐♥t❡rs❡❝çã♦ ❞♦s q✉ór✉♥s✳

❯♠❛ ❛❜♦r❞❛❣❡♠ ❤í❜r✐❞❛ ✉t✐❧✐③❛♥❞♦ ♦s ❛❧❣♦r✐t♠♦s ❞❡ ▼❛❡❦❛✇❛ ❡ ❙✐♥❣❤❛❧ ❢♦✐ ♣r♦♣♦st❛

♣♦r ❈❤❛♥❣ ✭✶✾✾✻✮✳ ❖s ♣r♦❝❡ss♦s ❞♦ s✐st❡♠❛ sã♦ ❞✐✈✐❞✐❞♦s ❡♠ g ❣r✉♣♦s ❞✐s❥✉♥t♦s ❞❡ t❛♠❛✲

♥❤♦ n/g✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ❙✐♥❣❤❛❧ é ✉t✐❧✐③❛❞♦ ♣❛r❛ r❡s♦❧✈❡r ❝♦♥✢✐t♦s ❧♦❝❛✐s ✭✐♥tr❛✲❣r✉♣♦✮✱

♠✐♥✐♠✐③❛♥❞♦ ♦ ❛tr❛s♦✱ ❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ▼❛❡❦❛✇❛ ♣❛r❛ ❝♦♠✉♥✐❝❛çã♦ ❣❧♦❜❛❧ ✭✐♥t❡r✲❣r✉♣♦s✮✱

r❡❞✉③✐♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s✳ ❘❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦ ❛♣♦♥t❛♠ ✉♠❛ r❡❞✉çã♦

❞❡ ✺✷✪ ♥♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ❡ ✷✾✪ ♥♦ ❛tr❛s♦ ❞❡ s✐♥❝r♦♥✐③❛çã♦ ❡♠ r❡❧❛çã♦ ❛♦ ❛❧❣♦r✐t♠♦

❞❡ ▼❛❡❦❛✇❛✳

❖✉tr❛s s♦❧✉çõ❡s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ❜❛s❡❛❞❛s ❡♠ q✉ór✉♥s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠

❆❣r❛✇❛❧ ❡ ❊❧ ❆❜❜❛❞✐ ✭✶✾✾✶✮ ❡ ❈❛♦ ❡t ❛❧✳ ✭✶✾✾✽✮✳

✸✳✹ ❙♦❧✉çõ❡s ❝♦♠ P❛ss❛❣❡♠ ❞❡ ❚♦❦❡♥

◆♦s ❛❧❣♦r✐t♠♦s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ❜❛s❡❛❞♦s ❡♠ ♣❛ss❛❣❡♠ ❞❡ t♦❦❡♥✱ ✉♠ ú♥✐❝♦ t♦❦❡♥ ❝♦♠✲

♣❛rt✐❧❤❛❞♦ é ✉t✐❧✐③❛❞♦ ♣❛r❛ ✐♥❞✐❝❛r q✉❡♠ t❡♠ ❛ ♣❡r♠✐ssã♦ ❞❡ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦✳ ❯♠ t♦❦❡♥

♣♦❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞♦ ❝♦♠ ✉♠❛ ♠❡♥s❛❣❡♠ ❡s♣❡❝✐❛❧ ❞❡ ♣r✐✈✐❧é❣✐♦✳ ❯♠❛ ❞✐❢❡r❡♥ç❛ ✐♠✲

♣♦rt❛♥t❡ ❡♠ r❡❧❛çã♦ às s♦❧✉çõ❡s ❜❛s❡❛❞❛s ❡♠ s♦❧✐❝✐t❛çã♦ ❞❡ ♣❡r♠✐ssã♦ é q✉❡ ♥❛ ♣❛ss❛❣❡♠

❞❡ t♦❦❡♥ ♥ã♦ sã♦ ✉t✐❧✐③❛❞♦s t✐♠❡st❛♠♣s✱ ♠❛s s✐♠ ♥ú♠❡r♦s ❞❡ s❡q✉ê♥❝✐❛ ✭❑s❤❡♠❦❛❧②❛♥✐ ❡

❙✐♥❣❤❛❧✱ ✷✵✵✽✮✳ ❈❛❞❛ ♣r♦❝❡ss♦ ✐♥❝r❡♠❡♥t❛ s❡✉ ❝♦♥t❛❞♦r s❡q✉❡♥❝✐❛❧ ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡ ❡ ❡st❡

❝♦♥t❛❞♦r é ✉t✐❧✐③❛❞♦ ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ♣❛r❛ ❞✐st✐♥❣✉✐r s♦❧✐❝✐t❛çõ❡s ❛♥t✐❣❛s ❞❛s ♥♦✈❛s✳

❊st❛ s❡çã♦ ❛♣r❡s❡♥t❛ ❛s ❞✉❛s s♦❧✉çõ❡s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ❝♦♠ ♣❛ss❛❣❡♠ ❞❡ t♦❦❡♥ ♠❛✐s

❝♦♥❤❡❝✐❞❛s✳ ❖✉tr♦s ❛❧❣♦r✐t♠♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠✿ ❍❡❧❛r② ❡t ❛❧✳ ✭✶✾✽✽✮ ✭❜r♦❛❞❝❛st

❡ ❡stát✐❝♦✮✱ ❙✐♥❣❤❛❧ ✭✶✾✽✾✮❀ ❨❛♥ ❡t ❛❧✳ ✭✶✾✾✻✮ ✭❜r♦❛❞❝❛st ❡ ❞✐♥â♠✐❝♦s✮ ❡ ◆❛✐♠✐ ❡t ❛❧✳ ✭✶✾✾✻✮❀

❍é❧❛r② ❡t ❛❧✳ ✭✶✾✾✹✮ ✭♦r❣❛♥✐③❛çã♦ ❧ó❣✐❝❛ ❡ ❞✐♥â♠✐❝♦s✮✳

✸✳✹✳✶ ❆❧❣♦r✐t♠♦ ❞❡ ❙✉③✉❦✐✲❑❛ss❛♠✐

❯♠ ❡①❡♠♣❧♦ ❞❡ ❛❧❣♦r✐t♠♦ ❝♦♠ ♣❛ss❛❣❡♠ ❞❡ t♦❦❡♥ é ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❙✉③✉❦✐ ❡ ❑❛s❛♠✐

✭✶✾✽✺✮✳ ◆❡st❛ s♦❧✉çã♦✱ ❝❛❞❛ ♣r♦❝❡ss♦ pi ♠❛♥té♠ ✉♠ ♥ú♠❡r♦ ❞❡ s❡q✉ê♥❝✐❛ ❞❡ r❡q✉✐s✐✲

çõ❡s sni ❡ ✉♠ ✈❡t♦r RNi ♣❛r❛ ❛r♠❛③❡♥❛r ♦ ✈❛❧♦r ❞❛ ú❧t✐♠❛ r❡q✉✐s✐çã♦ r❡❝❡❜✐❞❛ ❞❡ ❝❛❞❛

♣r♦❝❡ss♦✳ ❊st❡ ✈❡t♦r é ✉t✐❧✐③❛❞♦ ♣❛r❛ ❞✐st✐♥❣✉✐r ✉♠❛ r❡q✉✐s✐çã♦ ❛♥t✐❣❛ ❛tr❛s❛❞❛ ❞❡ ✉♠❛

❛t✉❛❧✳ ❘❡q✉✐s✐çõ❡s ❛tr❛s❛❞❛s sã♦ ✐❞❡♥t✐✜❝❛❞❛s q✉❛♥❞♦ RNj[i] > sni✳ ◗✉❛♥❞♦ ✉♠ ♣r♦❝❡ss♦

pi ❞❡s❡❥❛ ❛❝❡ss❛r ♦ r❡❝✉rs♦✱ ❡❧❡ ✐♥❝r❡♠❡♥t❛ ♦ s❡✉ ❝♦♥t❛❞♦r sni ❡ ❡♥✈✐❛ ♣♦r ❜r♦❛❞❝❛st ✉♠❛
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♠❡♥s❛❣❡♠ ❞❡ ❘❊◗❯❊❙❚✭i✱ sni✮ ❛ t♦❞♦s ♦s ♦✉tr♦s ♣r♦❝❡ss♦s✳ ❖s ♣r♦❝❡ss♦s pj q✉❡ r❡❝❡❜❡♠

♦ ♣❡❞✐❞♦ ❞❡ pi✱ ❛t✉❛❧✐③❛♠ RNj[i] = max(RNj[i], sni)✳ ❙❡ ♦ ♣r♦❝❡ss♦ q✉❡ ❡stá ❝♦♠ ♦ t♦❦❡♥

♥ã♦ ❡stá ❛❝❡ss❛♥❞♦ ♦ r❡❝✉rs♦✱ ❡❧❡ ❡♥✈✐❛ ♦ t♦❦❡♥ ✐♠❡❞✐❛t❛♠❡♥t❡ ♣❛r❛ ♦ s♦❧✐❝✐t❛♥t❡✳ ❈❛s♦

❝♦♥trár✐♦✱ ❛♣ós ❧✐❜❡r❛r ♦ r❡❝✉rs♦✱ ♦ ♣r♦❝❡ss♦ ✈❡r✐✜❝❛ ❛s s♦❧✐❝✐t❛çõ❡s ♣❡♥❞❡♥t❡s ❡ ❡♥✈✐❛ ♦

t♦❦❡♥ ♣❛r❛ ♦ ♣ró①✐♠♦ ♣r♦❝❡ss♦ ♥❛ ✜❧❛✳

P❛r❛ ❞❡t❡r♠✐♥❛r s❡ ✉♠❛ r❡q✉✐s✐çã♦ ❛✐♥❞❛ é ✈á❧✐❞❛✱ ♦ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛ ✉♠ ✈❡t♦r ❞❡

r❡q✉✐s✐çõ❡s LN ✱ ♠❛♥t✐❞♦ ♥♦ ♣ró♣r✐♦ t♦❦❡♥✳ ❈❛❞❛ ❡♥tr❛❞❛ LN [i] ❛r♠❛③❡♥❛ ♦ ♥ú♠❡r♦ ❞❡

s❡q✉ê♥❝✐❛ ❞❛ ú❧t✐♠❛ s♦❧✐❝✐t❛çã♦ ❛t❡♥❞✐❞❛ ❞♦ ♣r♦❝❡ss♦ pi✳ ❚♦❞❛ ✈❡③ q✉❡ ✉♠ ♣r♦❝❡ss♦ pi

t❡r♠✐♥❛ ❞❡ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦✱ ❛t✉❛❧✐③❛ LN [i] = sni ❡ ✈❡r✐✜❝❛ ❡♠ ❝❛❞❛ ♣♦s✐çã♦ ❞♦ ✈❡t♦r LN

s❡ RNi[j] = LN [j] + 1✳ ❙❡ ❛ ❝♦♥❞✐çã♦ é ✈❡r❞❛❞❡✐r❛✱ ♦ ♣r♦❝❡ss♦ pj ♣♦ss✉✐ ✉♠❛ r❡q✉✐s✐çã♦

♣❡♥❞❡♥t❡ ❡ é ❛❞✐❝✐♦♥❛❞♦ ♥❛ ✜❧❛✳ ❆♦ ✜♥❛❧✱ ♦ t♦❦❡♥ é ❡♥✈✐❛❞♦ ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ♣r♦❝❡ss♦ ❞❛

✜❧❛✳ ❙❡ ❛ ✜❧❛ ❡stá ✈❛③✐❛✱ ♦ ♣r♦❝❡ss♦ ♠❛♥té♠ ♦ t♦❦❡♥ ❡ ♣♦❞❡ ✉t✐❧✐③á✲❧♦ q✉❛♥t❛s ✈❡③❡s ❞❡s❡❥❛r

❛té r❡❝❡❜❡r ✉♠❛ ♥♦✈❛ s♦❧✐❝✐t❛çã♦ ❞❡ ♦✉tr♦ ♣r♦❝❡ss♦✳

❆ ❣r❛♥❞❡ ✈❛♥t❛❣❡♠ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❙✉③✉❦✐✲❑❛ss❛♠✐ é ❛ s✐♠♣❧✐❝✐❞❛❞❡ ❡ ❛ ❡✜❝✐ê♥❝✐❛✳

❙❡ ♦ ♣r♦❝❡ss♦ ♥ã♦ ❞❡té♠ ♦ t♦❦❡♥ sã♦ ♥❡❝❡ssár✐❛s✱ ❡♠ ♠é❞✐❛✱ n ♠❡♥s❛❣❡♥s ♣❛r❛ ♦❜tê✲❧♦✳

✸✳✹✳✷ ❆❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞

❯♠❛ s❡❣✉♥❞❛ s♦❧✉çã♦ ❡✜❝✐❡♥t❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①❝❧✉sã♦ ♠út✉❛ ❝♦♠ ♣❛ss❛❣❡♠ ❞❡

♣❡r♠✐ssã♦ ❢♦✐ ♣r♦♣♦st❛ ♣♦r ❘❛②♠♦♥❞ ✭✶✾✽✾❜✮✳ ❖ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛ ✉♠❛ ár✈♦r❡ ❣❡r❛❞♦r❛

✭s♣❛♥♥✐♥❣ tr❡❡✮ ♠í♥✐♠❛ ♣❛r❛ r❡❞✉③✐r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ s✐st❡♠❛

❞✐str✐❜✉í❞♦ ♠♦❞❡❧❛❞♦ ♣♦r ✉♠ ❣r❛❢♦ G = (V,E)✱ ❝♦♥❢♦r♠❡ ❞❡✜♥✐❞♦ ♥❛ ❙❡çã♦ ✷✳✶✱ ✉♠❛

ár✈♦r❡ ❣❡r❛❞♦r❛ T (G) = (V,E ′) é ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ ❡ ❛❝í❝❧✐❝♦ q✉❡ ❝♦♥té♠ t♦❞♦s ♦s ✈ért✐❝❡s

❞❡ G✳ ❆ ár✈♦r❡ é ♠í♥✐♠❛ s❡ ♣♦ss✉✐ ❝✉st♦ ♠í♥✐♠♦✳ ❙❡ t♦❞❛s ❛s ❛r❡st❛s tê♠ ♦ ♠❡s♠♦ ♣❡s♦✱

❝♦♠♦ é ❝♦♥s✐❞❡r❛❞♦ ♥♦ ❛❧❣♦r✐t♠♦✱ t♦❞❛ ár✈♦r❡ ❣❡r❛❞♦r❛ é ♠í♥✐♠❛✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ár✈♦r❡

❣❡r❛❞♦r❛ ♠í♥✐♠❛ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✻✳

❖ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ♣♦❞❡ s❡r ❝❧❛ss✐✜❝❛❞♦ ❝♦♠♦ ❜❛s❡❛❞♦ ❡♠ t♦❦❡♥ ♣♦rq✉❡ ✉t✐❧✐③❛

♦ s❡❣✉✐♥t❡ ❝♦♥❝❡✐t♦✳ ❯♠❛ ♠❡♥s❛❣❡♠ ❡s♣❡❝✐❛❧ ❝✐r❝✉❧❛ ❡♥tr❡ ♦s ♣r♦❝❡ss♦s ❡ ❛q✉❡❧❡ q✉❡ ❛

r❡❝❡❜❡ t❡♠ ♣❡r♠✐ssã♦ ♣❛r❛ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦ ❝♦♠♣❛rt✐❧❤❛❞♦✳ ❈❛❞❛ ♣r♦❝❡ss♦ ♠❛♥té♠ ✉♠

❛tr✐❜✉t♦ ❍❖▲❉❊❘ q✉❡ ✐♥❞✐❝❛ ♥❛ ár✈♦r❡ ♦ s❡♥t✐❞♦ ❞♦ ♣r♦❝❡ss♦ q✉❡ ♣♦ss✉✐ ♦ t♦❦❡♥✳ ❉❡st❛

❢♦r♠❛✱ ❍❖▲❉❊❘i❂j ✐♥❞✐❝❛ q✉❡✱ ❛ ♣❛rt✐r ❞♦ ♣r♦❝❡ss♦ pi✱ ♦ t♦❦❡♥ ❡stá ♥♦ s❡♥t✐❞♦ ❞♦ ♣r♦❝❡ss♦

pj✳ P♦rt❛♥t♦✱ s❡ pi ❞❡s❡❥❛ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦✱ ❞❡✈❡ ❡♥✈✐❛r ♦ ❘❊◗❯❊❙❚ ♣❛r❛ pj✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ♦r❣❛♥✐③❛çã♦ ❧ó❣✐❝❛ ❡♠ ár✈♦r❡ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞

♣❛r❛ n = 6 ♣r♦❝❡ss♦s r❡♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✸✳✻✳ ❆ ♦r✐❡♥t❛çã♦ ❞❛s ❛r❡st❛s ✐♥❞✐❝❛ q✉❡♠

é ♦ ❍❖▲❉❊❘ ❞❡ ❝❛❞❛ ♣r♦❝❡ss♦✳ ◆❡st❡ ❡①❡♠♣❧♦✱ p1 ❞❡té♠ ♦ t♦❦❡♥ ❡✱ ♣♦rt❛♥t♦✱ ❍❖▲❉❊❘1❂1✱

❍❖▲❉❊❘2❂1✱ ❍❖▲❉❊❘3❂1✱ ❍❖▲❉❊❘4❂1✱ ❍❖▲❉❊❘5❂4 ❡ ❍❖▲❉❊❘6❂4✳

❈❛❞❛ ♣r♦❝❡ss♦ ♠❛♥té♠ ❧♦❝❛❧♠❡♥t❡ ❛❧é♠ ❞❡ ❍❖▲❉❊❘✱ ✉♠❛ ✜❧❛ Q ❝♦♠ ❛s r❡q✉✐s✐çõ❡s

♣❡♥❞❡♥t❡s✳ P❛r❛ ❡①❡♠♣❧✐✜❝❛r ♦ ✉s♦ ❞❡st❛ ✜❧❛✱ ❝♦♥s✐❞❡r❡ q✉❡ ♥♦ ♠❡s♠♦ ❝❡♥ár✐♦ ❞❛ ❋✐✲

❣✉r❛ ✸✳✻✭❛✮ p4 s♦❧✐❝✐t❡ ♦ t♦❦❡♥✳ ❈♦♠♦ ❍❖▲❉❊❘4❂1✱ p4 ❡♥✈✐❛ ❘❊◗❯❊❙❚ ♣❛r❛ p1 ❡ ✐♥❝❧✉✐
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✭❛✮ t♦❦❡♥ ❡♠ p1
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✭❜✮ t♦❦❡♥ ❡♠ p4
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✭❝✮ t♦❦❡♥ ❡♠ p6

❋✐❣✉r❛ ✸✳✻✿ ❆❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ♣❛r❛ n = 6✳

♥❛ s✉❛ ✜❧❛ ❧♦❝❛❧ ♦ s❡✉ ♣ró♣r✐♦ ✐❞❡♥t✐✜❝❛❞♦r✳ P♦rt❛♥t♦✱ Q4 = {p4}✳ ❈♦♥s✐❞❡r❡ ❛✐♥❞❛ q✉❡✱

♥♦ ✐♥st❛♥t❡ s❡❣✉✐♥t❡✱ p6 s♦❧✐❝✐t❡ ♦ t♦❦❡♥✳ ❖ ♣r♦❝❡ss♦ p4 ✐rá r❡❝❡❜❡r ❛ s♦❧✐❝✐t❛çã♦ ❞❡ p6✱ ❥á

q✉❡ ❍❖▲❉❊❘6❂4✳ ◆❡st❡ ❝❛s♦✱ p4 ❛❞✐❝✐♦♥❛ p6 ♥❛ s✉❛ ✜❧❛✱ ♠❛s ♥ã♦ r❡♣❛ss❛ ♦ ❘❊◗❯❊❙❚✱

✈✐st♦ q✉❡ ❥á ♣♦ss✉✐ ✉♠❛ s♦❧✐❝✐t❛çã♦ ♣❡♥❞❡♥t❡ ♣❛r❛ ❡❧❡ ♣ró♣r✐♦✳ ◗✉❛♥❞♦ p1 ❧✐❜❡r❛ ♦ t♦❦❡♥✱

❡♥✈✐❛ ♣❛r❛ p4 ❡ ❛t✉❛❧✐③❛ ❍❖▲❉❊❘1❂4✱ ❝♦♥❢♦r♠❡ ❋✐❣✉r❛ ✸✳✻✭❜✮✳ ◗✉❛♥❞♦ p4 r❡❝❡❜❡r ♦ t♦❦❡♥

❞❡ p1✱ ✈❡rá q✉❡ ♦ ♣ró①✐♠♦ ❞❛ ✜❧❛ é ❡❧❡ ♠❡s♠♦✱ ♣♦❞❡♥❞♦ ❢❛③❡r ✉s♦ ❞♦ r❡❝✉rs♦✳ ❆♦ ❧✐❜❡r❛r

♦ r❡❝✉rs♦✱ p4 ❡♥✈✐❛rá ♦ t♦❦❡♥ ♣❛r❛ p6✱ q✉❡ é ♦ ♣ró①✐♠♦ ♥❛ ✜❧❛✱ ❡ ❛t✉❛❧✐③❛rá ❍❖▲❉❊❘4❂6✱

♠♦❞✐✜❝❛♥❞♦ ❛ ár✈♦r❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❋✐❣✉r❛ ✸✳✻✭❝✮✳ ❈♦♠♦ t♦❞♦ ❛❧❣♦r✐t♠♦ ❜❛s❡❛❞♦ ❡♠

♣❛ss❛❣❡♠ ❞❡ ♣❡r♠✐ssã♦✱ ❛ s❡❣✉r❛♥ç❛ ❞❡st❛ s♦❧✉çã♦ ❡stá ❜❛s❡❛❞❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ú♥✐❝♦

t♦❦❡♥ ♥♦ s✐st❡♠❛✳ ❈♦♠ ✐ss♦✱ ❛♣❡♥❛s ✉♠ ú♥✐❝♦ ♣r♦❝❡ss♦ ♣♦❞❡ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦ ❡♠ ❝❛❞❛

✐♥st❛♥t❡ ❞❡ t❡♠♣♦✳

❖ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s tr❛♥s♠✐t✐❞❛s ❛ ❝❛❞❛ s♦❧✐❝✐t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ é

✐❣✉❛❧ ❛ ❞✉❛s ✈❡③❡s ♦ ❝❛♠✐♥❤♦ ♠❛✐s ❧♦♥❣♦ ♥❛ ár✈♦r❡✳ ◆♦ ♣✐♦r ❝❛s♦✱ t♦❞♦s ♦s ♣r♦❝❡ss♦s

❡stã♦ ♦r❣❛♥✐③❛❞♦s ❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♥❡❛r ❝♦♠ t❛♠❛♥❤♦ ♠á①✐♠♦ n − 1✳ P♦rt❛♥t♦✱ sã♦

♥❡❝❡ssár✐❛s 2(n−1) ♠❡♥s❛❣❡♥s ♣♦r s♦❧✐❝✐t❛çã♦✳ ◆♦ ❡♥t❛♥t♦✱ s❡ t♦❞♦s ♦s ♣r♦❝❡ss♦s s♦❧✐❝✐t❛♠

r❡❝✉rs♦s ❝♦♠ ❛❧❣✉♠❛ ❢r❡q✉ê♥❝✐❛✱ ❛ ♠é❞✐❛ ❞♦ ♥ú♠❡r♦ ❞❡ ♠❡♥s❛❣❡♥s é 2n/3✱ ✈✐st♦ q✉❡

❛ ❞✐stâ♥❝✐❛ ♠é❞✐❛ ❡♥tr❡ ♦ ♣r♦❝❡ss♦ s♦❧✐❝✐t❛♥t❡ ❡ ♦ ♣r♦❝❡ss♦ q✉❡ ♣♦ss✉✐ ♦ t♦❦❡♥ é (n +

1)/3✳ ❆ ♠❡❧❤♦r t♦♣♦❧♦❣✐❛ é ❛ ❡str❡❧❛ r❛❞✐❛❧ ❘❛②♠♦♥❞ ✭✶✾✽✾❜✮ q✉❡ ❛♣r❡s❡♥t❛ ❝♦♠♣❧❡①✐❞❛❞❡

O(logk−1 n)✱ ♦♥❞❡ k é ♦ ❣r❛✉ ❞❡ ❝❛❞❛ ✈ért✐❝❡ ♥ã♦✲❢♦❧❤❛✳ ❊♠ t❡r♠♦s ❣❡r❛✐s✱ ❡♠ ✉♠❛ ár✈♦r❡

❞❡ t♦♣♦❧♦❣✐❛ ❛r❜✐trár✐❛✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s é ❡♠♣✐r✐❝❛♠❡♥t❡ ❝❛❧❝✉❧❛❞❛ ❝♦♠♦

O(log n)✳

✸✳✺ ❙♦❧✉çõ❡s ❞❡ k✲❊①❝❧✉sã♦ ▼út✉❛

❯♠❛ ❡①t❡♥sã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①❝❧✉sã♦ ♠út✉❛ é ❛ k✲❡①❝❧✉sã♦ ♠út✉❛✳ ◆❡st❛ ❝❛t❡❣♦r✐❛✱ ❛♦

✐♥✈és ❞❡ ✉♠✱ ❡①✐st❡♠ k ❝ó♣✐❛s ✐❞ê♥t✐❝❛s ❞♦ r❡❝✉rs♦ ❝♦♠♣❛rt✐❧❤❛❞❛s ♥♦ s✐st❡♠❛✳ ❯♠❛ ✈❡③

q✉❡ ❝❛❞❛ ✉♠❛ ❞❛s ❝ó♣✐❛s ♣♦❞❡ s❡r ❛❝❡ss❛❞❛ ♣♦r s♦♠❡♥t❡ ✉♠ ♣r♦❝❡ss♦ ❡♠ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡

t❡♠♣♦✱ ♦ ♦❜❥❡t✐✈♦ é ❣❛r❛♥t✐r q✉❡✱ ♥ó ♠á①✐♠♦✱ k ♣r♦❝❡ss♦s ♦❜t❡♥❤❛♠ ❛❝❡ss♦ ❛♦s r❡❝✉rs♦s

❞❡ ❝❛❞❛ ✈❡③ ❡ q✉❡ t♦❞♦s ♦s ♣r♦❝❡ss♦s q✉❡ s♦❧✐❝✐t❛r❡♠ r❡❝✉rs♦s ❝♦♥s✐❣❛♠ ♦❜tê✲❧♦ ❡♠ ✉♠

t❡♠♣♦ ✜♥✐t♦✳ ❊st❛s ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s✿ s❡❣✉r❛♥ç❛ ❡ ♣r♦❣r❡ssã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ sã♦ ❛s

♠❡s♠❛s ❡①✐❣✐❞❛s ♣❡❧❛ ❡①❝❧✉sã♦ ♠út✉❛ ❝♦♠ s♦♠❡♥t❡ ✉♠ r❡❝✉rs♦✳
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❆s s♦❧✉çõ❡s ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ t❛♠❜é♠ ❞✐✈✐❞❡♠✲s❡ ❡♠ ♣❡❞✐❞♦ ❡ ♣❛ss❛❣❡♠ ❞❡ ♣❡r✲

♠✐ssã♦✳ ❊st❛ s❡çã♦ ❛♣r❡s❡♥t❛ ♦s ❛❧❣♦r✐t♠♦s ❞❡ ❘❛②♠♦♥❞ ✭✶✾✽✾❛✮❀ P✐ss✐♥♦✉ ❡t ❛❧✳ ✭✶✾✾✻✮❀

❙r✐♠❛♥✐ ❡ ❘❡❞❞② ✭✶✾✾✷✮❀ ❇✉❧❣❛♥♥❛✇❛r ❡ ❱❛✐❞②❛ ✭✶✾✾✺✮✳ ❖✉tr❛ s♦❧✉çõ❡s sã♦ ♣r♦♣♦st❛s

❡♠ ▼❛❦❦✐ ❡t ❛❧✳ ✭✶✾✾✷✮❀ ❍✉❛♥❣ ❡t ❛❧✳ ✭✶✾✾✸✮❀ ❑❛❦✉❣❛✇❛ ❡t ❛❧✳ ✭✶✾✾✹✮✳ ❖s ❞♦✐s ú❧t✐♠♦s

✉t✐❧✐③❛♠ ♦ ❝♦♥❝❡✐t♦ ❞❡ k✲❝♦t❡r✐❡ ♣❛r❛ ❛❜♦r❞❛r ❛ k✲❡①❝❧✉sã♦ ♠út✉❛ ✉t✐❧✐③❛♥❞♦ ❛ ❡str✉t✉r❛

❞❡ q✉ór✉♥s ❞❡s❝r✐t❛ ♥❛ ❙❡çã♦ ✸✳✸✳

✸✳✺✳✶ ❆❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞

❖ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ✭✶✾✽✾❛✮ ❢♦✐ ❛ ♣r✐♠❡✐r❛ s♦❧✉çã♦ ♣r♦♣♦st❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛

k✲❡①❝❧✉sã♦ ♠út✉❛✳ ❊❧❡ ✉t✐❧✐③❛ ❛ ♠❡s♠❛ ❛❜♦r❞❛❣❡♠ ❞❡ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦ ❞♦ ❛❧❣♦r✐t♠♦

❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ❞❡ ❘✐❝❛rt ❡ ❆❣r❛✇❛❧❛ ✭✶✾✽✶✮ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❙❡çã♦ ✸✳✸✳ ◗✉❛♥❞♦ ✉♠

♣r♦❝❡ss♦ ❞❡s❡❥❛ ✉t✐❧✐③❛r ✉♠ r❡❝✉rs♦ ❝♦♠♣❛rt✐❧❤❛❞♦✱ ❡❧❡ ❡♥✈✐❛ ♠❡♥s❛❣❡♥s ❞❡ r❡q✉✐s✐çã♦ ❛♦s

n − 1 ♦✉tr♦s ♣r♦❝❡ss♦s ❡ ❛❣✉❛r❞❛ ♣♦r✱ ♥♦ ♠í♥✐♠♦✱ n − k ♠❡♥s❛❣❡♥s ❞❡ ♣❡r♠✐ssã♦✳ ❙❡

♥❡♥❤✉♠ ♣r♦❝❡ss♦ ❡stá ✉t✐❧✐③❛♥❞♦ ♦✉ s♦❧✐❝✐t❛♥❞♦ r❡❝✉rs♦s✱ ♦ t♦t❛❧ ❞❡ r❡s♣♦st❛s ♣♦❞❡ ❝❤❡❣❛r

❛ n− 1✳ P♦rt❛♥t♦✱ ♥♦ ♣✐♦r ❝❛s♦✱ sã♦ ❣❡r❛❞❛s 2(n− 1) ♠❡♥s❛❣❡♥s ♣♦r s♦❧✐❝✐t❛çã♦✳

❆ ❋✐❣✉r❛ ✸✳✼ ✐❧✉str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ❡♠ ✉♠ s✐st❡♠❛ ❝♦♠

✸ ♣r♦❝❡ss♦s ❡ ✷ r❡❝✉rs♦s✳ ◆❡st❡ ❡①❡♠♣❧♦✱ ✉♠ ♣r♦❝❡ss♦ ❞❡✈❡ ❛❣✉❛r❞❛r ♣❡❧♦ ♠❡♥♦s n− k =

1 ♣❡r♠✐ssã♦ ♣❛r❛ ❛❝❡ss❛r ♦ r❡❝✉rs♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ♦ ♣r♦❝❡ss♦ p1 ❡♥✈✐❛ ✉♠❛ ♠❡♥s❛❣❡♠

❞❡ r❡q✉✐s✐çã♦ ♣❛r❛ t♦❞♦s ♦s ❞❡♠❛✐s✱ s♦❧✐❝✐t❛♥❞♦ ❛ ♣❡r♠✐ssã♦✳ ❈♦♠♦ ♥❡♥❤✉♠ ❞❡❧❡s ❡stá

✉t✐❧✐③❛♥❞♦ ✉♠ r❡❝✉rs♦ ♦✉ t❡♥t❛♥❞♦ ♦❜tê✲❧♦✱ t♦❞♦s r❡s♣♦♥❞❡♠ ✐♠❡❞✐❛t❛♠❡♥t❡✱ ♣❡r♠✐t✐♥❞♦

q✉❡ p1 ✉t✐❧✐③❡ ♦ r❡❝✉rs♦✳ ❊♠ s❡❣✉✐❞❛✱ ♦ ♣r♦❝❡ss♦ p2 ❡❢❡t✉❛ ♦ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦✳ ❈♦♠♦ ♦

♣r♦❝❡ss♦ p3 ♥ã♦ ❡stá ✐♥t❡r❡ss❛❞♦ ❡♠ r❡❝✉rs♦s✱ ❡❧❡ r❡s♣♦♥❞❡ ✐♠❡❞✐❛t❛♠❡♥t❡✳ ❖ ♣r♦❝❡ss♦ p1✱

❛♦ ❝♦♥trár✐♦✱ r❡té♠ ❛ r❡s♣♦st❛ ❛té ❛ ❧✐❜❡r❛çã♦ ❞♦ r❡❝✉rs♦✳ ❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱ p2 ♦❜té♠ ♦

♥ú♠❡r♦ ❞❡ ♣❡r♠✐ssõ❡s ♥❡❝❡ssár✐❛s ❡ ❛❝❡ss❛ ♦ r❡❝✉rs♦✳
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❋✐❣✉r❛ ✸✳✼✿ ❊①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ♣❛r❛ n = 3 ❡ k = 2 s❡♠ ❢❛❧❤❛s✳

❈♦♠♦ é ♣r❡❝✐s♦ ❛❣✉❛r❞❛r s♦♠❡♥t❡ n − k r❡s♣♦st❛s ♣❛r❛ ✐♥✐❝✐❛r ♦ ✉s♦ ❞♦ r❡❝✉rs♦✱ é

♣♦ssí✈❡❧ q✉❡ r❡s♣♦st❛s às s♦❧✐❝✐t❛çõ❡s ❛♥t❡r✐♦r❡s s❡❥❛♠ ❝♦♥❢✉♥❞✐❞❛s ❝♦♠ ♥♦✈❛s ♣❡r♠✐ssõ❡s✳

P❛r❛ ❡✈✐t❛r ❡st❡ ♣r♦❜❧❡♠❛ ✉♠ ♥ú♠❡r♦ ❞❡ s❡q✉ê♥❝✐❛ é ✐♥❝❧✉í❞♦ ❡♠ ❝❛❞❛ ♠❡♥s❛❣❡♠✳
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■♥tr✐♥s❡❝❛♠❡♥t❡✱ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ t♦❧❡r❛ k − 1 ♣r♦❝❡ss♦s ❢❛❧❤♦s✳ ◆♦ ❡♥t❛♥t♦✱

❝❛❞❛ ♣r♦❝❡ss♦ ❢❛❧❤♦ ❞❡❣r❛❞❛ ❛ s♦❧✉çã♦✱ ♣♦✐s ♣♦❞❡ s❡r q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s ♥ã♦✲❢❛❧❤♦s

q✉❡ ♥ã♦ ❞❡s❡❥❛♠ r❡❝✉rs♦s s❡❥❛ ✐♥s✉✜❝✐❡♥t❡✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ♦ ♣r♦❝❡ss♦ s♦❧✐❝✐t❛♥t❡ t❡♥❤❛

q✉❡ ❛❣✉❛r❞❛r ✉♠ ♣r♦❝❡ss♦ s❡♠✲❢❛❧❤❛ ❧✐❜❡r❛r ♦ r❡❝✉rs♦ ❡ ❞❛r ❛ ♣❡r♠✐ssã♦✱ ♠❡s♠♦ q✉❡ ✉♠

r❡❝✉rs♦ ❡st❡❥❛ ❧✐✈r❡✳ ❱♦❧t❛♥❞♦ ❛♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❡ ♦ ✐♥st❛♥t❡ ❡♠ q✉❡ p3 s♦❧✐❝✐t❛

r❡❝✉rs♦s✳ ❖ ♣r♦❝❡ss♦ p1 ❡stá ❢❛❧❤♦ ❡ ♦ ♣r♦❝❡ss♦ p2 r❡té♠ ❛ r❡s♣♦st❛ ♣♦rq✉❡ ❡stá ✉t✐❧✐③❛♥❞♦

✉♠ r❡❝✉rs♦✳ ◆❡st❡ ❝❛s♦✱ p3 ✜❝❛ ❜❧♦q✉❡❛❞♦ ❛❣✉❛r❞❛♥❞♦ ❛ ♣❡r♠✐ssã♦ ❛té q✉❡ p2 ❡♥✈✐❡ ❛

r❡s♣♦st❛ r❡t✐❞❛✱ ❡♠❜♦r❛ ❛✐♥❞❛ ❡①✐st❛ ✉♠ r❡❝✉rs♦ ❧✐✈r❡✳

❱✐s❛♥❞♦ ❛✉♠❡♥t❛r ❛ ❡✜❝✐ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ♥❛ ♦❜t❡♥çã♦ ❞❡ r❡❝✉rs♦s✱ ♦

tr❛❜❛❧❤♦ ❞❡ ❇♦✉✐❧❧❛❣✉❡t ❡t ❛❧✳ ❇♦✉✐❧❧❛❣✉❡t ❡t ❛❧✳ ✭✷✵✵✽✮ ♣r♦♣ôs ✉♠❛ s♦❧✉çã♦ q✉❡ ✉t✐❧✐③❛

✉♠ ❞❡t❡❝t♦r ❞❡ ❢❛❧❤❛s ❡ ❛✉♠❡♥t❛ ❛ ❡✜❝✐ê♥❝✐❛✱ t♦❧❡r❛♥❞♦ ❛té n − 1 ♣r♦❝❡ss♦s ❢❛❧❤♦s✳ P♦s✲

t❡r✐♦r♠❡♥t❡✱ ♦s ♠❡s♠♦s ❛✉t♦r❡s ♣r♦♣✉s❡r❛♠ ❡♠ ❇♦✉✐❧❧❛❣✉❡t ❡t ❛❧✳ ✭✷✵✵✾✮ ✉♠❛ s❡❣✉♥❞❛

s♦❧✉çã♦ q✉❡ ❞✐s♣❡♥s❛ ♦ ✉s♦ ❞❡ ❞❡t❡❝t♦r❡s ❞❡ ❢❛❧❤❛s ❡ ❞❡ ♠❡♥s❛❣❡♥s ❡①tr❛s ♣❛r❛ ❞❡t❡❝çã♦

❞❡ ♥♦❞♦s ❢❛❧❤♦s✳ ❆s ✐♥❢♦r♠❛çõ❡s ❞❡ ❡st❛❞♦ ❞♦s ♣r♦❝❡ss♦s sã♦ ✐♥t❡❣r❛❞❛s às ♠❡♥s❛❣❡♥s ❞♦

♣ró♣r✐♦ ❛❧❣♦r✐t♠♦ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛✱ q✉❡ t♦❧❡r❛ ❛té k − 1 ❢❛❧❤❛s✳

✸✳✺✳✷ ❆❧❣♦r✐t♠♦ ❞❡ P✐ss✐♥♦✉ ❡t ❛❧✳

❖ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ♣♦r P✐ss✐♥♦✉ ❡t ❛❧✳ ✭✶✾✾✻✮ ✉t✐❧✐③❛ ❝♦♠♦ ❜❛s❡ ❛ s♦❧✉çã♦ ❞❡ ▲❛♠♣♦rt

❞❡s❝r✐t❛ ♥❛ ❙❡çã♦ ✸✳✸✳ ❚r❛t❛✲s❡✱ ♣♦rt❛♥❞♦✱ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ ❝♦♠

♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦✳ ❖ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛ q✉❛tr♦ t✐♣♦s ❞❡ ♠❡♥s❛❣❡♥s✳ ❆s ♠❡♥s❛❣❡♥s ❞❡

❘❊◗❯❊❙❚✭i✱ tsi✮ sã♦ ✉t✐❧✐③❛❞❛s ♣❛r❛ s♦❧✐❝✐t❛r r❡❝✉rs♦s✳ ❆s ♠❡♥s❛❣❡♥s ❞❡ ●❘❆◆❚✭j✱ tsj✮

sã♦ ❡♥✈✐❛❞❛s ♣❡❧♦s ♣r♦❝❡ss♦s q✉❡ r❡❝❡❜❡♠ ♦ ❘❊◗❯❊❙❚ ❡ ♥ã♦ ❡stã♦ ✉t✐❧✐③❛♥❞♦ ✉♠ r❡❝✉rs♦

♦✉ ❡stã♦ t❡♥t❛♥❞♦ ✉t✐❧✐③❛r✱ ♠❛s ♣♦ss✉❡♠ ♠❡♥♦r ♣r✐♦r✐❞❛❞❡✳ ❆s ♠❡♥s❛❣❡♥s ❞❡ ❘❊P▲❨✭j✱

tsj✮ sã♦ ❡♥✈✐❛❞❛s ♣❡❧♦s ♣r♦❝❡ss♦s q✉❡ t❛♠❜é♠ ❡stã♦ ❡♠ ♣r♦❝❡ss♦ ❞❡ r❡q✉✐s✐çã♦ ❡ ♣♦ss✉❡♠

♠❛✐♦r ♣r✐♦r✐❞❛❞❡ q✉❡ ❛ ❞♦ ♣❡❞✐❞♦ r❡❝❡❜✐❞♦✳ P♦r ✜♠✱ ❛s ♠❡♥s❛❣❡♥s ❞❡ ❘❊▲❊❆❙❊ sã♦

❡♥✈✐❛❞❛s q✉❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❧✐❜❡r❛ ✉♠ r❡❝✉rs♦✳

❈❛❞❛ ♣r♦❝❡ss♦ ♣♦ss✉✐ ❞♦✐s ❣r✉♣♦s ❞✐st✐♥t♦s RequestSet ❡ GrantSet ❞❡ t❛♠❛♥❤♦ (n−
1)/2 ❝❛❞❛✱ ✐st♦ é✱ ❛ ♠❡t❛❞❡ ❞♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣r♦❝❡ss♦s✳ ❖s ♣r♦❝❡ss♦s ♥♦ ❣r✉♣♦

RequestSeti ❞♦ ♣r♦❝❡ss♦ pi ♣♦ss✉❡♠ ✐❞❡♥t✐✜❝❛❞♦r❡s ❡♥tr❡ i + 1 ❡ (i + n/2) mod n✳ ❖s

❞❡♠❛✐s ♣r♦❝❡ss♦s ❡stã♦ ❡♠ GrantSet✳ ❉❡st❛ ❢♦r♠❛✱ ❞❛❞♦ q✉❛❧q✉❡r ♣❛r ❞❡ ♣r♦❝❡ss♦s pi ❡

pj✱ pi ∈ RequestSetj ❡ pj ∈ GrantSeti ♦✉ ✈✐❝❡✲✈❡rs❛✳

◗✉❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ pi ❞❡s❡❥❛ ✉t✐❧✐③❛r ✉♠ r❡❝✉rs♦✱ ❡♥✈✐❛ ❘❊◗❯❊❙❚ ♣❛r❛ t♦❞♦s ♦s

♣r♦❝❡ss♦s ♥♦ s❡✉ RequestSet✳ ❖s ♣r♦❝❡ss♦s pj q✉❡ r❡❝❡❜❡♠ ♦ ❘❊◗❯❊❙❚ r❡s♣♦♥❞❡♠ ❝♦♠

●❘❆◆❚ ♦✉ ❘❊P▲❨✳ ➱ ♣♦ssí✈❡❧ q✉❡✱ ❡♥q✉❛♥t♦ ❛❣✉❛r❞❛ ♣❡❧❛s r❡s♣♦st❛s✱ pi r❡❝❡❜❛ s♦❧✐❝✐✲

t❛çõ❡s ❞❡ r❡❝✉rs♦ ❞❡ ♦✉tr♦s ♣r♦❝❡ss♦s ♥♦ s❡✉ GrantSet✳ ❙❡ ♦ ❘❊◗❯❊❙❚ r❡❝❡❜✐❞♦ ♣♦r pi
t❡♠ ♠❡♥♦r ♣r✐♦r✐❞❛❞❡✱ ❡❧❡ ❡♥✈✐❛ ❘❊P▲❨✳ ❈❛s♦ ❝♦♥trár✐♦✱ pi ❡♥✈✐❛ ●❘❆◆❚✳ ❈♦♥s✐❞❡r❛♥❞♦

k r❡❝✉rs♦s ♥♦ s✐st❡♠❛✱ ♦ ♣r♦❝❡ss♦ pi ♣♦❞❡ ❛❝❡ss❛r ✉♠ ❞❡❧❡s q✉❛♥❞♦ ❛ s♦♠❛ ❞♦ t♦t❛❧ ❞❡

♠❡♥s❛❣❡♥s ❞❡ ❘❊P▲❨ ❡♠ RequestSeti ❡ ❞❡ ●❘❆◆❚ ❡♠ GrantSet é ♠❡♥♦r q✉❡ k✳ ❆♦



✹✹

✜♥❛❧✐③❛r ♦ ✉s♦ ❞♦ r❡❝✉rs♦✱ ♦ ♣r♦❝❡ss♦ pi ❡♥✈✐❛ ❘❊▲❊❆❙❊ ❛ t♦❞♦s ♦s ♣r♦❝❡ss♦s ♥♦ s❡✉

RequestSet ❡ ❛♦s ♣r♦❝❡ss♦s ❞♦ GrantSet ❛♦s q✉❛✐s pi ❡♥✈✐♦✉ ❘❊P▲❨✳

❖ ❢❛t♦ ❞❡ ❡♥✈✐❛r s♦❧✐❝✐t❛çõ❡s ♣❛r❛ ❛♣❡♥❛s ♠❡t❛❞❡ ❞♦s ♣r♦❝❡ss♦s ❞✐♠✐♥✉✐ ❡♠ ✷✺✪ ❛

❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s ❡♠ r❡❧❛çã♦ ❛ ♣r♦♣♦st❛ ❞❡ ▲❛♠♣♦rt✳ ◆♦ ♣✐♦r ❝❛s♦✱ 2(n − 1)

♠❡♥s❛❣❡♥s sã♦ ✉t✐❧✐③❛❞♦s ♣♦r r❡q✉✐s✐çã♦✱ ♠❛s ♥❛ ♠é❞✐❛ ♦ ♥ú♠❡r♦ ❞❡ ♠❡♥s❛❣❡♥s é ♠❡♥♦r✳

✸✳✺✳✸ ❆❧❣♦r✐t♠♦ ❞❡ ❙r✐♠❛♥✐✲❘❡❞❞②

❯♠❛ s♦❧✉çã♦ ♣❛r❛ k✲❡①❝❧✉sã♦ ♠út✉❛ ❝♦♠ ♣❛ss❛❣❡♠ ❞❡ t♦❦❡♥ ❢♦✐ ♣r♦♣♦st❛ ♣♦r ❙r✐♠❛♥✐ ❡

❘❡❞❞② ✭✶✾✾✷✮✳ ❆ s♦❧✉çã♦ é s✐♠✐❧❛r ❛♦ ❛❧❣♦r✐t♠♦ ❞❡ ❙✉③✉❦✐ ❡ ❑❛s❛♠✐ ✭✶✾✽✺✮ ♣❛r❛ ✉♠ ú♥✐❝♦

t♦❦❡♥ ❛❜♦r❞❛❞❛ ♥❛ ❙❡çã♦ ✸✳✹✳ ■♥✐❝✐❛❧♠❡♥t❡ sã♦ ✐♥tr♦❞✉③✐❞♦s k t♦❦❡♥s ♥♦ s✐st❡♠❛✳ ❈❛❞❛

♣r♦❝❡ss♦ q✉❡ ❞❡s❡❥❛ ✉t✐❧✐③❛r ✉♠❛ ❝ó♣✐❛ ❞♦ r❡❝✉rs♦✱ ❡♥✈✐❛ ✉♠❛ ♠❡♥s❛❣❡♠ ❛ t♦❞♦s ♦s ♦✉tr♦s

♣r♦❝❡ss♦s ❡ ❛❣✉❛r❞❛ ♦ r❡❝❡❜✐♠❡♥t♦ ❞♦ t♦❦❡♥✳

❆ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♠ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❙r✐♠❛♥✐✲❘❡❞❞② ✈❛r✐❛ ❞❡ ✵ ❛ n+ k− 1✳

❙❡ ♦ ♣r♦❝❡ss♦ q✉❡ ❞❡s❡❥❛ ✉s❛r ♦ r❡❝✉rs♦ ♣♦ss✉✐ ♦ t♦❦❡♥✱ ♥❡♥❤✉♠❛ ♠❡♥s❛❣❡♠ é ❡♥✈✐❛❞❛✳ ◆♦

♣✐♦r ❝❛s♦✱ s❡ ♦ ♣r♦❝❡ss♦ ♥ã♦ ❞❡té♠ ♦ t♦❦❡♥ ❡ ❝❛❞❛ t♦❦❡♥ ❡stá ❡♠ ✉♠ ♣r♦❝❡ss♦ ❞✐❢❡r❡♥t❡✱

s❡rã♦ ❡♥✈✐❛❞❛s n− 1 ♠❡♥s❛❣❡♥s ❞❡ ❘❊◗❯❊❙❚ ❡ r❡❝❡❜✐❞❛s n− 1 ♠❡♥s❛❣❡♥s ❞❡ ❘❊P▲❨✱

❛❧é♠ ❞❛s k ♠❡♥s❛❣❡♥s ❝♦♥t❡♥❞♦ ♦ t♦❦❡♥✳ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ✉♠ ♣r♦❝❡ss♦ s♦❧✐❝✐t❡ L ✈❡③❡s

✉♠ r❡❝✉rs♦✱ ❡♠ ♠é❞✐❛ s❡rã♦ ✉t✐❧✐③❛❞❛s (n+ k − 1) + 2(n− 1)/L✳ ❙❡♥❞♦ L ♠✉✐t♦ ❣r❛♥❞❡✱

❛ ❝♦♠♣❧❡①✐❞❛❞❡ ✜❝❛ ❡♠ n+ k − 1 ♠❡♥s❛❣❡♥s ♣♦r r❡q✉✐s✐çã♦✳

✸✳✺✳✹ ❆❧❣♦r✐t♠♦ ❞❡ ❈❤❛✉❞❤✉r✐✲❊❞✇❛r❞

❈❤❛✉❞❤✉r✐ ❡ ❊❞✇❛r❞ ✭✷✵✵✽✮ ♣r♦♣✉s❡r❛♠ ✉♠❛ s♦❧✉çã♦ ❤✐❡rárq✉✐❝❛ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛

❜❛s❡❛❞❛ ❡♠ t♦❦❡♥s q✉❡ ❛♣r❡s❡♥t❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s ❡♠ O(
√
n) ❡ ❛tr❛s♦ ❞❡

s✐♥❝r♦♥✐③❛çã♦ ✹✳ ❖ ♥♦❞♦s sã♦ ❞✐✈✐❞✐❞♦s ❡♠
√
n ❣r✉♣♦s ❧♦❝❛✐s ✭LG✮ ❞❡

√
n ❡❧❡♠❡♥t♦s✳

❈❛❞❛ ❣r✉♣♦ ♣♦ss✉✐ ✉♠ ♥♦❞♦ r❡s♣♦♥sá✈❡❧ ♣❡❧❛s r❡q✉✐s✐çõ❡s ❧♦❝❛✐s✱ ❝❤❛♠❛❞♦ ▲❘❈ ✭▲♦❝❛❧

❘❡q✉❡st ❈♦❧❧❡❝t♦r✮✳ ❈❛❞❛ ♥♦❞♦ LRC ♠❛♥té♠ ✉♠❛ ✜❧❛ ❧♦❝❛❧ LRQ ✭▲♦❝❛❧ ❘❡q✉❡st ◗✉❡✉❡✮✳

❖ ❝♦♥❥✉♥t♦ ❞❡ ♥♦❞♦s LRC ❢♦r♠❛♠ ♦ ❣r✉♣♦ ❣❧♦❜❛❧ ✭GG✮ ❡ ✉♠ ♥♦❞♦ ♣❡rt❡♥❝❡♥t❡ ❛ GG é

❡❧❡✐t♦ ❝♦♠♦ GRC ✭●❧♦❜❛❧ ❘❡q✉❡st ❈♦❧❧❡❝t♦r✮✳ ❊st❡ ♥♦❞♦ é r❡s♣♦♥sá✈❡❧ ♣♦r ❣❡r❡♥❝✐❛r ♦s

t♦❦❡♥s ❡ ♠❛♥t❡r ❛ ✜❧❛ ❣❧♦❜❛❧ GRQ ✭●❧♦❜❛❧ ❘❡q✉❡st ◗✉❡✉❡✮✳ ◗✉❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ ❞❡s❡❥❛

✉t✐❧✐③❛r ✉♠ r❡❝✉rs♦✱ ❡♥✈✐❛ ✉♠❛ s♦❧✐❝✐t❛çã♦ ♣❛r❛ ♦ s❡✉ ▲❘❈✳ ❙❡ ♦ ▲❘❈ ♥ã♦ ♣♦ss✉✐ ✉♠ t♦❦❡♥✱

❡❧❡ r❡♣❛ss❛ ❛ s♦❧✐❝✐t❛çã♦ ♣❛r❛ ♦ ●❘❈✳

❆ ❋✐❣✉r❛ ✸✳✽ ✐❧✉str❛ ❛ ♦r❣❛♥✐③❛çã♦ ❤✐❡rárq✉✐❝❛ ✉t✐❧✐③❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ ❈❤❛✉❞❤✉r✐✲

❊❞✇❛r❞ ♣❛r❛ ✶✻ ♥♦❞♦s✳ ❈❛❞❛ ♥♦❞♦ ❡stá ✐❞❡♥t✐✜❝❛❞♦ ♣♦r ✭❣r✉♣♦✱ ✐❞❡♥t✐✜❝❛❞♦r✮✳ ❖s ♥♦❞♦s

✭✶✱✶✮✱ ✭✷✱✶✮✱ ✭✸✱✶✮ ❡ ✭✹✱✶✮ ❢♦r♠❛♠ ♦ ❣r✉♣♦ ❣❧♦❜❛❧ ❡ ♦ ♥♦❞♦ ✭✸✱✶✮ ❢♦✐ ❡❧❡✐t♦ ♦GRC✱ r❡s♣♦♥sá✈❡❧

♣♦r ♠❛♥t❡r ❛ ✜❧❛ ❣❧♦❜❛❧ ❞❡ r❡q✉✐s✐çõ❡s✳ ◆♦ ❡①❡♠♣❧♦✱ ♦s ♥♦❞♦s ✭✶✱✷✮ ❡ ✭✶✱✸✮ s♦❧✐❝✐t❛♠ ♦

t♦❦❡♥ ❛♦ LRC1 ❞♦ ❣r✉♣♦ ✶ ✭LG1✮✱ q✉❡ ❛r♠❛③❡♥❛ ♦s ♣❡❞✐❞♦s ♥❛ ✜❧❛ ❧♦❝❛❧ ❡ r❡♣❛ss❛ ❛s

s♦❧✐❝✐t❛çõ❡s ♣❛r❛ ♦ GRC✳



✹✺

❋✐❣✉r❛ ✸✳✽✿ ❖r❣❛♥✐③❛çã♦ ❤✐❡rárq✉✐❝❛ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❈❤❛✉❞❤✉r✐✲❊❞✇❛r❞ ♣❛r❛ n = 16✳

◆♦ ♠❡❧❤♦r ❝❛s♦✱ ❛ ❝❛r❣❛ ❞♦ s✐st❡♠❛ é ❜❛✐①❛ ❡ ♦ ♣r♦❝❡ss♦ q✉❡ ❞❡s❡❥❛ ✉t✐❧✐③❛r ♦ r❡❝✉rs♦

é ♦ GRC✳ ◆❡st❡ ❝❛s♦✱ ♦ ❛tr❛s♦ é ♥✉❧♦ ❡ ♥❡♥❤✉♠❛ ♠❡♥s❛❣❡♠ é ❡♥✈✐❛❞❛✳ ❙❡ ♦ ♣r♦❝❡ss♦

s♦❧✐❝✐t❛♥t❡ ❡stá ❡♠ ✉♠ ❣r✉♣♦ ❧♦❝❛❧ q✉❡ ♥ã♦ ♣♦ss✉✐ ✉♠ t♦❦❡♥✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥♦ ❡①❡♠♣❧♦

❞❛ ❋✐❣✉r❛ ✸✳✽✱ s❡rã♦ ❣❡r❛❞❛s ❞✉❛s ♠❡♥s❛❣❡♥s ❞❡ ❘❊◗❯❊❙❚ ♣❛r❛ ❛❧❝❛♥ç❛r ♦ LRC ❡

♦ GRC✱ ♠❛✐s ❞✉❛s ♠❡♥s❛❣❡♥s ❞❡ r❡s♣♦st❛ ❝♦♠ t♦❦❡♥ ❡ ♠❛✐s ❞✉❛s ♠❡♥s❛❣❡♥s ♣❛r❛ ♦

r❡t♦r♥♦ ❞♦ t♦❦❡♥ ❛té ♦ GRC✳ P❛r❛ m r❡q✉✐s✐çõ❡s sã♦ ❣❡r❛❞❛s 6m +
√
n ♠❡♥s❛❣❡♥s✱ ✐st♦

é✱ 6 +
√
n/m ♠❡♥s❛❣❡♥s ♣♦r s♦❧✐❝✐t❛çã♦✳ ◆♦ ♣✐♦r ❝❛s♦✱ q✉❛♥❞♦ ❛ ❝❛r❣❛ ❞♦ s✐st❡♠❛ é

❛❧t❛ ❡ t♦❞♦s ♦s ♣r♦❝❡ss♦s ♣♦ss✉❡♠ r❡q✉✐s✐çõ❡s ♣❡♥❞❡♥t❡s✱ n ♠❡♥s❛❣❡♥s ❞❡ ❘❊◗❯❊❙❚ sã♦

❣❡r❛❞❛s✳ ❉❡st❛s✱
√
n− 1 ♠❡♥s❛❣❡♥s sã♦ ❞❡ ♣r♦❝❡ss♦s ❞♦ LRC ♣❛r❛ ♦ GRC✳ k t♦❦❡♥s sã♦

❡♥✈✐❛❞♦s ♣❛r❛ k LRCs q✉❡ ❝✐r❝✉❧❛♠ ♦ t♦❦❡♥ ❡♥tr❡ ♦s
√
n ♣r♦❝❡ss♦s ❞♦ ❣r✉♣♦ ❧♦❝❛❧✳ ❊♠

sí♥t❡s❡✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ é O(
√
n)✳

❖ ❛tr❛s♦ ❞❡ s✐♥❝r♦♥✐③❛çã♦ ♠á①✐♠♦ é 4t✱ ❝♦♠♣♦st♦ ♣❡❧♦ r❡t♦r♥♦ ❞♦ t♦❦❡♥ ❞❡ ✉♠ ♣r♦❝❡ss♦

❡♠ ✉♠ ❣r✉♣♦ ❧♦❝❛❧ ❛té ♦ GRC ✭✷ ♠❡♥s❛❣❡♥s✮ ❡ ♦ ❡♥✈✐♦ ❞❡st❡ ♠❡s♠♦ t♦❦❡♥ ♣❛r❛ ✉♠ ♦✉tr♦

♣r♦❝❡ss♦ ❡♠ ♦✉tr♦ ❣r✉♣♦ ❧♦❝❛❧ ✭✷ ♠❡♥s❛❣❡♥s✮✳

✸✳✻ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t♦✉ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①❝❧✉sã♦ ♠út✉❛ ❡♠ s✐st❡♠❛s ❞✐str✐❜✉í❞♦s ❡ ♦s ♣r✐♥✲

❝✐♣❛✐s ❛❧❣♦r✐t♠♦s q✉❡ ♦ r❡s♦❧✈❡♠✳ ❋♦r❛♠ ❛♣r❡s❡♥t❛❞❛s s♦❧✉çõ❡s t❛♥t♦ ❜❛s❡❛❞❛s ❡♠ ♣❡❞✐❞♦

❞❡ ♣❡r♠✐ssã♦ q✉❛♥t♦ ❡♠ ♣❛ss❛❣❡♠ ❞❡ t♦❦❡♥✱ ❛❧é♠ ❞❛s s♦❧✉çõ❡s r❡❧❡✈❛♥t❡s ❞❡ k✲❡①❝❧✉sã♦

♠út✉❛✳ ❈♦♠♦ ✈✐st♦ ♥❛ ❙❡çã♦ ✸✳✷✱ ❛ ❛✈❛❧✐❛çã♦ ❞❛s s♦❧✉çõ❡s é r❡❛❧✐③❛❞❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❝♦♠

❜❛s❡ ♥❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s ❡ ♥♦ ❛tr❛s♦ ❞❡ s✐♥❝r♦♥✐③❛çã♦✳ ❆ ❚❛❜❡❧❛ ✸✳✶ ❛♣r❡s❡♥t❛
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❚❛❜❡❧❛ ✸✳✶✿ ❈♦♠♣❛r❛t✐✈♦ ❞♦s ♣r✐♥❝✐♣❛✐s ❛❧❣♦r✐t♠♦s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛✳

❆❧❣♦r✐t♠♦s P❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦ P❛ss❛❣❡♠ ❞❡ t♦❦❡♥

❞❡ 1✲❡①❝❧✉sã♦ ▲❛♠♣♦rt ❘✐❝❛rt ❡ ❙✐♥❣❤❛❧ ▼❛❡❦❛✇❛ ❙✉③✉❦✐ ❡ ❘❛②♠♦♥❞
♠út✉❛ ✭✶✾✼✽✮ ❆❣r❛✇❛❧❛ ✭✶✾✽✶✮ ✭✶✾✾✷✮ ✭✶✾✽✺✮ ❑❛ss❛♠✐ ✭✶✾✽✺✮ ✭✶✾✽✾✮

❈♦♠♣❧❡①✐❞❛❞❡ 3(n− 1) 2(n− 1) (n− 1) ❛ 3
√
n ❛ 5

√
n n O(logn✮

❞❡ ♠❡♥s❛❣❡♥s 3(n− 1)/2
❆tr❛s♦ ❞❡ 1t 1t 1t 2t 1t t logn

s✐♥❝r♦♥✐③❛çã♦

❆❧❣♦r✐t♠♦s P❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦ P❛ss❛❣❡♠ ❞❡ t♦❦❡♥

❞❡ k✲❡①❝❧✉sã♦ ❘❛②♠♦♥❞ P✐ss✐♥♦✉ ❡t ❛❧✳ ❙r✐♠❛♥✐ ❡ ❈❤❛✉❞❤✉r✐ ❡
♠út✉❛ ✭✶✾✽✾✮ ✭✶✾✾✻✮ ❘❡❞❞② ✭✶✾✾✷✮ ❊❞✇❛r❞ ✭✷✵✵✽✮

❈♦♠♣❧❡①✐❞❛❞❡ 2(n− 1) 2(n− 1) ✵ ❛ ✵ ❛ O(
√
n)

❞❡ ♠❡♥s❛❣❡♥s n+ k − 1
❆tr❛s♦ ❞❡ 1t 1t 1t 4t

s✐♥❝r♦♥✐③❛çã♦

✉♠ ❝♦♠♣❛r❛t✐✈♦ ❞♦s ❛❧❣♦r✐t♠♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦✱ s❡♥❞♦ n ♦ t♦t❛❧ ❞❡ ♣r♦❝❡ss♦s

❞♦ s✐st❡♠❛ ❡ t ♦ t❡♠♣♦ ❞❡ tr❛♥s♠✐ssã♦ ❞❡ ✉♠❛ ♠❡♥s❛❣❡♠ ❡♥tr❡ ❞♦✐s ♣r♦❝❡ss♦s✳

❖ ❛❧❣♦r✐t♠♦ ❞❡ ▲❛♠♣♦rt ❢♦✐ ❛ ♣r✐♠❡✐r❛ s♦❧✉çã♦ ♣r♦♣♦st❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①❝❧✉✲

sã♦ ♠út✉❛ ❞✐str✐❜✉í❞❛ ❡ é t❛♠❜é♠ ❛ ♠❛✐s ❝✉st♦s❛✱ ✉t✐❧✐③❛♥❞♦ 3(n − 1) ♠❡♥s❛❣❡♥s ♣♦r

s♦❧✐❝✐t❛çã♦✳ ❆❧❣✉♥s ❛❧❣♦r✐t♠♦s ❛♣r❡s❡♥t❛♠ ❝♦♠♣❧❡①✐❞❛❞❡ ♠❡♥♦r ♣♦r ✉t✐❧✐③❛r❡♠ s♦❧✉çõ❡s

❛❞❛♣t❛t✐✈❛s✱ q✉❡ s❡ ❛❥✉st❛♠ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ❙✐♥❣❤❛❧✱

♣♦r ❡①❡♠♣❧♦✱ ❝♦♥s❡❣✉❡ r❡❞✉③✐r ♣❛r❛ n − 1 ♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ♣♦r s♦❧✐❝✐t❛çã♦ q✉❛♥❞♦

❛ ❝❛r❣❛ ❞♦ s✐st❡♠❛ é ❜❛✐①❛✳ ❙♦❧✉çõ❡s ❜❛s❡❛❞❛s ❡♠ q✉ór✉♥s t❛♠❜é♠ r❡❞✉③❡♠ s✐❣♥✐✜❝❛✲

t✐✈❛♠❡♥t❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s✱ ♠❛s ♣♦❞❡♠ ❛✉♠❡♥t❛r ❛ ❧❛tê♥❝✐❛✱ ❝♦♠♦ é ♦ ❝❛s♦

❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ▼❛❡❦❛✇❛✳ ❖ ♠❡s♠♦ ♦❝♦rr❡ ❝♦♠ s♦❧✉çõ❡s q✉❡ ❢❛③❡♠ ✉s♦ ❞❡ t♦♣♦❧♦❣✐❛s

❛r❜✐trár✐❛s ♣❛r❛ ❞✐ss❡♠✐♥❛çã♦ ❞❡ ♠❡♥s❛❣❡♥s ❛♦ ✐♥✈és ❞❡ ❜r♦❛❞❝❛st✳ ❊♠ ❣❡r❛❧✱ ❛ r❡❞✉çã♦

❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s t❡♠ ✐♠♣❛❝t♦ ♥❡❣❛t✐✈♦ ♥❛ ❧❛tê♥❝✐❛✳

❊♠ r❡❧❛çã♦ à t♦❧❡râ♥❝✐❛ ❛ ❢❛❧❤❛s✱ ♣♦✉❝♦s ❛❧❣♦r✐t♠♦s ❛♣r❡s❡♥t❛♠ s♦❧✉çõ❡s ♣❛r❛ ♠❛♥t❡r

❛ ❡✜❝✐ê♥❝✐❛ ♥❛ ♦❜t❡♥çã♦ ❞❡ r❡❝✉rs♦s ❡♠ ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛s✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ k✲❡①❝❧✉sã♦

♠út✉❛ ❞❡ ❘❛②♠♦♥❞✱ ♣♦r ❡①❡♠♣❧♦✱ ❝♦♥s❡❣✉❡ t♦❧❡r❛r ❞❡ ❢♦r♠❛ ✐♠♣❧í❝✐t❛ ❛té k − 1 ❢❛❧❤❛s✱

♠❛s ❝♦♠ ❡✜❝✐ê♥❝✐❛ ❞❡❣r❛❞❛❞❛✳ ◆❛s s♦❧✉çõ❡s ❝♦♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦✱ ✉♠❛ ❢♦r♠❛ ❞❡

tr❛t❛r ❢❛❧❤❛s é ✉t✐❧✐③❛r ♠❡❝❛♥✐s♠♦s ❞❡ ♠♦♥✐t♦r❛♠❡♥t♦✳ ❯♠❛ ✈❡③ ❞❡t❡❝t❛❞♦ q✉❡ ♦ ♣r♦❝❡ss♦

❡stá ❢❛❧❤♦✱ ♥ã♦ é ♠❛✐s ♣r❡❝✐s♦ ❛❣✉❛r❞❛r ♣♦r ♣❡r♠✐ssõ❡s ❞❡❧❡✳ ◆♦ ❝❛s♦ ❞♦s ❛❧❣♦r✐t♠♦s ❝♦♠

♣❛ss❛❣❡♠ ❞❡ ✜❝❤❛✱ ❛❧é♠ ❞❡ ❞❡t❡❝t❛r ❛ ❢❛❧❤❛ ❞♦s ♣r♦❝❡ss♦s✱ é ♣r❡❝✐s♦ tr❛t❛r ♦s ❝❛s♦s ❡♠

q✉❡ ❛s ✜❝❤❛s sã♦ ♣❡r❞✐❞❛s ❞✉r❛♥t❡ ✉♠❛ ❢❛❧❤❛ ❞❡ ♣r♦❝❡ss♦✳ ❖ ❈❛♣ít✉❧♦ ✻ ❛♣r❡s❡♥t❛ ✉♠❛

s♦❧✉çã♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ t♦❧❡r❛♥t❡ ❛ ❢❛❧❤❛s ❝♦♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦ q✉❡ ❣❛r❛♥t❡ ❛

❡✜❝✐ê♥❝✐❛ ♣❛r❛ ❛té n− 1 ♣r♦❝❡ss♦s ❢❛❧❤♦s✳



✹✼

❈❆P❮❚❯▲❖ ✹

❯▼ ❆▲●❖❘■❚▼❖ ❆❯❚❖◆Ô▼■❈❖ ❉❊ ➪❘❱❖❘❊ ●❊❘❆❉❖❘❆

➪r✈♦r❡s ❣❡r❛❞♦r❛s ✭s♣❛♥♥✐♥❣ tr❡❡s✮ sã♦ ❛❜str❛çõ❡s ✉t✐❧✐③❛❞❛s ❡♠ s✐st❡♠❛s ❞✐str✐❜✉í❞♦s

♣❛r❛ ❞❡✜♥✐r ✉♠❛ r❡❞❡ ❞❡ ❜❛✐①♦ ❝✉st♦ q✉❡ ❝♦♥❡❝t❛ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❞♦ s✐st❡♠❛✱ s❡♥❞♦

❡♠♣r❡❣❛❞❛s ♥❛ s♦❧✉çã♦ ❞❡ ❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s✱ ❝♦♠♦ ❡①❝❧✉sã♦ ♠út✉❛✱ ❛❣r✉♣❛♠❡♥t♦✱ ✢✉①♦

❡♠ r❡❞❡s✱ s✐♥❝r♦♥✐③❛çã♦ ❡ ❞✐❢✉sã♦ ❞❡ ♠❡♥s❛❣❡♥s ✭❜r♦❛❞❝❛st✮ ✭❊❧❦✐♥✱ ✷✵✵✻❀ ❊♥❣❧❛♥❞ ❡t ❛❧✳✱

✷✵✵✼❀ ❉❛❤❛♥ ❡t ❛❧✳✱ ✷✵✵✾✮✳ P❛r❛ ❛ ❞✐❢✉sã♦ ❞❡ ♠❡♥s❛❣❡♥s✱ ♣♦r ❡①❡♠♣❧♦✱ ✉♠❛ s♦❧✉çã♦

❛❧t❡r♥❛t✐✈❛ s✐♠♣❧❡s é ✉t✐❧✐③❛r ✐♥✉♥❞❛çã♦ ✭✢♦♦❞✐♥❣✮ ♣❛r❛ ❡♥✈✐❛r ✉♠❛ ♠❡♥s❛❣❡♠ ❛ t♦❞♦s ♦s

♣r♦❝❡ss♦s ❞♦ s✐st❡♠❛✳ ❖ ✐♥❝♦♥✈❡♥✐❡♥t❡ ❞❡st❛ s♦❧✉çã♦ é ♦ ❝✉st♦ ❞❛ ❝♦♠✉♥✐❝❛çã♦ ❞❡✈✐❞♦

❛♦ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❛ ♠❡♥s❛❣❡♠ é r❡tr❛♥s♠✐t✐❞❛ ❛ ✉♠ ♠❡s♠♦ ♣r♦❝❡ss♦✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ❛s ár✈♦r❡s ❣❡r❛❞♦r❛s ♠✐♥✐♠✐③❛♠ ❡st❡ ❝✉st♦✱ ✈✐st♦ q✉❡ ❛ ♠❡♥s❛❣❡♠ ♣r❡❝✐s❛ s❡r

tr❛♥s♠✐t✐❞❛ s♦♠❡♥t❡ ♣❡❧❛s n− 1 ❛r❡st❛s ❞❛ ár✈♦r❡ ✭●ärt♥❡r✱ ✷✵✵✸✮✳

❖ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ♥❡st❡ ❝❛♣ít✉❧♦ ♣❡r♠✐t❡ ❛ ❝♦♥str✉çã♦ s♦❜ ❞❡♠❛♥❞❛ ❞❡ ✉♠❛ ár✈♦r❡

❣❡r❛❞♦r❛ ♠í♥✐♠❛ ❞✐str✐❜✉í❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣r♦❝❡ss♦ ❢♦♥t❡ q✉❛❧q✉❡r✱ q✉❡ ❛t✉❛ ❝♦♠♦ r❛✐③

♣r✐♥❝✐♣❛❧ ❞❛ ár✈♦r❡✳ ❆ ♣❛rt✐r ❞❛ r❛✐③ ♣r✐♥❝✐♣❛❧✱ ♦ r❡st❛♥t❡ ❞❛ ár✈♦r❡ é ❝♦♥str✉í❞♦ ❝♦♠ ❜❛s❡

♥❛ t♦♣♦❧♦❣✐❛ ❜❛s❡❛❞❛ ❡♠ ❤✐♣❡r❝✉❜♦ ✈✐rt✉❛❧✱ ❞❡♥♦♠✐♥❛❞❛ ❱❈✉❜❡ ✭❘✉♦s♦✱ ✷✵✶✸✮✱ ❞❡s❝r✐t❛

♥❛ ❙❡çã♦ ✹✳✸✳ ❊♠ ❢✉♥çã♦ ❞❛ t♦♣♦❧♦❣✐❛ ❡♠ ❤✐♣❡r❝✉❜♦✱ ❛ s♦❧✉çã♦ ❛♣r❡s❡♥t❛ ✐♠♣♦rt❛♥t❡s

♣r♦♣r✐❡❞❛❞❡s ❧♦❣❛rít♠✐❝❛s✱ ♠❡s♠♦ q✉❛♥❞♦ ♣r♦❝❡ss♦s ❢❛❧❤❛♠✳ ❆❧é♠ ❞✐ss♦✱ ❛s ár✈♦r❡s sã♦

r❡❝♦♥str✉í❞❛s ❞❡ ❢♦r♠❛ ❛✉t♦♥ô♠✐❝❛ ❛♣ós ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ❢❛❧❤❛s✳

❖ ❛❧❣♦r✐t♠♦ é ❞✐t♦ ❛✉t♦♥ô♠✐❝♦ ♣♦rq✉❡ ♦r❣❛♥✐③❛ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ♦s ♣r♦❝❡ss♦s ❞♦

s✐st❡♠❛✱ r❡❝♦♥stró✐ ❛ ár✈♦r❡ ❞✐♥❛♠✐❝❛♠❡♥t❡ à ♠❡❞✐❞❛ q✉❡ ♣r♦❝❡ss♦s ❢❛❧❤♦s sã♦ ❞❡t❡❝t❛❞♦s

❡ ♠❛♥té♠ ❛ ár✈♦r❡ ♠í♥✐♠❛✱ ♣r♦✈❡♥❞♦ ❡✜❝✐ê♥❝✐❛✳ ❯♠❛ ❞❛s ✈❛♥t❛❣❡♥s ❞❛ s♦❧✉çã♦ é q✉❡✱

❛♦ ✐♥✈és ❞❡ ✐♥✐❝✐❛r ❛ r❡❝♦♥str✉çã♦ ❛ ♣❛rt✐r ❞♦ ♣r♦❝❡ss♦ ❢♦♥t❡✱ ❛ r❡❣❡♥❡r❛çã♦ ❞❛ ár✈♦r❡ é

r❡❛❧✐③❛❞❛ ❛♣❡♥❛s ❧♦❝❛❧♠❡♥t❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ r❛♠♦ ❛❢❡t❛❞♦✳

✹✳✶ ❉❡✜♥✐çã♦ ❞♦ Pr♦❜❧❡♠❛

❙❡❥❛ G = (V,E) ♦ ❣r❛❢♦ ❝♦♥❡①♦ ❡ ♥ã♦✲❞✐r❡❝✐♦♥❛❞♦ q✉❡ r❡♣r❡s❡♥t❛ ♦ s✐st❡♠❛ ❞✐str✐❜✉í❞♦

Π✱ ♥♦ q✉❛❧ n = |V | sã♦ ♦s ✈ért✐❝❡s ✭♣r♦❝❡ss♦s✮ ❡ m = |E| sã♦ ❛s ❛r❡st❛s ✭❡♥❧❛❝❡s ❞❡

❝♦♠✉♥✐❝❛çã♦✮✳ ❯♠❛ ❛r❡st❛ (i, j) ✐♥❞✐❝❛ q✉❡ ♦ ♣r♦❝❡ss♦ i ♣♦❞❡ s❡ ❝♦♠✉♥✐❝❛r ❞✐r❡t❛♠❡♥t❡

❝♦♠ ♦ ♣r♦❝❡ss♦ j ❡ ✈✐❝❡✲✈❡rs❛✳ ❯♠❛ ár✈♦r❡ ❣❡r❛❞♦r❛ ❞❡ G é ✉♠ s✉❜✲❣r❛❢♦ T = (V,E ′)

❝♦♥❡①♦ ❡ ❛❝í❝❧✐❝♦ ♥♦ q✉❛❧ E ′ ⊆ E✱ ✐st♦ é✱ T ❝♦♥té♠ t♦❞♦s ♦s ✈ért✐❝❡s ❞❡ G ❡ |E ′| = |V |−1✳

❙❡ ❛s ❛r❡st❛s ♣♦ss✉❡♠ ♣❡s♦s✱ ✉♠❛ ár✈♦r❡ ❣❡r❛❞♦r❛ ♠í♥✐♠❛ é ❛q✉❡❧❛ ❝✉❥❛ s♦♠❛ ❞♦s ♣❡s♦s

❞❛s ❛r❡st❛s é ♠í♥✐♠❛✳ ❙❡ ❝❛❞❛ ❛r❡st❛ ♣♦ss✉✐ ✉♠ ♣❡s♦ ❞✐❢❡r❡♥t❡✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ár✈♦r❡

♠í♥✐♠❛✳ ❙❡ t♦❞❛s ❛s ❛r❡st❛s ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ♣❡s♦✱ t♦❞❛s ❛s ár✈♦r❡s ❞♦ ❣r❛❢♦ sã♦ ♠í♥✐♠❛s

✭●❛❧❧❛❣❡r ❡t ❛❧✳✱ ✶✾✽✸✮✳ ◆❡st❡ tr❛❜❛❧❤♦ t♦❞♦s ♦s ❡♥❧❛❝❡s ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ♣❡s♦✳



✹✽

❆ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rrê♥❝✐❛ ❞❡ ❢❛❧❤❛s é ✐♥trí♥s❡❝❛ ❛♦s s✐st❡♠❛s ❞✐str✐❜✉í❞♦s✳ ❯♠❛

❛♣❧✐❝❛çã♦ ❞✐str✐❜✉í❞❛ t♦❧❡r❛♥t❡ à ❢❛❧❤❛s ❞❡✈❡ ❝♦♥t✐♥✉❛r s✉❛ ❡①❡❝✉çã♦ ❝♦rr❡t❛♠❡♥t❡ ♥❛ ♣r❡✲

s❡♥ç❛ ❞❡ ❢❛❧❤❛s✱ ❞❡ ♣r❡❢❡rê♥❝✐❛✱ s❡♠ ✉♠ ❝♦♠♣r♦♠❡t✐♠❡♥t♦ ❞♦ ❞❡s❡♠♣❡♥❤♦✳ ■❞❡❛❧♠❡♥t❡

❛ ❛❞❛♣t❛çã♦ ❞♦ s❡r✈✐ç♦ ❞❡✈❡ ♦❝♦rr❡r ❞❡ ❢♦r♠❛ tr❛♥s♣❛r❡♥t❡✱ ❝♦♠♦ ❛❝♦♥t❡❝❡ ♥♦s s✐st❡♠❛s

❞❡♥♦♠✐♥❛❞♦s ❛✉t♦♥ô♠✐❝♦s ✭❑❡♣❤❛rt ❡ ❈❤❡ss✱ ✷✵✵✸✮✳ P❛r❛ ♦s ❛❧❣♦r✐t♠♦s ❞❡ ár✈♦r❡s ❣❡r❛✲

❞♦r❛s ❞✐str✐❜✉í❞❛s✱ ❛❧é♠ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥str✉çã♦✱ ❡①✐st❡ ❛✐♥❞❛ ♦ ❝✉st♦ ❞❡ ♠❛♥✉t❡♥çã♦

❞❛s ár✈♦r❡s q✉❛♥❞♦ ♦❝♦rr❡♠ ❢❛❧❤❛s ❞♦s s❡✉s ♥♦❞♦s✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ♥❛ s✉❛ r❡❝♦♥str✉çã♦ ♦✉

r❡❝♦♥✜❣✉r❛çã♦ ❛♣ós ✉♠❛ ❢❛❧❤❛✳

✹✳✷ ❚r❛❜❛❧❤♦s ❘❡❧❛❝✐♦♥❛❞♦s

❖s ❞♦✐s ❛❧❣♦r✐t♠♦s ❝❧áss✐❝♦s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ ár✈♦r❡s ❣❡r❛❞♦r❛s ♠í♥✐♠❛s ❛ ♣❛rt✐r ❞❡ ✉♠

❣r❛❢♦ sã♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❑r✉s❦❛❧ ❏r✳ ✭✶✾✺✻✮ ❡ ♦ ♣r♦♣♦st♦ ♣♦r Pr✐♠ ✭✶✾✺✼✮✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡

❑r✉s❦❛❧ ✐♥✐❝✐❛❧♠❡♥t❡ ❝r✐❛ ✉♠❛ ✢♦r❡st❛ ♥❛ q✉❛❧ ❝❛❞❛ ✈ért✐❝❡ é ✉♠❛ ár✈♦r❡✳ ❆ ❝❛❞❛ ♣❛ss♦✱

❛s ár✈♦r❡s sã♦ ❝♦♥❡❝t❛❞❛s ❡♥tr❡ s✐ ❛tr❛✈és ❞❛s ❛r❡st❛s ❞❡ ♠❡♥♦r ♣❡s♦✳ ❆s ❛r❡st❛s q✉❡ ♥ã♦

✐♥t❡r❧✐❣❛♠ ❞✉❛s ár✈♦r❡s sã♦ ❞❡s❝❛rt❛❞❛s✱ ❡✈✐t❛♥❞♦ ❝✐❝❧♦s✳ ❆♦ ✜♥❛❧✱ ✉♠❛ ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡

❝♦♥❡①❛ é ❣❡r❛❞❛ ❡ ❡st❛ ❝♦♥st✐t✉✐ ❛ ár✈♦r❡ ❣❡r❛❞♦r❛ ♠í♥✐♠❛ ❞♦ ❣r❛❢♦✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ Pr✐♠

✉t✐❧✐③❛ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞✐❢❡r❡♥t❡✱ q✉❡ ❡♠♣r❡❣❛ ❝♦rt❡s ♠í♥✐♠♦s ♣❛r❛ ❡s❝♦❧❤❡r ❛s ❛r❡st❛s ❞❡

♠❡♥♦r ♣❡s♦ ♣❛r❛ ✐♥❝❧✉í✲❧❛s ♥❛ ár✈♦r❡✳

▼✉✐t♦s ❛❧❣♦r✐t♠♦s ❞✐str✐❜✉í❞♦s ♣❛r❛ ❝♦♥str✉çã♦ ❞❡ ár✈♦r❡s ❣❡r❛❞♦r❛s sã♦ ❜❛s❡❛❞♦s ♥♦s

❛❧❣♦r✐t♠♦s ❝❡♥tr❛❧✐③❛❞♦s ❞❡ ❑r✉s❦❛❧ ❡ Pr✐♠✳ ❖ ♣r✐♠❡✐r♦ ❞❡❧❡s ❢♦✐ ❞❡✜♥✐❞♦ ♣♦r ●❛❧❧❛❣❡r

❡t ❛❧✳ ✭✶✾✽✸✮✳ ❖ ♣r♦❝❡ss♦ é s❡♠❡❧❤❛♥t❡ ❛♦ ✉t✐❧✐③❛❞♦ ♣♦r ❑r✉s❦❛❧✳ ■♥✐❝✐❛❧♠❡♥t❡ ❝❛❞❛ ♥♦❞♦

é ✉♠❛ ár✈♦r❡✳ ❆ ❝❛❞❛ ♥í✈❡❧✱ ✉♠ ♥♦❞♦ é ❡❧❡✐t♦ ❧í❞❡r ❡ ✉♠❛ ❛r❡st❛ ❞❡ ♣❡s♦ ♠í♥✐♠♦ q✉❡ ♦

✐♥t❡r❧✐❣❛ ❛ ✉♠ ♥♦❞♦ ❡♠ ♦✉tr❛ ár✈♦r❡ é ❛❞✐❝✐♦♥❛❞❛✳ ❖ ♣r♦❝❡ss♦ é r❡♣❡t✐❞♦ ❛té ❢♦r♠❛r ✉♠❛

ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛✳ ❖ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ♣♦r ❉❛❧❛❧ ✭✶✾✽✼✮ ✉t✐❧✐③❛ ♦ ♠♦❞❡❧♦ ❞❡

Pr✐♠ ♣❛r❛ ❝♦♥❡❝t❛r s❡❣♠❡♥t♦s ❞❛ ár✈♦r❡ ❡s❝♦❧❤❡♥❞♦ ❛ ❛r❡st❛ ❞❡ ♠❡♥♦r ♣❡s♦ q✉❡ ❝♦♥❡❝t❛

❞♦✐s s❡❣♠❡♥t♦s✳

❆✈r❡s❦② ✭✶✾✾✾✮ ❛♣r❡s❡♥t❛ três ❛❧❣♦r✐t♠♦s ♣❛r❛ ❝♦♥str✉çã♦ ❡ ♠❛♥✉t❡♥çã♦ ❞❡ ár✈♦r❡s ❡♠

s✐st❡♠❛s ❜❛s❡❛❞♦s ❡♠ ❤✐♣❡r❝✉❜♦s s✉❥❡✐t♦s ❛ ❢❛❧❤❛s✳ ◆❛ ❢❛s❡ ✐♥✐❝✐❛❧ ❛ ár✈♦r❡ é ❝♦♥str✉í❞❛

✉s❛♥❞♦ ❜✉s❝❛ ❡♠ ❧❛r❣✉r❛✳ ❊♠ ❝❛s♦ ❞❡ ❢❛❧❤❛✱ ♦ ♣r♦❝❡ss♦ ❢❛❧❤♦ é ❞❡s❝♦♥❡❝t❛❞♦ ❞❛ ár✈♦r❡ ❡

✉♠❛ ♥♦✈❛ ár✈♦r❡ é r❡❝♦♥str✉í❞❛ ♣❡❧❛ ❝♦♥❡①ã♦ ❞♦s ✜❧❤♦s ❞♦ ♣r♦❝❡ss♦ ❢❛❧❤♦✳ ❖s ❛❧❣♦r✐t♠♦s

t♦❧❡r❛♠ ❢❛❧❤❛s s✐♠♣❧❡s ❞❡ ♣r♦❝❡ss♦ ❡ ❡♥❧❛❝❡✱ ♠❛s ♣♦❞❡♠ ❜❧♦q✉❡❛r ❡♠ ❝❡rt❛s ❝♦♠❜✐♥❛çõ❡s

❝♦♠ ❢❛❧❤❛s ♠ú❧t✐♣❧❛s✳

▲❡✐tã♦ ❡t ❛❧✳ ✭✷✵✵✼✮ ♣r♦♣õ❡♠ ✉♠ ♣r♦t♦❝♦❧♦ ❤í❜r✐❞♦ ❝♦♠❜✐♥❛♥❞♦ ár✈♦r❡ ❝♦♠ ✉♠❛ ❡s✲

tr❛té❣✐❛ ❞❡ ❣♦ss✐♣✳ ◆❡st❛ s♦❧✉çã♦✱ ❝❤❛♠❛❞❛ ❍②P❛r❱✐❡✇✱ ✉♠❛ ár✈♦r❡ ❞❡ ❜r♦❛❞❝❛st é ❝r✐❛❞❛

s♦❜r❡ ✉♠❛ r❡❞❡ ❞❡ s♦❜r❡♣♦s✐çã♦ ❜❛s❡❛❞❛ ❡♠ ❣♦ss✐♣✳ ❖✉tr❛s s♦❧✉çõ❡s ✉t✐❧✐③❛♥❞♦ ✐♥✉♥❞❛çã♦

sã♦ ❡♠♣r❡❣❛s ♣❛r❛ ❝r✐❛r ♣r♦t♦❝♦❧♦s ♣r♦❜❛❜✐❧íst✐❝♦s✳ ❊✉❣st❡r ❡t ❛❧✳ ✭✷✵✵✸✮ ♣r♦♣õ❡♠ ✉♠

♠❡❝❛♥✐s♠♦ ♥♦ q✉❛❧ ❝❛❞❛ ♣r♦❝❡ss♦ t❡♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜①❛ ❞❡ ✈✐③✐♥❤♦s

❡s❝♦❧❤✐❞❛s ❛❧❡❛t♦r✐❛♠❡♥t❡✳ P❡r❡✐r❛ ❡t ❛❧✳ ✭✷✵✵✹✮ ✉t✐❧✐③❛♠ ✉♠ ♣r♦t♦❝♦❧♦ ❤✐❡rárq✉✐❝♦ q✉❡ s❡



✹✾

❛❞❛♣t❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞♦s ♥♦❞♦s ❡♠ ❞✐ss❡♠✐♥❛r ♠❡♥s❛❣❡♥s✳

❖ tr❛❜❛❧❤♦ ❞❡ ❋❧♦❝❝❤✐♥✐ ❡t ❛❧✳ ✭✷✵✶✷✮ ♣r♦♣õ❡ ✉♠❛ s♦❧✉çã♦ t♦❧❡r❛♥t❡ ❛ ❢❛❧❤❛s ♣❛r❛ ár✈♦r❡s

❣❡r❛❞♦r❛s q✉❡ r❡❝♦♥stró✐ ❛ ár✈♦r❡ ❛♣ós ✉♠❛ ❢❛❧❤❛ s✐♠♣❧❡s ✉t✐❧✐③❛♥❞♦ ár✈♦r❡s ❛❧t❡r♥❛t✐✈❛s

♣ré✲❝♦♠♣✉t❛❞❛s✳ ■st♦ é ❢❡✐t♦ ♣❡❧♦ ❝á❧❝✉❧♦ ❡ ❛r♠❛③❡♥❛♠❡♥t♦ ❞✐str✐❜✉í❞♦ ❞❛s n ár✈♦r❡s q✉❡

♣♦❞❡♠ s❡r ❣❡r❛❞❛s ❝♦♠ ✉♠ ú♥✐❝♦ ♣r♦❝❡ss♦ ❢❛❧❤♦✳ ❊♠ ❝❛s♦ ❞❡ r❡❝✉♣❡r❛çã♦ ❞♦ ♣r♦❝❡ss♦✱ ❛

ár✈♦r❡ ❛♥t❡r✐♦r é r❡st❛✉r❛❞❛ ♣❛r❛ ✐♥❝❧✉í✲❧♦ ♥♦✈❛♠❡♥t❡ ♥❛ t♦♣♦❧♦❣✐❛✳

✹✳✸ ❆ ❚♦♣♦❧♦❣✐❛ ❱✐rt✉❛❧ ❱❈✉❜❡

❖ ❤✐♣❡r❝✉❜♦ ✈✐rt✉❛❧ ✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦✱ ❞❡♥♦♠✐♥❛❞❛ ❱❈✉❜❡✱ é ❝r✐❛❞♦ ❡ ♠❛♥t✐❞♦ ❝♦♠

❜❛s❡ ♥❛s ✐♥❢♦r♠❛çõ❡s ❞❡ ❞✐❛❣♥óst✐❝♦ ♦❜t✐❞❛s ♣♦r ♠❡✐♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ♠♦♥✐t♦r❛♠❡♥t♦

❞❡ ♣r♦❝❡ss♦s ❞❡s❝r✐t♦ ❡♠ ❘✉♦s♦ ✭✷✵✶✸✮✳ ❈❛❞❛ ♣r♦❝❡ss♦ q✉❡ ❡①❡❝✉t❛ ♦ ❱❈✉❜❡ é ❝❛♣❛③ ❞❡

t❡st❛r ♦✉tr♦s ♣r♦❝❡ss♦s ♥♦ s✐st❡♠❛ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ❡stã♦ ❝♦rr❡t♦s ♦✉ ❢❛❧❤♦s✳ P❛r❛ ✐ss♦✱ ♦

♣r♦❝❡ss♦ ❡①❡❝✉t❛ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ t❡st❡ ❡ ❛❣✉❛r❞❛ ♣♦r ✉♠❛ r❡s♣♦st❛✳ ❯♠ ♣r♦❝❡ss♦ é

❝♦♥s✐❞❡r❛❞♦ ❝♦rr❡t♦ ♦✉ s❡♠✲❢❛❧❤❛ s❡ ❛ r❡s♣♦st❛ ❛♦ t❡st❡ ❢♦r r❡❝❡❜✐❞❛ ❝♦rr❡t❛♠❡♥t❡ ❞❡♥tr♦ ❞♦

✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❡s♣❡r❛❞♦✳ ❖s ♣r♦❝❡ss♦s sã♦ ♦r❣❛♥✐③❛❞♦s ❡♠ ❝❧✉st❡rs ♣r♦❣r❡ss✐✈❛♠❡♥t❡

♠❛✐♦r❡s✳ ❈❛❞❛ ❝❧✉st❡r s = 1, .., log2 n ♣♦ss✉✐ 2s−1 ❡❧❡♠❡♥t♦s✱ s❡♥❞♦ n ♦ t♦t❛❧ ❞❡ ♣r♦❝❡ss♦s

♥♦ s✐st❡♠❛✳ ❖s t❡st❡s sã♦ ❡①❡❝✉t❛❞♦s ❡♠ r♦❞❛❞❛s✳ P❛r❛ ❝❛❞❛ r♦❞❛❞❛ ✉♠ ♣r♦❝❡ss♦ i t❡st❛ ♦

♣r✐♠❡✐r♦ ♣r♦❝❡ss♦ s❡♠✲❢❛❧❤❛ j ♥❛ ❧✐st❛ ❞❡ ♣r♦❝❡ss♦s ❞❡ ❝❛❞❛ ❝❧✉st❡r s ❡ ♦❜té♠ ✐♥❢♦r♠❛çã♦

s♦❜r❡ ♦s ♣r♦❝❡ss♦s ♥❛q✉❡❧❡ ❝❧✉st❡r✳

❖s ♠❡♠❜r♦s ❞❡ ❝❛❞❛ ❝❧✉st❡r s ❡ ❛ ♦r❞❡♠ ♥❛ q✉❛❧ ❡❧❡s sã♦ t❡st❛❞♦s ♣♦r ✉♠ ♣r♦❝❡ss♦ i

sã♦ ❞❛❞♦s ♣❡❧❛ ❧✐st❛ ci,s✱ ❞❡✜♥✐❞❛ ❛ s❡❣✉✐r✳ ❖ sí♠❜♦❧♦ ⊕ r❡♣r❡s❡♥t❛ ❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❞❡

❖❯ ❡①❝❧✉s✐✈♦ ✭❳❖❘✮✿

ci,s = (i⊕ 2s−1, ci⊕2s−1,1, ..., ci⊕2s−1,s−1) ✭✹✳✶✮

❈♦♠♦ ❡①❡♠♣❧♦✱ ♦ ❝❧✉st❡r ✸ ❞♦ ♣r♦❝❡ss♦ 0 é ❞❛❞♦ ♣♦r✿

c0,3 = (0⊕ 22, c0⊕22,1, c0⊕22,2) = (4, c4,1, c4,2)

c4,1 = (4⊕ 20) = (5)

c4,2 = (4⊕ 21, c4⊕21,1) = (6, c6,1)

c6,1 = (6⊕ 20) = (7)

c0,3 = (4, 5, 6, 7)

❆ ❋✐❣✉r❛ ✹✳✶ ❡①❡♠♣❧✐✜❝❛ ❛ ♦r❣❛♥✐③❛çã♦ ❤✐❡rárq✉✐❝❛ ❞♦s ♣r♦❝❡ss♦s ❡♠ ✉♠ ❤✐♣❡r❝✉❜♦

❞❡ três ❞✐♠❡♥sõ❡s ❝♦♠ n = 8 ❡❧❡♠❡♥t♦s✱ ❜❡♠ ❝♦♠♦ ♦s ❝❧✉st❡rs ✈✐s✉❛❧✐③❛❞♦s ❛ ♣❛rt✐r

❞♦ ♣r♦❝❡ss♦ p0✳ ❆ t❛❜❡❧❛ ❞❛ ❞✐r❡✐t❛ ❛♣r❡s❡♥t❛ ♦s ❡❧❡♠❡♥t♦s ❞❡ ❝❛❞❛ ❝❧✉st❡r ci,s✳ ❈♦♠♦

❡①❡♠♣❧♦✱ ♥❛ ♣r✐♠❡✐r❛ r♦❞❛❞❛ ♦ ♣r♦❝❡ss♦ p0 t❡st❛ ♦ ♣r✐♠❡✐r♦ ♣r♦❝❡ss♦ ♥♦ ❝❧✉st❡r c0,1 = (1) ❡

♦❜té♠ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ❡st❛❞♦ ❞♦ ♣r♦❝❡ss♦ p1✳ ❊♠ s❡❣✉✐❞❛✱ p0 t❡st❛ ♦ ♣r♦❝❡ss♦ p2✱ q✉❡



✺✵

é ♦ ♣r✐♠❡✐r♦ ♣r♦❝❡ss♦ ♥♦ ❝❧✉st❡r c0,2 = (2, 3)✱ ❡ ♦❜té♠ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ p2 ❡ p3✳ P♦r ✜♠✱

p0 ❡①❡❝✉t❛ t❡st❡s ♥♦ ♣r♦❝❡ss♦ p4 ❞♦ ❝❧✉st❡r c0,3 = (4, 5, 6, 7) ❡ ♦❜té♠ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦s

♣r♦❝❡ss♦s p4✱ p5✱ p6 ❡ p7✳

s c0,s c1,s c2,s c3,s c4,s c5,s c6,s c7,s

✶ ✶ ✵ ✸ ✷ ✺ ✹ ✼ ✻

✷ ✷ ✸ ✸ ✷ ✵ ✶ ✶ ✵ ✻ ✼ ✼ ✻ ✹ ✺ ✺ ✹

✸ ✹ ✺ ✻ ✼ ✺ ✹ ✼ ✻ ✻ ✼ ✹ ✺ ✼ ✻ ✺ ✹ ✵ ✶ ✷ ✸ ✶ ✵ ✸ ✷ ✷ ✸ ✵ ✶ ✸ ✷ ✶ ✵

❋✐❣✉r❛ ✹✳✶✿ ❖r❣❛♥✐③❛çã♦ ❤✐❡rárq✉✐❝❛ ❞♦ ❱❈✉❜❡✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦✱ ♦ ♣r♦❝❡ss♦ i t❡st❛ ♦ ♣r♦❝❡ss♦ j ∈ ci,s s♦♠❡♥t❡ s❡ ♦ ♣r♦❝❡ss♦

i é ♦ ♣r✐♠❡✐r♦ ♣r♦❝❡ss♦ ❝♦rr❡t♦ ❡♠ cj,s✳ ❆ss✐♠✱ t♦❞♦ ♣r♦❝❡ss♦ ✭❢❛❧❤♦ ♦✉ ❝♦rr❡t♦✮ é t❡st❛❞♦

✉♠❛ ú♥✐❝❛ ✈❡③ ❡♠ ❝❛❞❛ r♦❞❛❞❛✳ ■ss♦ ❣❛r❛♥t❡ ✉♠❛ ❧❛tê♥❝✐❛ ❞❡ ❞✐❛❣♥óst✐❝♦ ❞❡ log2 n r♦❞❛❞❛s

♥❛ ♠é❞✐❛ ❡ log22 n ♥♦ ♣✐♦r ❝❛s♦✳

✹✳✹ ❖ ❆❧❣♦r✐t♠♦ ❆✉t♦♥ô♠✐❝♦ ♣❛r❛ ➪r✈♦r❡s ●❡r❛❞♦r❛s

❊st❛ s❡çã♦ ❛♣r❡s❡♥t❛ ♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ♣❛r❛ ❝♦♥str✉✐r ❞❡ ❢♦r♠❛ ❛✉t♦♥ô♠✐❝❛ ✉♠❛ ár✈♦r❡

❣❡r❛❞♦r❛ ♠í♥✐♠❛ ❡♠ ✉♠ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ ❝♦♠ ❜❛s❡ ♥❛ t♦♣♦❧♦❣✐❛ ❱❈✉❜❡✳

❈♦♠ ❜❛s❡ ♥❛ ♦r❣❛♥✐③❛çã♦ ❧ó❣✐❝❛ ❞♦ ❱❈✉❜❡ ❡ ♥❛ ❢✉♥çã♦ ci,s ❢♦r❛♠ ❞❡✜♥✐❞❛s ❛s s❡❣✉✐♥t❡s

❢✉♥çõ❡s✳ ❙❡❥❛ i ✉♠ ♣r♦❝❡ss♦ q✉❡ ❡①❡❝✉t❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ár✈♦r❡ ❣❡r❛❞♦r❛ ❡ d = log2 n ❛

❞✐♠❡♥sã♦ ❞♦ ❱❈✉❜❡ ❝♦♠ 2d ♣r♦❝❡ss♦s✳ ❆ ❧✐st❛ ❞❡ ♣r♦❝❡ss♦s ❝♦♥s✐❞❡r❛❞♦s ❝♦rr❡t♦s ♣♦r i é

❛r♠❛③❡♥❛❞❛ ❡♠ correcti✳

❆ ❢✉♥çã♦ clusteri(j) = s ❝❛❧❝✉❧❛ ♦ ✐❞❡♥t✐✜❝❛❞♦r s ❞♦ ❝❧✉st❡r ❞♦ ♣r♦❝❡ss♦ i q✉❡ ❝♦♥té♠

♦ ♣r♦❝❡ss♦ j✱ 1 ≤ s ≤ d✳ ❙❡❥❛ ⊕ ♦ ♦♣❡r❛❞♦r ❜✐♥ár✐♦ ❞❡ ✏♦✉ ❡①❝❧✉s✐✈♦✑ ✭①♦r✮✳ ❊st❛

❢✉♥çã♦ ♣♦❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞❛ ♣♦r msb(i ⊕ j) + 1❀ msb é ♦ ❜✐t ♠❛✐s s✐❣♥✐✜❝❛t✐✈♦ ❞❛

r❡♣r❡s❡♥t❛çã♦ ❜✐♥ár✐❛ ❞♦ r❡s✉❧t❛❞♦ ❞❛ ♦♣❡r❛çã♦ ①♦r ❡①❡❝✉t❛❞❛ s♦❜r❡ ♦s ✐❞❡♥t✐✜❝❛❞♦r❡s ❞♦s

♣r♦❝❡ss♦s i ❡ j✳ P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ✸✲❱❈✉❜❡ ❞❛ ❋✐❣✉r❛ ✹✳✶✱ cluster0(1) = 1✱

cluster0(2) = cluster0(3) = 2 ❡ cluster0(4) = cluster0(5) = cluster0(6) = cluster0(7) = 3✳

❆ ❢✉♥çã♦ FF❴neighbori(s) = j ✐❞❡♥t✐✜❝❛ ♦ ♣r✐♠❡✐r♦ ♣r♦❝❡ss♦ s❡♠✲❢❛❧❤❛ j ♥♦ ❝❧✉st❡r

s ❞♦ ♣r♦❝❡ss♦ i✱ ✐st♦ é✱ j ∈ correcti✳ P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ t❛❜❡❧❛ ❞❛ ❋✐❣✉r❛ ✹✳✶✱

FF❴neighbor0(1) = 1✱ FF❴neighbor0(2) = 2 ❡ FF❴neighbor0(3) = 4✳ ❊♠ ❝❛s♦ ❞❡ ❢❛❧❤❛

❞♦ ♣r♦❝❡ss♦ ✷✱ FF❴neighbor0(2) = 3✳

❆ ❢✉♥çã♦ neighborhoodi(s
′) = {k | k = FF❴neighbori(s), 1 ≤ s ≤ s′} é ✉s❛❞❛ ♣❡❧♦



✺✶

♣r♦❝❡ss♦ i ♣❛r❛ ✐❞❡♥t✐✜❝❛r ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈✐③✐♥❤♦s s❡♠✲❢❛❧❤❛ ✐❞❡♥t✐✜❝❛❞♦s ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡

♣♦r k = FF❴neighbori(s) ❡♠ r❡❧❛çã♦ ❛♦s ❝❧✉st❡rs 1..s′✳ P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦

❱❈✉❜❡ ❞❡ ✸ ❞✐♠❡♥sõ❡s ❞❛ ❋✐❣✉r❛ ✹✳✶✱ neighborhood0(3) = {1, 2, 4}✱ neighborhood1(1) = ∅✱
neighborhood2(2) = {3} ❡ neighborhood4(3) = {5, 6}✳ ❙❡ ♦ ♣r♦❝❡ss♦ ✹ é ♦ ú♥✐❝♦ ♣r♦❝❡ss♦

❢❛❧❤♦✱ neighborhood0(3) = {1, 2, 5}✳
❖ ❆❧❣♦r✐t♠♦ ✹✳✶ ❛♣r❡s❡♥t❛ ♦ ♣s❡✉❞♦❝ó❞✐❣♦ ❞❛ s♦❧✉çã♦✳

❆❧❣♦r✐t♠♦ ✹✳✶ ❆❧❣♦r✐t♠♦ ❉✐str✐❜✉í❞♦ ❞❡ ➪r✈♦r❡ ●❡r❛❞♦r❛ ▼í♥✐♠❛ ♥♦ ♣r♦❝❡ss♦ i
✶✿ correcti ← {0, .., n− 1} ✴✴❧✐st❛ ❞♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s

✷✿ ♣r♦❝❡❞✉r❡ ❙t❛rt❚r❡❡✭ ✮
✸✿ ✴✴❡♥✈✐❛ ❛ t♦❞♦s ♦s ✈✐③✐♥❤♦s
✹✿ ❢♦r ❛❧❧ k ∈ neighborhoodi(log2 n) ❞♦
✺✿ ❙❡♥❞✭〈TREE〉✮ ♣❛r❛ pk

✻✿ ♣r♦❝❡❞✉r❡ ❘❡❝❡✐✈❡✭〈TREE〉✮ ❢r♦♠ pj
✼✿ ✐❢ j ∈ correcti t❤❡♥
✽✿ ✴✴r❡tr❛♥s♠✐t❡ ❛♦s ✈✐③✐♥❤♦s ❞♦s ❝❧✉st❡rs ✐♥t❡r♥♦s
✾✿ ❢♦r ❛❧❧ k ∈ neighborhoodi(clusteri(j)− 1) ❞♦
✶✵✿ s❡♥❞✭〈TREE〉✮ ♣❛r❛ pk

✶✶✿ ♣r♦❝❡❞✉r❡ ❈r❛s❤✭♣r♦❝❡ss♦ j✮ ✴✴j é ❞❡t❡❝t❛❞♦ ❢❛❧❤♦
✶✷✿ correcti ← correcti r {j}
✶✸✿ ✐❢ k = FF❴neighbori(clusteri(j)), k 6= ⊥ t❤❡♥

✶✹✿ s❡♥❞✭〈TREE〉✮ t♦ pk

❈♦♥s✐❞❡r❡ ✐♥✐❝✐❛❧♠❡♥t❡ ✉♠❛ ❡①❡❝✉çã♦ s❡♠ ❢❛❧❤❛s✳ ◆♦ ♣r✐♠❡✐r♦ ♣❛ss♦✱ ❛ ♣r♦♣❛❣❛çã♦ é

✐♥✐❝✐❛❞❛ ♥♦ ♣r♦❝❡❞✐♠❡♥t♦ ❙t❛rt❚r❡❡✳ ❯♠❛ ♠❡♥s❛❣❡♠ ❚❘❊❊ é ❡♥✈✐❛❞❛ ♣❛r❛ ♦s log2 n

✈✐③✐♥❤♦s s❡♠ ❢❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ i✱ ✉♠ ❡♠ ❝❛❞❛ ❝❧✉st❡r s = 1, .., log2 n ✭❧✐♥❤❛s ✹✲✺✮✳ ❆♦

r❡❝❡❜❡r ✉♠❛ ♠❡♥s❛❣❡♠ ❞❡ ✉♠ ♣r♦❝❡ss♦ j✱ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❘❡❝❡✐✈❡ é ❡①❡❝✉t❛❞♦ ❡ ♦

♣r♦❝❡ss♦ i ❡♥❝❛♠✐♥❤❛ ❛ ♠❡♥s❛❣❡♠ ♣❛r❛ ♦s ❝❧✉st❡rs ✐♥t❡r♥♦s ❛♦ s❡✉ ♣ró♣r✐♦ ❝❧✉st❡r✱ ✐st♦ é✱

❛♦s ❝❧✉st❡rs s′ = 1, .., clusteri(j) − 1 ✭❧✐♥❤❛ ✾✮✳ ❊st❡ s❡❣✉♥❞♦ ♣❛ss♦ é r❡♣❡t✐❞♦ ❛té q✉❡ ❛

♠❡♥s❛❣❡♠ ❛❧❝❛♥❝❡ ✉♠ ♥♦❞♦ ❢♦❧❤❛✱ ✐st♦ é✱ ♦ ♣r♦❝❡ss♦ j r❡❝❡❜❡✉ ❛ ♠❡♥s❛❣❡♠ ❞♦ ♣r♦❝❡ss♦ i

❡ clusteri(j) = 1✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ♦ ❱❈✉❜❡ s❡♠ ♣r♦❝❡ss♦s ❢❛❧❤♦s ❞❛ ❋✐❣✉r❛ ✹✳✷✭❛✮✳ ❖ ♣r♦❝❡ss♦

p0 é ❛ r❛✐③ ❡ ❡♥✈✐❛ ❚❘❊❊ ♣❛r❛ ♦s ✈✐③✐♥❤♦s FF❴neighbor0(1) = 1✱ FF❴neighbor0(2) =

2 ❡ FF❴neighbor0(3) = 4✳ ❖ ♣r♦❝❡ss♦ p1 r❡❝❡❜❡ ❛ ♠❡♥s❛❣❡♠✱ ♠❛s ♥ã♦ r❡tr❛♥s♠✐t❡✱

✈✐st♦ cluster1(0) = 1 ❡ neighborhood1(0) = ∅✳ ❖ ♣r♦❝❡ss♦ p2 r❡❝❡❜❡ ❛ ♠❡♥s❛❣❡♠ ❡

r❡tr❛♥s♠✐t❡ ♣❛r❛ s❡✉ ✈✐③✐♥❤♦ p3 ♥♦ ❝❧✉st❡r s = 1✳ ◗✉❛♥❞♦ p3 r❡❝❡❜❡ ❛ ♠❡♥s❛❣❡♠ ❡❧❡

❝❛❧❝✉❧❛ cluster3(2) = 1 ❡ ♣❛r❛ ❛ r❡tr❛♥s♠✐ssã♦✳ ◆♦ ❝❛s♦ ❞❡ p4 ❛ ♠❡♥s❛❣❡♠ é r❡❝❡❜✐❞❛ ❡

r❡tr❛♥s♠✐t✐❞❛ ♣❛r❛ ♦s ✈✐③✐♥❤♦s 5 ∈ c4,1 ❡ 6 ∈ c4,2✳ ❋✐♥❛❧♠❡♥t❡✱ s❡♥❞♦ FF❴neighbor6(1) =

7✱ ♦ ♣r♦❝❡ss♦ p6 ❡♥✈✐❛ ❛ ♠❡♥s❛❣❡♠ ♣❛r❛ ♦ ♣r♦❝❡ss♦ p7✳

❖s ❝❛s♦s ❝♦♠ ❢❛❧❤❛s ♣♦❞❡♠ s❡r ❞✐✈✐❞✐❞♦s ❡♠ ❞♦✐s ❝❡♥ár✐♦s✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡

q✉❡ ✉♠ ♣r♦❝❡ss♦ j ∈ ci,s ❡stá ❢❛❧❤♦ ❡ ♦ ♣r♦❝❡ss♦ i ❥á ❢♦✐ ✐♥❢♦r♠❛❞♦ s♦❜r❡ ❡st❛ ❢❛❧❤❛ ♣❡❧♦

❞❡t❡❝t♦r✱ ✐st♦ é✱ j /∈ correcti ✭❧✐♥❤❛ ✶✶✮✳ ◆❡st❡ ❝❛s♦✱ ♦ ♣r♦❝❡ss♦ i ❡♥✈✐❛ ❛ ♠❡♥s❛❣❡♠ ♣❛r❛

♦ ✈✐③✐♥❤♦ s❡♠ ❢❛❧❤❛ k = FF❴neighbori(s) ❡ ❛ ♠❡♥s❛❣❡♠ é ♣r♦♣❛❣❛❞❛ ❝♦rr❡t❛♠❡♥t❡ ♣♦r



✺✷

✭❛✮ s❡♠✲❢❛❧❤❛s ✭❜✮ ♣r♦❝❡ss♦ p4 ❢❛❧❤♦

❋✐❣✉r❛ ✹✳✷✿ ➪r✈♦r❡s ❣❡r❛❞♦r❛s ♥♦ ❱❈✉❜❡ ❞❡ ✸ ❞✐♠❡♥sõ❡s✳

k ❛ t♦❞♦s ♦s ❝❧✉st❡rs ✐♥t❡r♥♦s ❞♦ ❝❧✉st❡r s✳ ❊♠ ✉♠ s❡❣✉♥❞♦ ❝❡♥ár✐♦✱ ❡st❡ ♠❡s♠♦ ♣r♦❝❡ss♦

j ❡stá ❢❛❧❤♦✱ ♠❛s ♦ ♣r♦❝❡ss♦ i ❛✐♥❞❛ ♥ã♦ ❢♦✐ ✐♥❢♦r♠❛❞♦ ♣❡❧♦ ❞❡t❡❝t♦r✱ ✐st♦ é✱ j ∈ correcti✳

◆❡st❡ ❝❛s♦✱ s❡ FF❴neighbori(s) = j✱ ❛ ♠❡♥s❛❣❡♠ é ❡♥✈✐❛❞❛ ❛♦ ♣r♦❝❡ss♦ ❢❛❧❤♦ j ❡ é

❞❡s❝❛rt❛❞❛✳ ❆ ♣r♦♣❛❣❛çã♦ t❡r♠✐♥❛ ♣r❡♠❛t✉r❛♠❡♥t❡ ❡ ❛ s✉❜✲ár✈♦r❡ ✐♥t❡r♥❛ ❛♦ ❝❧✉st❡r s é

❞❡s❝♦♥❡❝t❛❞❛✳ ❊♥tr❡t❛♥t♦✱ ❛ss✐♠ q✉❡ ♦ ♠ó❞✉❧♦ ❞❡t❡❝t♦r ✐♥❢♦r♠❛ i s♦❜r❡ ❛ ❢❛❧❤❛✱ ✉♠ ♥♦✈♦

FF❴neighbori(s) = k é ❡❧❡✐t♦ ❡ ❛ ♠❡♥s❛❣❡♠ é r❡tr❛♥s♠✐t✐❞❛ ♣❛r❛ k✱ r❡❝♦♥str✉✐♥❞♦✲s❡

❛ss✐♠ ❛ s✉❜✲ár✈♦r❡ ❞♦ ❝❧✉st❡r s ✭❧✐♥❤❛ ✶✸✮✳

❆ ❋✐❣✉r❛ ✹✳✷✭❜✮ ✐❧✉str❛ ✉♠ ❝❡♥ár✐♦ ❝♦♠ ❢❛❧❤❛s✳ ❙❡❥❛ ♦ ♣r♦❝❡ss♦ p0 ♥♦✈❛♠❡♥t❡ ❛ r❛✐③ ❡

p4 ❢❛❧❤♦✳ ❊st❛♥❞♦ p0 ❝✐❡♥t❡ ❞❛ ❢❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ p4✱ ❛♦ ✐♥✈és ❞❡ ❡♥✈✐❛r ❚❘❊❊ ♣❛r❛ p4✱ p0
tr❛♥s♠✐t❡ ❛ ♠❡♥s❛❣❡♠ ❛ p5 q✉❡ é ♦ ♣r✐♠❡✐r♦ ♣r♦❝❡ss♦ s❡♠ ❢❛❧❤❛ ❞❡ c0,3✳ ❖ ♣r♦❝❡ss♦ p5 ♣♦r

s✉❛ ✈❡③✱ r❡♣❛ss❛ ❛ ♠❡♥s❛❣❡♠ ♣❛r❛ p7 ∈ c5,2✳ P♦r ✜♠✱ p7 r❡tr❛♥s♠✐t❡ ❛ ♠❡♥s❛❣❡♠ ♣❛r❛

p6 ∈ c7,1✱ ❝♦♠♣❧❡t❛♥❞♦ ❛ ár✈♦r❡✳ ❙❡ q✉❛♥❞♦ p0 ✐♥✐❝✐❛ ♦ ❜r♦❛❞❝❛st ❡ p4 ∈ correcti✱ p0 ❡♥✈✐❛

❛ ♠❡♥s❛❣❡♠ ♣❛r❛ p4 ❡✱ q✉❛♥❞♦ ♦ ❞❡t❡❝t♦r ✐♥❢♦r♠á✲❧♦ s♦❜r❡ ❛ ❢❛❧❤❛ ❞❡ p4✱ ❛ ♠❡♥s❛❣❡♠ s❡rá

r❡tr❛♥s♠✐t✐❞❛ ♣❛r❛ p5✳ ❉❡st❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡ ❛ ♣r♦♣❛❣❛çã♦ é ❛♥á❧♦❣❛ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✳

❖ ❚❡♦r❡♠❛ ✹✳✶ ❢♦r♠❛❧✐③❛ ❛ ♣r♦♣❛❣❛çã♦ ❡♠ ár✈♦r❡ ♣r♦♣♦st❛ ♣❡❧♦ ❆❧❣♦r✐t♠♦ ✹✳✶✳

❚❡♦r❡♠❛ ✹✳✶✳ ❙❡❥❛ m ✉♠❛ ♠❡♥s❛❣❡♠ ♣r♦♣❛❣❛❞❛ ♣♦r ✉♠ ♣r♦❝❡ss♦ ❢♦♥t❡ src ❝♦rr❡t♦✳ ❚♦❞♦

♣r♦❝❡ss♦ ❝♦rr❡t♦ ♥♦ s✐st❡♠❛ Π r❡❝❡❜❡ m✳

Pr♦✈❛✳ ❆ ♣r♦✈❛ ❞❡st❡ t❡♦r❡♠❛ é ♣♦r ✐♥❞✉çã♦✳ ❈♦♥s✐❞❡r❡ ❝♦♠♦ ❜❛s❡ ❞❛ ✐♥❞✉çã♦ ✉♠

s✐st❡♠❛ ❝♦♠ n = 2 ♣r♦❝❡ss♦s✿ p0 é ♦ ♣r♦❝❡ss♦ src q✉❡ ✐♥✐❝✐❛ ♦ ❡♥✈✐♦ ❞❛ ♠❡♥s❛❣❡♠ m ❡

p1 ∈ c0,1✳ ❙❡ p1 é ❝♦rr❡t♦✱ FF❴neighbor0(1) = 1 ❡ p0 ❡♥✈✐❛ m ♣❛r❛ p1 ✭❧✐♥❤❛ ✹✮✳ P♦rt❛♥t♦✱

p1 r❡❝❡❜❡ m ❡ ♦ t❡♦r❡♠❛ é ✈á❧✐❞♦✳

❈♦♠♦ ❤✐♣ót❡s❡ ❞❛ ✐♥❞✉çã♦✱ ❝♦♥s✐❞❡r❡ q✉❡ ♦ t❡♦r❡♠❛ é ✈á❧✐❞♦ ♣❛r❛ ✉♠ s✐st❡♠❛ ❝♦♠

n = 2k ♣r♦❝❡ss♦s✳

◆♦ ♣❛ss♦ ❞❛ ✐♥❞✉çã♦ é ❞❡♠♦♥str❛❞♦ q✉❡ ♦ t❡♦r❡♠❛ é ✈á❧✐❞♦ ♣❛r❛ ✉♠ s✐st❡♠❛ ❝♦♠

n = 2k+1 ♣r♦❝❡ss♦s✳ P❡❧❛ ♦r❣❛♥✐③❛çã♦ ❤✐❡rárq✉✐❝❛ ❞♦ ❱❈✉❜❡✱ ❡st❡ s✐st❡♠❛ é ❝♦♥st✐t✉í❞♦ ❞❡

❞♦✐s s✉❜s✐st❡♠❛s ❝♦♠ n = 2k ♣r♦❝❡ss♦s✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♣❡❧❛ ❋✐❣✉r❛ ✹✳✸✳ ❆ ✜❣✉r❛ ♠♦str❛



✺✸

q✉❡ src ❡ j sã♦ ❛s r❛í③❡s ❞❡st❡s s✉❜s✐st❡♠❛s✳ ❖ ♣r♦❝❡ss♦ src ❡①❡❝✉t❛ ♦ ❛❧❣♦r✐t♠♦ ❡ ❡♥✈✐❛

m ♣❛r❛ ❝❛❞❛ ♣r♦❝❡ss♦ r❡t♦r♥❛❞♦ ♣♦r FF❴neighborsrc(s)✱ s = 1, .., k ✭❧✐♥❤❛ ✹✮✳ ❙❡♥❞♦

j = FF❴neighborsrc(k) ✉♠ ♣r♦❝❡ss♦ ❝♦rr❡t♦✱ j ❝♦rr❡t❛♠❡♥t❡ r❡❝❡❜❡ m✳ ❙❡ j é ❞❡t❡❝t❛❞♦

❝♦♠♦ ❢❛❧❤♦✱ ✉♠❛ ❝ó♣✐❛ ❞❛ ♠❡♥s❛❣❡♠ é r❡tr❛♥s♠✐t✐❞❛ ♣❛r❛ ♦ ♣ró①✐♠♦ ♣r♦❝❡ss♦ ❝♦rr❡t♦ ♥♦

♠❡s♠♦ ❝❧✉st❡r ❞❡ j ✭❧✐♥❤❛ ✶✸✮✳ ❆ss✐♠✱ ❛ ♠❡♥s❛❣❡♠ m é tr❛♥s♠✐t✐❞❛ ♥♦s ❞♦✐s s✉❜s✐st❡♠❛s

❡✱ ♣❡❧❛ ❤✐♣ót❡s❡✱ t♦❞♦ ♣r♦❝❡ss♦ ❝♦rr❡t♦ r❡❝❡❜❡m ❡♠ ❝❛❞❛ s✉❜s✐st❡♠❛✳ ❈♦♠♦ t♦❞♦ ♣r♦❝❡ss♦

❡♠ Π ♣❡rt❡♥❝❡ ❛ ✉♠ ❞❡st❡s s✉❜s✐st❡♠❛s✱ t♦❞♦ ♣r♦❝❡ss♦ ❝♦rr❡t♦ ❡♠ Π r❡❝❡❜❡ m✳ �

❋✐❣✉r❛ ✹✳✸✿ ▼❡❝❛♥✐s♠♦ ❞❡ ♣r♦♣❛❣❛çã♦ ❞❛s ♠❡♥s❛❣❡♥s ♥❛ ár✈♦r❡ ❣❡r❛❞♦r❛
✳

✹✳✺ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t♦✉ ❛ ❛❜♦r❞❛❣❡♠ ❞✐str✐❜✉í❞❛ ❡ ❛✉t♦♥ô♠✐❝❛ ♣❛r❛ ❝r✐❛çã♦ ❡ ♠❛♥✉t❡♥✲

çã♦ ❞❡ ár✈♦r❡s ❣❡r❛❞♦r❛s ❡♠ ✉♠ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ ♥♦ q✉❛❧ ♦s ♣r♦❝❡ss❡s sã♦ ♦r❣❛♥✐③❛❞♦s

❡♠ ✉♠ ❤✐♣❡r❝✉❜♦ ✈✐rt✉❛❧ ❞❡♥♦♠✐♥❛❞♦ ❱❈✉❜❡✳ ❖s r❡s✉❧t❛❞♦s ❡stã♦ ♣✉❜❧✐❝❛❞♦s ❡♠ ❘♦❞r✐✲

❣✉❡s✱ ❉✉❛rt❡ ❏r✳ ❡ ❆r❛♥t❡s ✭✷✵✶✹✮✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ár✈♦r❡ ❣❡r❛❞♦r❛ ❝♦♥st✐t✉✐ ✉♠ ❜❧♦❝♦

❜ás✐❝♦ ♣❛r❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛s s♦❧✉çõ❡s ❞❡ ❜r♦❛❞❝❛st ❞♦ ❈❛♣ít✉❧♦ ✺ q✉❡✱ ♣♦r s✉❛ ✈❡③✱

é ✉t✐❧✐③❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✻✳ ❘❡s✉❧t❛❞♦s

❞❡ t❡st❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❡♠♦♥str❛♥❞♦ ❛ ❡✜❝✐ê♥❝✐❛ ❞❛ ✉t✐❧✐③❛çã♦ ❞❛ ár✈♦r❡ ❡♠ ❝♦♠♣❛✲

r❛çã♦ ❝♦♠ ♦✉tr❛s s♦❧✉çõ❡s ❞❡ ❞✐ss❡♠✐♥❛çã♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❝♦♥t❡①t♦ ❞❡ ❞✐❢✉sã♦ ❞❡

♠❡♥s❛❣❡♥s ❞♦ ❈❛♣ít✉❧♦ ✺ ❡ ♥❛ s♦❧✉çã♦ ✜♥❛❧ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ❞♦ ❈❛♣ít✉❧♦ ✻✳
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❈❆P❮❚❯▲❖ ✺

❆▲●❖❘■❚▼❖❙ ❆❯❚❖◆Ô▼■❈❖❙ P❆❘❆ ❉■❋❯❙➹❖ ❉❊

▼❊◆❙❆●❊◆❙

❉✐❢✉sã♦ ❞❡ ♠❡♥s❛❣❡♥s ✭❜r♦❛❞❝❛st✮ é ✉♠ ❝♦♠♣♦♥❡♥t❡ ❜ás✐❝♦ ♣❛r❛ ✐♠♣❧❡♠❡♥t❛r ♠✉✐t♦s ❛❧✲

❣♦r✐t♠♦s ❡ s❡r✈✐ç♦s ❞✐str✐❜✉í❞♦s ❝♦♠♦ ♥♦t✐✜❝❛çã♦✱ ❡♥tr❡❣❛ ❞❡ ❝♦♥t❡ú❞♦✱ r❡♣❧✐❝❛çã♦ ❡ ❝♦✲

♠✉♥✐❝❛çã♦ ❡♠ ❣r✉♣♦ ✭▲❡✐tã♦ ❡t ❛❧✳✱ ✷✵✵✼❀ ❨❛♥❣ ❡t ❛❧✳✱ ✷✵✵✾❀ ❇♦♥♦♠✐ ❡t ❛❧✳✱ ✷✵✶✸✮✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ❞♦✐s ❛❧❣♦r✐t♠♦s ❞❡ ❞✐❢✉sã♦ t♦❧❡r❛♥t❡ ❛ ❢❛❧❤❛s sã♦ ❞❡s❝r✐t♦s✳ ❖ ♣r✐♠❡✐r♦

✐♠♣❧❡♠❡♥t❛ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ✭❜❡st✲❡✛♦rt ❜r♦❛❞❝❛st✮✱ q✉❡ ❣❛r❛♥t❡ ❛ ❡♥tr❡❣❛ ❞❛s

♠❡♥s❛❣❡♥s q✉❛♥❞♦ ♦ ❡♠✐ss♦r é ❝♦rr❡t♦❀ ❡ ♦ s❡❣✉♥❞♦ ♣r♦♣õ❡ ✉♠❛ s♦❧✉çã♦ ❞❡ ❞✐❢✉sã♦ ❝♦♥✲

✜á✈❡❧ ✭r❡❧✐❛❜❧❡ ❜r♦❛❞❝❛st✮✱ q✉❡ ❣❛r❛♥t❡ ❛ ❡♥tr❡❣❛ ❞❛s ♠❡♥s❛❣❡♥s ♠❡s♠♦ s❡ ♦ ❡♠✐ss♦r ❢❛❧❤❛r

❛♥t❡s ❞❡ ❝♦♠♣❧❡t❛r ❛ ❞✐❢✉sã♦✳ ❆s ❞✉❛s s♦❧✉çõ❡s ✉t✐❧✐③❛♠ ♦ ♠♦❞❡❧♦ ❞❡ ár✈♦r❡s ❣❡r❛❞♦r❛s

♣r♦♣♦st♦ ♥♦ ❈❛♣ít✉❧♦ ✹✱ ✐♥❝❧✉✐♥❞♦ ❛ ❞❡t❡❝çã♦ ❞❡ ❢❛❧❤❛s ♣❡r❢❡✐t❛ ✐♠♣❧❡♠❡♥t❛❞❛ ♣❡❧♦ ❱❈✉❜❡✱

❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✹✳✸ ❞❛q✉❡❧❡ ♠❡s♠♦ ❝❛♣ít✉❧♦✳

✺✳✶ ❉❡✜♥✐çã♦ ❞♦ Pr♦❜❧❡♠❛

❯♠ ♣r♦❝❡ss♦ ❡♠ ✉♠ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ ✉t✐❧✐③❛ ❞✐❢✉sã♦ ♣❛r❛ ❡♥✈✐❛r ✉♠❛ ♠❡♥s❛❣❡♠ ❛ t♦❞♦s

♦s ♦✉tr♦s ♣r♦❝❡ss♦s ❞♦ s✐st❡♠❛✳ ◆♦ ❡♥t❛♥t♦✱ s❡ ❡st❡ ♣r♦❝❡ss♦ ❢❛❧❤❛ ❞✉r❛♥t❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦

❞❡ ❞✐❢✉sã♦✱ ❛❧❣✉♥s ♣r♦❝❡ss♦s ♣♦❞❡♠ r❡❝❡❜❡r ❛ ♠❡♥s❛❣❡♠ ❡♥q✉❛♥t♦ ♦✉tr♦s ♥ã♦✳ ❆ ❞✐❢✉sã♦

❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❣❛r❛♥t❡ q✉❡✱ s❡ ♦ ❡♠✐ss♦r é ❝♦rr❡t♦✱ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s r❡❝❡❜❡♠

❛ ♠❡♥s❛❣❡♠ ❞✐❢✉♥❞✐❞❛ ♣♦r ❡❧❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ♦ ❡♠✐ss♦r ♣♦❞❡ ❢❛❧❤❛r✱ ❡str❛té❣✐❛s ❞❡

❞✐❢✉sã♦ ❝♦♥✜á✈❡❧ ♣r❡❝✐s❛♠ s❡r ✐♠♣❧❡♠❡♥t❛❞❛s ✭❍❛❞③✐❧❛❝♦s ❡ ❚♦✉❡❣✱ ✶✾✾✸✮✳

❆❧❣♦r✐t♠♦s ❞❡ ❞✐❢✉sã♦ t♦❧❡r❛♥t❡ ❛ ❢❛❧❤❛s sã♦ ♥♦r♠❛❧♠❡♥t❡ ✐♠♣❧❡♠❡♥t❛❞♦s ✉t✐❧✐③❛♥❞♦

❡♥❧❛❝❡s ♣♦♥t♦✲❛✲♣♦♥t♦ ❝♦♥✜á✈❡✐s ❡ ♣r✐♠✐t✐✈❛s ❙❡♥❞ ❡ ❘❡❝❡✐✈❡✳ ❖s ♣r♦❝❡ss♦s ✐♥✈♦❝❛♠

❜r♦❛❞❝❛st✭m✮ ❡ ❞❡❧✐✈❡r✭m✮ ♣❛r❛ ❞✐❢✉♥❞✐r ❡ r❡❝❡❜❡r ✉♠❛ ♠❡♥s❛❣❡♠ m ♣❛r❛✴❞❡ ♦✉tr♦s

♣r♦❝❡ss♦s ❞❛ ❛♣❧✐❝❛çã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❛r❛ ✐♥❝❧✉✐r t♦❧❡râ♥❝✐❛ ❛ ❢❛❧❤❛s✱ ✉♠ ❞❡t❡❝t♦r ❞❡

❢❛❧❤❛s ♣❡r❢❡✐t♦ ✭❈❤❛♥❞r❛ ❡ ❚♦✉❡❣✱ ✶✾✾✻✮ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ♥♦t✐✜❝❛r ♦ ❛❧❣♦r✐t♠♦ ❞❡

❜r♦❛❞❝❛st✱ q✉❡ ❞❡✈❡ r❡❛❣✐r ❛♣r♦♣r✐❛❞❛♠❡♥t❡ q✉❛♥❞♦ ✉♠❛ ❢❛❧❤❛ é ❞❡t❡❝t❛❞❛✳

✺✳✷ ❚r❛❜❛❧❤♦s ❘❡❧❛❝✐♦♥❛❞♦s

◆❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧ ❞❡s❝r✐t❛ ❡♠ ❑❛❛s❤♦❡❦ ❡t ❛❧✳ ✭✶✾✽✾✮✱ ♦ ♣r♦t♦❝♦❧♦

✉t✐❧✐③❛ ✉♠ ♥♦❞♦ ❝❡♥tr❛❧ ✭❝❤❛♠❛❞♦ s❡q✉❡♥❝✐❛❞♦r✮ ♣❛r❛ ♦r❞❡♥❛r ❛s ♠❡♥s❛❣❡♥s✳ ❖ s❡q✉❡♥❝✐✲

❛❞♦r r❡❝❡❜❡ ✉♠❛ ♠❡♥s❛❣❡♠✱ ❛❝r❡s❝❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ s❡q✉ê♥❝✐❛ ❡ tr❛♥s♠✐t❡ ❛ ♠❡♥s❛❣❡♠✳

❈♦♠♦ ❛♣♦♥t❛❞♦ ♣❡❧♦s ❛✉t♦r❡s✱ ♦ s❡q✉❡♥❝✐❛❞♦r ♣♦❞❡ t♦r♥❛r✲s❡ ✉♠ ❣❛r❣❛❧♦ ❡ ♣r❡❥✉❞✐❝❛r ❛

❡s❝❛❧❛❜✐❧✐❞❛❞❡ ❞♦ s✐st❡♠❛ q✉❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s é ♠✉✐t♦ ❣r❛♥❞❡✳ ❆❧é♠ ❞✐ss♦✱ s❡ ♦



✺✻

s❡q✉❡♥❝✐❛❞♦r ❢❛❧❤❛r✱ ♦ s✐st❡♠❛ t♦❞♦ ♣❛r❛✳ ❆ss✐♠✱ ♠❡❝❛♥✐s♠♦s ❡①tr❛s ❞❡✈❡♠ s❡r ✐♠♣❧❡✲

♠❡♥t❛❞♦s ♣❛r❛ ♣❡r♠✐t✐r ❛ r❡❝✉♣❡r❛çã♦ ❞❡ ❢❛❧❤❛s✳

❖✉tr❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧✱ ♣r♦♣♦st❛ ♣♦r ●❛r❝✐❛✲▼♦❧✐♥❛ ❡ ❑♦❣❛♥ ✭✶✾✽✽✮✱

✉t✐❧✐③❛ ✉♠ ♠❡❝❛♥✐s♠♦ ❞❡ ♠✉❧t✐❝❛st ♥ã♦✲❝♦♥✜á✈❡❧ ❡♠ ✉♠❛ r❡❞❡ ❛ssí♥❝r♦♥❛ ♣♦♥t♦✲❛✲♣♦♥t♦✳

▲✐st❛s ❞❡ ♣r✐♦r✐❞❛❞❡ sã♦ ✉s❛❞❛s ♣❛r❛ ❡s♣❡❝✐✜❝❛r ❛ ♦r❞❡♠ ❡♠ q✉❡ ♥♦❞♦s ❞❡✈❡♠ ❛❝❡ss❛r ❛

r❡❞❡ ❞❡♣♦✐s ❞❡ ✉♠❛ ❢❛❧❤❛ ❡ ❛s ❧✐st❛s sã♦ ❜❛s❡❛❞❛s ❡♠ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛ t♦♣♦❧♦❣✐❛ ❞❛

r❡❞❡✳

▼❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ❇♦♥♦♠✐ ❡t ❛❧✳ ✭✷✵✶✸✮ ♣r♦♣✉s❡r❛♠ ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❞✐❢✉sã♦ ❝♦♥✲

✜á✈❡❧ q✉❡ t♦❧❡r❛ ❢❛❧❤❛s ❛r❜✐trár✐❛s✳ P❛r❛ tr❛t❛r ❛s ❢❛❧❤❛s ♠❛❧✐❝✐♦s❛s✱ ♦ ❛✉t♦r❡s ✉t✐❧✐③❛♠

✉♠ ❞❡t❡❝t♦r ❞❡ ❢❛❧❤❛s ❜✐③❛♥t✐♥♦✳

❖✉tr♦s tr❛❜❛❧❤♦s ❞❡s❝r❡✈❡♠ s♦❧✉çõ❡s ❡♠ r❡❞❡s s❡♠✲✜♦✳ P❛❣❛♥✐ ❡ ❘♦ss✐ ✭✶✾✾✼✮ ♣r♦♣✉✲

s❡r❛♠ ✉♠ ♣r♦t♦❝♦❧♦ ❞❡ ❞✐❢✉sã♦ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ r❡❞❡ q✉❡ t♦❧❡r❛ ❢❛❧❤❛s ❞❡ ❝♦♠✉♥✐❝❛çã♦

❡ ♠♦❜✐❧✐❞❛❞❡ ❞❡ ♥♦❞♦s✳ P❛rt✐çõ❡s ❞❡ r❡❞❡ sã♦ t♦❧❡r❛❞❛s s❡ ❢♦r❡♠ t❡♠♣♦rár✐❛s✳ ❊♠ ❨❛♥❣

❡t ❛❧✳ ✭✷✵✵✾✮ ♦s ❛✉t♦r❡s ♣r♦♣✉s❡r❛♠ ♦ ❘✲❈♦❞❡✱ ✉♠ ♣r♦t♦❝♦❧♦ ❞❡ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧ q✉❡

❝♦♥stró✐ ✉♠❛ ár✈♦r❡ ❞❡ ❞✐❢✉sã♦ ♥♦ ❜❛❝❦❜♦♥❡ ❞❛ r❡❞❡✱ ✉s❛♥❞♦ ❝♦♠♦ ♣❡s♦ ❞❡ ❝❛❞❛ ❡♥❧❛❝❡ ♦

♥ú♠❡r♦ ❞❡ tr❛♥s♠✐ssõ❡s ♣♦ssí✈❡✐s ♥❡❧❡s✳

❱ár✐♦s ❛❧❣♦r✐t♠♦s ❞❡ ❞✐❢✉sã♦ sã♦ ❜❛s❡❛❞♦s ❡♠ ár✈♦r❡s ❣❡r❛❞♦r❛s ✭❋r❛❣♦♣♦✉❧♦✉ ❡ ❆❦❧✱

✶✾✾✻❀ ▲✐✉ ❡t ❛❧✳✱ ✷✵✵✾❀ ❲❛♥❣ ❡t ❛❧✳✱ ✷✵✶✷✮✳ ❙❝❤♥❡✐❞❡r✱ ●r✐❡s ❡ ❙❝❤❧✐❝❤t✐♥❣ ✐♥tr♦❞✉③✐r❛♠

✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❞✐❢✉sã♦ t♦❧❡r❛♥t❡ ❛ ❢❛❧❤❛s ❜❛s❡❛❞♦ ❡♠ ár✈♦r❡ ♥♦ q✉❛❧ ❛ r❛✐③ é ♦ ♣r♦❝❡ss♦

q✉❡ ✐♥✐❝✐❛ ❛ tr❛♥s♠✐ssã♦✱ ♦✉ s❡❥❛✱ ♦ r❡♠❡t❡♥t❡✳ ❈❛❞❛ ♥♦❞♦✱ ✐♥❝❧✉✐♥❞♦ ♦ r❡♠❡t❡♥t❡✱ ❡♥✈✐❛

❛ ♠❡♥s❛❣❡♠ ♣❛r❛ t♦❞♦s ♦s s❡✉s s✉❝❡ss♦r❡s ♥❛ ár✈♦r❡✳ ❙❡ ✉♠ ♣r♦❝❡ss♦ p q✉❡ ♣❡rt❡♥❝❡ à

ár✈♦r❡ ❢❛❧❤❛r✱ ♦✉tr♦ ♣r♦❝❡ss♦ ❛ss✉♠❡ ❛ r❡s♣♦♥s❛❜✐❧✐❞❛❞❡ ❞❡ r❡tr❛♥s♠✐t✐r ❛s ♠❡♥s❛❣❡♥s q✉❡

p ❞❡✈❡r✐❛ t❡r tr❛♥s♠✐t✐❞♦ s❡ ❡st✐✈❡ss❡ ❝♦rr❡t♦✳ ❖s ♣r♦❝❡ss♦s ♣♦❞❡♠ ❢❛❧❤❛r ♣♦r ❝r❛s❤ ❡ ❛

❢❛❧❤❛ ❞❡ ✉♠ ♣r♦❝❡ss♦ é ❞❡t❡❝t❛❞❛ ♣♦r ✉♠ ♠ó❞✉❧♦ ❞❡ ❞❡t❡❝çã♦ ❞❡ ❢❛❧❤❛s ❛♣ós ✉♠ ✐♥t❡r✈❛❧♦

✜♥✐t♦✱ ♠❛s ♥ã♦ ❝♦♥❤❡❝✐❞♦✳ ❯♠ ♣r♦❝❡ss♦ ♣♦❞❡ ❡♥✈✐❛r ✉♠❛ ♣ró①✐♠❛ ♠❡♥s❛❣❡♠ s♦♠❡♥t❡

❛♣ós ❛ ❞✐❢✉sã♦ ❛♥t❡r✐♦r t❡r s✐❞♦ ❝♦♥❝❧✉í❞❛✳ ◆♦ ❡♥t❛♥t♦✱ ♦s ❛✉t♦r❡s ♥ã♦ ❞❡s❝r❡✈❡♠ ❝♦♠♦

❛ ❞❡t❡❝çã♦ ❞❡ ❢❛❧❤❛s é ✐♠♣❧❡♠❡♥t❛❞❛✱ t❛♠♣♦✉❝♦ ❢♦r♥❡❝❡♠ ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❝♦♥str✉✐r ❡

r❡♦r❣❛♥✐③❛r ❛ ár✈♦r❡ ❛♣ós ❛ ❢❛❧❤❛✳

❑✐♠ ❡t ❛❧✳ ✭✷✵✶✵✮ ♣r♦♣✉s❡r❛♠ ✉♠❛ s♦❧✉çã♦ ❜❛s❡❛❞❛ ❡♠ ár✈♦r❡ ♣❛r❛ ❞✐❢✉♥❞✐r ✉♠❛ ♠❡♥✲

s❛❣❡♠ ♣❛r❛ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ r❡❝❡♣t♦r❡s q✉❡ ✉s❛♠ ❝❛♠✐♥❤♦s ♠ú❧t✐♣❧♦s✳ ❘❛♠❛♥❛t❤❛♥

❡ ❙❤✐♥ ✭✶✾✽✽✮ ♣r♦♣✉s❡r❛♠ ✉♠❛ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧ q✉❡ é ❡①❡❝✉t❛❞❛ ❡♠ ✉♠ ❤✐♣❡r❝✉❜♦ ❡ ✉s❛

ár✈♦r❡s ❣❡r❛❞♦r❛s ❞✐s❥✉♥t❛s ♣❛r❛ ♦ ❡♥✈✐♦ ❞❡ ✉♠❛ ♠❡♥s❛❣❡♠ ❛tr❛✈és ❞❡ ✈ár✐♦s ❝❛♠✐♥❤♦s✳

❆❧❣♦r✐t♠♦s ❞❡ ❝❛♠✐♥❤♦s ♠ú❧t✐♣❧♦s sã♦ ♣❛rt✐❝✉❧❛r♠❡♥t❡ út❡✐s ❡♠ s✐st❡♠❛s q✉❡ ♥ã♦ ♣♦❞❡♠

t♦❧❡r❛r ❛ s♦❜r❡❝❛r❣❛ ❞❡ t❡♠♣♦ ♣❛r❛ ❛ ❞❡t❡❝çã♦ ❞❡ ♣r♦❝❡ss♦s ❝♦♠ ❢❛❧❤❛s✱ ♠❛s ❤á ✉♠❛

s♦❜r❡❝❛r❣❛ ♥♦ ♥ú♠❡r♦ ❞❡ ♠❡♥s❛❣❡♥s ❞✉♣❧✐❝❛❞❛s✳

❊♠ ❲✉ ✭✶✾✾✻✮✱ ♦s ❛✉t♦r❡s ❛♣r❡s❡♥t❛♠ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❞✐❢✉sã♦ t♦❧❡r❛♥t❡ ❛ ❢❛❧❤❛s ♣❛r❛

❤✐♣❡r❝✉❜♦s ❜❛s❡❛❞♦ ❡♠ ár✈♦r❡s ❜✐♥♦♠✐❛✐s✳ ❖ ❛❧❣♦r✐t♠♦ ♣♦❞❡ r❡❝✉rs✐✈❛♠❡♥t❡ r❡❣❡♥❡r❛r

✉♠❛ s✉❜ár✈♦r❡ ❢❛❧❤❛✱ ✐♥❞✉③✐❞❛ ♣♦r ✉♠ ♥♦❞♦ ❝♦♠ ❞❡❢❡✐t♦✱ ❛tr❛✈és ❞❡ ✉♠❛ ❞❛s ❢♦❧❤❛s ❞❛

ár✈♦r❡✳ ◆♦ ❡♥t❛♥t♦✱ ❛♦ ❝♦♥trár✐♦ ❞❛ ❛❜♦r❞❛❣❡♠ ♣r♦♣♦st❛ ♥❡st❡ tr❛❜❛❧❤♦✱ ❛ s♦❧✉çã♦ ❡①✐❣❡
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✉♠❛ ♠❡♥s❛❣❡♠ ❡s♣❡❝✐❛❧ ♣❛r❛ ✐♥❞✐❝❛r q✉❡ ❛ ár✈♦r❡ ❞❡✈❡rá s❡r r❡♦r❣❛♥✐③❛❞❛ ❡✱ ♥❡st❡ ❝❛s♦✱

❛s ♠❡♥s❛❣❡♥s ❞❡ ❞✐❢✉sã♦ ♥ã♦ sã♦ tr❛t❛❞♦s ♣❡❧♦s ♥♦❞♦s ❛té q✉❡ ❛ ár✈♦r❡ s❡❥❛ r❡❝♦♥str✉í❞❛✳

▲✐❡❜❡❤❡rr ❡ ❇❡❛♠ ✭✶✾✾✾✮ ❛♣r❡s❡♥t❛♠ ✉♠ ♣r♦❝♦❧♦✱ ❝❤❛♠❛❞♦ ❍②♣❡r❈❛st✱ q✉❡ ♦r❣❛♥✐③❛

♦s ♠❡♠❜r♦s ❞❡ ✉♠ ❣r✉♣♦ ♠✉❧t✐❝❛st ❡♠ ✉♠ ❤✐♣❡r❝✉❜♦ ❧ó❣✐❝♦ ✉s❛♥❞♦ ♦ ❝ó❞✐❣♦ ❣r❛② ♣❛r❛

♦r❞❡♥á✲❧♦s✳ ❆ ár✈♦r❡ é s♦❜r❡♣♦st❛ ♥♦ ❤✐♣❡r❝✉❜♦ ♣❛r❛ ❡✈✐t❛r ✐♠♣❧♦sã♦ ❞❡ ❆❈❑s✳ ❖ ♣r♦❝❡ss♦

❝♦♠ ♦ ✐❞❡♥t✐✜❝❛r ♠❛✐s ❛❧t♦ é ❝♦♥s✐❞❡r❛❞♦ ❛ r❛✐③ ❞❛ ár✈♦r❡✳ ❊♥tr❡t❛♥t♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❢❛❧❤❛s✱

♠ú❧t✐♣❧♦s ♥♦❞♦s ♣♦❞❡♠ ❝♦♥s✐❞❡r❛r ❛ s✐ ♣ró♣r✐♦s ❝♦♠♦ r❛✐③ ❡✴♦✉ ❞✐❢❡r❡♥t❡s ♥♦❞♦s ♣♦❞❡♠

t❡r ✈✐sõ❡s ❞✐❢❡r❡♥t❡s s♦❜r❡ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❛ r❛✐③✳

❯♠ ♣r♦t♦❝♦❧♦ ❤í❜r✐❞♦ ❝♦♠❜✐♥❛♥❞♦ ❡str❛té❣✐❛s ❞❡ ár✈♦r❡ ❡ ❣♦ss✐♣ ❢♦✐ ♣r♦♣♦st♦ ♣♦r ▲❡✐tã♦

❡t ❛❧✳ ✭✷✵✵✼✮✳ ◆❡st❛ s♦❧✉çã♦✱ ❝❤❛♠❛❞❛ ❍②P❛r❱✐❡✇✱ ✉♠❛ ár✈♦r❡ ❞❡ ❞✐❢✉sã♦ é ❝r✐❛❞❛ s♦❜r❡

✉♠❛ r❡❞❡ ❣♦ss✐♣✳ ❖✉tr❛s s♦❧✉çõ❡s ✉t✐❧✐③❛♠ ❣♦ss✐♣✐♥❣ ♣❛r❛ ❝r✐❛r ♣r♦t♦❝♦❧♦s ♣r♦❜❛❜✐❧íst✐❝♦s✳

❊✉❣st❡r ❡t ❛❧✳ ✭✷✵✵✸✮ ♣r♦♣✉s❡r❛♠ ✉♠ ❛❧❣♦r✐t♠♦ ♥♦ q✉❛❧ ❝❛❞❛ ♣r♦❝❡ss♦ ❝♦♥❤❡❝❡ ✉♠ ♥ú♠❡r♦

✜①♦ ❞❡ ✈✐③✐♥❤♦s ❡s❝♦❧❤✐❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡✳ P❡r❡✐r❛ ❡t ❛❧✳ ✭✷✵✵✹✮ ♣r♦♣✉s❡r❛♠ ✉♠ ♣r♦t♦❝♦❧♦

❡♣✐❞ê♠✐❝♦ ♥♦ q✉❛❧ ❛s ♠❡♥s❛❣❡♥s sã♦ ❡♥✈✐❞❛s ✉s❛♥❞♦ ♦s ♥♦❞♦s ❝♦♠ ♠❛✐♦r ❝❛♣❛❝✐❞❛❞❡ ❞❡

tr❛♥s♠✐ssã♦✱ ❡♠ ✉♠❛ t❡♥t❛t✐✈❛ ❞❡ ♦t✐♠✐③❛r ❛ t❛①❛ ❞❡ ❞✐ss❡♠✐♥❛çã♦✳

✺✳✸ ❉✐❢✉sã♦ ❞❡ ▼❡❧❤♦r✲❡s❢♦rç♦

❆ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❣❛r❛♥t❡ q✉❡ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s ❡♥tr❡❣❛♠ ♦ ♠❡s♠♦

❝♦♥❥✉♥t♦ ❞❡ ♠❡♥s❛❣❡♥s s❡ ♦ ❡♠✐ss♦r ✭❢♦♥t❡✮ é ❝♦rr❡t♦✳ ❚rês ♣r♦♣r✐❡❞❛❞❡s ❝❛r❛❝t❡r✐③❛♠ ❡st❡

♠♦❞❡❧♦✿ ❡♥tr❡❣❛ ❝♦♥✜á✈❡❧ ✭✈❛❧✐❞✐t②✮✱ ♥ã♦✲❞✉♣❧✐❝❛çã♦ ❡ ♥ã♦✲❝r✐❛çã♦ ❞❡ ♠❡♥s❛❣❡♥s ✭●✉❡r✲

r❛♦✉✐ ❡ ❘♦❞r✐❣✉❡s✱ ✷✵✵✻✮✳ ❆ ❡♥tr❡❣❛ ❝♦♥✜á✈❡❧ ❣❛r❛♥t❡ q✉❡✱ s❡ ✉♠ ♣r♦❝❡ss♦ i ❡♥✈✐❛ ✉♠❛

♠❡♥s❛❣❡♠ m ♣❛r❛ ✉♠ ♣r♦❝❡ss♦ j ❡ ♥❡♥❤✉♠ ❞❡❧❡s ❢❛❧❤❛✱ j r❡❝❡❜❡ m ❡♠ ✉♠ t❡♠♣♦ ✜♥✐t♦✳

❆ ♥ã♦✲❞✉♣❧✐❝❛çã♦ ❣❛r❛♥t❡ q✉❡ ♥❡♥❤✉♠❛ ♠❡♥s❛❣❡♠ é ❡♥tr❡❣✉❡ ♠❛✐s ❞❡ ✉♠❛ ✈❡③ ❡ ❛ ♥ã♦✲

❝r✐❛çã♦ ❣❛r❛♥t❡ q✉❡ ♥❡♥❤✉♠❛ ♠❡♥s❛❣❡♠ é ❡♥tr❡❣✉❡ ❛ ♠❡♥♦s q✉❡ t❡♥❤❛ s✐❞♦ ♣r❡✈✐❛♠❡♥t❡

❡♥✈✐❛❞❛✳ ◆♦t❡ q✉❡✱ ❡♠ ❢✉♥çã♦ ❞❛ ❢❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ ❢♦♥t❡✱ ❛❧❣✉♥s ♣r♦❝❡ss♦s ♣♦❞❡♠ r❡❝❡❜❡r

❛ ♠❡♥s❛❣❡♠ ❡♥q✉❛♥t♦ ♦✉tr♦s ♥ã♦✱ ♦ q✉❡ ♥ã♦ ✐♥✈❛❧✐❞❛ ❛s ♣r♦♣r✐❡❞❛❞❡s✳

❖ ❆❧❣♦r✐t♠♦ ✺✳✶ ❛♣r❡s❡♥t❛ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ q✉❡ ✉t✐❧✐③❛ ♦

♠❡❝❛♥✐s♠♦ ❞❡ ár✈♦r❡ ♣r♦♣♦st♦ ♥♦ ❈❛♣ít✉❧♦ ✹✳ ❉♦✐s t✐♣♦s ❞❡ ♠❡♥s❛❣❡♥s sã♦ ✉t✐❧✐③❛❞♦s✿

〈TREE,m〉 ♣❛r❛ ✐❞❡♥t✐✜❝❛r ❛ ♠❡♥s❛❣❡♠ ❞❡ ❛♣❧✐❝❛çã♦ m q✉❡ ❡stá s❡♥❞♦ ♣r♦♣❛❣❛❞❛ ❡

〈ACK,m〉 ♣❛r❛ ❝♦♥✜r♠❛r ♦ r❡❝❡❜✐♠❡♥t♦ ❞❡ m ♣❡❧♦ ❞❡st✐♥❛tár✐♦✳ ❈❛❞❛ ♠❡♥s❛❣❡♠ m

❝♦♥té♠ ❛✐♥❞❛ ❞♦✐s ♣❛râ♠❡tr♦s✿ ✭✶✮ ♦ ✐❞❡♥t✐✜❝❛❞♦r ❞❛ ♦r✐❣❡♠✱ ✐st♦ é✱ ♦ ♣r♦❝❡ss♦ q✉❡ ✐♥✐❝✐♦✉

❛ ❞✐❢✉sã♦✱ ♦❜t✐❞♦ ❝♦♠ ❛ ❢✉♥çã♦ source(m)❀ ❡ ✭✷✮ ♦ t✐♠❡st❛♠♣✱ ✉♠ ❝♦♥t❛❞♦r s❡q✉❡♥❝✐❛❧ ❧♦❝❛❧

q✉❡ ✐❞❡♥t✐✜❝❛ ❞❡ ❢♦r♠❛ ú♥✐❝❛ ❝❛❞❛ ♠❡♥s❛❣❡♠ ❣❡r❛❞❛ ❡♠ ✉♠ ♣r♦❝❡ss♦✱ ♦❜t✐❞♦ ♣❡❧❛ ❢✉♥çã♦

ts(m)✳ ❯♠ ♣r♦❝❡ss♦ ♦❜té♠ ❛s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ❡st❛❞♦ ❞♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s ♣❡❧♦

❛❧❣♦r✐t♠♦ ❱❈✉❜❡✳ ❖ ❛❧❣♦r✐t♠♦ ❡①❡❝✉t❛ ❝♦rr❡t❛♠❡♥t❡ ♠❡s♠♦ q✉❡ n − 1 ❢❛❧❤❛s ♦❝♦rr❛♠✳

❯♠ ✈❡rsã♦ ♣r❡❧✐♠✐♥❛r ❞❡st❡ ❛❧❣♦r✐t♠♦ ❢♦✐ ♣✉❜❧✐❝❛❞❛ ❡♠ ❘♦❞r✐❣✉❡s ✭✷✵✶✸✮ ❛♣❧✐❝❛❞♦ ❛ ✉♠❛

s♦❧✉çã♦ t♦❧❡r❛♥t❡ ❛ ❢❛❧❤❛s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ❞✐str✐❜✉í❞❛✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡s❝r✐t♦ ♥❡st❛ s❡çã♦

❢♦✐ ♣✉❜❧✐❝❛❞♦ ❡♠ ❘♦❞r✐❣✉❡s✱ ❉✉❛rt❡ ❏r✳ ❡ ❆r❛♥t❡s ✭✷✵✶✹✮ ✳
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❆s ✈❛r✐á✈❡✐s ❧♦❝❛✐s ♠❛♥t✐❞❛s ♣❡❧♦s ♣r♦❝❡ss♦s sã♦✿

• correcti✿ ❝♦♥❥✉♥t♦ ❞♦s ♣r♦❝❡ss♦s ❝♦♥s✐❞❡r❛❞♦s ❝♦rr❡t♦s ♣❡❧♦ ♣r♦❝❡ss♦ i❀

• lasti[n]✿ ❛ ú❧t✐♠❛ ♠❡♥s❛❣❡♠ r❡❝❡❜✐❞❛ ❞❡ ❝❛❞❛ ♣r♦❝❡ss♦ ❢♦♥t❡❀

• ack❴seti✿ ♦ ❝♦♥❥✉♥t♦ ❝♦♠ t♦❞♦s ♦s ❆❈❑s ♣❡♥❞❡♥t❡s ♥♦ ♣r♦❝❡ss♦ i✳ P❛r❛ ❝❛❞❛

♠❡♥s❛❣❡♠ 〈TREE,m〉 r❡❝❡❜✐❞❛ ♣❡❧♦ ♣r♦❝❡ss♦ i ❞❡ ✉♠ ♣r♦❝❡ss♦ j ❡ r❡tr❛♥s♠✐t✐❞❛

♣❛r❛ ♦ ♣r♦❝❡ss♦ k✱ ✉♠ ❡❧❡♠❡♥t♦ 〈j, k,m〉 é ❛❞✐❝✐♦♥❛❞♦ ❛ ❡st❡ ❝♦♥❥✉♥t♦✳

❖ sí♠❜♦❧♦ ⊥ r❡♣r❡s❡♥t❛ ✉♠ ❡❧❡♠❡♥t♦ ♥✉❧♦✳ ❖ ❛st❡r✐s❝♦ é ✉s❛❞♦ ❝♦♠♦ ❝✉r✐♥❣❛ ♣❛r❛ s❡❧❡✲

❝✐♦♥❛r ❆❈❑s ♥♦ ❝♦♥❥✉♥t♦ ack❴set✳ ❯♠ ❡❧❡♠❡♥t♦ 〈j, ∗,m〉✱ ♣♦r ❡①❡♠♣❧♦✱ r❡♣r❡s❡♥t❛ t♦❞♦s

♦s ❆❈❑s ♣❡♥❞❡♥t❡s ♣❛r❛ ✉♠❛ ♠❡♥s❛❣❡♠ m r❡❝❡❜✐❞❛ ❞❡ ✉♠ ♣r♦❝❡ss♦ j ❡ r❡tr❛♥s♠✐t✐❞❛

♣❛r❛ q✉❛❧q✉❡r ♦✉tr♦ ♣r♦❝❡ss♦✳

❯♠ ♣r♦❝❡ss♦ i q✉❡ ❞❡s❡❥❛ ❞✐❢✉♥❞✐r ✉♠❛ ♠❡♥s❛❣❡♠ m ♣♦r ❞✐❢✉sã♦ ✐♥✈♦❝❛ ♦ ♠ét♦❞♦

❇r♦❛❞❝❛st✳ ❆ ❧✐♥❤❛ ✺ ❣❛r❛♥t❡ q✉❡ ✉♠ ♥♦✈♦ ❜r♦❛❞❝❛st só é ✐♥✐❝✐❛❞♦ ❛♣ós ♦ tér♠✐♥♦ ❞♦

❛♥t❡r✐♦r✱ ✐st♦ é✱ q✉❛♥❞♦ ♥ã♦ ❤á ♠❛✐s ❆❈❑s ♣❡♥❞❡♥t❡s ♣❛r❛ ❛ ♠❡♥s❛❣❡♠ lasti[i]✳ ◆❛s

❧✐♥❤❛s ✾✲✶✶ ❛ ♥♦✈❛ ♠❡♥s❛❣❡♠ é ❡♥✈✐❛❞❛ ❛ t♦❞♦s ♦s ✈✐③✐♥❤♦s ❝♦♥s✐❞❡r❛❞♦s ❝♦rr❡t♦s✳ P❛r❛

❝❛❞❛ ♠❡♥s❛❣❡♠ ❡♥✈✐❛❞❛✱ ✉♠ ❆❈❑ é ✐♥❝❧✉í❞♦ ♥❛ ❧✐st❛ ❞❡ ❆❈❑s ♣❡♥❞❡♥t❡s✳

◗✉❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ r❡❝❡❜❡ ✉♠❛ ♠❡♥s❛❣❡♠ ❚❘❊❊ ❞❡ ✉♠ ♣r♦❝❡ss♦ j ✭❧✐♥❤❛ ✶✻✮✱ ❡❧❡

♣r✐♠❡✐r❛♠❡♥t❡ ✈❡r✐✜❝❛ s❡ t❛♥t♦ ♦ ♣r♦❝❡ss♦ ❢♦♥t❡ ❞❛ ♠❡♥s❛❣❡♠ q✉❛♥t♦ ♦ ♣r♦❝❡ss♦ j sã♦

❝♦♥s✐❞❡r❛❞♦s ❝♦rr❡t♦s✳ ❙❡ ✉♠ ❞❡❧❡s ❡stá ❢❛❧❤♦✱ ♦ r❡❝❡❜✐♠❡♥t♦ é ❛❜♦rt❛❞♦✱ ♣♦✐s s❡ j ❡stá

❢❛❧❤♦✱ ♦ ♣r♦❝❡ss♦ q✉❡ tr❛♥s♠✐t✐✉ m ♣❛r❛ j ❢❛rá ✉♠❛ ♥♦✈❛ tr❛♥s♠✐ssã♦ q✉❛♥❞♦ ❞❡t❡❝t❛r

❛ ❢❛❧❤❛ ❡ i ✐rá r❡❝❡❜❡r ❛ ♠❡♥s❛❣❡♠ ❛tr❛✈és ❞❛ ♥♦✈❛ ár✈♦r❡ q✉❡ s❡rá r❡❝♦♥str✉í❞❛✳ ❆❧é♠

❞✐ss♦✱ s❡ ♦ ❢♦♥t❡ ❡stá ❢❛❧❤♦✱ ♥ã♦ é ♠❛✐s ♥❡❝❡ssár✐♦ ❝♦♥t✐♥✉❛r ❛ r❡tr❛♥s♠✐ssã♦✳ ❙❡ ♦ ❢♦♥t❡

❡ j ❡stã♦ ❝♦rr❡t♦s✱ ♦ ♣r♦❝❡ss♦ i ✈❡r✐✜❝❛ s❡ ❛ ♠❡♥s❛❣❡♠ é ♥♦✈❛ ❝♦♠♣❛r❛♥❞♦ ♦s t✐♠❡st❛♠♣s

❞❛ ú❧t✐♠❛ ♠❡♥s❛❣❡♠ ❛r♠❛③❡♥❛❞❛ ❡♠ lasti[j] ❡ ❞❛ ♠❡♥s❛❣❡♠ r❡❝❡❜✐❞❛ m ✭❧✐♥❤❛ ✷✶✮✳ ❙❡

m é ♥♦✈❛✱ lasti[j] é ❛t✉❛❧✐③❛❞♦ ❡ ❛ ♠❡♥s❛❣❡♠ é ❡♥tr❡❣✉❡ à ❛♣❧✐❝❛çã♦✳ ❊♠ s❡❣✉✐❞❛✱ m

é r❡tr❛♥s♠✐t✐❞❛ ♣❛r❛ ♦s ✈✐③✐♥❤♦s ❡♠ ❝❛❞❛ ❝❧✉st❡r ✐♥t❡r♥♦ ❛♦ ❝❧✉st❡r ❞❡ i✳ ❙❡ ♥ã♦ ❡①✐st❡

✈✐③✐♥❤♦ ❝♦rr❡t♦ ♦✉ s❡ i é ✉♠❛ ❢♦❧❤❛ ♥❛ ár✈♦r❡ ✭clusteri(j) = 1✮✱ ♥❡♥❤✉♠ ❆❈❑ ♣❡♥❞❡♥t❡ é

❛❞✐❝✐♦♥❛❞♦ ❛♦ ❝♦♥❥✉♥t♦ ack❴seti ❡ ❈❤❡❝❦❆❝❦s ❡♥✈✐❛ ✉♠ ❆❈❑ ♣❛r❛ j✳

❙❡ ✉♠❛ ♠❡♥s❛❣❡♠ 〈ACK,m〉 é r❡❝❡❜✐❞❛✱ ♦ ❝♦♥❥✉♥t♦ ack❴seti é ❛t✉❛❧✐③❛❞♦ ❡✱ s❡ ♥ã♦

❡①✐st❡♠ ♠❛✐s ❆❈❑s ♣❡♥❞❡♥t❡s ♣❛r❛ ❛ ♠❡♥s❛❣❡♠ m✱ ❈❤❡❝❦❆❝❦s ❡♥✈✐❛ ✉♠ 〈ACK,m〉
♣❛r❛ ♦ ♣r♦❝❡ss♦ k ❞♦ q✉❛❧ i r❡❝❡❜❡✉ ❛ ♠❡♥s❛❣❡♠ ❚❘❊❊ ❛♥t❡r✐♦r♠❡♥t❡✳ ◆♦ ❡♥t❛♥t♦✱ s❡

k = ⊥✱ ♦ ❆❈❑ ❛❧❝❛♥ç♦✉ ♦ ♣r♦❝❡ss♦ ❢♦♥t❡ ❡ ♥ã♦ ♣r❡❝✐s❛ ♠❛✐s s❡r ♣r♦♣❛❣❛❞♦✳

❆ ❞❡t❡❝çã♦ ❞❡ ✉♠ ♣r♦❝❡ss♦ ❢❛❧❤♦ j é tr❛t❛❞❛ ♥♦ ♣r♦❝❡❞✐♠❡♥t♦ ❈r❛s❤✳ ❚rês ❛çõ❡s sã♦

r❡❛❧✐③❛❞❛s✿ ✭✶✮ ❛t✉❛❧✐③❛çã♦ ❞❛ ❧✐st❛ ❞❡ ♣r♦❝❡ss♦s ❝♦rr❡t♦s❀ ✭✷✮ r❡♠♦çã♦ ❞♦s ❆❈❑s ♣❡♥❞❡♥t❡s

q✉❡ ❝♦♥té♠ ♦ ♣r♦❝❡ss♦ j ❝♦♠♦ ❞❡st✐♥♦ ♦✉ ❛q✉❡❧❡s ❡♠ q✉❡ ❛ ♠❡♥s❛❣❡♠ m ❢♦✐ ♦r✐❣✐♥❛❞❛ ❡♠

j❀ ✭✸✮ r❡❡♥✈✐♦ ❞❛s ♠❡♥s❛❣❡♥s ❛♥t❡r✐♦r♠❡♥t❡ tr❛♥s♠✐t✐❞❛s ❛♦ j ♣❛r❛ ♦ ♥♦✈♦ ✈✐③✐♥❤♦ k ♥♦

♠❡s♠♦ ❝❧✉st❡r ❞❡ j✱ s❡ ❡①✐st✐r ✉♠✳ ❊st❛ r❡tr❛♥s♠✐ssã♦ ❞❡s❡♥❝❛❞❡✐❛ ✉♠❛ ♣r♦♣❛❣❛çã♦ ♥❛

♥♦✈❛ ❡str✉t✉r❛ ❞❛ ár✈♦r❡✳



✺✾

❆❧❣♦r✐t♠♦ ✺✳✶ ❉✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❤✐❡rárq✉✐❝♦ ♥♦ ♣r♦❝❡ss♦ i
✶✿ lasti[n]← {⊥, ..,⊥}
✷✿ ack❴seti = ∅
✸✿ correcti = {0, .., n− 1}

✹✿ ♣r♦❝❡❞✉r❡ ❇r♦❛❞❝❛st✭♠❡ss❛❣❡ m✮
✺✿ ✇❛✐t ✉♥t✐❧ ack❴seti ∩ {〈⊥, ∗, lasti[i]〉} = ∅
✻✿ lasti[i] = m
✼✿ ❉❡❧✐✈❡r✭m✮
✽✿ ✴✴❡♥✈✐❛ ❛ t♦❞♦s ♦s ✈✐③✐♥❤♦s
✾✿ ❢♦r ❛❧❧ j ∈ neighborhoodi(log2 n) ❞♦
✶✵✿ ack❴seti ← ack❴seti ∪ {〈⊥, j,m〉}
✶✶✿ ❙❡♥❞✭〈TREE,m〉✮ t♦ pj

✶✷✿ ♣r♦❝❡❞✉r❡ ❈❤❡❝❦❆❝❦s✭♣r♦❝❡ss♦ j✱ ♠❡♥s❛❣❡♠ m✮
✶✸✿ ✐❢ ack❴seti ∩ {〈j, ∗,m〉} = ∅ t❤❡♥
✶✹✿ ✐❢ {source(m), j} ⊆ correcti t❤❡♥
✶✺✿ ❙❡♥❞✭〈ACK,m〉✮ t♦ pj

✶✻✿ ♣r♦❝❡❞✉r❡ ❘❡❝❡✐✈❡✭〈TREE,m〉✮ ❢r♦♠ pj
✶✼✿ ✐❢ {source(m), j} * correcti t❤❡♥
✶✽✿ r❡t✉r♥

✶✾✿ ✴✴✈❡r✐✜❝❛ s❡ m é ♥♦✈❛
✷✵✿ ✐❢ lasti[source(m)] = ⊥ ♦r

✷✶✿ ts(m) = ts(lasti[source(m)]) + 1 t❤❡♥

✷✷✿ lasti[source(m)]← m
✷✸✿ ❉❡❧✐✈❡r✭m✮

✷✹✿ ✴✴r❡tr❛♥s♠✐t❡ ❛♦s ✈✐③✐♥❤♦s ❞♦s ❝❧✉st❡s ✐♥t❡r♥♦s
✷✺✿ ❢♦r ❛❧❧ k ∈ neighborhoodi(clusteri(j)− 1) ❞♦
✷✻✿ ✐❢ 〈j, k,m〉 /∈ ack❴seti t❤❡♥
✷✼✿ ack❴seti ← ack❴seti ∪ {〈j, k,m〉}
✷✽✿ ❙❡♥❞✭〈TREE,m〉✮ t♦ pk

✷✾✿ ❈❤❡❝❦❆❝❦s✭j✱ m✮

✸✵✿ ♣r♦❝❡❞✉r❡ ❘❡❝❡✐✈❡✭〈ACK,m〉✮ ❢r♦♠ pj
✸✶✿ k ← x : 〈x, j,m〉 ∈ ack❴seti
✸✷✿ ack❴seti ← ack❴seti r {〈k, j,m〉}
✸✸✿ ✐❢ k 6= ⊥ t❤❡♥

✸✹✿ ❈❤❡❝❦❆❝❦s✭k✱ m✮

✸✺✿ ♣r♦❝❡❞✉r❡ ❈r❛s❤✭♣r♦❝❡ss♦ j✮ ✴✴j é ❞❡t❡❝t❛❞♦ ❢❛❧❤♦
✸✻✿ correcti ← correcti r {j}
✸✼✿ k ← FF❴neighbori(clusteri(j))
✸✽✿ ❢♦r ❛❧❧ p = x, q = y,m = z : 〈x, y, z〉 ∈ ack❴seti ❞♦
✸✾✿ ✐❢ {source(m), p} * correcti t❤❡♥
✹✵✿ ✴✴r❡♠♦✈❡ ❆❈❑s ♣❡♥❞❡♥t❡s ♣❛r❛ 〈j, ∗, ∗〉 ❡
✹✶✿ ✴✴〈∗, ∗,m〉 : source(m) = j
✹✷✿ ack❴seti ← ack❴seti r {〈p, q,m〉}
✹✸✿ ❡❧s❡ ✐❢ q = j t❤❡♥ ✴✴❡♥✈✐❛ m ♣❛r❛ ✈✐③✐♥❤♦ k
✹✹✿ ✐❢ k 6= ⊥ ❛♥❞ 〈p, k,m〉 /∈ ack❴seti t❤❡♥
✹✺✿ ack❴seti ← ack❴seti ∪ {〈p, k,m〉}
✹✻✿ ❙❡♥❞✭〈TREE,m〉✮ t♦ pk

✹✼✿ ack❴seti ← ack❴seti r {〈p, j,m〉}
✹✽✿ ❈❤❡❝❦❆❝❦s✭p✱ m✮



✻✵

✺✳✸✳✶ Pr♦✈❛ ❋♦r♠❛❧

❖ ❝♦rr❡t♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ❆❧❣♦r✐t♠♦ ✺✳✶ ❝♦♠♦ ✉♠❛ s♦❧✉çã♦ ❞❡ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦

✭❚❡♦r❡♠❛ ✺✳✶✮ é ❣❛r❛♥t✐❞♦ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❡♥tr❡❣❛ ❝♦♥✜á✈❡❧ ✭▲❡♠❛ ✺✳✶✮ ❡ ✐♥t❡❣r✐❞❛❞❡

✭♥ã♦✲❞✉♣❧✐❝❛çã♦ ❡ ♥ã♦✲❝r✐❛çã♦✮ ✭▲❡♠❛ ✺✳✷✮✳

▲❡♠❛ ✺✳✶ ✭❊♥tr❡❣❛ ❝♦♥✜á✈❡❧✮✳ ❙❡ ✉♠ ♣r♦❝❡ss♦ ❝♦rr❡t♦ i ❡❢❡t✉❛ ❛ ❞✐❢✉sã♦ ❞❡ ✉♠❛ ♠❡♥s❛✲

❣❡♠ m✱ ❡♥tã♦ ❡❧❡ t❛♠❜é♠ ❡♥tr❡❣❛ m ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ✜♥✐t♦✳

Pr♦✈❛✳ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ ❜r♦❛❞❝❛st✭m✮ ❞♦ ❆❧❣♦r✐t♠♦ ✺✳✶✳ ❖ ♣r♦❝❡ss♦ i ❛❣✉❛r❞❛

❛té r❡❝❡❜❡r t♦❞♦s ❛s ♠❡♥s❛❣❡♥s ❞❡ ❝♦♥✜r♠❛çã♦ ✭❆❈❑s✮ r❡❧❛❝✐♦♥❛❞❛s à ú❧t✐♠❛ ♠❡♥s❛❣❡♠

❡♥✈✐❛❞❛ ♣♦r ❡❧❡✱ ❛r♠❛③❡♥❛❞❛ ❡♠ lasti[i] ✭❧✐♥❤❛ ✺✮✳ ❖ ❛❧❣♦r✐t♠♦ ❣❛r❛♥t❡ q✉❡✱ ♦✉ t♦❞♦s

♦s ❆❈❑s ❞♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s sã♦ r❡❝❡❜✐❞♦s ♣♦r i ✭❧✐♥❤❛ ✸✵✮ ♦✉ ♦ ♣r♦❝❡ss♦ j q✉❡ ♥ã♦

❡♥✈✐♦✉ ❆❈❑ ❡stá ❢❛❧❤♦ ❡ i✱ ❛♣ós ❞❡t❡❝t❛r ❛ ❢❛❧❤❛ ❞❡ j✱ r❡tr❛♥s♠✐t❡ ❛ ♠❡♥s❛❣❡♠ ❛♦ ♣ró①✐♠♦

♣r♦❝❡ss♦ s❡♠✲❢❛❧❤❛ k ♥♦ ♠❡s♠♦ ❝❧✉st❡r ❞❡ j ✭s❡ ❡①✐st✐r ❛❧❣✉♠✮ ❡ r❡♠♦✈❡ ♦ ❆❈❑ ❞❛ ❧✐st❛

❞❡ ♣❡♥❞❡♥t❡s ✭❧✐♥❤❛ ✸✺✮✳ ❆ss✐♠✱ ❡♠ ✉♠ t❡♠♣♦ ✜♥✐t♦✱ ♥ã♦ ❤❛✈❡rá ♠❛✐s ❆❈❑s ♣❡♥❞❡♥t❡s❀

♦ ✈❛❧♦r ❞❡ lasti[i] é ❛t✉❛❧✐③❛❞♦ ❡ i ❡♥tr❡❣❛ m ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ✭❧✐♥❤❛s ✺✲✼✮✳ �

▲❡♠❛ ✺✳✷ ✭■♥t❡❣r✐❞❛❞❡✮✳ ❚♦❞♦ ♣r♦❝❡ss♦ ❝♦rr❡t♦ i ❡♥tr❡❣❛ ✉♠❛ ♠❡♥s❛❣❡♠ m ♥♦ ♠á①✐♠♦

✉♠❛ ✈❡③ ✭♥ã♦✲❞✉♣❧✐❝❛çã♦✮ ❡ s♦♠❡♥t❡ s❡ m ❢♦✐ ♣r❡✈✐❛♠❡♥t❡ ❡♥✈✐❛❞❛ ♣♦r ❜r♦❛❞❝❛st ♣♦r ❛❧❣✉♠

♣r♦❝❡ss♦ ✭♥ã♦✲❝r✐❛çã♦✮✳

Pr♦✈❛✳ ❆ ❡♥tr❡❣❛ ❞❛ ♠❡♥s❛❣❡♠ m ♣❡❧♦ ♣r♦❝❡ss♦ ❢♦♥t❡ é ❣❛r❛♥t✐❞❛ ♣❡❧♦ ▲❡♠❛ ✺✳✶✳ ❖

❚❡♦r❡♠❛ ✹✳✶ ❣❛r❛♥t❡ q✉❡ t♦❞♦ ♣r♦❝❡ss♦ ❝♦rr❡t♦ j r❡❝❡❜❡ ❛ ♠❡♥s❛❣❡♠ m ♣r♦♣❛❣❛❞❛ ♣♦r i

❛tr❛✈és ❞❛ ár✈♦r❡ ❣❡r❛❞♦r❛✳ ❆♦ r❡❝❡❜❡r m✱ j ✈❡r✐✜❝❛ s❡ m é ✉♠❛ ♥♦✈❛ ♠❡♥s❛❣❡♠ ❛tr❛✈és

❞♦ s❡✉ t✐♠❡st❛♠♣ ✭❧✐♥❤❛ ✷✶✮ ❡✱ ❡♠ ❝❛s♦ ♣♦s✐t✐✈♦✱ ❡♥tr❡❣❛ m✳ ❆ss✐♠✱ ♠❡s♠♦ q✉❡ ✉♠❛

♠❡♥s❛❣❡♠ s❡❥❛ r❡tr❛♥s♠✐t✐❞❛ ❛♣ós ❛ ❞❡t❡❝çã♦ ❞❡ ✉♠ ❢❛❧❤❛ ❡ ❛❧❝❛♥❝❡ ✉♠ ♣r♦❝❡ss♦ q✉❡ ❥á

❛ r❡❝❡❜❡✉✱ ♦ r❡❝❡♣t♦r ♥✉♥❝❛ ❢❛rá ❛ ❡♥tr❡❣❛ ❞✉♣❧✐❝❛❞❛✳ ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♥ã♦✲❝r✐❛çã♦ é

❣❛r❛♥t✐❞❛ ♣❡❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦s ❡♥❧❛❝❡s ❝♦♥✜á✈❡✐s✳ �

❚❡♦r❡♠❛ ✺✳✶✳ ❖ ❆❧❣♦r✐t♠♦ ✺✳✶ é ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦✿ s❡ ♦

❡♠✐ss♦r é ❝♦rr❡t♦✱ t♦❞♦ ♣r♦❝❡ss♦ ❝♦rr❡t♦ r❡❝❡❜❡rá ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦ ❞❡ ♠❡♥s❛❣❡♥s✳

Pr♦✈❛✳ ❖ ❚❡♦r❡♠❛ é ✈❛❧✐❞❛❞♦ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦✿ ❡♥tr❡❣❛

❝♦♥✜á✈❡❧ ✭▲❡♠❛ ✺✳✶✮ ❡ ■♥t❡❣r✐❞❛❞❡ ✭▲❡♠❛ ✺✳✷✮✳ �

❚❡♦r❡♠❛ ✺✳✷✳ ❖ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ❡♥✈✐❛❞❛s ♣❛r❛ ❝❛❞❛ ♠❡♥s❛❣❡♠ ❞❡ ❛♣❧✐❝❛çã♦ ❡♠ ✉♠❛

❡①❡❝✉çã♦ s❡♠ ❢❛❧❤❛s ❞♦ ❆❧❣♦r✐t♠♦ ✺✳✶ é 2 ∗ (n − 1)✳ ❙❡ ✉♠ ♣r♦❝❡ss♦ j ❢❛❧❤❛ ❛♥t❡s ❞❡

❝♦♥✜r♠❛r ♦ r❡❝❡❜✐♠❡♥t♦ ❞❡ ✉♠❛ ♠❡♥s❛❣❡♠ ❚❘❊❊ r❡❝❡❜✐❞❛ ❞❡ ✉♠ ♣r♦❝❡ss♦ i✱ ♦ t♦t❛❧

❞❡ ♠❡♥s❛❣❡♥s ❡①tr❛s ❞❡♣❡♥❞❡ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣r♦❝❡ss♦s ♥♦ ❝❧✉st❡r ❞❡ j ❡♠ r❡❧❛çã♦ ❛♦

♣r♦❝❡ss♦ i✳



✻✶

Pr♦✈❛✳ ❊♠ ✉♠❛ ❡①❡❝✉çã♦ s❡♠ ❢❛❧❤❛s✱ ♣❛r❛ ❝❛❞❛ ♠❡♥s❛❣❡♠ ❚❘❊❊ ❡♥✈✐❛❞❛✱ ✉♠❛ ♠❡♥s❛✲

❣❡♠ ❆❈❑ é r❡t♦r♥❛❞❛✳ ❙❡❥❛ n− 1 ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ♥❛ ár✈♦r❡ ❝♦♠ n ♣r♦❝❡ss♦s✱ ♦ t♦t❛❧

❞❡ ♠❡♥s❛❣❡♥s é ♦ ❞♦❜r♦ ❞♦ t♦t❛❧ ❞❡ ❛r❡st❛s✳

❙❡ ✉♠ ♣r♦❝❡ss♦ j é ❞❡t❡❝t❛❞♦ ❝♦♠♦ ❢❛❧❤♦ ♣♦r ✉♠ ♣r♦❝❡ss♦ i ❞❡♣♦✐s q✉❡ ❛ ♠❡♥s❛❣❡♠

❚❘❊❊ ❢♦✐ ❡♥✈✐❛❞❛ ♣❛r❛ j✱ ✉♠❛ ♥♦✈❛ ♠❡♥s❛❣❡♠ s❡rá ❡♥✈✐❛❞❛ ♣❛r❛ ♦ ♣ró①✐♠♦ ✈✐③✐♥❤♦

k = FF❴neighbori(clusteri(j))✳ ❙❡❥❛ s = clusteri(j)✳ ◆♦ ♠❡❧❤♦r ❝❛s♦✱ k = ⊥ ❡ ♥❡♥❤✉♠❛

♠❡♥s❛❣❡♠ ❡①tr❛ é ❡♥✈✐❛❞❛ ✭j ∈ ci,1 ♦✉ ♥ã♦ ❡①✐st❡♠ ♠❛✐s ♣r♦❝❡ss♦s ❝♦rr❡t♦s ♥♦ ❝❧✉st❡r s✮✳

◆♦ ❡♥t❛♥t♦✱ s❡ k 6= ⊥✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s ❡①tr❛s ❞❡♣❡♥❞❡ ❞♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s

❞❡t❡❝t❛❞♦s ❝♦♠♦ ❝♦rr❡t♦s ♥♦ ❝❧✉st❡r s✳ ❙❡❥❛ n′ = |ci,s| ♦ t♦t❛❧ ❞❡ ♣r♦❝❡ss♦s ♥♦ ❝❧✉st❡r ci,s✳

◆♦ ♣✐♦r ❝❛s♦✱ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❞♦ ❝❧✉st❡r ❡stã♦ ❝♦rr❡t♦s✱ ❡①❝❡t♦ j✱ ❡ j ❡♥✈✐♦✉ ❛ ♠❡♥s❛❣❡♠

❛ t♦❞♦s ♦s ✈✐③✐♥❤♦s ❛♥t❡s ❞❡ ❢❛❧❤❛r✳ ❆ss✐♠✱ ♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ❡①tr❛s s❡rá 1+2∗(n′−2)✱
✉♠❛ ❚❘❊❊ ❡①tr❛ ♣❛r❛ k ❡ (n′ − 2) ❚❘❊❊s ✰ (n′ − 2) ❆❈❑s ♥❛ s✉❜✲ár✈♦r❡✳ ❉❡ ❢♦r♠❛

❣❡r❛❧✱ s❡ ❡①✐st❡♠ f ♣r♦❝❡ss♦s ❢❛❧❤♦s ❡♠ ci,s ✐♥❝❧✉✐♥❞♦ j✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s ❡①tr❛s

r❡tr❛♥s♠✐t✐❞❛s é 1 + 2 ∗ (n′ − 1− f)✳ �

✺✳✹ ❉✐❢✉sã♦ ❈♦♥✜á✈❡❧

❯♠ ❛❧❣♦r✐t♠♦ ❞❡ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧ ✭r❡❧✐❛❜❧❡ ❜r♦❛❞❝❛st✮ ❣❛r❛♥t❡ q✉❡ ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦ ❞❡

♠❡♥s❛❣❡♥s é ❡♥tr❡❣✉❡ ❛ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s✱ ♠❡s♠♦ s❡ ♦ ♣r♦❝❡ss♦ ❡♠✐ss♦r ✭❢♦♥t❡✮

❢❛❧❤❛r ❞✉r❛♥t❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❞✐❢✉sã♦✳ P❛r❛ t❛♥t♦✱ ❛ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧ ❤❡r❞❛ ❛s ♣r♦♣r✐✲

❡❞❛❞❡s ❞❡ ❡♥tr❡❣❛ ❝♦♥✜á✈❡❧✱ ♥ã♦✲❝r✐❛çã♦ ❡ ♥ã♦✲❞✉♣❧✐❝❛çã♦ ❞♦ ♠❡❧❤♦r✲❡s❢♦rç♦ ❡ ❛❝r❡s❝❡♥t❛

❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝♦r❞♦ ✭❛❣r❡❡♠❡♥t✮✳ ❆ss✐♠✱ ❛ s♦❧✉çã♦ ♣❛r❛ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧ ♣r♦♣♦st❛

♥❡st❡ tr❛❜❛❧❤♦ é ✉♠❛ ♠♦❞✐✜❝❛çã♦ ❞❛ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✺✳✸ q✉❡

✐♥❝❧✉✐ ♦ tr❛t❛♠❡♥t♦ ♣❛r❛ ❛ ❢❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ ❢♦♥t❡✳ ❖ ❆❧❣♦r✐t♠♦ ✺✳✷ ❛♣r❡s❡♥t❛ ❛s ♠♦❞✐✜✲

❝❛çõ❡s r❡❛❧✐③❛❞❛s✳ ❆s ✈❛r✐á✈❡✐s lasti✱ ack❴set ❡ correcti sã♦ ❛s ♠❡s♠❛s ❞♦ ❆❧❣♦r✐t♠♦ ✺✳✶✱

❜❡♠ ❝♦♠♦ ♦s ♠ét♦❞♦s ❘❡❝❡✐✈❡✭ACK,m✮ ❡ ❈❤❡❝❦❆❝❦s✳

❯♠ ♣r♦❝❡ss♦ pi q✉❡ ❞❡s❡❥❛ ❡❢❡t✉❛r ❛ ❞✐❢✉sã♦ ❞❡ ✉♠❛ ♠❡♥s❛❣❡♠ m ✐♥✈♦❝❛ ♦ ♣r♦❝❡❞✐✲

♠❡♥t♦ ❇r♦❛❞❝❛st✭m✮✳ ❙❡ m t❡♠ ♦r✐❣❡♠ ♥♦ ♠❡s♠♦ ♣r♦❝❡ss♦✱ source(m) = i✱ ❡♥tã♦ ♦

tr❛t❛♠❡♥t♦ é ♦ ♠❡s♠♦ r❡❛❧✐③❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❡ ❛ ♠❡♥s❛❣❡♠ é ❡♥tã♦

♣r♦♣❛❣❛❞❛ ♣❛r❛ t♦❞♦s ♦s ✈✐③✐♥❤♦s ❞❡ pi✳ ◗✉❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ pi r❡❝❡❜❡ ❛ ♠❡♥s❛❣❡♠

〈TREE,m〉 ❞❡ ✉♠ ♣r♦❝❡ss♦ pj ❡❧❡ ♣r✐♠❡✐r❛♠❡♥t❡ ✈❡r✐✜❝❛ s❡ j /∈ correcti✳ ❙❡ pj ❡stá ❢❛❧❤♦✱

❛ ♠❡♥s❛❣❡♠ é ❞❡s❝❛rt❛❞❛✳ ◆♦t❡ q✉❡ ❡st❛ ✈❡r✐✜❝❛çã♦ ❞✐❢❡r❡ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦✱

q✉❡ ♥ã♦ ❞❡s❝❛rt❛ ♠❡♥s❛❣❡♥s r❡❝❡❜✐❞❛s ❞❡ ✉♠ source(m) ❢❛❧❤♦✳ ❆ s❡❣✉♥❞❛ ♠♦❞✐✜❝❛çã♦

❡stá ♥❛s ❧✐♥❤❛s ✷✵✲✷✷✳ ❙❡ pi r❡❝❡❜❡ ✉♠❛ ♠❡♥s❛❣❡♠ ♥♦✈❛ ❞❡ ✉♠ ♣r♦❝❡ss♦ ❢♦♥t❡ ❝♦♥s✐❞❡r❛❞♦

❢❛❧❤♦✱ ❡❧❡ ✐♥✐❝✐❛ ✉♠ ♥♦✈♦ ❜r♦❛❞❝❛st ❝♦♠ ❛ ♠❡♥s❛❣❡♠ r❡❝❡❜✐❞❛ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ♦s ❞❡♠❛✐s

♣r♦❝❡ss♦s r❡❝❡❜❛♠ m ❝♦rr❡t❛♠❡♥t❡✳ ◆❡st❡ ❝❛s♦✱ q✉❛♥❞♦ ❛ ❧✐♥❤❛ ✷ é ❡①❡❝✉t❛❞❛✱ source(m)

♥ã♦ s❡rá ✐❣✉❛❧ ❛ i ❡ ❛ ♠❡♥s❛❣❡♠ é r❡tr❛♥s♠✐t✐❞❛ ❛♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s ❛tr❛✈és ❞❛ ár✈♦r❡

❣❡r❛❞♦r❛ ❞❡ pj✳

❆ r❡❝✉♣❡r❛çã♦ ❡♠ ❝❛s♦ ❞❡ ❢❛❧❤❛s é s❡♠❡❧❤❛♥t❡ à s♦❧✉çã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦✱ ❡①❝❡t♦ ♣❡❧♦



✻✷

❆❧❣♦r✐t♠♦ ✺✳✷ ❉✐❢✉sã♦ ❝♦♥✜á✈❡❧ ❤✐❡rárq✉✐❝❛ ♥♦ ♣r♦❝❡ss♦ i

✶✿ ♣r♦❝❡❞✉r❡ ❇r♦❛❞❝❛st✭♠❡ss❛❣❡ m✮
✷✿ ✐❢ source(m) = i t❤❡♥
✸✿ ✇❛✐t ✉♥t✐❧ ack❴seti ∩ {〈⊥, ∗, lasti[i]〉} = ∅
✹✿ lasti[i] = m
✺✿ ❉❡❧✐✈❡r✭m✮

✻✿ ✴✴❡♥✈✐❛ ❛ t♦❞♦s ♦s ✈✐③✐♥❤♦s
✼✿ ❢♦r ❛❧❧ j ∈ neighborhoodi(log2 n) ❞♦
✽✿ ack❴seti ← ack❴seti ∪ {〈⊥, j,m〉}
✾✿ ❙❡♥❞✭〈TREE,m〉✮ t♦ pj

✶✵✿ ♣r♦❝❡❞✉r❡ ❈❤❡❝❦❆❝❦s✭♣r♦❝❡ss♦ j✱ ♠❡♥s❛❣❡♠ m✮
✶✶✿ ✴✴♦ ♠❡s♠♦ ❞♦ ❆❧❣♦r✐t♠♦ ✺✳✶

✶✷✿ ♣r♦❝❡❞✉r❡ ❘❡❝❡✐✈❡✭〈TREE,m〉✮ ❢r♦♠ pj
✶✸✿ ✐❢ j /∈ correcti t❤❡♥
✶✹✿ r❡t✉r♥

✶✺✿ ✴✴✈❡r✐✜❝❛ s❡ m é ♥♦✈❛
✶✻✿ ✐❢ lasti[source(m)] = ⊥ ♦r

✶✼✿ ts(m) = ts(lasti[source(m)]) + 1 t❤❡♥

✶✽✿ lasti[source(m)]← m
✶✾✿ ❉❡❧✐✈❡r✭m✮
✷✵✿ ✐❢ source(m) /∈ correcti t❤❡♥
✷✶✿ ❇r♦❛❞❝❛st✭m✮
✷✷✿ r❡t✉r♥

✷✸✿ ✴✴r❡tr❛♥s♠✐t❡ ❛♦s ✈✐③✐♥❤♦s ❞♦s ❝❧✉st❡s ✐♥t❡r♥♦s
✷✹✿ ❢♦r ❛❧❧ k ∈ neighborhoodi(clusteri(j)− 1) ❞♦
✷✺✿ ✐❢ 〈j, k,m〉 /∈ ack❴seti t❤❡♥
✷✻✿ ack❴seti ← ack❴seti ∪ {〈j, k,m〉}
✷✼✿ ❙❡♥❞✭〈TREE,m〉✮ t♦ pk

✷✽✿ ❈❤❡❝❦❆❝❦s✭j✱ m✮

✷✾✿ ♣r♦❝❡❞✉r❡ ❘❡❝❡✐✈❡✭〈ACK,m〉✮ ❢r♦♠ pj
✸✵✿ ✴✴♦ ♠❡s♠♦ ❞♦ ❆❧❣♦r✐t♠♦ ✺✳✶

✸✶✿ ♣r♦❝❡❞✉r❡ ❈r❛s❤✭♣r♦❝❡ss♦ j✮ ✴✴j é ❞❡t❡❝t❛❞♦ ❢❛❧❤♦
✸✷✿ correcti ← correcti r {j}
✸✸✿ k ← FF❴neighbori(clusteri(j))
✸✹✿ ❢♦r ❛❧❧ p = x, q = y,m = z : 〈x, y, z〉 ∈ ack❴seti ❞♦
✸✺✿ ✐❢ p /∈ correcti t❤❡♥
✸✻✿ ✴✴r❡♠♦✈❡ ❆❈❑s ♣❡♥❞❡♥t❡s ♣❛r❛ 〈j, ∗, ∗〉
✸✼✿ ack❴seti ← ack❴seti r {〈p, q,m〉}
✸✽✿ ❡❧s❡ ✐❢ q = j t❤❡♥ ✴✴❡♥✈✐❛ m ♣❛r❛ ✈✐③✐♥❤♦ k
✸✾✿ ✐❢ k 6= ⊥ ❛♥❞ 〈p, k,m〉 /∈ ack❴seti t❤❡♥
✹✵✿ ack❴seti ← ack❴seti ∪ {〈p, k,m〉}
✹✶✿ ❙❡♥❞✭〈TREE,m〉✮ t♦ pk

✹✷✿ ack❴seti ← ack❴seti r {〈p, j,m〉}
✹✸✿ ❈❤❡❝❦❆❝❦s✭p✱ m✮

✹✹✿ ✐❢ lasti[j] 6= ⊥ t❤❡♥

✹✺✿ ❇r♦❛❞❝❛st✭lasti[j]✮

❜r♦❛❞❝❛st ❞❛ ú❧t✐♠❛ ♠❡♥s❛❣❡♠ r❡❝❡❜✐❞❛ ❞♦ ♣r♦❝❡ss♦ j ❞❡t❡❝t❛❞♦ ❝♦♠♦ ❢❛❧❤♦ ✭❧✐♥❤❛ ✹✺✮✳

❊st❛ r❡tr❛♥s♠✐ssã♦✱ ❡♠ ❝♦♥❥✉♥t♦ ❝♦♠ ❛q✉❡❧❛ ❞❛ ❧✐♥❤❛ ✷✶✱ ❣❛r❛♥t❡ q✉❡ t♦❞♦s ♦s ❞❡♠❛✐s

♣r♦❝❡ss♦s ❝♦rr❡t♦s r❡❝❡❜❡rã♦ ❛ ú❧t✐♠❛ ♠❡♥s❛❣❡♠ tr❛♥s♠✐t✐❞❛ ♣❡❧♦ ♣r♦❝❡ss♦ j ❢❛❧❤♦✱ ♠❡s♠♦

q✉❡ ✉♠ ú♥✐❝♦ ♣r♦❝❡ss♦ ❝♦rr❡t♦ t❡♥❤❛ r❡❝❡❜✐❞♦ ❛ ♠❡♥s❛❣❡♠ ❛♥t❡s ❞❡ j ❢❛❧❤❛r✳
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✺✳✹✳✶ Pr♦✈❛ ❋♦r♠❛❧

◆❡st❛ s❡çã♦ é ❞❡♠♦♥str❛❞♦ ❢♦r♠❛❧♠❡♥t❡ q✉❡ ♦ ❆❧❣♦r✐t♠♦ ✺✳✷ ✐♠♣❧❡♠❡♥t❛ ✉♠❛ s♦❧✉çã♦

❞❡ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧ ✭❚❡♦r❡♠❛ ✺✳✹✮✱ ❣❛r❛♥t✐♥❞♦ ❡♥tr❡❣❛ ❝♦♥✜á✈❡❧✱ ✐♥t❡❣r✐❞❛❞❡ ❡ ❛❝♦r❞♦

✭❛❣r❡❡♠❡♥t✮✳ ❙❡♥❞♦ ✉♠❛ ❞❡r✐✈❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❞❛ ❙❡çã♦ ✺✳✸ ❡✱ ❡st❛♥❞♦

❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❡♥tr❡❣❛ ❝♦♥✜á✈❡❧ ❡ ✐♥t❡❣r✐❞❛❞❡ ❥á ♣r♦✈❛❞❛s ♥❛ ♦❝❛s✐ã♦✱ s❡rá ❛♣r❡s❡♥t❛❞❛

❛♣❡♥❛s ❛ ✈❛❧✐❞❛çã♦ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝♦r❞♦✱ ♥♦ ▲❡♠❛ ✺✳✸ ❛ s❡❣✉✐r✳

▲❡♠❛ ✺✳✸ ✭❆❝♦r❞♦✮✳ ❙❡ ✉♠ ♣r♦❝❡ss♦ ❢♦♥t❡ i ❡♥✈✐❛ ✉♠❛ ♠❡♥s❛❣❡♠ m ♣❛r❛ ❛♦ ♠❡♥♦s ✉♠

♣r♦❝❡ss♦ ❝♦rr❡t♦ j ∈ neighborhoodi(log2 n) ❡ j ❡♥tr❡❣❛ m✱ ❡♥tã♦ t♦❞♦ ♣r♦❝❡ss♦ ❝♦rr❡t♦

r❡❝❡❜❡rá ❡ ❡♥tr❡❣❛rá m✱ ♠❡s♠♦ q✉❡ i ✈❡♥❤❛ ❛ ❢❛❧❤❛r ❛♥t❡s ❞❡ t❡r♠✐♥❛r ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡

❜r♦❛❞❝❛st✳

Pr♦✈❛✳ ❙❡ ✉♠ ♣r♦❝❡ss♦ ❢♦♥t❡ é ❝♦rr❡t♦✱ ♦ ❚❡♦r❡♠❛ ✹✳✶ ❡♠ ❝♦♥❥✉♥t♦ ❝♦♠ ❛s ♣r♦♣r✐❡❞❛❞❡s

❞❡ ✐♥t❡❣r✐❞❛❞❡ ✭▲❡♠❛ ✺✳✷✮ ❡ ❡♥tr❡❣❛ ❝♦♥✜á✈❡❧ ✭▲❡♠❛ ✺✳✶✮ ❣❛r❛♥t❡ q✉❡ m s❡rá ❡♥tr❡❣✉❡ ♣♦r

t♦❞♦s ♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s✳

❙❡ ♦ ♣r♦❝❡ss♦ ❢♦♥t❡ i ❢❛❧❤❛ ❛♥t❡s ❞❡ ❡♥✈✐❛r ❛ ♠❡♥s❛❣❡♠ m ♣❛r❛ ❛❧❣✉♠ ♣r♦❝❡ss♦ ❝♦rr❡t♦

j ∈ neighborhoodi(log2 n)✱ ♥❡♥❤✉♠ ♣r♦❝❡ss♦ ❝♦rr❡t♦ r❡❝❡❜❡rám ❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝♦r❞♦

❡stá ♠❛♥t✐❞❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❛♦ ♠❡♥♦s ✉♠ ♣r♦❝❡ss♦ ❝♦rr❡t♦ j r❡❝❡❜❡ m✱ ❡st❡ s❡rá

♥♦t✐✜❝❛❞♦ s♦❜r❡ ❛ ❢❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ ❢♦♥t❡ i✳ ◆❡st❡ ❝❛s♦✱ ♦ ❛❝♦r❞♦ é ❣❛r❛♥t✐❞♦ ♣♦r ❞✉❛s

❛çõ❡s✿ ✭✶✮ ❞✐❢✉sã♦ ❞✉r❛♥t❡ ❛ r❡❝❡♣çã♦ ❞❛ ú❧t✐♠❛ ♠❡♥s❛❣❡♠ r❡❝❡❜✐❞❛ ❞❡ i ✭♥❡st❡ ❝❛s♦

✉♠❛ ♥♦✈❛ ♠❡♥s❛❣❡♠✮ s❡ i ❥á ❢♦✐ ❞❡t❡❝t❛❞♦ ❝♦♠♦ ❢❛❧❤♦ ✭❧✐♥❤❛ ✷✶✮❀ ✭✷✮ ❞✐❢✉sã♦ ❞❛ ú❧t✐♠❛

♠❡♥s❛❣❡♠ ❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡t❡❝t❛❞♦ ❝♦♠♦ ❢❛❧❤♦ ❡ r❡♠♦✈✐❞♦ ❞❡ correcti ✭❧✐♥❤❛ ✹✺✮✳ ◆♦s

❞♦✐s ❝❛s♦s✱ ♦ ♣r♦❝❡ss♦ q✉❡ r❡❝❡❜❡ ❛ ♠❡♥s❛❣❡♠ m ❛ss✉♠❡ ❛ r❡s♣♦♥s❛❜✐❧✐❞❛❞❡ ❞❡ ❣❛r❛♥t✐r ❛

❡♥tr❡❣❛ ❞❡ m ♣❛r❛ t♦❞♦s ♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s ❝♦rr❡t♦s✳ ◆♦ ❝❛s♦ ❞❛ s❡❣✉♥❞❛ ❛çã♦✱ t♦❞♦s

♦s ♣r♦❝❡ss♦s ❡①❡❝✉t❛♠ ❛ ❞✐❢✉sã♦ ❛♣ós ❛ ❞❡t❡❝çã♦ ❞❛ ❢❛❧❤❛ ❞❡ j✱ ✈✐st♦ q✉❡ ♥ã♦ s❡ s❛❜❡ q✉❛❧

❞❡❧❡s ♣♦ss✉✐ ❛ ♠❡♥s❛❣❡♠ ♠❛✐s ❛t✉❛❧✳ �

❚❡♦r❡♠❛ ✺✳✹✳ ❖ ❆❧❣♦r✐t♠♦ ✺✳✷ é ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧✳ ❊❧❡ ❣❛r❛♥t❡ ❛s

♣r♦♣r✐❡❞❛❞❡s ❞❡ ✏❡♥tr❡❣❛ ❝♦♥✜á✈❡❧✑✱ ✏✐♥t❡❣r✐❞❛❞❡✑ ❡ ✏❛❝♦r❞♦✑✳

Pr♦✈❛✳ ❆s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❡♥tr❡❣❛ ❝♦♥✜á✈❡❧✱ ✐♥t❡❣r✐❞❛❞❡ ❡ ❛❝♦r❞♦ sã♦ ❣❛r❛♥t✐❞❛s ♣❡❧♦

▲❡♠❛ ✺✳✶✱ ▲❡♠❛ ✺✳✷ ❡ ▲❡♠❛ ✺✳✸✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ �

✺✳✺ ❆✈❛❧✐❛çã♦ ❊①♣❡r✐♠❡♥t❛❧

P♦r s❡r ✉t✐❧✐③❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ ♣r♦♣♦st♦ ♥♦ ❈❛♣ít✉❧♦ ✻✱ ♦ ❛❧❣♦r✐t♠♦

❞❡ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ✐♠♣❧❡♠❡♥t❛❞♦ ✉t✐❧✐③❛♥❞♦ ♦ ◆❡❦♦ ✭❯r❜á♥

❡t ❛❧✳✱ ✷✵✵✷✮✳ ❖ ◆❡❦♦ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ❏❛✈❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣❛r❛ ❛ s✐♠✉❧❛çã♦ ❡ ❡♠✉❧❛çã♦ ❞❡

❛❧❣♦r✐t♠♦s ❞✐str✐❜✉í❞♦s ❜❛s❡❛❞❛ ❡♠ ♠✐❝r♦♣r♦t♦❝♦❧♦s ❡ tr♦❝❛ ❞❡ ♠❡♥s❛❣❡♥s✳ ❈❛❞❛ ♣r♦t♦❝♦❧♦
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é ✐♥st❛♥❝✐❛❞♦ ❡♠ ✉♠ ♣r♦❝❡ss♦ ✭q✉❡ ♣♦❞❡ r❡♣r❡s❡♥t❛r ✉♠ ♥♦❞♦✮ ❡ ✉t✐❧✐③❛ ✉♠❛ r❡❞❡ r❡❛❧ ♦✉

s✐♠✉❧❛❞❛ ♣❛r❛ s❡ ❝♦♠✉♥✐❝❛r ❝♦♠ ♣r♦t♦❝♦❧♦s ❡♠ ♦✉tr♦s ♣r♦❝❡ss♦s✳

❖ ❛❧❣♦r✐t♠♦ ❤✐❡rárq✉✐❝♦ ❞❡ ♠♦♥✐t♦r❛♠❡♥t♦ ❱❈✉❜❡ t❛♠❜é♠ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ✉t✐❧✐✲

③❛♥❞♦ ♦ ◆❡❦♦✳ ❆s ❢❛❧❤❛s ❞❡ ♣r♦❝❡ss♦ ❢♦r❛♠ ❣❡r❛❞❛s ❝♦♠ ♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❝r❛s❤ ♣r♦♣♦st♦

❡♠ ❘♦❞r✐❣✉❡s ❡ ❏❛♥s❤✲Pôrt♦ ✭✷✵✵✽✮✳

❆❧é♠ ❞❛ s♦❧✉çã♦ ❞❡ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ♣r♦♣♦st❛✱ ♥♦♠❡❛❞❛ ❆❇❇ ✭❆✉t♦♥♦♠✐❝

❇❡st✲❡✛♦rt ❇r♦❛❞❝❛st✮✱ ♦✉tr♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ❡ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❝♦♠✲

♣❛r❛çã♦✳ ❖ ♣r✐♠❡✐r♦ ✉t✐❧✐③❛ ✉♠ ♠♦❞❡❧♦ ✉♠✲♣❛r❛✲t♦❞♦s ✭❆▲▲ ✲ ♦♥❡✲t♦✲❛❧❧✮✱ ♥♦ q✉❛❧ ❛ ♠❡♥✲

s❛❣❡♠ é ❡♥✈✐❛❞❛ ❛tr❛✈és ❞❡ ❡♥❧❛❝❡s ♣♦♥t♦✲❛✲♣♦♥t♦✳ ❆ s❡❣✉♥❞❛ s♦❧✉çã♦ ✐♠♣❧❡♠❡♥t❛ ✉♠

♠♦❞❡❧♦ ❞❡ ár✈♦r❡ ♥ã♦✲❛✉t♦♥ô♠✐❝❛ ✭◆❆❇❇ ✲ ◆♦♥✲❆✉t♦♥♦♠✐❝ ❇❡st✲❡✛♦rt ❇r♦❛❞❝❛st✮✱ q✉❡

❝♦♥stró✐ ✉♠❛ ár✈♦r❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣r♦❝❡ss♦ ❢♦♥t❡ ❡ r❡❝♦♥stró✐ ✉♠❛ ♥♦✈❛ ár✈♦r❡ s❡♠♣r❡

q✉❡ ✉♠❛ ❢❛❧❤❛ é ❞❡t❡❝t❛❞❛✳

P❛r❛ ✐♠♣❧❡♠❡♥t❛r ❛ ❡str❛té❣✐❛ ❆▲▲✱ ❛ ❢✉♥çã♦ neighborhood ❢♦✐ ♠♦❞✐✜❝❛❞❛ ♣❛r❛ ✐♥❝❧✉✐r

t♦❞♦s ♦s ♣r♦❝❡ss♦s s❡♠✲❢❛❧❤❛✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ♦ ❡♠✐ss♦r ❡♥✈✐❡ ❛ ♠❡♥s❛❣❡♠ ❛ t♦❞♦s ♦s

❞❡♠❛✐s ♣r♦❝❡ss♦s ❞✐r❡t❛♠❡♥t❡ ✉t✐❧✐③❛♥❞♦ ❡♥❧❛❝❡s ♣♦♥t♦✲❛✲♣♦♥t♦✳

❆ ❡str❛té❣✐❛ ◆❆❇❇ ❝♦♥stró✐ ✉♠❛ ár✈♦r❡ ✉t✐❧✐③❛♥❞♦ ✐♥✉♥❞❛çã♦✳ ❆ ár✈♦r❡ é ❝r✐❛❞❛

✉t✐❧✐③❛♥❞♦ ❛ ♣ró♣r✐❛ ♠❡♥s❛❣❡♠ ❚❘❊❊ ❞❡ ❜r♦❛❞❝❛st✳ ❈❛❞❛ ♣r♦❝❡ss♦ q✉❡ r❡❝❡❜❡ ❛ ♠❡♥s❛❣❡♠

♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ s❡ ❥✉♥t❛ à ár✈♦r❡ ❡ r❡tr❛♥s♠✐t❡ ❛ ♠❡♥s❛❣❡♠ ❛♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s ❞♦

s✐st❡♠❛✱ ❡①❝❡t♦ àq✉❡❧❡ ❞♦ q✉❛❧ ❡❧❡ r❡❝❡❜❡✉ ❛ ♠❡♥s❛❣❡♠✳ ❙❡ ✉♠ ♣r♦❝❡ss♦ ❥á ❡stá ♥❛ ár✈♦r❡ ❡

r❡❝❡❜❡ ✉♠❛ ♦✉tr❛ ❝ó♣✐❛ ❞❛ ♠❡♥s❛❣❡♠ ❡❧❡ ❡♥✈✐❛ ✉♠❛ ♠❡♥s❛❣❡♠ ❞❡ ◆❆❈❑ ❡ ♥ã♦ r❡tr❛♥s♠✐t❡

♠❛✐s ❛ ♠❡♥s❛❣❡♠✳ ❯♠❛ ✈❡③ ❝r✐❛❞❛ ❛ ár✈♦r❡✱ ❛s ❞❡♠❛✐s ♠❡♥s❛❣❡♥s sã♦ ❡♥✈✐❛❞❛s s♦♠❡♥t❡

♣❡❧❛s ❛r❡st❛s ❞❛ ár✈♦r❡✳ ❊♠ ❝❛s♦ ❞❡ ❢❛❧❤❛✱ ✉♠❛ ♥♦✈❛ ár✈♦r❡ é ❝r✐❛❞❛ ❛ ♣❛rt✐r ❞♦ ♣r♦❝❡ss♦

❢♦♥t❡ ✉t✐❧✐③❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ✐♥✉♥❞❛çã♦ ❞❡s❝r✐t♦✳

✺✳✺✳✶ P❛râ♠❡tr♦s ❞❡ ❙✐♠✉❧❛çã♦

❖s ♣❛râ♠❡tr♦s ❞❡ s✐♠✉❧❛çã♦ sã♦ ❜❛s❡❛❞♦s ❡♠ ❇✉❧❣❛♥♥❛✇❛r ❡ ❱❛✐❞②❛ ✭✶✾✾✺✮✳ ❈❛❞❛ ♠❡♥s❛✲

❣❡♠ tr♦❝❛❞❛ ❡♥tr❡ ❞♦✐s ♣r♦❝❡ss♦s ❝♦♥s♦♠❡ ts+ tt+ tr ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦✿ ts ✉♥✐❞❛❞❡s ♣❛r❛

s❡r ❡♥✈✐❛❞❛ ❡ tr ♣❛r❛ s❡r r❡❝❡❜✐❞❛✳ ❖ t❡♠♣♦ ❞❡ tr❛♥s♠✐ssã♦ ✉t✐❧✐③❛❞♦ ♣❡❧❛ r❡❞❡ é r❡♣r❡s❡♥✲

t❛❞♦ ♣♦r tt✳ ❈♦♥s✐❞❡r❛✲s❡ q✉❡ ♥ã♦ ❡①✐st❡♠ ♠❡❝❛♥✐s♠♦s ❛✉①✐❧✐❛r❡s ❞❡ ❜r♦❛❞❝❛st ❡ ♠✉❧t✐❝❛st✳

P♦rt❛♥t♦✱ q✉❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ ♣r❡❝✐s❛ ❡♥✈✐❛r ✉♠❛ ♠❡♥s❛❣❡♠ ♣❛r❛ ♠❛✐s ❞❡ ✉♠ ❞❡st✐♥❛tá✲

r✐♦✱ ♣r✐♠✐t✐✈❛s ❙❡♥❞ sã♦ ✐♥✈♦❝❛❞❛s s❡q✉❡♥❝✐❛❧♠❡♥t❡✳ ❆ss✐♠✱ ♣❛r❛ t♦❞❛ ♠❡♥s❛❣❡♠ ❡♥✈✐❛❞❛

❛ ♠❛✐s ❞❡ ✉♠ ❞❡st✐♥❛tár✐♦✱ ts é ❝♦♠♣✉t❛❞♦ ♥♦✈❛♠❡♥t❡ ♣❛r❛ ❝❛❞❛ ❝ó♣✐❛✳

P❛r❛ ❛✈❛❧✐❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ s♦❧✉çõ❡s ❞❡ ❞✐❢✉sã♦✱ ❞✉❛s ♠étr✐❝❛s sã♦ ❢r❡q✉❡♥t❡♠❡♥t❡

✉t✐❧✐③❛❞❛s ✭❇♦✐❝❤❛t ❡ ●✉❡rr❛♦✉✐✱ ✷✵✵✺✮✿ ✭✶✮ ✈❛③ã♦ ✭t❤r♦✉❣❤♣✉t✮✱ ❞❛❞❛ ♣❡❧♦ t♦t❛❧ ❞❡ ♠❡♥s❛✲

❣❡♥s ❞❡ ❜r♦❛❞❝❛st ❝♦♠♣❧❡t♦s ❞✉r❛♥t❡ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦❀ ✭✷✮ ❛ ❧❛tê♥❝✐❛ ♣❛r❛ ❡♥tr❡❣❛r

❛ ♠❡♥s❛❣❡♠ ❞❡ ❜r♦❛❞❝❛st ❛ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s✳

❖s ❛❧❣♦r✐t♠♦s ♣r♦♣♦st♦s ❢♦r❛♠ ❛✈❛❧✐❛❞♦s ❡♠ ❞✐❢❡r❡♥t❡s ❝❡♥ár✐♦s ✈❛r✐❛♥❞♦ ♦ ♥ú♠❡r♦

❞❡ ♣r♦❝❡ss♦s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣r♦❝❡ss♦s ❢❛❧❤♦s✳ ❖s ♣❛râ♠❡tr♦s ❞❡ ❝♦♠✉♥✐❝❛çã♦ ❢♦r❛♠



✻✺

❞❡✜♥✐❞♦s ❡♠ ts = tr = 0, 1 ❡ tt = 0, 8✳ ❖ ✐♥t❡r✈❛❧♦ ❞❡ t❡st❡s ❞♦ ❞❡t❡❝t♦r ❢♦✐ ❞❡✜♥✐❞♦ ❡♠

5, 0 ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦✳ ❯♠ ♣r♦❝❡ss♦ é ❝♦♥s✐❞❡r❛❞♦ ❢❛❧❤♦ s❡ ♥ã♦ r❡s♣♦♥❞❡r ❛♦ t❡st❡ ❛♣ós

4 ∗ (ts + tr + tt) ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦✳

✺✳✺✳✷ ❘❡s✉❧t❛❞♦ ❞♦s ❊①♣❡r✐♠❡♥t♦s

❖s ❡①♣❡r✐♠❡♥t♦s ❢♦r❛♠ r❡❛❧✐③❛❞♦s ❡♠ ❞✉❛s ❡t❛♣❛s✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ❝❡♥ár✐♦s

s❡♠ ❢❛❧❤❛s ❝♦♠ s✐st❡♠❛s ❞❡ ✽ ❛ ✶✵✷✹ ♣r♦❝❡ss♦s✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❧❛tê♥❝✐❛ ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡

♠❡♥s❛❣❡♥s ❡♥✈✐❛❞❛s ♣♦r ❝❛❞❛ ❛♣❧✐❝❛çã♦ ❢♦r❛♠ ❛♥❛❧✐s❛❞❛s ♣♦♥t✉❛❧♠❡♥t❡ ❡♠ ✉♠ s✐st❡♠❛

❝♦♠ ✺✶✷ ♣r♦❝❡ss♦s✳ ❊♠ s❡❣✉✐❞❛✱ ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛s ❢♦r❛♠ ❣❡r❛❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡ ♣❛r❛

✉♠ s✐st❡♠❛ ❝♦♠ ✺✶✷ ♣r♦❝❡ss♦s ❝♦♥t❡♥❞♦ ❞❡ ✶ ❛ ✽ ♣r♦❝❡ss♦s ❢❛❧❤♦s✳

✺✳✺✳✷✳✶ ❊①♣❡r✐♠❡♥t♦s ❡♠ ❈❡♥ár✐♦s s❡♠ ❋❛❧❤❛s

◆♦s ❝❡♥ár✐♦s s❡♠✲❢❛❧❤❛s✱ ❝♦♠♦ ♥ã♦ ❤á r❡tr❛♥s♠✐ssõ❡s✱ ♦s ❛❧❣♦r✐t♠♦s ❞❡ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲

❡s❢♦rç♦ ❡ ❝♦♥✜á✈❡❧ ♣r♦♣♦st♦s ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦✳ ❆ ❋✐❣✉r❛✳ ✺✳✶ ♠♦str❛

❛ ❧❛tê♥❝✐❛ ❡ ❛ ✈❛③ã♦ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ✉♠❛ ú♥✐❝❛ ♠❡♥s❛❣❡♠ é ❡♥✈✐❛❞❛ ♣❡❧♦ ♣r♦❝❡ss♦ p0✳

❖ ❝❛♠✐♥❤♦ ♠❛✐s ❧♦♥❣♦ ❡♠ ✉♠ ❱❈✉❜❡ ❝♦♠ n ♣r♦❝❡ss♦s é log2 n✳ P♦rt❛♥t♦✱ q✉❛♥❞♦ n é

♣❡q✉❡♥♦✱ ♦ t❡♠♣♦ ♣❛r❛ ❡♥✈✐❛r ❛ ♠❡♥s❛❣❡♠ ♣❡❧♦ ❝❛♠✐♥❤♦ ♠❛✐s ❧♦♥❣♦ é ♠❛✐♦r q✉❡ ♦ t❡♠♣♦

♣❛r❛ ❡♥✈✐❛r ❛s n− 1 ♠❡♥s❛❣❡♥s s❡q✉❡♥❝✐❛❧♠❡♥t❡ ♣❡❧❛ ❡str❛té❣✐❛ ❆▲▲✳ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡

♦ t❡♠♣♦ ❞❡ ❡♥✈✐♦ ❞❡ ❝❛❞❛ ♠❡♥s❛❣❡♠ é ts = 0, 1✱ ♦ ✐♥t❡r✈❛❧♦ ❡♥tr❡ ♦ ❡♥✈✐♦ ❞❛ ♠❡♥s❛✲

❣❡♠ ❚❘❊❊ ❡ ❛ r❡❝❡♣çã♦ ❞♦ ❆❈❑ ❝♦rr❡s♣♦♥❞❡♥t❡ ♣❡❧♦ ❝❛♠✐♥❤♦ ♠❛✐s ❧♦♥❣♦ ❞❛ ár✈♦r❡ é

2 log2 n(ts + tr + tt)✳ ❏á ♥❛ ❡str❛té❣✐❛ ❆▲▲✱ ♣❛r❛ ❡♥✈✐❛r n − 1 ♠❡♥s❛❣❡♥s sã♦ ✉t✐❧✐③❛❞❛s

(n− 2)ts + tt + tr ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦✳
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❆ss✐♠✱ ❡♠❜♦r❛ ❆▲▲ s❡❥❛ ♠❛✐s ❡✜❝✐❡♥t❡ ♣❛r❛ s✐st❡♠❛s ♣❡q✉❡♥♦s✱ s❡✉ ❞❡s❡♠♣❡♥❤♦ ❝❛✐

r❛♣✐❞❛♠❡♥t❡ ❡♠ s✐st❡♠❛s ♠❛✐♦r❡s✳ ❆ s♦❧✉çã♦ ❝♦♠ ár✈♦r❡ ♥ã♦✲❛✉t♦♥ô♠✐❝❛ ◆❆❇❇ ❛♣r❡✲

s❡♥t❛ ❝♦♠♣♦rt❛♠❡♥t♦ s❡♠❡❧❤❛♥t❡ ❛ ❆❇❇✱ ❡①❝❡t♦ ♣❡❧❛ ❧❛tê♥❝✐❛ ❡①tr❛ ♣❛r❛ ❛❣✉❛r❞❛r ❛s



✻✻

♠❡♥s❛❣❡♥s ❞❡ ❆❈❑✴◆❆❈❑ ❞✉r❛♥t❡ ❛ ❝♦♥✜❣✉r❛çã♦ ❞❛ ár✈♦r❡✳ ❊♠ ❝❡♥ár✐♦s s❡♠✲❢❛❧❤❛✱ ♦

❞❡s❡♠♣❡♥❤♦ ❞❛s ❞✉❛s s♦❧✉çõ❡s ♣❛ss❛ ❛ s❡r ♦ ♠❡s♠♦ ❛♣ós ❛ ár✈♦r❡ ❡st❛r ❝♦♠♣❧❡t❛✳

❆ ✈❛③ã♦ ❢♦✐ ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ 1/❧❛tê♥❝✐❛✱ ✈✐st♦ q✉❡ ❛♣❡♥❛s ✉♠ ♣r♦❝❡ss♦ ❡♥✈✐❛ ✉♠❛ ú♥✐❝❛

♠❡♥s❛❣❡♠✳ ❆ss✐♠ ❝♦♠♦ ❛ ❧❛tê♥❝✐❛✱ ♥❛ s♦❧✉çã♦ ❆▲▲ ♦ ❞❡s❡♠♣❡♥❤♦ é ♠❡❧❤♦r ♣❛r❛ s✐st❡✲

♠❛s ♣❡q✉❡♥♦s✱ ❛té ✶✷✽ ♣r♦❝❡ss♦s✱ ♠❛s ❞✐♠✐♥✉✐ r❛♣✐❞❛♠❡♥t❡ q✉❛♥❞♦ n ❛✉♠❡♥t❛✳ ❊st❡s

r❡s✉❧t❛❞♦s ✐♥❞✐❝❛♠ ❛ ❡s❝❛❧❛❜✐❧✐❞❛❞❡ ❞❛ ❡str❛té❣✐❛ ❤✐❡rárq✉✐❝❛ ♣r♦♣♦st❛✳

✺✳✺✳✷✳✷ ❊①♣❡r✐♠❡♥t♦s ❡♠ ❈❡♥ár✐♦s ❝♦♠ ❋❛❧❤❛s

❖ ❞❡s❡♠♣❡♥❤♦ ❞♦s três ❛❧❣♦r✐t♠♦s ❡♠ ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛s ❢♦✐ ❝♦♠♣❛r❛❞♦ ✉t✐❧✐③❛♥❞♦ ❞✐❢❡✲

r❡♥t❡s ❛❜♦r❞❛❣❡♥s✳ ■♥✐❝✐❛❧♠❡♥t❡ ❢♦r❛♠ ❝♦♠♣❛r❛❞♦s ♦s ❛❧❣♦r✐t♠♦s ❆❇❇ ❡ ❆▲▲ ❡♠ ❝❡♥ár✐♦s

❝♦♠ ❢❛❧❤❛s ❞❡ ♣r♦❝❡ss♦s ❧♦❝❛❧✐③❛❞♦s ♥❛s ❢♦❧❤❛s ❞❛ ár✈♦r❡✳ ❊♠ s❡❣✉✐❞❛✱ ❆❇❇ ❡ ❆▲▲ ❢♦r❛♠

♥♦✈❛♠❡♥t❡ t❡st❛❞♦s ❡♠ ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛s ❡♠ ♣r♦❝❡ss♦s ♥ã♦✲❢♦❧❤❛✳ P♦r ✜♠✱ ❝❡♥ár✐♦s

❝♦♠ ❢❛❧❤❛s ❛❧❡❛tór✐❛s ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❝♦♠♣❛r❛r ♦s três ❛❧❣♦r✐t♠♦s✳

❈❡♥ár✐♦s ❝♦♠ ❋❛❧❤❛s ❡♠ Pr♦❝❡ss♦s ❋♦❧❤❛✳ ◆❡st❡ ❡①♣❡r✐♠❡♥t♦ ❢♦✐ ✐♥✈❡st✐❣❛❞♦ q✉❛❧

♦ ✐♠♣❛❝t♦ ❞❡ ✉♠❛ ❢❛❧❤❛ ❡♠ ♣r♦❝❡ss♦ ❢♦❧❤❛ ♥♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ s✐st❡♠❛✳ ❆s ❢❛❧❤❛s ❢♦r❛♠

❝♦♥✜❣✉r❛❞❛s ♣❛r❛ ❛❝♦♥t❡❝❡r ♥♦ t❡♠♣♦ ③❡r♦✳ ❋♦r❛♠ t❡st❛❞♦s ♦ ♠❡❧❤♦r ❡ ♦ ♣✐♦r ❝❛s♦✳ ❖

♣✐♦r ❝❛s♦ é ❛q✉❡❧❡ ❡♠ q✉❡ ❛ ❢♦❧❤❛ é ❛ ♠❛✐s ❞✐st❛♥t❡ ❞♦ ♣r♦❝❡ss♦ ❢♦♥t❡✳ ❊♠ ✉♠ ✸✲❱❈✉❜❡

s❡♠ ❢❛❧❤❛s✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❛♥❞♦ p0 é ♦ ❢♦♥t❡✱ ♦ ♣r♦❝❡ss♦ p7 é ❛ ❢♦❧❤❛ ♠❛✐s ❞✐st❛♥t❡✳ ◆❡st❡

♠❡s♠♦ ❡①❡♠♣❧♦✱ ♦ ♠❡❧❤♦r ❝❛s♦ é ❛ ❢❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ p1✱ q✉❡ é ♦ ♣r♦❝❡ss♦ ❢♦❧❤❛ ♠❛✐s

♣ró①✐♠♦ ❞❛ r❛✐③✳

❆ ❋✐❣✉r❛ ✺✳✷✭❛✮ ❡ ❛ ❋✐❣✉r❛ ✺✳✷✭❜✮ ♠♦str❛♠ ❛ ❧❛tê♥❝✐❛ ❡ ❛ ✈❛③ã♦ ♣❛r❛ ❛♠❜♦s ♦s ❝❡♥ár✐♦s✳

➱ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ❡♠ ❆❇❇✱ ❛ ♣♦s✐çã♦ ❞❛ ❢❛❧❤❛ ♥❛s ❢♦❧❤❛s ♥ã♦ ❛❝❛rr❡t❛ ❡♠ ❣r❛♥❞❡

✐♠♣❛❝t♦ ♦ ❞❡s❡♠♣❡♥❤♦✱ ♦ q✉❡ ♥ã♦ é ✈❛❧✐❞♦ ♣❛r❛ ❆▲▲✿ ❛ ❢❛❧❤❛ ♥♦ ♣✐♦r ❝❛s♦ ✭pn−1✮ é ♠❛✐s

❞❛♥♦s❛ q✉❡ ❛ ❢❛❧❤❛ ❞❡ p1✳ ❆ ❧❛tê♥❝✐❛ ❞❡ ❆▲▲ é ❞❛❞❛ ♣❡❧♦ ♠á①✐♠♦ ❡♥tr❡ ♦ t❡♠♣♦ q✉❡ ♦

❱❈✉❜❡ ❧❡✈❛ ♣❛r❛ ❞❡t❡❝t❛r ❛ ❢❛❧❤❛ ❡ ♦ t❡♠♣♦ q✉❡ ♦ ♣r♦❝❡ss♦ ❢♦♥t❡ ❝♦♥s♦♠❡ ♣❛r❛ ❡♥✈✐❛r

(n− 1) ♠❡♥s❛❣❡♥s✳ ▲❡♠❜r❡✲s❡ q✉❡ p0 é ♦ ❢♦♥t❡✳ ◆♦t❡ ♥♦ ❣rá✜❝♦ q✉❡ ♣❛r❛ ✶✵✷✹ ♣r♦❝❡ss♦s✱

❆▲▲ ❛♣r❡s❡♥t❛ ❛ ♠❡s♠❛ ❧❛tê♥❝✐❛ ♥♦ ♠❡❧❤♦r ❡ ♥♦ ♣✐♦r ❝❛s♦✱ ❞❡✜♥✐❞❛ ♣❡❧♦ t❡♠♣♦ ❣❛st♦ ♣❛r❛

❡♥✈✐❛r ❝❛❞❛ ✉♠❛ ❞❛s (n − 1) ♠❡♥s❛❣❡♥s✳ ◆❛ ❋✐❣✉r❛ ✺✳✷✭❜✮ ❤á ✉♠ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ❡♠

n = 16 ✕ q✉❛♥❞♦ ❛ ❧❛tê♥❝✐❛ ❞❡ ❆❇❇ p1 ❢❛❧❤♦ t♦r♥❛✲s❡ ♠❡♥♦r q✉❡ ❛ ❧❛tê♥❝✐❛ ❞❡ ❆❇❇ pn−1

❢❛❧❤♦ ✕ ❡ ❡♠ n = 128 q✉❛♥❞♦ ❛ ❧❛tê♥❝✐❛ ❞❡ ❆▲▲ p1 ❢❛❧❤♦ t♦r♥❛✲s❡ ♠❡♥♦r q✉❡ ❛ ❧❛tê♥❝✐❛

❞❡ ❆❇❇ pn−1 ❢❛❧❤♦✳ ❊st❡s ♣♦♥t♦s ♦❝♦rr❡♠ ♣♦rq✉❡✱ à ♠❡❞✐❞❛ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s

❛✉♠❡♥t❛✱ ❛ ❧❛tê♥❝✐❛ ❞❡ ❞❡t❡❝çã♦ ♣❛r❛ pn−1 ✭♣✐♦r ❝❛s♦✮ ♣r❡❞♦♠✐♥❛ ♥❛ ❧❛tê♥❝✐❛✳

◗✉❛♥❞♦ ❝♦♥s✐❞❡r❛✲s❡ ♦ ♣✐♦r ❝❛s♦✱ ✐st♦ é✱ ❛ ❢❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ ❢♦❧❤❛ ♠❛✐s ❞✐st❛♥t❡ ❞❛ r❛✐③✱

❛ ❞✐❢✉sã♦ ❝♦♠ ár✈♦r❡ ❣❡r❛❞♦r❛ ❆❇❇ é ♠❛✐s ❡✜❝✐❡♥t❡ q✉❡ ❛ s♦❧✉çã♦ ❆▲▲ ♣♦rq✉❡ ❛ ❢❛❧❤❛

❞♦ ♣r♦❝❡ss♦ ❢♦❧❤❛ é ❞❡t❡❝t❛❞❛ ❡♥q✉❛♥t♦ ❛ ♠❡♥s❛❣❡♠ ❚❘❊❊ ❛✐♥❞❛ ❡stá s❡♥❞♦ ♣r♦♣❛❣❛❞❛

♥❛ ár✈♦r❡✳ ◆❡st❡ ❝❛s♦✱ q✉❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ ❝♦rr❡t♦ ♥❛ ár✈♦r❡ r❡❝❡❜❡ ❛ ♠❡♥s❛❣❡♠ ❡ ❥á

❢♦✐ ♥♦t✐✜❝❛❞♦ s♦❜r❡ ❛ ❢❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ ❢♦❧❤❛✱ ❡❧❡ r❡t♦r♥❛ ♦ ❆❈❑ ✐♠❡❞✐❛t❛♠❡♥t❡✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ♥❛ s♦❧✉çã♦ ❆▲▲✱ ♦ ♣r♦❝❡ss♦ ❢♦♥t❡ ❝♦♥tr♦❧❛ ♦ ❜r♦❛❞❝❛st ✭p0 ♥❡st❡ ❡①♣❡r✐♠❡♥t♦✮
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❋✐❣✉r❛ ✺✳✷✿ ❊①❡❝✉çã♦ ❝♦♠ ❢❛❧❤❛ ❞❡ ♣r♦❝❡ss♦s ❢♦❧❤❛ ✭p1 ♦✉ pn−1✮✳

❡ ❞❡✈❡ ❛❣✉❛r❞❛r s❡r ♥♦t✐✜❝❛❞♦ ♣❡❧♦ ❱❈✉❜❡ ♣❛r❛ r❡♠♦✈❡r ♦ ❆❈❑ ♣❡♥❞❡♥t❡ ❡ ✜♥❛❧✐③❛r ♦

♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❞✐❢✉sã♦✳ ❈♦♠♦ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡st❡s ❞♦ ❱❈✉❜❡ ❢♦✐ ❝♦♥✜❣✉r❛❞♦ ♣❛r❛ 5.0✱

♦ ❢♦♥t❡ s❡rá ♥♦t✐✜❝❛❞♦ s♦♠❡♥t❡ ❛♣ós (log2 n∗5.0) ❛❝r❡s❝✐❞♦ ❞❛ ❧❛tê♥❝✐❛ ❞❛ tr❛♥s♠✐ssã♦ ❞❛s

♠❡♥s❛❣❡♥s ❞❡ t❡st❡✱ ♦ q✉❡ ❡①♣❧✐❝❛ ❛ ❧❛tê♥❝✐❛ ♠❛✐s ❛❧t❛ ♥❛ s♦❧✉çã♦ ❆▲▲✳ ◆♦ ❡①♣❡r✐♠❡♥t♦

❝♦♠ ❛ ❢❛❧❤❛ ❞❡ p1✱ ❆▲▲ é ♠❛✐s ❡✜❝✐❡♥t❡ q✉❛♥❞♦ ♦ s✐st❡♠❛ é ♠❡♥♦r✱ ✈✐st♦ q✉❡ ❛ ❧❛tê♥❝✐❛

❞♦ ❞❡t❡❝t♦r é ♠❡♥♦r q✉❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❡stá ♠❛✐s ♣ró①✐♠♦ ❞♦ t❡st❛❞♦r ✭p0 t❡st❛ p1 r❛✲

♣✐❞❛♠❡♥t❡✮✳ ◆♦ ❡♥t❛♥t♦✱ à ♠❡❞✐❞❛ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss❡s ❛✉♠❡♥t❛✱ ❛ ❧❛tê♥❝✐❛ ♣❛r❛

❡♥✈✐❛r n − 1 ♠❡♥s❛❣❡♥s s♦❜r❡♣õ❡ ❛ ❧❛tê♥❝✐❛ ♣❛r❛ ❞❡t❡❝t❛r ❛ ❢❛❧❤❛ ❞❡ p1✱ ♦ q✉❡ ❡①♣❧✐❝❛ ♦

❝r❡s❝✐♠❡♥t♦ ❞❛ ❧❛tê♥❝✐❛ ❞❡ ❞✐❢✉sã♦ ♣❛r❛ ❆▲▲ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❣rá✜❝♦✳

❈❡♥ár✐♦s ❝♦♠ ❋❛❧❤❛ ❡♠ Pr♦❝❡ss♦s ◆ã♦✲❢♦❧❤❛✳ ◆❡st❡ ❡①♣❡r✐♠❡♥t♦ ❢♦✐ s✐♠✉❧❛❞❛ ❛

❡str❛té❣✐❛ ❛✉t♦♥ô♠✐❝❛ ❆❇❇ ♣r♦♣♦st❛ ♥❡st❡ tr❛❜❛❧❤♦ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❢❛❧❤❛ ❞♦ ♣r✐♠❡✐r♦

♣r♦❝❡ss♦ ❞♦ ❝❧✉st❡r log2 n ❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❝❡ss♦ ❢♦♥t❡ p0✳ ❊st❡ ♣r♦❝❡ss♦ ❝♦rr❡s♣♦♥❞❡ ❛

pn/2❀ ♣♦r ❡①❡♠♣❧♦✱ ❡ ✉♠ s✐st❡♠❛ ❝♦♠ ✽ ♣r♦❝❡ss♦s✱ ♦ ♣r♦❝❡ss♦ p4 ❡stá ❢❛❧❤♦✳ ❆ ❢❛❧❤❛ ❞♦

♣r♦❝❡ss♦ ❢♦✐ ❝♦♥✜❣✉r❛❞❛ ♣❛r❛ ❛❝♦♥t❡❝❡r ♥♦ ✐♥st❛♥t❡ log2 n✱ ❣❛r❛♥t✐♥❞♦ q✉❡ ❛ ♠❡♥s❛❣❡♠

❚❘❊❊ ❥á ❢♦✐ tr❛♥s♠✐t✐❞❛ ❛ t♦❞♦s ♦s ✜❧❤♦s ❞♦ ♣r♦❝❡ss♦ ❢❛❧❤♦✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣✐♦r

❝❛s♦ ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ♠❡♥s❛❣❡♥s✳ ❈♦♠♦ ♥♦ ❡①♣❡r✐♠❡♥t♦ ❛♥t❡r✐♦r✱ ♦ ♣r♦❝❡ss♦ p0 ❡♥✈✐❛

✉♠❛ ú♥✐❝❛ ♠❡♥s❛❣❡♠ ♣♦r ❜r♦❛❞❝❛st✳ ❆ ❋✐❣✉r❛ ✺✳✸✭❛✮ ❡ ❛ ❋✐❣✉r❛ ✺✳✸✭❜✮ ♠♦str❛♠ ❛ ❧❛tê♥❝✐❛

❡ ❛ ✈❛③ã♦ ♦❜t✐❞❛s✳ ◆❡st❡ ❝❡♥ár✐♦✱ ❛ ❛❜♦r❞❛❣❡♠ ❆▲▲ ❛♣r❡s❡♥t❛ ♠❡♥♦r ❧❛tê♥❝✐❛ q✉❡ ❆❇❇

♣❛r❛ s✐st❡♠❛s ❝♦♠ ❛té ✷✺✻ ♣r♦❝❡ss♦s✳ ◆❛ ❡str❛té❣✐❛ ❆❇❇✱ ❛❧é♠ ❞❛ ❧❛tê♥❝✐❛ ❞❡ ❞❡t❡❝çã♦ ❞♦

❱❈✉❜❡✱ p0 ♣r❡❝✐s❛ r❡tr❛♥s♠✐t✐r ❛ ♠❡♥s❛❣❡♠ ❛♣ós ❛ ❞❡t❡❝çã♦ ♣❛r❛ ♦ ♣ró①✐♠♦ ♣r♦❝❡ss♦ s❡♠✲

❢❛❧❤❛ ♥♦ ❝❧✉st❡r log2 n✱ t❡♥❞♦ q✉❡ ❛❣✉❛r❞❛r ❛té q✉❡ ❛ ♠❡♥s❛❣❡♠ s❡❥❛ ♥♦✈❛♠❡♥t❡ ♣r♦♣❛❣❛❞❛

♥❛q✉❡❧❡ ❝❧✉st❡r ♣❛r❛ ❡♥tã♦ r❡❝❡❜❡r ♦ ❆❈❑ ❡ t❡r♠✐♥❛r ❛ ❞✐❢✉sã♦✳ ❊♥tr❡t❛♥t♦✱ q✉❛♥❞♦ ♦

t❛♠❛♥❤♦ ❞♦ s✐st❡♠❛ ❛✉♠❡♥t❛✱ ♠❛✐s ✉♠❛ ✈❡③ ♦ t❡♠♣♦ ❞❡s♣❡♥❞✐❞♦ ♣♦r ❆▲▲ ♣❛r❛ ❡♥✈✐❛r ❛

♠❡♥s❛❣❡♠ ❛ t♦❞♦s ♦s n−1 ♣r♦❝❡ss♦s s♦❜r❡♣õ❡ ❛ ❧❛tê♥❝✐❛ ✉s❛❞❛ ♥❛ ♣r♦♣❛❣❛çã♦ ❡♠♣r❡❣❛❞❛

♣♦r ❆❇❇✳ ❆ss✐♠✱ ❡♠❜♦r❛ ♦ ♥ú♠❡r♦ ❞❡ ♠❡♥s❛❣❡♥s s❡❥❛ ♠❛✐♦r✱ ❛ ❧❛tê♥❝✐❛ ❛✐♥❞❛ s❡ ♠❛♥té♠

♠❡♥♦r ♣❛r❛ s✐st❡♠❛s ♠❛✐♦r❡s✳
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❋✐❣✉r❛ ✺✳✹✿ ❚♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ❡♠ ❡①❡❝✉çõ❡s ❝♦♠ ❡ s❡♠ ❢❛❧❤❛s✳

❖ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ❚❘❊❊ ❡ ❆❈❑ ✉t✐❧✐③❛❞♦s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❆❇❇ é ❛♣r❡s❡♥t❛❞♦ ♥❛

❋✐❣✉r❛ ✺✳✹✭❛✮✳ ❊♠ ❝❡♥ár✐♦s s❡♠ ❢❛❧❤❛ ❡ ❝♦♠ ❢❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ ❢♦❧❤❛ ♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s

é ❜❛s✐❝❛♠❡♥t❡ ♦ ♠❡s♠♦✱ ❡①❝❡t♦ ♣❡❧❛ ♠❡♥s❛❣❡♠ ❚❘❊❊ ❡ ❆❈❑ q✉❡ ♥ã♦ sã♦ ❡♥✈✐❛❞❛s ♣❡❧♦s

♣r♦❝❡ss♦s ❢❛❧❤♦s✳ ◆♦s ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛ ❞❡ ♥ã♦✲❢♦❧❤❛s✱ ♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ❡①tr❛s ♣♦❞❡

❝❤❡❣❛r ❛ 2(n/2− 1) ♠❡♥♦s ♦s ❆❈❑s ♥ã♦ ❡♥✈✐❛❞♦s ♣❡❧♦s ♣r♦❝❡ss♦s ❢❛❧❤♦s✳ ❆ ❋✐❣✉r❛ ✺✳✹✭❜✮

❝♦♠♣❛r❛ ♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ✉t✐❧✐③❛❞♦ ♣❡❧♦s ❛❧❣♦r✐t♠♦s ❆❇❇ ❡ ❆▲▲✳ ❊♠❜♦r❛ ❛ ❧❛tê♥❝✐❛

❞❡ ❆❇❇ s❡❥❛ ♠❡♥♦r ♣❛r❛ s✐st❡♠❛s ❝♦♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s✱ ♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s

é ♠❛✐♦r✱ ✈✐st♦ q✉❡ ❆▲▲ ♥ã♦ ♣r❡❝✐s❛ r❡tr❛♥s♠✐t✐r ♠❡♥s❛❣❡♥s ❛♣ós ❛ ❞❡t❡❝çã♦ ❞❡ ✉♠❛ ❢❛❧❤❛✳

❈❡♥ár✐♦s ❝♦♠ ▼ú❧t✐♣❧♦s Pr♦❝❡ss♦s ❋❛❧❤♦s✳ ❊①♣❡r✐♠❡♥t♦s ❢♦r❛♠ r❡❛❧✐③❛❞♦s ❡♠ ✉♠

s✐st❡♠❛ ❝♦♠ ✺✶✷ ♣r♦❝❡ss♦s ❡ ❞✐❢❡r❡♥t❡ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s ❢❛❧❤♦s✳ ❈♦♠♦ ♥♦s t❡st❡s ❛♥t❡✲

r✐♦r❡s✱ ♦ ♣r♦❝❡ss♦ p0 é ♦ ❢♦♥t❡✱ ♥✉♥❝❛ ❢❛❧❤❛ ❡ ❡❢❡t✉❛ ♦ ❜r♦❛❞❝❛st ❞❡ ✉♠❛ ú♥✐❝❛ ♠❡♥s❛❣❡♠✳

P❛r❛ ❝❛❞❛ ♣♦r❝❡♥t❛❣❡♠ ❞❡ ❢❛❧❤❛s ❢♦r❛♠ ❣❡r❛❞♦s ✶✵✵ ❝❡♥ár✐♦s ♥♦s q✉❛✐s ♦s ♣r♦❝❡ss♦s 1 ❛

n− 1 ❢❛❧❤❛♠ ❞❡ ❢♦r♠❛ ❛❧❡❛tór✐❛ ❡♠ ✉♠ t❡♠♣♦ t❛♠❜é♠ ❛❧❡❛tór✐♦ ❡♥tr❡ 0.0 ❡ 50.0✳

◆♦ ♣r✐♠❡✐r♦ ❝❡♥ár✐♦✱ ❆❇❇ ❢♦✐ ❝♦♠♣❛r❛❞♦ ❝♦♠ ❆▲▲✳ ❆ ❋✐❣✉r❛ ✺✳✺✭❛✮ ❡ ❛ ❋✐❣✉r❛ ✺✳✺✭❜✮
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❞❡ ❢❛❧❤❛s✱ ❆❇❇ ♣♦ss✉✐ ❧❛tê♥❝✐❛ ♠❡♥♦r q✉❡ ❆▲▲✱ ❝♦♠♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❛♥t❡r✐♦r❡s✳

➚ ♠❡❞✐❞❛ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❢❛❧❤❛s ❛✉♠❡♥t❛✱ ❛ ❧❛tê♥❝✐❛ ❞♦s ❞♦✐s ❛❧❣♦r✐t♠♦s t❛♠❜é♠

❛✉♠❡♥t❛✳ ❊♥tr❡t❛♥t♦✱ ❛ ❧❛tê♥❝✐❛ ❞❡ ❆❇❇ ❛✉♠❡♥t❛ ♠❛✐s rá♣✐❞♦ ❡ ✉❧tr❛♣❛ss❛ ❆▲▲ ❛♣ós

✻✵✪ ❞❡ ❢❛❧❤❛s✳ ❆ ✈❛♥t❛❣❡♠ ❞❡ ❆❇❇ ♥❡st❡ ❝❛s♦ é ♦ ❝♦♥tr♦❧❡ ♥ã♦ ❝❡♥tr❛❧✐③❛❞♦ ♥♦ ♣r♦❝❡ss♦

❢♦♥t❡✳ ◆♦ ❛❧❣♦r✐t♠♦ ❆▲▲✱ ♠❡s♠♦ q✉❡ ♥ã♦ ❤❛❥❛ r❡tr❛♥s♠✐ssã♦ ❛♣ós ❛ ❢❛❧❤❛✱ ♦ ❢♦♥t❡ ♣r❡❝✐s❛

❛❣✉❛r❞❛r ❛té s❡r ♥♦t✐✜❝❛❞♦ s♦❜r❡ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❢❛❧❤♦s ❛♥t❡s ❞❡ ✜♥❛❧✐③❛r ♦ ♣r♦❝❡ss♦

❞❡ ❞✐❢✉sã♦✳

❊♠ t❡r♠♦s ❞❡ ♥ú♠❡r♦ ❞❡ ♠❡♥s❛❣❡♥s✱ ❝♦♠♦ ♠♦str❛❞♦ ♥♦ ❡①♣❡r✐♠❡♥t♦ ❝♦♠ ❢❛❧❤❛s ♥♦s

♣r♦❝❡ss♦s ♥ã♦✲❢♦❧❤❛s✱ ❡♠ ❆❇❇✱ s❡ ♦ ♣r♦❝❡ss♦ ❢❛❧❤❛ ❛♣ós r❡tr❛♥s♠✐t✐r ❛s ♠❡♥s❛❣❡♥s ❛♦s s❡✉s

✜❧❤♦s✱ ♠❡♥s❛❣❡♥s ❡①tr❛s s❡rã♦ r❡tr❛♥s♠✐t✐❞❛s ❛♣ós ❛ ❞❡t❡❝çã♦ ❞❛ ❢❛❧❤❛✳ ■st♦ ❡①♣❧✐❝❛ ✈❛❧♦r❡s

♠❛✐s ❛❧t♦s t❛♥t♦ ❞❡ ❧❛tê♥❝✐❛ q✉❛♥t♦ ❞❡ ♥ú♠❡r♦ ❞❡ ♠❡♥s❛❣❡♥s ♠♦str❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✺✭❛✮

❡ ❋✐❣✉r❛ ✺✳✺✭❜✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◗✉❛♥❞♦ ♠❛✐s ❞❡ ✺✵✪ ❞♦s ♣r♦❝❡ss♦s ❢❛❧❤❛♠✱ ❛ ❧❛tê♥❝✐❛

❞❡ ❆❇❇ é ♠❛✐♦r q✉❡ ❛ ❧❛tê♥❝✐❛ ❞❡ ❆▲▲✱ ✈✐st♦ q✉❡ ♠✉✐t❛s s✉❜ár✈♦r❡s ♣r❡❝✐s❛♠ s❡r r❡❢❡✐t❛s

✭♠❡♥s❛❣❡♥s r❡tr❛♥s♠✐t✐❞❛s✮✳ ❯♠❛ ✈❡③ q✉❡ ♦s ❝❧✉st❡rs ❞♦ ❱❈✉❜❡ sã♦ ♣r♦❣r❡ss✐✈❛♠❡♥t❡

♠❛✐♦r❡s✱ ♣❛r❛ ❛❧t❛s t❛①❛s ❞❡ ❢❛❧❤❛s✱ ❛ ♠❛✐♦r✐❛ ❞❡❧❛s ♦❝♦rr❡rá ♥♦s ❝❧✉st❡rs ❝♦♠ ♠❛✐♦r

q✉❛♥t✐❞❛❞❡ ❞❡ ♣r♦❝❡ss♦s✳ ❆ss✐♠✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ♣♦s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❢❛❧❤♦✱ ❞♦ ✐♥st❛♥t❡ ❡♠

q✉❡ ❛ ❢❛❧❤❛ ❛❝♦♥t❡❝❡ ❡ ❞❛ ❧❛tê♥❝✐❛ ❞♦ ❞❡t❡❝t♦r✱ ♠❛✐s r❡tr❛♥s♠✐ssõ❡s ♣♦❞❡♠ s❡r ♥❡❝❡ssár✐❛s✱

♦ q✉❡ ❡①♣❧✐❝❛ ♦ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ♠❡♥s❛❣❡♥s ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✺✭❜✮✳ ❈♦♥t✉❞♦✱ é

♣♦ssí✈❡❧ ♥♦t❛r q✉❡ ❆❇❇ ❛♣r❡s❡♥t❛ ❜♦❛ ❡s❝❛❧❛❜✐❧✐❞❛❞❡✱ ♠❡s♠♦ ❡♠ ❝❡♥ár✐♦s ❝♦♠ ♠ú❧t✐♣❧♦s

♣r♦❝❡ss♦s ❢❛❧❤♦s✳

P♦r ✜♠✱ ❆❇❇✱ ❆▲▲ ❡ ◆❆❇❇ ❢♦r❛♠ ❝♦♠♣❛r❛❞♦s ❡♠ ❞✐❢❡r❡♥t❡s ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛✱ ♠❛s

r❡str✐♥❣✐♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❢❛❧❤❛s ❛ log2 n − 1✱ ✉♠❛ ✈❡③ q✉❡ ❡st❛ é ❛ ❧✐♠✐t❛çã♦ ❞❡ ◆❆❇❇

♣❛r❛ ❣❛r❛♥t✐r ✉♠❛ ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ♥♦ ❱❈✉❜❡✳ ❆ ❧❛tê♥❝✐❛ ❞❡ ◆❆❇❇ é ♠❛✐♦r

❡♠ t♦❞♦s ♦s ❝❛s♦s✱ ♠❛s é ♠❡♥♦r q✉❡ ❆▲▲ q✉❛♥❞♦ ♦❝♦rr❡♠ ♣♦✉❝❛s ❢❛❧❤❛s✱ ❝♦♠♦ ♠♦str❛❞♦

♥❛ ❋✐❣✉r❛ ✺✳✻✭❛✮✳ ❊♠ t❡r♠♦s ❞❡ ♥ú♠❡r♦ ❞❡ ♠❡♥s❛❣❡♥s✱ ❛ ❋✐❣✉r❛ ✺✳✻✭❜✮ ♠♦str❛ q✉❡ ❛
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❋✐❣✉r❛ ✺✳✻✿ ❊①❡❝✉çã♦ ❞❡ ❆❇❇✱ ◆❆❇❇ ❡ ❚❘❊❊ ❝♦♠ ✺✶✷ ♣r♦❝❡ss♦s ❡ ❢❛❧❤❛s ♠ú❧t✐♣❧❛s✳

r❡❝♦♥str✉çã♦ ❞❛ ár✈♦r❡ ❢❡✐t❛ ♣♦r ◆❆❇❇ ❛♣ós ❝❛❞❛ ❢❛❧❤❛ ❞✐♠✐♥✉✐ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♦ s❡✉

❞❡s❡♠♣❡♥❤♦✳ ❊st❡ r❡s✉❧t❛❞♦ ❝♦♥✜r♠❛ ♠❛✐s ✉♠❛ ✈❡③ ❛ ❡✜❝✐ê♥❝✐❛ ❞❛ s♦❧✉çã♦ ❛✉t♦♥ô♠✐❝❛

♣❛r❛ ♠❛♥✉t❡♥çã♦ ❞❛ ár✈♦r❡ ❣❡r❛❞♦r❛ ♣r♦♣♦st❛ ♥❡st❡ tr❛❜❛❧❤♦✳

✺✳✻ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t♦✉ s♦❧✉çõ❡s ❞❡ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❡ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧ ❜❛s❡❛❞❛s

♥❛ ❡str✉t✉r❛ ❞❛ ár✈♦r❡ ❣❡r❛❞♦r❛ ♣r♦♣♦st❛ ♥♦ ❈❛♣ít✉❧♦ ✹✳ ❋✐❝♦✉ ❞❡♠♦♥str❛❞♦ q✉❡ ❛♠❜❛s

t♦❧❡r❛♠ ❛té n − 1 ♣r♦❝❡ss♦s ❢❛❧❤♦s✳ ❆ s♦❧✉çã♦ ❞❡ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ é ✉t✐❧✐③❛❞❛

♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ ♣r♦♣♦st♦ ♥♦ ❈❛♣ít✉❧♦ ✻ ♣❛r❛ ♣r♦♣❛❣❛r ❛s ♠❡♥s❛❣❡♥s

❞❡ r❡q✉✐s✐çã♦ ❞❡ ♠❛♥❡✐r❛ ♠❛✐s ❡✜❝✐❡♥t❡✳ ❖s r❡s✉❧t❛❞♦s ❞❡st❡ tr❛❜❛❧❤♦ ❡stã♦ ♣✉❜❧✐❝❛❞♦s ❡♠

❘♦❞r✐❣✉❡s✱ ❆r❛♥t❡s ❡ ❉✉❛rt❡ ❏r✳ ✭✷✵✶✹❛✮ ❡ ❘♦❞r✐❣✉❡s✱ ❉✉❛rt❡ ❏r✳ ❡ ❆r❛♥t❡s ✭✷✵✶✹❜✮✳
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▼Ú❚❯❆

❆ k✲❡①❝❧✉sã♦ ♠út✉❛ r❡❢❡r❡✲s❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❜❧❡♠❛s ❜❡♠ ❝♦♥❤❡❝✐❞♦s r❡❧❛❝✐♦♥❛❞♦s

❛♦ ❝♦♠♣❛rt✐❧❤❛♠❡♥t♦ ❞❡ r❡❝✉rs♦s ❡♠ s✐st❡♠❛s ❞✐str✐❜✉í❞♦s✱ ❝♦♠♦ ♠❛♥✉t❡♥çã♦ ❞❡ ❝ó♣✐❛s

❡♠ ❜❛♥❝♦ ❞❡ ❞❛❞♦s ❝♦♠♣❛rt✐❧❤❛❞♦s✳ ❈♦♥❢♦r♠❡ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸✱ ❛s s♦❧✉çõ❡s

❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ ❡①✐st❡♥t❡s sã♦ ❜❛s✐❝❛♠❡♥t❡ ❛❞❛♣t❛çõ❡s ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ✶✲❡①❝❧✉sã♦

♠út✉❛✳ ❊♥tr❡t❛♥t♦✱ ❛ ♠❛✐♦r ♣❛rt❡ ❞❡st❛s s♦❧✉çõ❡s ♥ã♦ ❛❜♦r❞❛ ❛ q✉❡stã♦ ❞❡ ♦❝♦rrê♥❝✐❛ ❞❡

❢❛❧❤❛s ♥♦ s✐st❡♠❛ ✭◆❛✐♠✐✱ ✶✾✾✻❀ ❘❛②♠♦♥❞✱ ✶✾✽✾❛✮✳

❊st❡ ❝❛♣ít✉❧♦ ❞❡s❝r❡✈❡ ❛ s♦❧✉çã♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ ♣r♦♣♦st❛ ❜❛s❡❛❞❛ ♥♦ ♠❡❝❛♥✐s♠♦

❞❡ ♠♦♥✐t♦r❛♠❡♥t♦ ❞❡ ♣r♦❝❡ss♦s ✭❱❈✉❜❡✮ ❞✐s❝✉t✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✹ ❡ ♥♦ ❛❧❣♦r✐t♠♦ ❞❡ ❞✐❢✉sã♦

❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✺✳ ❖ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛ ❛ ❛❜♦r❞❛❣❡♠ ❞❡ ♣❡❞✐❞♦

❞❡ ♣❡r♠✐ssã♦ ❡ ❢♦✐ ❡❧❛❜♦r❛❞♦ ✈✐s❛♥❞♦ ♠❛♥t❡r ❛ ❡✜❝✐ê♥❝✐❛ ♥❛ ♦❜t❡♥çã♦ ❞❡ r❡❝✉rs♦s ♥❛

♣r❡s❡♥ç❛ ❞❡ ❛té n − 1 ♣r♦❝❡ss♦s ❢❛❧❤♦s✳ ❯♠❛ ✈❡rsã♦ ♣r❡❧✐♠✐♥❛r ❞❛ s♦❧✉çã♦ ❢♦✐ ♣✉❜❧✐❝❛❞❛

❡♠ ❘♦❞r✐❣✉❡s✱ ❉✉❛rt❡ ❏r✳ ❡ ❆r❛♥t❡s ✭✷✵✶✷✮ ❡ ✉♠❛ s❡❣✉♥❞❛ ✈❡rsã♦ ♠❛✐s ♦t✐♠✐③❛❞❛ ❡♠

❘♦❞r✐❣✉❡s ❡t ❛❧✳ ✭✷✵✶✸✮✳

❈♦♠♦ ✉♠❛ s❡❣✉♥❞❛ s♦❧✉çã♦ ♣❛r❛ ❛ ❡①❝❧✉sã♦ ♠út✉❛✱ é ❛♣r❡s❡♥t❛❞♦ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡

q✉ór✉♥s ❜❛s❡❛❞♦ ♥♦ ❱❈✉❜❡✱ ♣✉❜❧✐❝❛❞♦ ❡♠ ❘♦❞r✐❣✉❡s✱ ❉✉❛rt❡ ❏r✳ ❡ ❆r❛♥t❡s ✭✷✵✶✹❝✮✳

❘❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❡♠♦♥str❛♠ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ❝❛r❣❛ ❡ t❛♠❛♥❤♦ ❞♦s q✉ór✉♥s

❣❡r❛❞♦s✱ ❡♠ ❝❡♥ár✐♦s ❝♦♠ ❡ s❡♠ ❢❛❧❤❛s✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ❛♣r❡s❡♥t❛❞♦ ♣♦r ❉❡❧♣♦rt❡✲●❛❧❧❡t ❡t ❛❧✳ ✭✷✵✵✺✮ q✉❡ ❞❡♠♦♥str❛

❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠ ❞❡t❡❝t♦r ♣❡r❢❡✐t♦ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①❝❧✉sã♦ ♠út✉❛ ❡♠

s✐st❡♠❛s ❜❛s❡❛❞♦s ❡♠ tr♦❝❛ ❞❡ ♠❡♥s❛❣❡♥s ❡ s✉❥❡✐t♦s à ❢❛❧❤❛s✱ ❝♦♥s✐❞❡r❛✲s❡ q✉❡ ♦ ❱❈✉❜❡ é

✐♠♣❧❡♠❡♥t❛❞♦ s♦❜r❡ ✉♠ s✐st❡♠❛ sí♥❝r♦♥♦✱ ♦ q✉❡ ❣❛r❛♥t❡ q✉❡ ♥ã♦ ♦❝♦rr❡rã♦ ❢❛❧s❛s s✉s♣❡✐t❛s

❡ q✉❡ t♦❞♦ ♣r♦❝❡ss♦ ❢❛❧❤♦ s❡rá ❞❡t❡❝t❛❞♦ ♣♦r t♦❞♦s ♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s ❡♠ ✉♠ t❡♠♣♦

✜♥✐t♦✳ ❆❧é♠ ❞✐ss♦✱ ♦s ❡♥❧❛❝❡s sã♦ ❝♦♥s✐❞❡r❛❞♦s ❝♦♥✜á✈❡✐s✱ ✐st♦ é✱ ♥ã♦ ♣❡r❞❡♠✱ ♥ã♦ ❞✉♣❧✐❝❛♠

❡ ♥ã♦ ❛❧t❡r❛♠ ❛s ♠❡♥s❛❣❡♥s tr❛♥s♠✐t✐❞❛s✳

✻✳✶ ❖ ❆❧❣♦r✐t♠♦ ❞❡ k✲❊①❝❧✉sã♦ ▼út✉❛ Pr♦♣♦st♦

❖ ❛❧❣♦r✐t♠♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ ♣r♦♣♦st♦ ♥❡st❡ tr❛❜❛❧❤♦ é ✉♠ ❛❧❣♦r✐t♠♦ ❜❛s❡❛❞♦ ❡♠

♣❡❞✐❞♦s ❞❡ ♣❡r♠✐ssã♦✱ ❝♦♠♦ ♦ ❞❡ ❘❛②♠♦♥❞ ✭✶✾✽✾❛✮✳ ❖ ❛❧❣♦r✐t♠♦ ❢❛③ ✉s♦ ❞❡ ♠❡♥s❛❣❡♥s

❞❡ r❡q✉✐s✐çã♦ ✭❘❊◗❯❊❙❚✮ ❡ r❡s♣♦st❛ ✭❘❊P▲❨✮ ♣❛r❛ s♦❧✐❝✐t❛r ❡ ❞❛r ♣❡r♠✐ssã♦✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳ ❆s ♠❡♥s❛❣❡♥s ❞❡ r❡q✉✐s✐çã♦ sã♦ ❡♥✈✐❛❞❛s ✉t✐❧✐③❛♥❞♦ ♦ ♠❡❝❛♥✐s♠♦ ❤✐❡rárq✉✐❝♦

❞❡ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❞❡s❝r✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✺✳ P❛r❛ tr❛t❛r ♦s ❝❛s♦s ❞❡ ❢❛❧❤❛✱ ❛
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s♦❧✉çã♦ ❡♠ q✉❡stã♦ ❢❛③ ✉s♦ ❞♦ ♠❡❝❛♥✐s♠♦ ❛✉①✐❧✐❛r ❞❡ ♠♦♥✐t♦r❛♠❡♥t♦ ❞✐str✐❜✉í❞♦ ❱❈✉❜❡

❛♣r❡s❡♥t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✹✱ q✉❡ ✐♥❢♦r♠❛ ♦ ❡st❛❞♦ ✭❢❛❧❤♦ ♦✉ s❡♠✲❢❛❧❤❛✮ ❞❡ ❝❛❞❛ ♣r♦❝❡ss♦ ♥♦

s✐st❡♠❛✳ ❆ ♣r♦♣❛❣❛çã♦ ❡♠ ár✈♦r❡ ❞❛s ♠❡♥s❛❣❡♥s ❞❡ ❞✐❢✉sã♦ ❡ ❛ ❛❞❛♣t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦

❢r❡♥t❡ ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ❢❛❧❤❛s ❣❛r❛♥t❡♠ ❛ ❡✜❝✐ê♥❝✐❛ ♥❛ ♦❜t❡♥çã♦ ❞❡ r❡❝✉rs♦s ♣❛r❛ ❛té n− 1

♣r♦❝❡ss♦s ❢❛❧❤♦s✳

❖ ❆❧❣♦r✐t♠♦ ✻✳✶ ✐❧✉str❛ ♦ ♣s❡✉❞♦❝ó❞✐❣♦ ❞♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦✳ ❆s ✈❛r✐á✈❡✐s ❧♦❝❛✐s

♠❛♥t✐❞❛s ♣❡❧♦s ♣r♦❝❡ss♦s sã♦✿

• correcti✿ ❝♦♥❥✉♥t♦ ❞♦s ♣r♦❝❡ss♦s ❝♦♥s✐❞❡r❛❞♦s ❝♦rr❡t♦s ♣❡❧♦ ♣r♦❝❡ss♦ i❀

• statei✿ ❛r♠❛③❡♥❛ ♦ ❡st❛❞♦ ❛t✉❛❧ ❞♦ ♣r♦❝❡ss♦✱ q✉❡ ♣♦❞❡ s❡r not❴requesting✱ requesting

♦✉ executing❀

• clocki✿ ✉s❛❞❛ ❝♦♠♦ r❡❧ó❣✐♦ ❧ó❣✐❝♦ ❧♦❝❛❧✳ ■♥✐❝✐❛❧♠❡♥t❡ ❡♠ ③❡r♦✱ é ❛t✉❛❧✐③❛❞♦ s❡♠♣r❡

q✉❡ ✉♠❛ ♠❡♥s❛❣❡♠ ❞❡ r❡q✉✐s✐çã♦ é ❡♥✈✐❛❞❛ ♦✉ r❡❝❡❜✐❞❛✱ ♣❛ss❛♥❞♦ ❛ ❛r♠❛③❡♥❛r ♦

♠❛✐♦r ✈❛❧♦r ❡♥tr❡ ♦ r❡❧ó❣✐♦ ❧♦❝❛❧ ❡ ♦ t✐♠❡st❛♠♣ ❞❛ ♠❡♥s❛❣❡♠ r❡❝❡❜✐❞❛❀

• lasti✿ ♦ ✈❛❧♦r ❞❡ t✐♠❡st❛♠♣ ❞❛ ú❧t✐♠❛ ♠❡♥s❛❣❡♠ ❞❡ r❡q✉✐s✐çã♦ ❡♥✈✐❛❞❛❀

• perm❴counti✿ ♦ t♦t❛❧ ❞❡ ♣❡r♠✐ssõ❡s r❡❝❡❜✐❞❛s ✭♠❡♥s❛❣❡♥s ❞❡ ❘❊P▲❨✮ ❞❡s❞❡ ❛

ú❧t✐♠❛ t❡♥t❛t✐✈❛ ❞❡ ♦❜t❡♥çã♦ ❞♦ r❡❝✉rs♦❀

• reply❴counti[n]✿ ✈❡t♦r q✉❡ ❛r♠❛③❡♥❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ r❡s♣♦st❛s ❡s♣❡r❛❞❛s ❞❡ ❝❛❞❛

♣r♦❝❡ss♦❀

• defer❴counti[n]✿ ❝♦♥t❛❞♦r q✉❡ ❛r♠❛③❡♥❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ r❡s♣♦st❛s ❛❞✐❛❞❛s ♣❛r❛

❝❛❞❛ ♣r♦❝❡ss♦✳ ❆♣ós ❛ ❧✐❜❡r❛çã♦ ❞♦ r❡❝✉rs♦✱ ♦ ♣r♦❝❡ss♦ ❡♥✈✐❛ t♦❞❛s ❛s ♣❡r♠✐ssõ❡s

♣❡♥❞❡♥t❡s ❜❛s❡❛♥❞♦✲s❡ ♥❡st❛s ✐♥❢♦r♠❛çõ❡s✳

❖ ❛❧❣♦r✐t♠♦ ♣♦ss✉✐ ❞✉❛s ❢✉♥çõ❡s ♣r✐♥❝✐♣❛✐s✿ ✉♠❛ ❢✉♥çã♦ ❘❡q✉❡st✭✮ ♣❛r❛ ✐♥✐❝✐❛r ♦

♣r♦❝❡ss♦ ❞❡ r❡q✉✐s✐çã♦ ❞♦ r❡❝✉rs♦ ❡ ✉♠❛ ❢✉♥çã♦ ❘❡❧❡❛s❡✭✮ ♣❛r❛ ❧✐❜❡r❛r ♦ r❡❝✉rs♦ ♦❜t✐❞♦✳

❖ ♣r♦❝❡ss♦ ❞❡ r❡q✉✐s✐çã♦ ✐♥✐❝✐❛ ❝♦♠ ❛ ♠✉❞❛♥ç❛ ❞❡ ❡st❛❞♦ ❞♦ ♣r♦❝❡ss♦ ♣❛r❛ requesting

✭❧✐♥❤❛ ✾✮✳ ❊st❛ ♠✉❞❛♥ç❛ ❣❛r❛♥t❡ q✉❡ s❡ pi r❡❝❡❜❡r ✉♠ ♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦ ❞❡ ✉♠ ♦✉tr♦

♣r♦❝❡ss♦ pj✱ ❡❧❛ só s❡rá ❞❛❞❛ ❝❛s♦ ♦ r❡❧ó❣✐♦ ❞❡ pj t❡♥❤❛ ✉♠ ✈❛❧♦r ♠❛✐♦r q✉❡ ♦ ❞❡ pi ♦✉✱

❡♠ ❝❛s♦ ❞❡ ❡♠♣❛t❡✱ q✉❡ ♦ ✐❞❡♥t✐✜❝❛❞♦r ❞❡ pj s❡❥❛ ♠❡♥♦r ✭❧✐♥❤❛ ✷✻✮✳ ❊♠ s❡❣✉✐❞❛✱ ✉♠❛

♠❡♥s❛❣❡♠ ♠❛r❝❛❞❛ ❝♦♠ ♦ r❡❧ó❣✐♦ ❧♦❝❛❧ ❞❡ pi é ❡♥✈✐❛❞❛ ♣❛r❛ ♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s ✉t✐❧✐③❛♥❞♦

♦ ❛❧❣♦r✐t♠♦ ❞❡ ❜r♦❛❞❝❛st ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✺✳

❖r✐❣✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ♦❜t❡r ❛❝❡ss♦ ❛♦ r❡❝✉rs♦ é ♣r❡❝✐s♦ q✉❡ pi ♦❜t❡♥❤❛ ♣❡r♠✐ssã♦ ❞❡

n − k ♣r♦❝❡ss♦s✳ ◆❛ ♣r♦♣♦st❛ ❡♠ q✉❡stã♦✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♣r♦❝❡ss♦s ♣♦❞❡♠ ❢❛❧❤❛r✱ ❢♦✐

❛❞✐❝✐♦♥❛❞❛ ✉♠❛ ❡s♣❡r❛ ❛t✐✈❛ q✉❡ ❝♦♥s✉❧t❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ♠♦♥✐t♦r❛♠❡♥t♦ ♣❛r❛ ✈❡r✐✜❝❛r

❞✐♥❛♠✐❝❛♠❡♥t❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣r♦❝❡ss♦s ❢❛❧❤♦s ✭❧✐♥❤❛ ✶✺✮✳ ❊st❡ ✈❛❧♦r é ❞❡s❝♦♥t❛❞♦

❞♦ t♦t❛❧ ❞❡ r❡s♣♦st❛s ❡s♣❡r❛❞❛s✱ ♣❡r♠✐t✐♥❞♦ q✉❡ ♦ ♣r♦❝❡ss♦ ♦❜t❡♥❤❛ ❛❝❡ss♦ ❛♦s r❡❝✉rs♦s
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❆❧❣♦r✐t♠♦ ✻✳✶ ❆❧❣♦r✐t♠♦ ❛✉t♦♥ô♠✐❝♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛
✶✿ correcti ← {0, .., n− 1}
✷✿ statei ← not❴requesting
✸✿ ∀j ∈ n : reply❴counti[j]← 0
✹✿ ∀j ∈ n : defer❴counti[j]← 0
✺✿ perm❴counti ← 0
✻✿ clocki ← 0
✼✿ lasti ← 0

✽✿ ♣r♦❝❡❞✉r❡ ❘❡q✉❡st✭ ✮
✾✿ statei ← requesting
✶✵✿ clocki ← clocki + 1
✶✶✿ lasti ← clocki
✶✷✿ perm❴counti ← 0
✶✸✿ ❇r♦❛❞❝❛st✭❘❊◗❯❊❙❚✭i✱ lasti✮✮ ✴✴✉s❛♥❞♦ ▼❡❧❤♦r✲❡s❢♦rç♦
✶✹✿ ∀j 6= i, j ∈ correcti : reply❴counti[j] + +
✶✺✿ ✇❛✐t ✉♥t✐❧ ✭perm❴counti ≥ correcti − k✮
✶✻✿ statei ← executing

✶✼✿ ♣r♦❝❡❞✉r❡ ❘❡❧❡❛s❡✭ ✮
✶✽✿ statei ← not❴requesting
✶✾✿ ❢♦r ❛❧❧ ✭j 6= i : j ∈ correcti✮ ❞♦
✷✵✿ ✐❢ ✭defer❴counti[j] 6= 0✮ t❤❡♥
✷✶✿ s❡♥❞✭❘❊P▲❨✭defer❴counti[j]✮✮ t♦ pj
✷✷✿ defer❴counti[j]← 0

✷✸✿ ♣r♦❝❡❞✉r❡ ❘❡❝❡✐✈❡✭❘❊◗❯❊❙❚✭j✱ lastj✮✮ ❢r♦♠ pj
✷✹✿ clocki ← max(clocki, lastj)
✷✺✿ ✐❢ ✭pj ∈ correcti✮ t❤❡♥
✷✻✿ ✐❢ ✭statei = executing ♦r ✭statei = requesting ❛♥❞ (lasti, i) < (lastj , j)✮✮ t❤❡♥
✷✼✿ defer❴counti[j] + +
✷✽✿ ❡❧s❡

✷✾✿ s❡♥❞✭❘❊P▲❨✭i✱ ✶✮✮ t♦ pj

✸✵✿ ♣r♦❝❡❞✉r❡ ❘❡❝❡✐✈❡✭❘❊P▲❨✭j✱ count✮✮ ❢r♦♠ pj
✸✶✿ ✐❢ ✭j ∈ correcti✮ t❤❡♥
✸✷✿ reply❴counti[j]← reply❴counti[j]− count
✸✸✿ ✐❢ ✭statei = requesting ❛♥❞ reply❴counti[j] = 0✮ t❤❡♥
✸✹✿ perm❴counti ++

✸✺✿ ♣r♦❝❡❞✉r❡ ❈r❛s❤✭♣r♦❝❡ss♦ j✮✴✴j é ❞❡t❡❝t❛❞♦ ❢❛❧❤♦
✸✻✿ ✐❢ ✭statei = requesting ❛♥❞ reply❴counti[j] = 0✮ t❤❡♥
✸✼✿ perm❴counti −−
✸✽✿ correcti ← correcti r {j}

❝♦♠ ♠❛✐s ❡✜❝✐ê♥❝✐❛✳ ❆♦ r❡❝❡❜❡r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❡r♠✐ssõ❡s ♠í♥✐♠❛✱ pi ♦❜té♠ ❛❝❡ss♦

❛♦ r❡❝✉rs♦ ❡ é ❝♦❧♦❝❛❞♦ ♥♦ ❡st❛❞♦ executing✳ ◗✉❛♥❞♦ ✉♠❛ ❢❛❧❤❛ é ❞❡t❡❝t❛❞❛ ❞✉r❛♥t❡ ♦

requesting✱ ♦ ❛❧❣♦r✐t♠♦ ✈❡r✐✜❝❛ s❡ ❥á r❡❝❡❜❡✉ ❛ ♣❡r♠✐ssã♦ ❞♦ ♣r♦❝❡ss♦ ❢❛❧❤♦ ✭❧✐♥❤❛s ✸✻✲

✸✼✮✳ ❙❡ ❥á r❡❝❡❜❡✉✱ perm❴count é ❞❡❝r❡♠❡♥t❛❞❛ ♣❛r❛ ♥ã♦ ✐♥t❡r❢❡r✐r ♥❛ ❝♦♥❞✐çã♦ ❞❛

❧✐♥❤❛ ✶✺✱ ❣❛r❛♥t✐♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❛❢❡t②✳ ❆ ❧✐❜❡r❛çã♦ ❞❡ ✉♠ r❡❝✉rs♦ ♣♦r ✉♠ ♣r♦❝❡ss♦

pi ✐♠♣❧✐❝❛ ♥❛ ♠✉❞❛♥ç❛ ❞❡ ❡st❛❞♦ ❞♦ ♣r♦❝❡ss♦ ♣❛r❛ not❴requesting ❡ ♥♦ ❡♥✈✐♦ ❞❡ t♦❞❛s ❛s

♠❡♥s❛❣❡♥s ❞❡ r❡q✉✐s✐çã♦ r❡❝❡❜✐❞❛s ❞❡ ♦✉tr♦s ♣r♦❝❡ss♦s q✉❡ ❢♦r❛♠ r❡t✐❞❛s ❡ ❝♦♥t❛❜✐❧✐③❛❞❛s

♥❛ ❡str✉t✉r❛ defer❴count ✭❧✐♥❤❛s ✶✽✲✷✷✮✳ ❈♦♠ ✐ss♦✱ ♦s ♣r♦❝❡ss♦s q✉❡ ❡stã♦ ❛❣✉❛r❞❛♥❞♦

♣❡r♠✐ssõ❡s ♣♦❞❡♠ ✈❡r✐✜❝❛r ❛ ❝♦♥❞✐çã♦ ♠í♥✐♠❛ ❞❛ ❧✐♥❤❛ ✶✺ ❡ ♦❜t❡r ♦ r❡❝✉rs♦✳
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P❛r❛ ❣❛r❛♥t✐r ♦ ❝♦rr❡t♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦✱ ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s ♣r❡❝✐s❛♠ s❡r

s❛t✐s❢❡✐t❛s✳ ❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ ❡♠ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦✱ ♥♦ ♠á①✐♠♦ k ♣r♦❝❡ss♦s ❞✐❢❡✲

r❡♥t❡s ♣♦❞❡♠ ❡st❛r ✉t✐❧✐③❛♥❞♦ ♦s k r❡❝✉rs♦s ❡①✐st❡♥t❡s✱ ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡

s❡❣✉r❛♥ç❛ ✭s❛❢❡t②✮ ❡✱ ❡♠ s❡❣✉♥❞♦ ❧✉❣❛r✱ ♠❛s ♥ã♦ ♠❡♥♦s ✐♠♣♦rt❛♥t❡✱ é ♣r❡❝✐s♦ ❣❛r❛♥t✐r q✉❡

s❡ ✉♠ ♣r♦❝❡ss♦ ❝♦rr❡t♦ s♦❧✐❝✐t❛ ✉♠ r❡❝✉rs♦✱ ❡❧❡ ♦ ♦❜t❡rá ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ✜♥✐t♦✱

❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♣r♦❣r❡ssã♦ ✭❧✐✈❡♥❡ss✮✳ ❊st❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ ❣❛r❛♥t✐❞❛s

❡ ♣r♦✈❛❞❛s ❢♦r♠❛❧♠❡♥t❡ ♣❡❧♦s ▲❡♠❛s ✻✳✶ ❡ ✻✳✷ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✻✳✸✳

▲❡♠❛ ✻✳✶ ✭❙❡❣✉r❛♥ç❛✮✳ ◆♦ ♠á①✐♠♦ k ♣r♦❝❡ss♦s ❞✐❢❡r❡♥t❡s ♣♦❞❡♠ ❡st❛r ✉t✐❧✐③❛♥❞♦ ♦s k

r❡❝✉rs♦s ❡①✐st❡♥t❡s ❡♠ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦✳

Pr♦✈❛✳ ❈♦♥s✐❞❡r❡ q✉❡ ❡♠ ✉♠ ❞❛❞♦ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ k ♣r♦❝❡ss♦s ❡st❡❥❛♠ ✉t✐❧✐③❛♥❞♦ ♦s

k r❡❝✉rs♦s ❞✐s♣♦♥í✈❡✐s✳ ❊♠ s❡❣✉✐❞❛✱ ✉♠ ♦✉tr♦ ♣r♦❝❡ss♦ pi ✐♥✐❝✐❛ ❛ ♦♣❡r❛çã♦ ❞❡ r❡q✉✐s✐çã♦✱

❡♥✈✐❛♥❞♦ ♠❡♥s❛❣❡♥s ❞❡ ❘❊◗❯❊❙❚ ♣❛r❛ ♦s n− 1 ♦✉tr♦s ♣r♦❝❡ss♦s✳ ❈❛❞❛ ♣r♦❝❡ss♦ pj ❛♦

r❡❝❡❜❡r ❛ s♦❧✐❝✐t❛çã♦ ♣♦❞❡ t♦♠❛r ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❞❡❝✐sõ❡s✿

• ❙❡ pj ❡stá ♥♦ ❡st❛❞♦ ♥♦t❴r❡q✉❡st✐♥❣ ❡❧❡ r❡s♣♦♥❞❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❝♦♠ ✉♠ ❘❊P▲❨

♣❛r❛ pi❀

• ❙❡ pj ❡stá ♥♦ ❡st❛❞♦ ❡①❡❝✉t✐♥❣ ❡❧❡ r❡té♠ ❛ r❡s♣♦st❛ ❛té q✉❡ ❧✐❜❡r❡ ♦ r❡❝✉rs♦ ❡✱ só

❡♥tã♦✱ ❡♥✈✐❛ ❘❊P▲❨ ♣❛r❛ pi❀

• ❙❡ pj ❡stá ♥♦ ❡st❛❞♦ r❡q✉❡st✐♥❣ ❡ (lasti, i) < (lastj, j)✱ ❡❧❡ ❡♥✈✐❛ ✐♠❡❞✐❛t❛♠❡♥t❡

❘❊P▲❨ ♣❛r❛ pi✱ ♣♦✐s ♥❡st❡ ❝❛s♦ pi t❡♠ ♣r✐♦r✐❞❛❞❡✳ ❈❛s♦ ❝♦♥trár✐♦✱ r❡té♠ ❛ r❡s♣♦st❛

❛té q✉❡ ❡❧❡ ❝♦♥s✐❣❛ ♦❜t❡r ♦ r❡❝✉rs♦ ❡✱ só ❡♥tã♦✱ ❡♥✈✐❛ ❘❊P▲❨ ♣❛r❛ pi❀

• ❖ ♣r♦❝❡ss♦ pj ❡stá ❢❛❧❤♦ ❡✱ ❛♣ós ❛ ♥♦t✐✜❝❛çã♦ ❞♦ ❞❡t❡❝t♦r✱ pi ✐rá r❡♠♦✈ê✲❧♦ ❞❛ ❧✐st❛

❞❡ ❝♦rr❡t♦s ❡ ❞❡s❝♦♥s✐❞❡rá✲❧♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❘❊P▲❨s ❡s♣❡r❛❞♦s✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡s♣❡❝✐✜❝❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✱ ♥♦ ♠á①✐♠♦ n−k−1 ♣r♦❝❡ss♦s ✐rã♦ t♦♠❛r

❛ ♣r✐♠❡✐r❛ ❞❡❝✐sã♦ ❡ ♣❡r♠✐t✐r ✐♠❡❞✐❛t❛♠❡♥t❡ ♦ ✉s♦ ❞♦ r❡❝✉rs♦✱ ✉♠❛ ✈❡③ q✉❡ k ♣r♦❝❡ss♦s

❡stã♦ ✉t✐❧✐③❛♥❞♦ ♦s r❡❝✉rs♦s ✭❡ ❛❞✐❛rã♦ ❛ r❡s♣♦st❛✮ ❡ ♦ ♣r♦❝❡ss♦ s♦❧✐❝✐t❛♥t❡ ♥ã♦ ❝♦♥tr✐❜✉✐

♥❛ ❞❡❝✐sã♦✳ ❆ss✐♠✱ pi ♥ã♦ t❡rá ❛❝❡ss♦ ❛ ✉♠ r❡❝✉rs♦ ❡ t❡rá q✉❡ ❛❣✉❛r❞❛r ♣♦r ✉♠❛ r❡s♣♦st❛

❛❞✐❛❞❛✱ q✉❡ s❡rá ❡♥✈✐❛❞❛ ❛♣❡♥❛s q✉❛♥❞♦ ✉♠ ❞♦s ♣r♦❝❡ss♦s q✉❡ ❡stã♦ ✉t✐❧✐③❛♥❞♦ r❡❝✉rs♦s

❡❢❡t✉❛r ❛ ❧✐❜❡r❛çã♦ ♦✉ ❢❛❧❤❛r✳ ❈♦♠ ✐ss♦✱ ❣❛r❛♥t❡✲s❡ q✉❡ ♥♦ ♠á①✐♠♦ k ♣r♦❝❡ss♦s ❡st❛rã♦

✉t✐❧✐③❛♥❞♦ ♦s k r❡❝✉rs♦s ❡♠ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦✳ �

▲❡♠❛ ✻✳✷ ✭Pr♦❣r❡ssã♦✮✳ ❙❡ ✉♠ ♣r♦❝❡ss♦ ❝♦rr❡t♦ s♦❧✐❝✐t❛ ✉♠ r❡❝✉rs♦✱ ❡❧❡ ♦ ♦❜t❡rá ❡♠ ✉♠

✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ✜♥✐t♦✳

Pr♦✈❛✳ ❆ ú♥✐❝❛ ❡①❝❡çã♦ q✉❡ ❝♦♠♣r♦♠❡t❡r✐❛ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♣r♦❣r❡ssã♦ s❡r✐❛ ♦ ❝❛s♦ ❡♠

q✉❡ ♦ ♣r♦❝❡ss♦ s♦❧✐❝✐t❛♥t❡ ✜❝❛ss❡ ❜❧♦q✉❡❛❞♦ ✐♥❞❡✜♥✐❞❛♠❡♥t❡ ♥❛ ❧✐♥❤❛ ✶✺ ❞♦ ❛❧❣♦r✐t♠♦✱

❛❣✉❛r❞❛♥❞♦ ♣❡❧❛ q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛ ❞❡ r❡s♣♦st❛s ❡①✐❣✐❞❛✳ ◆♦ ❡♥t❛♥t♦✱ s❡ ❡①✐st❡ ✉♠
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r❡❝✉rs♦ ❧✐✈r❡✱ ❡♠ ❛❧❣✉♠ ♠♦♠❡♥t♦ ❛s r❡s♣♦st❛s ❞❡ ❛✉t♦r✐③❛çã♦ s❡rã♦ r❡❝❡❜✐❞❛s ♣❡❧♦ ♣r♦❝❡ss♦

s♦❧✐❝✐t❛♥t❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ♣♦ssí✈❡✐s ❞❡❝✐sõ❡s ❥á ❞✐s❝✉t✐❞❛s ♥♦ ▲❡♠❛ ✻✳✶✳ ❙❡ ❛❧❣✉♠

♣r♦❝❡ss♦ ❢❛❧❤❛r ❞✉r❛♥t❡ ❛ ♦♣❡r❛çã♦✱ ❡♠ ❛❧❣✉♠ ♠♦♠❡♥t♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ♠♦♥✐t♦r❛♠❡♥t♦

✐rá ❞❡t❡❝t❛r ❛ ❢❛❧❤❛ ❡ correcti s❡rá ❛t✉❛❧✐③❛❞♦ ✭❧✐♥❤❛ ✸✽✮✱ ♣❡r♠✐t✐♥❞♦ q✉❡ ♦ s♦❧✐❝✐t❛♥t❡ ♥ã♦

♠❛✐s ❛❣✉❛r❞❡ ♣❡❧❛ r❡s♣♦st❛ ❞♦ ♣r♦❝❡ss♦ ❢❛❧❤♦✳ ❙❡ ❞♦✐s ♦✉ ♠❛✐s ♣r♦❝❡ss♦s ❞✐s♣✉t❛♠ ✉♠

r❡❝✉rs♦✱ ❛ ♣r♦♣r✐❡❞❛❞❡ ❡♠ q✉❡stã♦ é ❣❛r❛♥t✐❞❛ ♣❡❧❛ ♦r❞❡♥❛çã♦ ❞♦ r❡❧ó❣✐♦ ❧ó❣✐❝♦✳ ▲♦❣♦✱

t♦❞♦ ♣r♦❝❡ss♦ q✉❡ s♦❧✐❝✐t❛r ✉♠ r❡❝✉rs♦ ♦ ❝♦♥s❡❣✉✐rá ❡♠ ✉♠ t❡♠♣♦ ✜♥✐t♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠

❛ ♦r❞❡♠ ❞❡ s♦❧✐❝✐t❛çã♦ ♦✉✱ ❡♠ ❝❛s♦ ❞❡ ❡♠♣❛t❡✱ ❝♦♠ ❛ ♣r✐♦r✐❞❛❞❡ ❞♦ s❡✉ ✐❞❡♥t✐✜❝❛❞♦r✳ �

❚❡♦r❡♠❛ ✻✳✸✳ ❖ ❆❧❣♦r✐t♠♦ ✻✳✶ s♦❧✉❝✐♦♥❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ k✲❡①❝❧✉sã♦ ♠út✉❛ ✉t✐❧✐③❛♥❞♦ ✉♠

❛❧❣♦r✐t♠♦ ❞❡ ❞✐❛❣♥óst✐❝♦ ❡ t♦❧❡r❛ ❛té n− 1 ♣r♦❝❡ss♦s ❢❛❧❤♦s✳

Pr♦✈❛✳ ❖ ❚❡♦r❡♠❛ ✻✳✸ ❞❡❝♦rr❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ▲❡♠❛ ✻✳✶ ❡ ❞♦ ▲❡♠❛ ✻✳✷✳ �

✻✳✷ ❆✈❛❧✐❛çã♦ ❊①♣❡r✐♠❡♥t❛❧

◆❡st❛ s❡çã♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♦s r❡s✉❧t❛❞♦s ❞♦s t❡st❡s ♦❜t✐❞♦s ♣♦r s✐♠✉❧❛çã♦ ✉t✐❧✐③❛♥❞♦ ♦

❢r❛♠❡✇♦r❦ ◆❡❦♦ ✭❯r❜á♥ ❡t ❛❧✳✱ ✷✵✵✷✮✳ ◆♦ ❝♦♥t❡①t♦ ❞❛s s✐♠✉❧❛çõ❡s ❡❧❛❜♦r❛❞❛s✱ ♦s ❛❧❣♦✲

r✐t♠♦s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ♠♦♥✐t♦r❛♠❡♥t♦ sã♦ ♣r♦t♦❝♦❧♦s ❡①❡❝✉t❛❞♦s ❡♠

❝❛❞❛ ♣r♦❝❡ss♦✳ ❯♠❛ ❝❛♠❛❞❛ ✐♥t❡r♠❡❞✐ár✐❛ ❢♦✐ ✐♥s❡r✐❞❛ ❡♥tr❡ ♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❡①❝❧✉sã♦

♠út✉❛ ❡ ❛ r❡❞❡ ♣❛r❛ tr❛♥s♣♦rt❛r ❛s ♠❡♥s❛❣❡♥s ❞❡ ❘❊◗❯❊❙❚ ❝♦♠ ❜❛s❡ ♥❛ s♣❛♥♥✐♥❣ tr❡❡

❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❞✐❢✉sã♦✳

❆ss✐♠ ❝♦♠♦ ♥❛s s✐♠✉❧❛çõ❡s ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ❞✐❢✉sã♦ ❞♦ ❈❛♣ít✉❧♦ ✺✱ ♦ ❱❈✉❜❡ ❢♦✐

✐♠♣❧❡♠❡♥t❛❞♦ ✉t✐❧✐③❛♥❞♦ ❛s ❝❧❛ss❡s ❞❡ ❞❡t❡❝çã♦ ❞✐s♣♦♥í✈❡✐s ♥♦ ♣❛❝♦t❡ ❞❡ t♦❧❡râ♥❝✐❛ ❛

❢❛❧❤❛s ❞♦ ◆❡❦♦✳ ❆ ❋✐❣✉r❛ ✻✳✶ r❡♣r❡s❡♥t❛ ❛ ❛rq✉✐t❡t✉r❛ ✉t✐❧✐③❛❞❛ ♥❛ ❝♦♥str✉çã♦ ❞♦ ❛♠❜✐❡♥t❡

s✐♠✉❧❛❞♦✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ ✭▼✉t❡①✮ ❡♥✈✐❛ ❛s ♠❡♥s❛❣❡♥s ❜r♦❛❞❝❛st ❞❡

❘❊◗❯❊❙❚ q✉❡ sã♦ ✐♥t❡r❝❡♣t❛❞❛s ♣❡❧❛ ❝❛♠❛❞❛ r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ♣r♦♣❛❣❛çã♦ ♥❛ ár✈♦r❡

✭❙❚❆ ✲ ❙♣❛♥♥✐♥❣ ❚r❡❡ ❆❧❣♦r✐t❤♠✮✳ ❖ ❱❈✉❜❡ ❡♥✈✐❛ ❡ r❡❝❡❜❡ ♠❡♥s❛❣❡♥s ❞❡ ❆❘❊✲❨❖❯✲

❆▲■❱❊ ❡ ■✲❆▼✲❆▲■❱❊ ❞✐r❡t❛♠❡♥t❡ ♥❛ r❡❞❡✳ ❆❧é♠ ❞✐ss♦✱ t♦❞❛ ✈❡③ q✉❡ ♦ ❡st❛❞♦ ❞❡ ✉♠

❞♦s ♣r♦❝❡ss♦s ♠♦♥✐t♦r❛❞♦s é ♠♦❞✐✜❝❛❞♦✱ ♦ ❛❧❣♦r✐t♠♦ ❞❡ k− ❡①❝❧✉sã♦ ♠út✉❛ ✭▼✉t❡①✮ é

♥♦t✐✜❝❛❞♦✳

❖ ❛❧❣♦r✐t♠♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ ♣r♦♣♦st♦✱ ♥♦♠❡❛❞♦ P❘❖P❖ ❢♦✐ ❝♦♠♣❛r❛❞♦ ❝♦♠ ❞♦✐s

♦✉tr♦s ❛❧❣♦r✐t♠♦s✿ ❖ ❆❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ✭❘❛②♠♦♥❞✱ ✶✾✽✾❛✮ ✭❘❆❨✮ ❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡

❇♦✉✐❧❧❛❣✉❡t✱ ❆r❛♥t❡s ❡ ❙❡♥s ✭❇♦✉✐❧❧❛❣✉❡t ❡t ❛❧✳✱ ✷✵✵✽✮ ✭❇❆❙✮✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞

♥ã♦ ✉t✐❧✐③❛ ❞❡t❡❝çã♦ ❞❡ ❢❛❧❤❛s✱ ♠❛s t♦❧❡r❛ ✐♥tr✐♥s❡❝❛♠❡♥t❡ k − 1 ♣r♦❝❡ss♦s ❢❛❧❤♦s✳ ◆♦

❡♥t❛♥t♦✱ ❝❛❞❛ ❢❛❧❤❛ ✐♠♣❧✐❝❛ ❡♠ ❞❡❣r❛❞❛çã♦ ❞❛ ❡✜❝✐ê♥❝✐❛✳ ❖ ❛❧❣♦r✐t♠♦ ❇❆❙ ✉s❛ ✉♠ ❞❡✲

t❡❝t♦r ❞❡ ❢❛❧❤❛s ❡ t♦❧❡r❛ n − 1 ❢❛❧❤❛s✳ ❈♦♠♦ ❥á ❞✐s❝✉t✐❞♦ ♥❛ ❙❡çã♦ ✻✳✶✱ P❘❖P❖ ❢❛③ ✉s♦

❞❛ ár✈♦r❡ ❣❡r❛❞♦r❛ ♣❛r❛ ♣r♦♣❛❣❛r ❛s ♠❡♥s❛❣❡♥s ❞❡ ❘❊◗❯❊❙❚✳ ❏á ♦s ❛❧❣♦r✐t♠♦s ❘❆❨ ❡

❇❆❙ ✉t✐❧✐③❛♠ ❛ ❡str❛té❣✐❛ ✉♠✲♣❛r❛✲t♦❞♦s✱ ✐st♦ é✱ ❝❛❞❛ ♠❡♥s❛❣❡♠ é ❡♥✈✐❛❞❛ ❞✐r❡t❛♠❡♥t❡

❡♥tr❡ ♦ ♣r♦❝❡ss♦ ❢♦♥t❡ ❡♠✐ss♦r ❡ ❝❛❞❛ ✉♠ ❞♦s n− 1 ♣r♦❝❡ss♦s ❞♦ s✐st❡♠❛✳
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❋✐❣✉r❛ ✻✳✶✿ ❖r❣❛♥✐③❛çã♦ ❞♦s ♠ó❞✉❧♦s ❞❡ s✐♠✉❧❛çã♦ ♥♦ ◆❡❦♦✳

✻✳✷✳✶ P❛râ♠❡tr♦s ❞❡ ❙✐♠✉❧❛çã♦

❖ ♠♦❞❡❧♦ ❞❡ s✐♠✉❧❛çã♦ é ♦ ♠❡s♠♦ ✉t✐❧✐③❛❞♦ ♥❛ ❙❡çã♦ ✺✳✺✱ ❜❛s❡❛❞♦ ❡♠ ❇✉❧❣❛♥♥❛✇❛r

❡ ❱❛✐❞②❛ ✭✶✾✾✺✮✳ ❈❛❞❛ ♣r♦❝❡ss♦ ❡①❡❝✉t❛ ✉♠❛ ♥♦✈❛ r❡q✉✐s✐çã♦ ❞❡ r❡❝✉rs♦ τ ✉♥✐❞❛❞❡s ❞❡

t❡♠♣♦ ❛♣ós ❝♦♠♣❧❡t❛r ❝♦♠ s✉❝❡ss♦ ❛ s♦❧✐❝✐t❛çã♦ ❛♥t❡r✐♦r ❡ ✉t✐❧✐③❛ ♦ r❡❝✉rs♦ ❛♣ós ❝♦♥s❡❣✉✐r

♣❡r♠✐ssã♦ ❞✉r❛♥t❡ e ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦✳ ❈❛❞❛ ♠❡♥s❛❣❡♠ tr♦❝❛❞❛ ❡♥tr❡ ❞♦✐s ♣r♦❝❡ss♦s

❝♦♥s♦♠❡ ts + tt + tr ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦✿ ts ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦ ♣❛r❛ s❡r ❡♥✈✐❛❞❛ ❡ tr ♣❛r❛

s❡r r❡❝❡❜✐❞❛✳ ❖ t❡♠♣♦ ❞❡ tr❛♥s♠✐ssã♦ ✉t✐❧✐③❛❞♦ ♣❡❧❛ r❡❞❡ é r❡♣r❡s❡♥t❛❞♦ ♣♦r tt✳ ❙❡ ✉♠❛

♠❡♥s❛❣❡♠ é ❡♥✈✐❞❛❞❛ ♣❛r❛ ♠❛✐s ❞❡ ✉♠ ❞❡st✐♥♦✱ ts é ❝♦♠♣✉t❛❞♦ ♥♦✈❛♠❡♥t❡ ♣❛r❛ ❝❛❞❛

❝ó♣✐❛✳

P❛r❛ ❝♦♠♣❛r❛r ♦s ❛❧❣♦r✐t♠♦s ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ❛s s❡❣✉✐♥t❡s ♠étr✐❝❛s✿ ✭✶✮ ♦ t♦t❛❧ ❞❡

r❡❝✉rs♦s ❛❧♦❝❛❞♦s ❞✉r❛♥t❡ ❛ ❡①❡❝✉çã♦❀ ✭✷✮ ♦ t❡♠♣♦ ♣❛r❛ ✉♠ ♣r♦❝❡ss♦ ♦❜t❡r ♦ r❡❝✉rs♦✱

❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❛ ♣❛rt✐r ❞♦ ✐♥st❛♥t❡ q✉❡ ♦ ♣r♦❝❡ss♦ s♦❧✐❝✐t❛ ♦ r❡❝✉rs♦

❛té ♦ ✐♥st❛♥t❡ ❡♠ q✉❡ ❡❧❡ ♦❜té♠ ♣❡r♠✐ssã♦ ♣❛r❛ ❛❝❡ssá✲❧♦✳

✻✳✷✳✷ ❘❡s✉❧t❛❞♦ ❞♦s ❊①♣❡r✐♠❡♥t♦s

❖s t❡st❡s ❢♦r❛♠ ❞✐✈✐❞✐❞♦s ❡♠ ❞✉❛s ❝❛t❡❣♦r✐❛s✱ s❡♠ ❢❛❧❤❛s ❡ ❝♦♠ ❢❛❧❤❛s✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ♦s três

❛❧❣♦r✐t♠♦s ❢♦r❛♠ ❝♦♠♣❛r❛❞♦s ❡♠ ❝❡♥ár✐♦s s❡♠ ❢❛❧❤❛s ❝♦♠ s✐st❡♠❛s ❞❡ ✽ ❛ ✶✵✷✹ ♣r♦❝❡ss♦s✳

❊♠ s❡❣✉✐❞❛✱ ❛s ♠étr✐❝❛s ❞❡ t♦t❛❧ ❞❡ r❡❝✉rs♦s ❛❧♦❝❛❞♦s ❡ t❡♠♣♦ ❞❡ ♦❜t❡♥çã♦ ❞❡ r❡❝✉rs♦s

❞❛s três s♦❧✉çõ❡s ❢♦r❛♠ ❛✈❛❧✐❛❞❛s ✉♠ s✐st❡♠❛ ❝♦♠ ✺✶✷ ♣r♦❝❡ss♦s✱ ❝♦♥s✐❞❡r❛♥❞♦ s✐t✉❛çõ❡s

❝♦♠ ❡ s❡♠ ❢❛❧❤❛s✳ P♦r ✜♠✱ ✉♠ ❝❡♥ár✐♦ ❝♦♠ ✶✻ ♣r♦❝❡ss♦s ❢♦✐ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❝♦♠♣❛r❛r ♦

❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ❝♦♠ ♦ s❡✉ ♦r✐❣✐♥❛❧ ❘❆❨✳ ◆❡st❡ ú❧t✐♠♦ ❡①♣❡r✐♠❡♥t♦✱ ❛❧é♠ ❞♦s r❡❝✉rs♦s

❛❧♦❝❛❞♦s ❡♠ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦✱ ❢♦✐ ♠❡❞✐❞♦ t❛♠❜é♠ ♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ✉t✐❧✐③❛❞❛s✳

❖s ♣❛râ♠❡tr♦s ❡ r❡s✉❧t❛❞♦s sã♦ ❞❡s❝r✐t♦s ❛ s❡❣✉✐r✳ ❖ ♣❛râ♠❡tr♦ f ✐♥❞✐❝❛ ♦ t♦t❛❧ ❞❡

♣r♦❝❡ss♦s ❢❛❧❤♦s ❡♠ ❝❛❞❛ t❡st❡✳



✼✼

✻✳✷✳✷✳✶ ❊①♣❡r✐♠❡♥t♦s ❡♠ ❈❡♥ár✐♦s s❡♠ ❋❛❧❤❛s

❖s três ❛❧❣♦r✐t♠♦s✱ P❘❖P❖✱ ❘❆❨ ❡ ❇❆❙✱ ❢♦r❛♠ ❡①❡❝✉t❛❞♦s ❡♠ ❝❡♥ár✐♦s ❝♦♠ ❞✐❢❡r❡♥t❡

♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s✱ ✈❛r✐❛♥❞♦ ❞❡ ✽ ❛ ✺✶✷ ❡♠ ♣♦tê♥❝✐❛ ❞❡ ✷ ❡ ❡♠♣r❡❣❛♥❞♦ ❞♦✐s t✐♣♦s ❞❡

❝❛r❣❛✿ ❜❛✐①❛ ✭▲❖❲✮ ❡ ❛❧t❛ ✭❍■●❍✮✳ ◗✉❛♥❞♦ ❛ ❝❛r❣❛ é ✏▲❖❲✑ ♥♦ ♠á①✐♠♦ k ♣r♦❝❡ss♦s

s♦❧✐❝✐t❛♠ r❡❝✉rs♦s ❛♦ ♠❡s♠♦ t❡♠♣♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥❛ ❝❛r❣❛ ✏❍■●❍✑✱ t♦❞♦s ♦s ♣r♦❝❡s✲

s♦s s♦❧✐❝✐t❛♠ r❡❝✉rs♦s ❝♦♥❝♦rr❡♥t❡♠❡♥t❡✳ ❖s ♣❛râ♠❡tr♦s ❢♦r❛♠ ❝♦♥✜❣✉r❛❞♦s ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛ ❡♠ t♦❞❛s ❛s ❡①❡❝✉çõ❡s✿ t❡♠♣♦ ❞❡ ✉s♦ ❞♦ r❡❝✉rs♦ e = 0, 0002✱ t❡♠♣♦s ❞❡ ❡♥✈✐♦ ❡

r❡❝❡❜✐♠❡♥t♦ ❞❡ ♠❡♥s❛❣❡♥s ts = tr = 0, 1✱ t❡♠♣♦ ❞❡ tr❛♥s♠✐ssã♦ ❞❛ ♠❡♥s❛❣❡♠ ♣❡❧❛ r❡❞❡

tt = 0, 8✱ ✐♥t❡r✈❛❧♦ ❡♥tr❡ r❡q✉✐s✐çõ❡s τ = 0, 1 ❡ t♦t❛❧ ❞❡ r❡❝✉rs♦s k = 3✳ ❈❛❞❛ ❡①❡❝✉çã♦

t❡✈❡ ❞✉r❛çã♦ ❞❡ ✶✳✵✵✵ ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦✳

❖ t♦t❛❧ ❞❡ r❡❝✉rs♦s ❛❧♦❝❛❞♦s ❡♠ ❝❛❞❛ ❡①❡❝✉çã♦ ❡stá r❡❣✐str❛❞♦ ♥❛ ❚❛❜❡❧❛ ✻✳✶✳

❚❛❜❡❧❛ ✻✳✶✿ ❚♦t❛❧ ❞❡ r❡❝✉rs♦s ❛❧♦❝❛❞♦s ♥♦s ❝❡♥ár✐♦s s❡♠ ❢❛❧❤❛s ✭f = 0 ❡ k = 3✮✳

n ❈❛r❣❛ ❘❆❨ ❇❆❙ P❘❖P❖
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✺✶✷
▲❖❲ ✺✹ ✺✶ ✶✺✾
❍■●❍ ✷✸✶ ✷✷✺ ✶✵✵✶

❆ ❋✐❣✉r❛ ✻✳✷ ✐❧✉str❛ ❣r❛✜❝❛♠❡♥t❡ ♦ t♦t❛❧ ❞❡ r❡❝✉rs♦s ❛❧♦❝❛❞♦s ♣❛r❛ ❝❛❞❛ t✐♣♦ ❞❡ ❝❛r❣❛✳

P♦r ♠❡✐♦ ❞❡st❡s r❡s✉❧t❛❞♦s✱ é ♣♦ssí✈❡❧ ❝♦♥❝❧✉✐r q✉❡ ❛ ♠❡❞✐❞❛ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s

❛✉♠❡♥t❛✱ ❛ s♦❧✉çã♦ P❘❖P❖ é ♠❛✐s ❡✜❝✐❡♥t❡ q✉❡ ❛s ♦✉tr❛s ❞✉❛s✱ ❝♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦

♥♦s s✐st❡♠❛s ❛ ♣❛rt✐r ❞❡ ✻✹ ♣r♦❝❡ss♦s✳

❆ ❚❛❜❡❧❛ ✻✳✷ ♠♦str❛ ♦ t❡♠♣♦ ♠í♥✐♠♦ ✭min✮✱ ♠á①✐♠♦ ✭max✮ ❡ ❛ ♠é❞✐❛ ✭mean✮ ♣❛r❛

♦❜t❡r ✉♠ r❡❝✉rs♦✳ ❖s ✈❛❧♦r❡s ❞❡ ❘❆❨ ❡ ❇❆❙ sã♦ ♠✉✐t♦ ♣ró①✐♠♦s ❡♠ ❢✉♥çã♦ ❞♦ ♠❡❝❛♥✐s♠♦

❞❡ ❜r♦❛❞❝❛st ♣♦♥t♦✲❛✲♣♦♥t♦ q✉❡ ❛♠❜♦s ✉t✐❧✐③❛♠✳ ◗✉❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s é ♠❛✐♦r

q✉❡ ✻✹✱ ❛ s♦❧✉çã♦ ♣r♦♣♦st❛ ❛♣r❡s❡♥t❛ ♠❛✐♦r ❡✜❝✐ê♥❝✐❛ t❛♥t♦ ♣❛r❛ t❡♠♣♦ ♠í♥✐♠♦ q✉❛♥t♦

♣❛r❛ ♠á①✐♠♦✳ ■ss♦ s❡ ❞á ❡s♣❡❝✐❛❧♠❡♥t❡ ♣❡❧♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❞✐❢✉sã♦ ❡♠ ár✈♦r❡ ❡♠♣r❡❣❛❞♦

♥❛ s♦❧✉çã♦ P❘❖P❖✳
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❋✐❣✉r❛ ✻✳✷✿ ❚♦t❛❧ ❞❡ r❡❝✉rs♦s ❛❧♦❝❛❞♦s ❡♠ ❝❡♥ár✐♦s s❡♠ ❢❛❧❤❛s✳

❚❛❜❡❧❛ ✻✳✷✿ ❚❡♠♣♦ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ r❡❝✉rs♦ ❡♠ ❝❡♥ár✐♦s s❡♠ ❢❛❧❤❛s ✭f = 0 ❡ k = 3✮✳

❘❆❨ ❇❆❙ P❘❖P❖
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✻✳✷✳✷✳✷ ❊①♣❡r✐♠❡♥t♦s ❡♠ ❈❡♥ár✐♦s ❝♦♠ ❋❛❧❤❛s

◆❡st❡ s❡❣✉♥❞♦ ❡①♣❡r✐♠❡♥t♦ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ✺✶✷ ♣r♦❝❡ss♦s ❡ k = 10 r❡❝✉rs♦s✳ ❋♦r❛♠

✉t✐❧✐③❛❞♦s ❝❡♥ár✐♦s ❝♦♠ ❡ s❡♠ ❢❛❧❤❛s✱ t❛♠❜é♠ ❡♠♣r❡❣❛♥❞♦ ❛s ❝❛r❣❛s ▲❖❲ ❡ ❍■●❍✳ ❆

❚❛❜❡❧❛ ✻✳✸ ♠♦str❛ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ r❡❝✉rs♦s ❛❧♦❝❛❞♦s ❡♠ ❝❛❞❛ t❡st❡ ❝♦♠ ❞✉r❛çã♦ ❞❡ ✶✳✵✵✵

✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦✳ ◆♦ ❝❡♥ár✐♦ ❝♦♠ ❢❛❧❤❛s✱ f = 10 ♣r♦❝❡ss♦s sã♦ ❡s❝♦❧❤✐❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡

♣❛r❛ ❢❛❧❤❛r✳ ❖s r❡s✉❧t❛❞♦s ♠♦str❛♠ q✉❡ ❛ s♦❧✉çã♦ P❘❖P❖ ♥♦✈❛♠❡♥t❡ ❛♣r❡s❡♥t❛ ♠❡❧❤♦r❡s

r❡s✉❧t❛❞♦s ❡♠ ❛♠❜♦s ♦s ♠♦❞❡❧♦s ❞❡ ❝❛r❣❛✳

P❛r❛ ♦ ú❧t✐♠♦ ❡①♣❡r✐♠❡♥t♦✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s n = 16 ♣r♦❝❡ss♦s ❡ k = 5 r❡❝✉rs♦s✳ ❖

❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ❡ ❛ s♦❧✉çã♦ ♣r♦♣♦st❛ P❘❖P❖ ❢♦r❛♠ ❝♦♥✜❣✉r❛❞♦s ♣❛r❛ ❡♥✈✐❛r

s♦❧✐❝✐t❛çõ❡s ♥♦ ♠♦❞❡❧♦ ❞❡ ❝❛r❣❛ ▲❖❲✳

❋❛❧❤❛s ❝r❛s❤ ❢♦r❛♠ ✐♥❥❡t❛❞❛s ❛ ❝❛❞❛ ✺✱✵ ✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦ ❛ ♣❛rt✐r ❞♦ t❡♠♣♦ ✺✱✵✳ ❊♠
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❍■●❍ ✺✷✳✽✵ ✾✼✻✳✼✷ ✸✼✷✳✹✵ ✺✷✳✽✵ ✾✸✵✳✷✶ ✸✺✻✳✻✵ ✶✼✳✷✵ ✺✺✸✳✷✸ ✸✾✷✳✾✾
❈♦♠✲❢❛❧❤❛s
▲❖❲ ✺✷✳✶✵ ✺✹✳✸✵ ✺✷✳✽✸ ✺✷✳✶✵ ✺✸✳✸✵ ✺✷✳✸✼ ✶✻✳✵✵ ✷✼✳✻✵ ✶✽✳✼✼
❍■●❍ ✺✷✳✶✵ ✾✾✻✳✷✶ ✸✺✺✳✼✵ ✺✷✳✶✵ ✾✸✾✳✾✶ ✸✺✼✳✶✷ ✶✼✳✵✵ ✸✵✷✳✾✷ ✶✽✷✳✸✵

❝❛❞❛ ✐♥t❡r✈❛❧♦ ✉♠ ♣r♦❝❡ss♦ ❢❛❧❤❛✱ ✐♥✐❝✐❛♥❞♦ ❞♦ ♣r♦❝❡ss♦ p15 ❛té ♦ ♣r♦❝❡ss♦ p1✳ ❖ ♣r♦❝❡ss♦

p0 ♥✉♥❝❛ ❢❛❧❤❛✳ ❈✐♥❝♦ ♣r♦❝❡ss♦s ✭p0 ❛ p4✮ s♦❧✐❝✐t❛♠ ♦s r❡❝✉rs♦s ♣❡r✐♦❞✐❝❛♠❡♥t❡✳ ❆ s❡❣✉✐r

sã♦ ❛♣r❡s❡♥t❛❞♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ♥ú♠❡r♦ ❞❡ ♠❡♥s❛❣❡♥s ❡ ♦ t♦t❛❧ ❞❡ r❡❝✉rs♦s ❛❧♦❝❛❞♦s

♣❛r❛ ♦ ❝❡♥ár✐♦ ❞❡s❝r✐t♦ ❛❝✐♠❛✳

◆ú♠❡r♦ ❞❡ ▼❡♥s❛❣❡♥s✳ ◆♦ ❣rá✜❝♦ ❞❛ ❋✐❣✉r❛ ✻✳✸ é ♣♦ssí✈❡❧ ♣❡r❝❡❜❡r ♥♦s ✐♥t❡r✈❛❧♦s

✐♥✐❝✐❛✐s q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♠❡♥s❛❣❡♥s ❡♥✈✐❛❞❛s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ✭❥á ❝♦♠ ❛s ❝♦♥✜r✲

♠❛çõ❡s ❞♦ ❙❚❆✮ é ✺✵✪ ♠❛✐♦r q✉❡ ♥❛ s♦❧✉çã♦ ❞❡ ❘❛②♠♦♥❞✱ s❡♠ ❝♦♥t❛❜✐❧✐③❛r ❛s ♠❡♥s❛❣❡♥s

❞❡ ♠♦♥✐t♦r❛♠❡♥t♦✳ ❊♠ ✈❛❧♦r❡s ❛❜s♦❧✉t♦s✱ ♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ❡♥✈✐♦✉ ✽✽✽✹ ♠❡♥s❛❣❡♥s

✭✸✳✵✵✼ r❡q✉✐s✐çõ❡s✱ ✷✳✾✶✾ r❡s♣♦st❛s ❡ ✷✳✾✺✽ ❝♦♥✜r♠❛çõ❡s✮ ❛♦ ♣❛ss♦ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡

❘❛②♠♦♥❞ ❡♥✈✐♦✉ ✷✳✻✾✵ ♠❡♥s❛❣❡♥s ✭✶✳✹✷✺ r❡q✉✐s✐çõ❡s ❡ ✶✳✷✻✺ r❡s♣♦st❛s✮✳ ■st♦ r❡♣r❡s❡♥t❛

✉♠❛ s♦❜r❡❝❛r❣❛ s✐❣♥✐✜❝❛t✐✈❛ ❡♠ r❡❧❛çã♦ à s♦❧✉çã♦ ❞❡ ❘❛②♠♦♥❞✱ s❡♠ ❝♦♥s✐❞❡r❛r ❛s ✼✳✹✹✽

♠❡♥s❛❣❡♥s ❞❡ ❞✐❛❣♥óst✐❝♦ ✭✺✳✶✵✵ r❡q✉✐s✐çõ❡s ❡ ✷✳✸✹✽ r❡s♣♦st❛s✮✳ ❊♥tr❡t❛♥t♦✱ ❡ss❛ ❞✐❢❡r❡♥ç❛

❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ✜❝♦✉ ❜❧♦q✉❡❛❞♦ ❛ ♣❛rt✐r ❞❛ q✉✐♥t❛ ❢❛❧❤❛✱

❞❡✐①❛♥❞♦ ❞❡ ❡♥✈✐❛r ♠❡♥s❛❣❡♥s ❞❡ r❡q✉✐s✐çã♦ ❛♣ós t = 25, 0✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡✲s❡ ♥♦t❛r q✉❡

♥❛ s♦❧✉çã♦ ♣r♦♣♦st❛ ♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ♣❡r♠❛♥❡❝❡ ❡q✉✐❧✐❜r❛❞♦ à ♠❡❞✐❞❛ q✉❡ ❛s ❢❛❧❤❛s

sã♦ ✐♥❥❡t❛❞❛s✳

❘❡❝✉rs♦s ❛❧♦❝❛❞♦s✳ ❆ ❋✐❣✉r❛ ✻✳✹ ♠♦str❛ ❛ ❡✜❝✐ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦✳ ❈♦♠♦

❡s♣❡r❛❞♦✱ ❛♣ós k−1 = 4 ❢❛❧❤❛s ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ♥ã♦ ❝♦♥s❡❣✉❡ ♠❛✐s ♦❜t❡r r❡❝✉rs♦s✳

■ss♦ ♦❝♦rr❡ ❛♣ós ❛ ✐♥❥❡çã♦ ❞❛ q✉✐♥t❛ ❢❛❧❤❛ ❡♠ t = 25, 0✳ ❏á ♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦✱ ❝♦♠

❜❛s❡ ♥❛s ✐♥❢♦r♠❛çõ❡s ❢♦r♥❡❝✐❞❛s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ ♠♦♥✐t♦r❛♠❡♥t♦✱ ❝♦♥s❡❣✉❡ ♠❡❧❤♦r❛r

s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❛ ❡✜❝✐ê♥❝✐❛ ❛té ❛ ❢❛❧❤❛ ❞❡ n − 1 ♣r♦❝❡ss♦s✳ ❆♣ós ❛ ❢❛❧❤❛ ❞❡ n − k

♣r♦❝❡ss♦s ❡♠ t = 60, 0 ♦❝♦rr❡ ✉♠❛ ❞❡❣r❛❞❛çã♦ ❝♦♥st❛♥t❡✱ q✉❡ é ❥✉st✐✜❝❛❞❛ ♣❡❧❛ ✐♥✐❝✐♦
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❋✐❣✉r❛ ✻✳✹✿ ❈♦♠♣❛r❛t✐✈♦ ❞❡ ❡✜❝✐ê♥❝✐❛ ♥❛ ♦❜t❡♥çã♦ ❞♦s r❡❝✉rs♦s✳

✻✳✸ ❯♠❛ ❆❜♦r❞❛❣❡♠ ♣❛r❛ ❙✐st❡♠❛s ❞❡ ◗✉ór✉♥s

❙✐st❡♠❛s ❞❡ q✉ór✉♥s ❢♦r❛♠ ✐♥tr♦❞✉③✐❞♦s ♣♦r ❚❤♦♠❛s ✭✶✾✼✾✮ ❝♦♠♦ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❝♦♦r✲

❞❡♥❛r ❛çõ❡s ❡ ❣❛r❛♥t✐r ❝♦♥s✐stê♥❝✐❛ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❜❛♥❝♦s ❞❡ ❞❛❞♦s r❡♣❧✐❝❛❞♦✳ ❈♦♥s✐✲

❞❡r❡ ✉♠ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ P ❞❡ n > 1 ♣r♦❝❡ss♦s ✐♥❞❡♣❡♥❞❡♥t❡s

{p0, ..., pn−1} q✉❡ s❡ ❝♦♠✉♥✐❝❛♠ ✉s❛♥❞♦ tr♦❝❛ ❞❡ ♠❡♥s❛❣❡♥s✳ ❯♠ s✐st❡♠❛ ❞❡ q✉ór✉♥s

❡♠ P é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ P ✱ ❝❤❛♠❛❞♦s q✉ór✉♥s✱ ♥♦ q✉❛❧ ❝❛❞❛ ♣❛r ❞❡

s✉❜❝♦♥❥✉♥t♦s t❡♠ ✉♠❛ ✐♥t❡rs❡❝çã♦ ♥ã♦✲✈❛③✐❛ ✭▼❡r✐❞❡t❤ ❡ ❘❡✐t❡r✱ ✷✵✶✵✮✳ ●❛r❝✐❛✲▼♦❧✐♥❛

❡ ❇❛r❜❛r❛ ✭✶✾✽✺✮ ❡st❡♥❞❡r❛♠ ❡st❛ ❞❡✜♥✐çã♦ ✐♥tr♦❞✉③✐♥❞♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦t❡r✐❡s✱ ✐st♦ é✱

❣r✉♣♦s ❡①❝❧✉s✐✈♦s✳ ❊st❡ ♠♦❞❡❧♦ ✐♥❝❧✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♠✐♥✐♠❛❧✐❞❛❞❡✱ ♥❛ q✉❛❧ ♥❡♥❤✉♠

❝♦♥❥✉♥t♦ ❝♦♥té♠ ♦✉tr♦ ❝♦♥❥✉♥t♦ ❞♦ s✐st❡♠❛✱ ♦ q✉❡ ♦ t♦r♥❛ ♠❛✐s ❡✜❝✐❡♥t❡✳
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❖ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ♣♦r ❚❤♦♠❛s ✐♠♣❧❡♠❡♥t❛ ✉♠ ♠❡❝❛♥✐s♠♦ tr❛❞✐❝✐♦♥❛❧ ❞❡ ✈♦t❛çã♦

♥♦ q✉❛❧ ♦ ✈❡♥❝❡❞♦r é ♦ ✈❛❧♦r ❝♦♠ ❛ ♠❛✐♦r✐❛ ❞♦s ✈♦t♦s✳ ❈❛❞❛ ❛t✉❛❧✐③❛çã♦ ❡♠ ✉♠ ✐t❡♠ ❞❡

❞❛❞♦s é ♠❛r❝❛❞❛ ❝♦♠ ✉♠ t✐♠❡st❛♠♣ ❡ ❡①❡❝✉t❛❞❛ ❡♠ ✉♠ q✉ór✉♠ ❝♦♠♣♦st♦ ♣❡❧❛ ♠❛✐♦r✐❛

❞♦s s❡r✈✐❞♦r❡s✳ ◗✉❛♥❞♦ ✉♠ ❝❧✐❡♥t❡ ♣r❡❝✐s❛ ❧❡r ✉♠ ✈❛❧♦r ❞♦ ❜❛♥❝♦✱ ❡❧❡ ❛❝❡ss❛ ♥♦✈❛♠❡♥t❡

✉♠ q✉ór✉♠ ❝♦♠ ❛ ♠❛✐♦r✐❛ ❞❛s ré♣❧✐❝❛s ❡ ❡s❝♦❧❤❡ ♦ ✐t❡♠ ❝♦♠ ♦ t✐♠❡st❛♠♣ ♠❛✐s ❛t✉❛❧✳

❊♠ ✉♠ s✐st❡♠❛ ❝♦♠ três s❡r✈✐❞♦r❡s✱ ♣♦r ❡①❡♠♣❧♦✱ s❡ ❛ ❡s❝r✐t❛ ❢♦r r❡♣❧✐❝❛❞❛ ❡♠ q✉❛✐sq✉❡r

❞♦✐s s❡r✈✐❞♦r❡s✱ t♦❞❛ ❧❡✐t✉r❛ ♣♦st❡r✐♦r ❡♠ ♥♦ ♠í♥✐♠♦ ❞♦✐s s❡r✈✐❞♦r❡s r❡t♦r♥❛rá ♦ ✈❛❧♦r

♠❛✐s ❛t✉❛❧✱ ✐st♦ é✱ ❛ ✐♥t❡rs❡❝çã♦ ❞♦s q✉ór✉♥s ❣❛r❛♥t❡ q✉❡✱ ♥♦ ♠í♥✐♠♦✱ ✉♠❛ r❡♣❧✐❝❛ t❡rá ♦

✐t❡♠ ❞❡ ❞❛❞♦ ♠❛✐s r❡❝❡♥t❡✳ ❖ tr❛❜❛❧❤♦ ❞❡ ❚❤♦♠❛s ❝♦♥s✐❞❡r❛ q✉❡ ❝❛❞❛ ♣r♦❝❡ss♦ ❝♦♥tr✐❜✉✐

❞❡ ❢♦r♠❛ ✐❣✉❛❧✐tár✐❛ ♥❛ ✈♦t❛çã♦✳ ●✐✛♦r❞ ✭✶✾✼✾✮ ❡st❡♥❞❡✉ ❡st❡ ♠♦❞❡❧♦ ❛tr✐❜✉✐♥❞♦ ♣❡s♦s

❛♦s ♣r♦❝❡ss♦s✳ ❆❧é♠ ❞✐ss♦✱ ♦s q✉ór✉♥s sã♦ ❞✐✈✐❞✐❞♦s ❡♠ ❞✉❛s ❝❧❛ss❡s✱ ❧❡✐t✉r❛ ❡ ❡s❝r✐t❛✱ ❡

s♦♠❡♥t❡ q✉ór✉♥s ❞❡ ❝❧❛ss❡s ❞✐❢❡r❡♥t❡s ♣r❡❝✐s❛♠ s❡ ✐♥t❡rs❡❝t❛r✳

❆❧é♠ ❞❛ r❡♣❧✐❝❛çã♦ ❞❡ ❞❛❞♦s ✭▲✐✉ ❡t ❛❧✳✱ ✷✵✶✶❀ ❆❜❛✇❛❥② ❡ ❉❡r✐s✱ ✷✵✶✸✮✱ s✐st❡♠❛s ❞❡

q✉ór✉♠ tê♠ s✐❞♦ ✉t✐❧✐③❛❞♦s ♣♦r ❞✐✈❡rs❛s ♦✉tr❛s ❛♣❧✐❝❛çõ❡s✱ ❝♦♠♦ ❛ ❡①❝❧✉sã♦ ♠út✉❛ ✭▼❛✲

❡❦❛✇❛✱ ✶✾✽✺❀ ❋✉❥✐t❛✱ ✶✾✾✽❀ ❆tr❡②❛ ❡t ❛❧✳✱ ✷✵✵✼❀ ◆❛✐♠✐ ❡ ❚❤✐❛r❡✱ ✷✵✶✸✮✳ ❊♠ ✉♠❛ s♦❧✉çã♦

❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ❜❛s❡❛❞❛ ❡♠ ♣❡❞✐❞♦s ❞❡ ♣❡r♠✐ssã♦ s❡♠ ❛ ✉t✐❧✐③❛çã♦ ❞❡ q✉ór✉♥s✱ s❡ ✉♠

♣r♦❝❡ss♦ ❞❡s❡❥❛ ♦❜t❡r ❛❝❡ss♦ ❛ ✉♠ r❡❝✉rs♦ ❝♦♠♣❛rt✐❧❤❛❞♦✱ ❡❧❡ ❞❡✈❡ ❡♥✈✐❛r ✉♠❛ ♠❡♥s❛❣❡♠

❞❡ r❡q✉✐s✐çã♦ ♣❛r❛ t♦❞♦s ♦s ♦✉tr♦s ♣r♦❝❡ss♦s ❞♦ s✐st❡♠❛ ❡ ❛❣✉❛r❞❛r ♣❡❧❛s ♠❡♥s❛❣❡♥s ❞❡

♣❡r♠✐ssã♦ ✭❘✐❝❛rt ❡ ❆❣r❛✇❛❧❛✱ ✶✾✽✶✮✳ ◆❡st❡ ❝❛s♦✱ ✉♠ s✐st❡♠❛ ❞❡ q✉ór✉♠ ♣♦❞❡ r❡❞✉③✐r ♦

t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s✱ ✈✐st♦ q✉❡ ❡st❡ ♠❡s♠♦ ♣r♦❝❡ss♦ ♣r❡❝✐s❛ ❡♥✈✐❛r ❛ r❡q✉✐s✐çã♦ ❛♣❡♥❛s ♣❛r❛

✉♠ s✉❜❝♦♥❥✉♥t♦ ❞♦s ♣r♦❝❡ss♦s q✉❡ ❢♦r♠❛ ✉♠ q✉ór✉♠✳ ❖s ♣r♦❝❡ss♦s q✉❡ r❡s♣♦♥❞❡♠ ❛♦

♣❡❞✐❞♦ ❞❡ ♣❡r♠✐ssã♦ ✜❝❛♠ ❜❧♦q✉❡❛❞♦s ♣❛r❛ ♥♦✈♦s ♣❡❞✐❞♦s ❛té q✉❡ ♦ r❡❝✉rs♦ s❡❥❛ ❧✐❜❡r❛❞♦✳

❆ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ♦s q✉ór✉♥s ❣❛r❛♥t❡ ❛ ✐♥t❡❣r✐❞❛❞❡ ❞❛ ❡①❝❧✉sã♦ ♠út✉❛✳

❊♠ ❣❡r❛❧✱ ❛s s♦❧✉çõ❡s ❞❡ q✉ór✉♥s sã♦ ❛✈❛❧✐❛❞❛s ❡♠ t❡r♠♦s ❞❡ t❛♠❛♥❤♦✱ ❝❛r❣❛ ❡ ❞✐s♣♦✲

♥✐❜✐❧✐❞❛❞❡ ✭❱✉❦♦❧✐➣✱ ✷✵✶✵✮✳ ❖ t❛♠❛♥❤♦ é ♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s ❡♠ ❝❛❞❛ q✉ór✉♠ ❡ ❛ ❝❛r❣❛

✐♥❞✐❝❛ ❡♠ q✉❛♥t♦s q✉ór✉♥s ❝❛❞❛ ♣r♦❝❡ss♦ ❡stá ❝♦♥t✐❞♦✳ ❆ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❡stá ❧✐❣❛❞❛ ❛♦

✐♠♣❛❝t♦ ❞❛s ❢❛❧❤❛s ♥♦ ❝♦♥❥✉♥t♦ ❞❡ q✉ór✉♥s ❞♦ s✐st❡♠❛✳ ❖ ♠♦❞❡❧♦ ❞❡ ▼❛❡❦❛✇❛ ✭✶✾✽✺✮✱

♣♦r ❡①❡♠♣❧♦✱ ❣❡r❛ q✉ór✉♥s ❞❡ t❛♠❛♥❤♦ ♣ró①✐♠♦ ❛
√
n✱ s❡♥❞♦ n ♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s ♥♦

s✐st❡♠❛✳ ◆♦ ❡♥t❛♥t♦✱ ❛ s♦❧✉çã♦ ♥ã♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡ n✳ ❆❣r❛✇❛❧

❡ ❊❧ ❆❜❜❛❞✐ ✭✶✾✾✶✮ ✉t✐❧✐③❛♠ ár✈♦r❡s ❜✐♥ár✐❛s ♣❛r❛ ❝r✐❛r q✉ór✉♥s ❞❡ t❛♠❛♥❤♦ log2 n✱ ♠❛s

q✉❡ ♣♦❞❡♠ ❝❤❡❣❛r ❛ ⌈(n+1)/2⌉ ❡♠ ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛s✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝❛r❣❛ é ❛❧t❛♠❡♥t❡

❝♦♥❝❡♥tr❛❞❛ ♥❛ r❛✐③ ❡ ♣r♦♣♦r❝✐♦♥❛❧♠❡♥t❡ ♥♦s ♥♦❞♦s ♣ró①✐♠♦s ❛ ❡❧❛✳

❆ s♦❧✉çã♦ ❞❡ ❚❤♦♠❛s ✭✶✾✼✾✮ ❢❛③ ✉s♦ ❞♦s ❝❤❛♠❛❞♦s q✉ór✉♥s ♠❛❥♦r✐tár✐♦s✳ ❯♠ q✉ór✉♠

♠❛❥♦r✐tár✐♦ Q ❡♠ P t❡♠ |Q| = ⌈(n+ 1)/2⌉ ❡❧❡♠❡♥t♦s✳ ❆ ❣r❛♥❞❡ ✈❛♥t❛❣❡♠ ❞❡st❡ t✐♣♦ ❞❡

q✉ór✉♠ é ❛ ❛❧t❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡✳ ▼❡s♠♦ ❡♠ ✉♠❛ s♦❧✉çã♦ ❡stát✐❝❛✱ ♦s q✉ór✉♥s ♠❛❥♦r✐tár✐♦s

t♦❧❡r❛♠ f < n/2 ♣r♦❝❡ss♦s ❢❛❧❤♦s ✭▲✐♣❝♦♥✱ ✷✵✶✷✮✳ ❆ t♦❧❡râ♥❝✐❛ ❛ ❢❛❧❤❛s ♣♦❞❡ s❡r ❛✐♥❞❛

❛♣r✐♠♦r❛❞❛ s❡ ♦ ♠♦❞❡❧♦ ♣❡r♠✐t❡ ❛ ❛t✉❛❧✐③❛çã♦ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ✭❆♠✐r ❡ ❲♦♦❧✱ ✶✾✾✻✮✳

❆❧é♠ ❞✐ss♦✱ ❡♠❜♦r❛ ♦✉tr❛s s♦❧✉çõ❡s ❛♣r❡s❡♥t❡♠ ♠♦❞❡❧♦s t❡ór✐❝♦s ❝♦♠ ♣r♦♣r✐❡❞❛❞❡s ♦t✐✲

♠✐③❛❞❛s ❡♠ t❡r♠♦s ❞♦ ♥ú♠❡r♦ ❞❡ ♣❛rt✐❝✐♣❛♥t❡s ❡♠ ❝❛❞❛ q✉ór✉♠✱ ❛s s♦❧✉çõ❡s ♠❛❥♦r✐tár✐❛s



✽✷

❝♦♥t✐♥✉❛♠ s❡♥❞♦ ❛s ♠❛✐s ✉t✐❧✐③❛❞❛s ♥❛ ♣rát✐❝❛✳

❊st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛ ✉♠ s✐st❡♠❛ ❞❡ q✉ór✉♠ ♠❛❥♦r✐tár✐♦ ❝♦♥str✉í❞♦ s♦❜r❡ ❛ t♦♣♦✲

❧♦❣✐❛ ❞❡ ❤✐♣❡r❝✉❜♦ ✈✐rt✉❛❧ ❞♦ ❱❈✉❜❡✳ Pr♦❝❡ss♦s ♣♦❞❡♠ ❢❛❧❤❛r ♣♦r ❝r❛s❤ ❡ ✉♠❛ ❢❛❧❤❛ é

♣❡r♠❛♥❡♥t❡✳ ❆♣ós ✉♠❛ ❢❛❧❤❛✱ ❛ t♦♣♦❧♦❣✐❛ ❞♦ ❱❈✉❜❡ é r❡❡str✉t✉r❛❞❛ ❡st❛❜❡❧❡❝❡♥❞♦✲s❡

♥♦✈♦s ❡♥❧❛❝❡s ❡♥tr❡ ♦s ♣r♦❝❡ss♦s ❛♥t❡r✐♦r♠❡♥t❡ ❝♦♥❡❝t❛❞♦s ❛♦ ♣r♦❝❡ss♦ ❢❛❧❤♦✳ ❆s ♣r♦✲

♣r✐❡❞❛❞❡s ❧♦❣❛rít♠✐❝❛s ❤❡r❞❛❞❛s ❞♦ ❤✐♣❡r❝✉❜♦ sã♦ ♠❛♥t✐❞❛s ♠❡s♠♦ ❛♣ós ❛ ♦❝♦rrê♥❝✐❛

❞❡ ❢❛❧❤❛s✳ ❆ ❛✈❛❧✐❛çã♦ t❡ór✐❝❛ ❡ t❡st❡s ❝♦♠♣❛r❛t✐✈♦s ♠♦str❛♠ q✉❡ ♦s q✉ór✉♥s ❢♦r♠❛❞♦s

♣♦ss✉❡♠ t❛♠❛♥❤♦ ❡ ❝❛r❣❛ ❜❛❧❛♥❝❡❛❞♦s ❡ ♦ s✐st❡♠❛ t♦❧❡r❛ ❛té n− 1 ♣r♦❝❡ss♦s ❢❛❧❤♦s✳

✻✳✸✳✶ ❉❡✜♥✐çã♦ ❞❛s ❋✉♥çõ❡s

❈♦♠ ❜❛s❡ ♥❛ ♦r❣❛♥✐③❛çã♦ ✈✐rt✉❛❧ ❞♦s ♣r♦❝❡ss♦s ✉t✐❧✐③❛❞❛ ♣❡❧♦ ❱❈✉❜❡ ❡ ♥❛ ❢✉♥çã♦ ci,s

❛♣r❡s❡♥t❛❞♦s ♥❛ ❙❡çã♦ ✹✳✸✱ ❢♦r❛♠ ❞❡✜♥✐❞❛s ❛❧❣✉♠❛s ❢✉♥çõ❡s ♣❛r❛ ❛✉①✐❧✐❛r ❛ ✐♠♣❧❡♠❡♥t❛çã♦

❞♦ ❛❧❣♦r✐t♠♦ ❞❡ q✉ór✉♥s ♣r♦♣♦st♦ ♥❡st❡ tr❛❜❛❧❤♦✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♦ ❝♦♥❥✉♥t♦ correcti é ❞❡✜♥✐❞♦ ♣❛r❛ r❡❣✐str❛r ❛s ✐♥❢♦r♠❛çõ❡s q✉❡ ♦ ♣r♦❝❡ss♦

i t❡♠ s♦❜r❡ ♦ ❡st❛❞♦ ❞♦s ♣r♦❝❡ss♦s ✐♥❢♦r♠❛❞❛s ♣❡❧♦ ❱❈✉❜❡✳ ❊st❛s ✐♥❢♦r♠❛çõ❡s sã♦ ♦❜t✐❞❛s

❛tr❛✈és ❞♦s t❡st❡s r❡❛❧✐③❛❞♦s ♣❡❧♦ ♠♦♥✐t♦r❛♠❡♥t♦✳ ❙❡♥❞♦ ❛ss✐♠✱ ❡♠ r❛③ã♦ ❞❛ ❧❛tê♥❝✐❛ ❞♦

❞❡t❡❝t♦r✱ é ♣♦ssí✈❡❧ q✉❡ ✉♠ ♣r♦❝❡ss♦ j ❢❛❧❤♦ ❛✐♥❞❛ s❡❥❛ ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ❝♦rr❡t♦ ♣❡❧♦

♣r♦❝❡ss♦ i✳ ◆♦ ❡♥t❛♥t♦✱ tã♦ ❧♦❣♦ ♦ ♣r♦❝❡ss♦ i s❡❥❛ ✐♥❢♦r♠❛❞♦ s♦❜r❡ ❛ ❢❛❧❤❛✱ j é r❡♠♦✈✐❞♦

❞❡ correcti ❡✱ ❛♣ós ♦ ❞✐❛❣♥óst✐❝♦ ❝♦♠♣❧❡t♦✱ t♦❞♦s ♦s ♣r♦❝❡ss♦s t❡rã♦ ❛ ♠❡s♠❛ ✐♥❢♦r♠❛çã♦

s♦❜r❡ ♣r♦❝❡ss♦s ❝♦rr❡t♦s ❡ ❢❛❧❤♦s✳

❙❡❥❛ ♦ r❡s✉❧t❛❞♦ ❞❛ ❢✉♥çã♦ ci,s ✉♠❛ ❧✐st❛ (a1, a2, .., am)✱ m = 2s−1 ❞♦s ♣r♦❝❡ss♦s ❞♦

❝❧✉st❡r s ❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❝❡ss♦ i✳ ❆ ❧✐st❛ ❞❡ m′ ❡❧❡♠❡♥t♦s ❝♦♥s✐❞❡r❛❞♦s ❝♦rr❡t♦s ♣♦r i

❡♠ ✉♠ ❝❧✉st❡r cj,s é ❞❡♥♦♠✐♥❛❞❛ ❝♦♠♦ FF❴clusteri(s) = (b1, .., bm′), bk ∈ (ci,s∩correcti✮✱
k = 1..m′✱m′ ≤ m✳ ❉❡st❛ ❢♦r♠❛✱ ❛ ❢✉♥çã♦ FF❴midi(s) = (b1, .., b⌈m′/2⌉) ❣❡r❛ ✉♠ ❝♦♥❥✉♥t♦

q✉❡ ❝♦♥té♠ ❛ ♠❡t❛❞❡ ❛❜s♦❧✉t❛ ❞♦s ♣r♦❝❡ss♦s ❝♦♥s✐❞❡r❛❞♦s ❝♦rr❡t♦s ♣❡❧♦ ♣r♦❝❡ss♦ i ❡♠ ✉♠

❝❧✉st❡r ci,s✳ ❙❡ ♥ã♦ ❡①✐st❡♠ ♣r♦❝❡ss♦s ❝♦rr❡t♦s ♥♦ ❝❧✉st❡r s✱ FF❴clusteri(s) = ⊥ ❡✱ ♣♦r

❝♦♥s❡❣✉✐♥t❡✱ FF❴midi(s) = ⊥✳ ◆♦t❡ q✉❡ ❡st❛ ❢✉♥çã♦ é ❞❡♣❡♥❞❡♥t❡ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❛t✉❛❧

q✉❡ ✉♠ ♣r♦❝❡ss♦ t❡♠ ❛ r❡s♣❡✐t♦ ❞❛s ❢❛❧❤❛s ♥♦ s✐st❡♠❛✳ ❉❡✈✐❞♦ à ❧❛tê♥❝✐❛ ❞❡ ❞❡t❡❝çã♦✱

❡♠ ✉♠ ♠❡s♠♦ ❡s♣❛ç♦ ❞❡ t❡♠♣♦✱ é ♣♦ssí✈❡❧ q✉❡ ❞♦✐s ♣r♦❝❡ss♦s ♣♦ss✉❛♠ ✈✐sõ❡s ❞✐❢❡r❡♥t❡s

s♦❜r❡ q✉❛✐s ♣r♦❝❡ss♦s ❡stã♦ ❝♦rr❡t♦s ♦✉ ❢❛❧❤♦s✳

✻✳✸✳✷ ❉❡s❝r✐çã♦ ❞♦ ❆❧❣♦r✐t♠♦

❊♠ t❡r♠♦s ❣❡r❛✐s✱ ❝❛❞❛ ♣r♦❝❡ss♦ i ❝♦♥stró✐ ♦ s❡✉ ♣ró♣r✐♦ q✉ór✉♠ ❛❞✐❝✐♦♥❛♥❞♦ ❛ s✐ ♠❡s♠♦

❡ ❛ ♠❡t❛❞❡ ❛❜s♦❧✉t❛ ❞♦s ❡❧❡♠❡♥t♦s j q✉❡ ❡❧❡ ❝♦♥s✐❞❡r❛ s❡♠✲❢❛❧❤❛ ✭j ∈ correcti✮ ❡♠ ❝❛❞❛

❝❧✉st❡r ci,s ❞♦ ❤✐♣❡r❝✉❜♦ ✈✐rt✉❛❧ ❞❡✜♥✐❞♦ ♣♦r ❱❈✉❜❡✳ ❖ ❡st❛❞♦ ❞♦s ♣r♦❝❡ss♦s é ✐♥❢♦r♠❛❞♦

♣❡❧♦ ❱❈✉❜❡✳ ❖ ❆❧❣♦r✐t♠♦ ✻✳✷ ❛♣r❡s❡♥t❛ ✉♠ ♣s❡✉❞♦✲❝ó❞✐❣♦ ❞❡st❛ s♦❧✉çã♦✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ♦ ❝❡♥ár✐♦ s❡♠ ❢❛❧❤❛s r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ ❤✐♣❡r❝✉❜♦ ❞❡ três
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❆❧❣♦r✐t♠♦ ✻✳✷ ❖❜t❡♥çã♦ ❞♦ q✉ór✉♠ ❞❡ ✉♠ ♣r♦❝❡ss♦ j ♣❡❧♦ ♣r♦❝❡ss♦ i

✶✿ correcti ← {0, .., n− 1}
✷✿ ❢✉♥❝t✐♦♥ ●❡t◗✉♦r✉♠
✸✿ qi ← {i}
✹✿ ❢♦r s← 1, .., log2 n ❞♦
✺✿ ✴✴❛❞✐❝✐♦♥❛r ❛♦ q✉ór✉♠ qi ❛ ♠❡t❛❞❡ ❛❜s♦❧✉t❛ ❞♦s
✻✿ ✴✴♣r♦❝❡ss♦s ❝♦♥s✐❞❡r❛❞♦s ❝♦rr❡t♦s ♣♦r i ♥♦ s❡✉ ❝❧✉st❡r s
✼✿ qi ← qi ∪ FF❴midi(s)

✽✿ r❡t✉r♥ qi

✾✿ ✉♣♦♥ ♥♦t✐❢②✐♥❣ ❝r❛s❤✭j✮
✶✵✿ correcti ← correcti r {j}

✭❛✮ ❙❡♠ ❢❛❧❤❛s

q0 = {0, 1, 2, 4, 5}
q1 = {1, 0, 3, 5, 4}
q2 = {2, 3, 0, 6, 7}
q3 = {3, 2, 1, 7, 6}
q4 = {4, 5, 6, 0, 1}
q5 = {5, 4, 7, 1, 0}
q6 = {6, 7, 4, 2, 3}
q7 = {7, 6, 5, 3, 2}

✭❜✮ Pr♦❝❡ss♦s p2 ❡ p5 ❢❛❧❤♦s

q0 = {0, 1, 3, 4, 6}
q1 = {1, 0, 3, 4, 7}
q3 = {3, 1, 7, 6}
q4 = {4, 6, 0, 1}
q6 = {6, 7, 4, 3, 0}
q7 = {7, 6, 4, 3, 1}

❋✐❣✉r❛ ✻✳✺✿ ◗✉ór✉♥s ❞♦ ✸✲❱❈✉❜❡ ❝♦♠ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ♣❛r❛ ♦s ♣r♦❝❡ss♦s p0 ❡ p7✳

❞✐♠❡♥sõ❡s ❞❛ ❋✐❣✉r❛ ✻✳✺✭❛✮✱ q✉❡ r❡♣r❡s❡♥t❛ ♦s q✉ór✉♥s ❞♦s ♣r♦❝❡ss♦s p0 ❡ p7✳ ❊st❡s

♣r♦❝❡ss♦s ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s ♣♦r ❡st❛r❡♠ ♦ ♠❛✐s ❞✐st❛♥t❡ ♣♦ssí✈❡❧ ✉♠ ❞♦ ♦✉tr♦ ♥♦ ❤✐♣❡r❝✉❜♦✳

❖ q✉ór✉♠ q0 ❝❛❧❝✉❧❛❞♦ ♣❡❧♦ ♣r♦❝❡ss♦ p0 é ❝♦♠♣♦st♦ ♣♦r ❡❧❡ ♠❡s♠♦ ❡ ♣❡❧❛ ♠❡t❛❞❡ ❛❜s♦❧✉t❛

❞♦s ❝❧✉st❡rs c0,1 = (1)✱ c0,2 = (2, 3) ❡ c0,3 = (4, 5, 6, 7)✳ ◆❡st❡ ❝❛s♦✱ FF❴mid0(1) =

(1)✱ FF❴mid0(2) = (2) ❡ FF❴mid0(3) = (4, 5)✳ ▲♦❣♦✱ q0 = {0, 1, 2, 4, 5}✳ ❖ q✉ór✉♠

q7 r❡❢❡r❡♥t❡ ❛♦ ♣r♦❝❡ss♦ p7 é ❢♦r♠❛❞♦ ♣♦r FF❴mid7(1) = (6)✱ FF❴mid7(2) = (5) ❡

FF❴mid7(3) = (3, 2)✳ ❆ss✐♠✱ q7 = {7, 6, 5, 3, 2}✳ ▲♦❣♦✱ ❛ ✐♥t❡rs❡❝çã♦✱ q0 ∩ q7 = {2, 5}✳ ❆
❋✐❣✉r❛ ✻✳✺✭❜✮ ✐❧✉str❛ ✉♠ ❝❡♥ár✐♦ ❛♣ós ❛ ❢❛❧❤❛ ❞♦s ♣r♦❝❡ss♦s ❞❛ ✐♥t❡rs❡çã♦ p2 ❡ p5✳ ◆❡st❡

❝❛s♦✱ ❛ t♦♣♦❧♦❣✐❛ ✈✐rt✉❛❧ é r❡❡str✉t✉r❛❞❛ ❡ ♦ ♣r♦❝❡ss♦ p6 ♣❛ss❛ ❛ ❢❛③❡r ♣❛rt❡ ❞♦ q✉ór✉♠

❞❡ p0 ♣♦✐s✱ ❞❛❞❛ ❛ ❢❛❧❤❛ ❞❡ p5✱ FF❴mid0(3) = (4, 6)✳ ❖ ♣r♦❝❡ss♦ p1 é ✐♥❝❧✉í❞♦ ♥♦ q✉ór✉♠

❞❡ p7 ♣♦r r❛③õ❡s s❡♠❡❧❤❛♥t❡s✳ ❆ss✐♠✱ p1 ❡ p6 ♣❛ss❛♠ ❛ ❝♦♠♣♦r ❛ ♥♦✈❛ ✐♥t❡rs❡çã♦✳

❚❡♦r❡♠❛ ✻✳✹ ✭■♥t❡rs❡❝çã♦✮✳ ❚♦❞♦ q✉ór✉♠ qi ❝♦♥str✉í❞♦ ♣♦r ✉♠ ♣r♦❝❡ss♦ i ✉t✐❧✐③❛♥❞♦ ♦

❆❧❣♦r✐t♠♦ ✻✳✷ t❡♠ ✉♠❛ ✐♥t❡rs❡çã♦ ❝♦♠ ❝❛❞❛ ♦✉tr♦ q✉ór✉♠ ❞♦ s✐st❡♠❛ ❞❡✱ ♥♦ ♠í♥✐♠♦✱

❞♦✐s ❡❧❡♠❡♥t♦s✳
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Pr♦✈❛✳ ❆ ♣r♦✈❛ é ♣♦r ✐♥❞✉çã♦ ❜❛s❡❛❞❛ ♥♦s ❝❧✉st❡rs ❞♦ ❱❈✉❜❡✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐✲

❞❛❞❡✱ ❝♦♥s✐❞❡r❛✲s❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s n ❞♦ s✐st❡♠❛ é ✉♠❛ ♣♦tê♥❝✐❛ ❞❡ ✷✳ P❛r❛ ♦s

❞❡♠❛✐s ✈❛❧♦r❡s ❞❡ n ❜❛st❛ ❝♦♥s✐❞❡r❛r ♦ ❱❈✉❜❡ ❝♦♠ ❞✐♠❡♥sã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛❝♦♠♦❞❛r

t♦❞♦s ♦s ♣r♦❝❡ss♦s ❞♦ s✐st❡♠❛ ❡ ❝♦♥s✐❞❡r❛r ♦s ✈ért✐❝❡s ❞♦ ❤✐♣❡r❝✉❜♦ ♥ã♦ ✉t✐❧✐③❛❞♦s ♣♦r

♣r♦❝❡ss♦s ✈á❧✐❞♦s ❝♦♠♦ ❢❛❧❤♦s✳

❇❛s❡✿ ♦ t❡♦r❡♠❛ é ✈❛❧✐❞♦ ♣❛r❛ ✉♠ ❱❈✉❜❡ ❞❡ ❞✐♠❡♥sã♦ ✶ ❝♦♠ ❞♦✐s ♣r♦❝❡ss♦s {p0, p1}✳
❖ ♣r♦❝❡ss♦ p0 ❛❞✐❝✐♦♥❛ ❛ s✐ ♠❡s♠♦ ❡ ♦ ♣r♦❝❡ss♦ p1 ❛♦ s❡✉ q✉ór✉♠✱ ✈✐st♦ q✉❡ c0,1 = (1)

❡ FF❴mid0(1) = (1)✳ ❖ ♣r♦❝❡ss♦ p1 ❛❞✐❝✐♦♥❛ p0 ❛♦ s❡✉ q✉ór✉♠ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡✳

◆❡st❡ ❝❛s♦✱ q0 ∩ q1 = {0, 1}✳
❍✐♣ót❡s❡✿ s✉♣♦♥❤❛ q✉❡ ♦ t❡♦r❡♠❛ é ✈á❧✐❞♦ ♣❛r❛ ✉♠ ❱❈✉❜❡ ❞❡ d ❞✐♠❡♥sõ❡s✳

P❛ss♦✿ ❝♦♥s✐❞❡r❡ ✉♠ ❱❈✉❜❡ ❝♦♠ d + 1 ❞✐♠❡♥sõ❡s ❝♦♠ n = 2d+1 ♣r♦❝❡ss♦s✳ ❈❛❞❛ ❝❧✉st❡r

ci,s t❡♠ 2s/2 ❡❧❡♠❡♥t♦s✳ ❆ s♦♠❛ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ t♦❞♦s ♦s ❝❧✉st❡rs s ❞❡ ✉♠ ♣r♦❝❡ss♦ i é

❞❛❞❛ ♣♦r 21/2 + .. + 2d/2 + 2d+1/2 = 2d+1 − 1 = n − 1✳ P♦rt❛♥t♦✱ ❛ s♦♠❛ ❞❛s ♠❡t❛❞❡s

❛❜s♦❧✉t❛s ❞♦s ❡❧❡♠❡♥t♦s ❞❡ ❝❛❞❛ ❝❧✉st❡r s é ❞❛❞❛ ♣♦r✿

⌈

21

2
+ ..+ 2d

2
+ 2d+1

2

2

⌉

=

⌈

2d+1 − 1

2

⌉

=

⌈

n− 1

2

⌉

✭✻✳✶✮

❙❡♥❞♦ n ✉♠❛ ♣♦tê♥❝✐❛ ❞❡ ✷ ❡✱ ♣♦rt❛♥t♦✱ ♣❛r✱
⌈

n−1
2

⌉

❡q✉✐✈❛❧❡ ❛ n
2
✳

❙❡❥❛♠ qi ❡ qj ❞♦✐s q✉ór✉♥s ❝♦♥str✉í❞♦s ♣♦r ❞♦✐s ♣r♦❝❡ss♦s q✉❛✐sq✉❡r i ❡ j✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ ❈♦♠♦ ❝❛❞❛ ♣r♦❝❡ss♦ i ❛❞✐❝✐♦♥❛ ❛ s✐ ♠❡s♠♦ ❛♦ s❡✉ q✉ór✉♠ qi✱ |qi| = 1 + n
2
✳ ❙❡❥❛

P = {p0, .., pn−1} ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❝❡ss♦s q✉❡ r❡♣r❡s❡♥t❛ ♦ ❱❈✉❜❡ ❡♠ q✉❡stã♦✳ ❈♦♥s✐❞❡r❡

q✉❡ qi = {p0, .., pn/2−1} ❡ qj = {pn/2, .., pn−1} ❝♦♥té♠ ❝❛❞❛ ✉♠✱ ❛ ♠❡t❛❞❡ ❞✐st✐♥t❛ ❞♦s

❡❧❡♠❡♥t♦s ❞❡ P ✳ ❆ ❛❞✐çã♦ ❞❡ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ pa ∈ qi ❛ qj ❡ ❞❡ pb ∈ qj ❛ pi ❣❛r❛♥t❡

❛ ♠❛✐♦r✐❛ ♣❛r❛ ❛♠❜♦s ❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱ ❛ ✐♥t❡rs❡❝çã♦ ❡♠✱ ♥♦ ♠í♥✐♠♦✱ ❞♦✐s ❡❧❡♠❡♥t♦s✿

{pa, pb}✳
❆ss✐♠✱ ♣♦r ✐♥❞✉çã♦✱ ♦ t❡♦r❡♠❛ é ✈á❧✐❞♦✳ �

✻✳✸✳✸ ❆♥á❧✐s❡ ❞♦ ❆❧❣♦r✐t♠♦

◆❡st❛ s❡çã♦ sã♦ ❞✐s❝✉t✐❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ s✐st❡♠❛ ❞❡ q✉ór✉♥s ♣r♦♣♦st♦✳ ❆s ♠étr✐✲

❝❛s ❛✈❛❧✐❛❞❛s sã♦ ♦ t❛♠❛♥❤♦ ❡ ❛ ❝❛r❣❛ ❞♦s q✉ór✉♥s✱ ❡ ♦s ❛s♣❡❝t♦s ❞❡ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❡

t♦❧❡râ♥❝✐❛ ❛ ❢❛❧❤❛s✳

❚❛♠❛♥❤♦ ❡ ❈❛r❣❛ ❞♦s ◗✉ór✉♥s✳ ❊♠ ✉♠ s✐st❡♠❛ ❞❡ q✉ór✉♥s ✐❞❡❛❧✱ t♦❞♦s ♦s q✉ór✉♥s

sã♦ ❞♦ ♠❡s♠♦ t❛♠❛♥❤♦✱ ❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ❞♦✐s q✉ór✉♥s q✉❛✐sq✉❡r t❡♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦

❞❡ ❡❧❡♠❡♥t♦s ❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ♣❡rt❡♥❝❡ ❛♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ q✉ór✉♥s✳

❖ t❛♠❛♥❤♦ ❞❡ ✉♠ q✉ór✉♠ qi ♥♦ ❱❈✉❜❡ ♣♦❞❡ s❡r ❞❛❞♦ ♣♦r✿

|qi| = 1 +

log2 n
∑

s=1

|FF❴midi(s)| ✭✻✳✷✮
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❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❝❛❞❛ ❝❧✉st❡r ♣♦ss✉✐ 2s ♣r♦❝❡ss♦s✱ ❛ ♠❡t❛❞❡ ❛❜s♦❧✉t❛ q✉❛♥❞♦ ♥ã♦

❡①✐st❡♠ ♣r♦❝❡ss♦s ❢❛❧❤♦s ♥♦ ❝❧✉st❡r s é ⌈|ci,s|/2⌉✳ ◆♦ t♦t❛❧✱ ❛ ♠❡t❛❞❡ ❞♦s ♣r♦❝❡ss♦s é
∑log2 n

s=1

⌈

2s

2

⌉

✳ ❆ ✐♥❝❧✉sã♦ ❞♦ ♣ró♣r✐♦ ♣r♦❝❡ss♦ i ❝♦♠♣❧❡t❛ ❛ ♠❛✐♦r✐❛✳ ❆ss✐♠✱ ♥♦s ❝❡♥ár✐♦s

s❡♠ ❢❛❧❤❛✱ ♦s q✉ór✉♥s sã♦ ✉♥✐❢♦r♠❡s ❡ ♣♦ss✉❡♠ ❡①❛t❛♠❡♥t❡ (n/2 + 1) ❡❧❡♠❡♥t♦s✳ ❆❧é♠

❞✐ss♦✱ ♥❡♥❤✉♠ ❝♦♥❥✉♥t♦ ❡stá ❝♦♥t✐❞♦ ❡♠ ♦✉tr♦ ✭❝♦t❡r✐❡s✮✳

❙❡❥❛ fs ♦ t♦t❛❧ ❞❡ ♣r♦❝❡ss♦s ❢❛❧❤♦s ❡♠ ✉♠ ❝❧✉st❡r s✳ ❙❡ |ci,s| − fs é ♣❛r✱ ❛ ♠❡t❛❞❡ q✉❡

❝♦rr❡s♣♦♥❞❡ ❛♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s é ♠❛♥t✐❞❛✳ ❙❡ é í♠♣❛r✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s

q✉❡ ❢❛③❡♠ ♣❛rt❡ ❞♦ q✉ór✉♠ ❞♦ ❝❧✉st❡r é ♦ r❡s✉❧t❛❞♦ ❞❛ ❞✐✈✐sã♦ ✐♥t❡✐r❛ ❞❡ |FF❴clusteri(s)|
2

❛❝r❡s❝✐❞♦ ❞❡ ✶✳ ❆ss✐♠✱ ♥♦ ♣✐♦r ❝❛s♦✱ ♦ t❛♠❛♥❤♦ ❞♦ q✉ór✉♠ s❡rá✿

|qi| = 1 +

log2 n
∑

s=1

⌊ |ci,s| − fs
2

⌋

+ c, c =

{

0 s❡ |ci,s| − fs é ♣❛r

1 s❡ |ci,s| − fs é í♠♣❛r
✭✻✳✸✮

❊♠ r❡❧❛çã♦ à ❝❛r❣❛✱ q✉❛♥❞♦ ♥ã♦ ❡①✐st❡♠ ♣r♦❝❡ss♦s ❢❛❧❤♦s✱ ❛ ❝❛r❛❝t❡ríst✐❝❛ s✐♠étr✐❝❛

❞❛ ci,s ❣❛r❛♥t❡ ❛ ✐❣✉❛❧ ❞✐str✐❜✉✐çã♦ ❞♦s ♣r♦❝❡ss♦s ♥♦s ❝❧✉st❡rs ❡✱ ♣♦rt❛♥t♦✱ ♦ ❡q✉✐❧í❜r✐♦

♥❛ ✐♥❝❧✉sã♦ ❞♦s ❡❧❡♠❡♥t♦s ❡♠ ❝❛❞❛ q✉ór✉♠✳ ❊♠ ❝❛s♦ ❞❡ ❢❛❧❤❛ ❞❡ ✉♠ ♣r♦❝❡ss♦ j✱ s❡

j ∈ ci,s✱ ♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s k q✉❡ ♣❡rt❡♥❝❡♠ ❛♦ ❝❧✉st❡r s ❞♦ ♣r♦❝❡ss♦ i t❡rã♦ ✉♠❛ ♠❛✐♦r

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♣❡rt❡♥❝❡r ❛ ✉♠ ♥♦✈♦ q✉ór✉♠✳ ❙❡ ❛♣ós ❛ ❢❛❧❤❛ ci,s−fs é í♠♣❛r✱ ❛♦ ♠❡♥♦s

✉♠ ♣r♦❝❡ss♦ k s❡rá ✐♥❝❧✉í❞♦ ♥♦ q✉ór✉♠ ❞♦ ♣r♦❝❡ss♦ i✱ ♣♦ss✐✈❡❧♠❡♥t❡ ❛✉♠❡♥t❛♥❞♦ ❛ ❝❛r❣❛

❞❡ k✱ ❡①❝❡t♦ s❡ k ♣❡rt❡♥❝✐❛ ❛♦ q✉ór✉♠ ❞♦ ♣r♦❝❡ss♦ j q✉❡ ❢❛❧❤♦✉✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ♦ s✐st❡♠❛ P ❝♦♠ n = 8 ♣r♦❝❡ss♦s✳ ❖ ❣rá✜❝♦ ❞❛ ❋✐❣✉r❛ ✻✳✻✭❛✮

♠♦str❛ ♦ t❛♠❛♥❤♦ ❞♦s q✉ór✉♥s q✉❛♥❞♦ ♥ã♦ ❡①✐st❡♠ ♣r♦❝❡ss♦s ❢❛❧❤♦s ❡ ❛♣ós ❛ ❞❡t❡❝çã♦ ❞❡

❢❛❧❤❛s✳ ■♥✐❝✐❛❧♠❡♥t❡✱ q✉❛♥❞♦ ♥ã♦ ❡①✐st❡♠ ♣r♦❝❡ss♦s ❢❛❧❤♦s ❝❛❞❛ q✉ór✉♠ ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡

(n/2 + 1) = 5 ❡❧❡♠❡♥t♦s✳ ❆♣ós ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠❛ ❢❛❧❤❛✱ r❡st❛♠ ✼ ♣r♦❝❡ss♦s ❝♦rr❡t♦s

❡ ♦s q✉ór✉♥s ♣❛ss❛♠ ❛ t❡r ❡♥tr❡ ✹ ✭❛ ♠❛✐♦r✐❛ ❛❜s♦❧✉t❛ ❞❡ ✼✮ ❡ ✺ ❡❧❡♠❡♥t♦s ✭❛ ♠❛✐♦r✐❛

♠❛✐s ✉♠✮✳ ◗✉❛♥❞♦ ❡①✐st❡♠ ♠❛✐s ♣r♦❝❡ss♦s ❢❛❧❤♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ é s❡♠❡❧❤❛♥t❡✳ ❆

❝❛r❣❛ ❡stá r❡♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✻✳✻✭❜✮✳ ◗✉❛♥❞♦ ♥ã♦ ❤á ❢❛❧❤❛s ♦ t❛♠❛♥❤♦ ❡ ❛ ❝❛r❣❛ sã♦

✐❞ê♥t✐❝♦s✱ ♦ q✉❡ ♠♦str❛ ❛ ✉♥✐❢♦r♠✐❞❛❞❡ ❞♦s q✉ór✉♥s✳ ❆♣ós ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠❛ ❢❛❧❤❛✱ ❛

❝❛r❣❛ ✈❛r✐❛ ❡♥tr❡ ✹ ❡ ✻✱ ♠❛s ❛ ♠é❞✐❛ s❡ ♠❛♥té♠ ❡♠ ✺✳ P❛r❛ ✹ ♣r♦❝❡ss♦s ❢❛❧❤♦s ♦ t❛♠❛♥❤♦

❡ ❛ ❝❛r❣❛ sã♦ ✐❣✉❛✐s ♥♦✈❛♠❡♥t❡ ❡ ❝❛❞❛ q✉ór✉♠ ♣♦ss✉✐ ❛ ♠❛✐♦r✐❛ ❞♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s✱

✐st♦ é✱ 4/2 + 1 = 3 ❡❧❡♠❡♥t♦s✳

❉✐s♣♦♥✐❜✐❧✐❞❛❞❡✳ ❆ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ é ❛ ❝❛♣❛❝✐❞❛❞❡ ❞♦ s✐st❡♠❛ ❞❡ q✉ór✉♥s ❡♠ t♦❧❡r❛r

❢❛❧❤❛s✳ ◆❛ s♦❧✉çã♦ ❝♦♠ ❱❈✉❜❡✱ ❛♣ós ♦ ❞✐❛❣♥óst✐❝♦ ❝♦♠♣❧❡t♦ ❞♦ ♥♦❞♦ ❢❛❧❤♦✱ t♦❞♦s ♦s

♣r♦❝❡ss♦s ❛t✉❛❧✐③❛♠ s❡✉s q✉ór✉♥s ❛✉t♦♠❛t✐❝❛♠❡♥t❡✳ ❆ss✐♠✱ ♠❡s♠♦ ❛♣ós n − 1 ❢❛❧❤❛s é

♣♦ssí✈❡❧ r❡❝♦♥str✉✐r ♦ s✐st❡♠❛ ❞❡ q✉ór✉♥s✱ ♦✉ s❡❥❛✱ ♦ s✐st❡♠❛ ♣r♦♣♦st♦ é ✭n− 1✮✲r❡s✐❧✐❡♥t❡✳

✻✳✸✳✹ ❆✈❛❧✐❛çã♦ ❊①♣❡r✐♠❡♥t❛❧

P❛r❛ r❡❛❧✐③❛r ♦s ❡①♣❡r✐♠❡♥t♦s✱ ♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ❡♠ ❏❛✈❛✳ ❆ s♦❧✉çã♦

❞❡ q✉ór✉♥s ♣r♦♣♦st❛ ❢♦✐ ❝♦♠♣❛r❛❞❛ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❞❡ q✉ór✉♥s ❡♠ ár✈♦r❡ ❞❡ ❆❣r❛✇❛❧
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❋✐❣✉r❛ ✻✳✻✿ ❚❛♠❛♥❤♦ ❡ ❝❛r❣❛ ❞♦s q✉ór✉♥s ❡♠ ✉♠ s✐st❡♠❛ ❱❈✉❜❡ ❝♦♠ ✽ ♣r♦❝❡ss♦s✳

❡ ❊❧✲❆❜❜❛❞✐ ✭✶✾✾✶✮✱ ❞❡♥♦♠✐♥❛❞❛ ❚❘❊❊✳ ❋♦✐ ✉t✐❧✐③❛❞❛ ✉♠❛ ár✈♦r❡ ❜✐♥ár✐❛ ❜❛❧❛♥❝❡❛❞❛

❝♦♠ r❛✐③ ❡♠ p0✱ ♥❛ q✉❛❧ ♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s sã♦ ❛❞✐❝✐♦♥❛❞♦s s❡q✉❡♥❝✐❛❧♠❡♥t❡ s❡❣✉✐♥❞♦

✉♠❛ ❞✐str✐❜✉✐çã♦ ❡♠ ❧❛r❣✉r❛✳ Pr✐♠❡✐r♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❝❡♥ár✐♦s s❡♠

♣r♦❝❡ss♦s ❢❛❧❤♦s ❡✱ ❡♠ s❡❣✉✐❞❛✱ ♣❛r❛ ♦s ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛s✳

✻✳✸✳✹✳✶ ❈❡♥ár✐♦s s❡♠ ❋❛❧❤❛s

❆ ❚❛❜❡❧❛ ✻✳✺ ♠♦str❛ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s q✉ór✉♥s ❚❘❊❊ ❡ ❱❈✉❜❡ ♣❛r❛ ❝❡♥ár✐♦s ❝♦♠

♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s n ✈❛r✐❛♥❞♦ ❞❡ ✽ ❛ ✶✵✷✹ ❡♠ ♣♦tê♥❝✐❛ ❞❡ ❞♦✐s✳ ❆ q✉❛♥t✐❞❛❞❡ ❞❡

q✉ór✉♥s ❡♠ ❝❛❞❛ ❛❧❣♦r✐t♠♦ ❡stá r❡♣r❡s❡♥t❛❞❛ ♣♦r |Q|✳ P❛r❛ ♦ t❛♠❛♥❤♦ ❞♦s q✉ór✉♥s ❡ ❛

❝❛r❣❛ ❞❡ ✉♠ ♣r♦❝❡ss♦✱ ✐st♦ é✱ ♦ t♦t❛❧ ❞❡ ❡❧❡♠❡♥t♦s ❡♠ ❝❛❞❛ q✉ór✉♠ ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡

q✉ór✉♥s ❛ q✉❛❧ ❝❛❞❛ ❡❧❡♠❡♥t♦ ♣❡rt❡♥❝❡✱ sã♦ ♠♦str❛❞♦s ♦ ♠❡♥♦r ✭<✮✱ ♦ ♠❛✐♦r ✭>✮✱ ❛ ♠é❞✐❛

✭qi✮ ❡ ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ✭σ✮✳

◗✉❛♥❞♦ ♥ã♦ ❤á ❢❛❧❤❛s✱ ♦ ❛❧❣♦r✐t♠♦ ❚❘❊❊ ❣❡r❛ |Q| = n/2 q✉ór✉♥s ❝♦♠ t❛♠❛♥❤♦ ♠é❞✐♦

qi ♠✉✐t♦ ♣ró①✐♠♦ ❛ log2 n✳ ◆❡st❡ ❡①❡♠♣❧♦✱ ❡♠ ❢✉♥çã♦ ❞♦ ✈❛❧♦r ❞❡ n✱ ❛ ár✈♦r❡ ❣❡r❛❞❛ é

❝♦♠♣❧❡t❛ ❡ ❜❛❧❛♥❝❡❛❞❛✱ ❡①❝❡t♦ ♣❡❧♦ ú❧t✐♠♦ ❡❧❡♠❡♥t♦ ❢♦❧❤❛ q✉❡ ❝♦♠♣õ❡ ♦ ú❧t✐♠♦ ♥í✈❡❧ ❞❛

ár✈♦r❡✳ ❊st❡ ❡❧❡♠❡♥t♦ ❢❛③ ♣❛rt❡ ❞♦ ú♥✐❝♦ q✉ór✉♠ ❢♦r♠❛❞♦ ♣❡❧♦ r❛♠♦ ❡sq✉❡r❞♦ ♠❛✐s ❧♦♥❣♦

❞❛ ár✈♦r❡ ❡ q✉❡ ♣♦ss✉✐ t❛♠❛♥❤♦ log2 n + 1✳ ❆ s♦❧✉çã♦ ❱❈✉❜❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❣❡r❛ n

q✉ór✉♥s✱ ✉♠ ♣❛r❛ ❝❛❞❛ ♣r♦❝❡ss♦✱ ❡ ❝❛❞❛ q✉ór✉♠ ♣♦ss✉✐ n/2 + 1 ❡❧❡♠❡♥t♦s✳ ❖ t❛♠❛♥❤♦ ❡

❛ ❝❛r❣❛ sã♦ ✐❞ê♥t✐❝♦s✱ ✈✐st♦ q✉❡✱ ❡♠ ❢✉♥çã♦ ❞❛ s✐♠❡tr✐❛ ❞♦ ❝á❧❝✉❧♦ ❞❡ ci,s✱ ❝❛❞❛ ♣r♦❝❡ss♦

❡stá ❝♦♥t✐❞♦ ❡♠ n/2 + 1 q✉ór✉♥s✳

❊♠ r❡❧❛çã♦ à ❝❛r❣❛✱ ✈❡r✐✜❝❛✲s❡ q✉❡ à ♠❡❞✐❞❛ q✉❡ ♦ ❱❈✉❜❡ ❛ ❞✐str✐❜✉✐ ✐❣✉❛❧✐t❛r✐❛♠❡♥t❡

❡♥tr❡ ♦s ♣r♦❝❡ss♦s✱ ❚❘❊❊ s♦❜r❡❝❛rr❡❣❛ ❛ r❛✐③✱ ❜❡♠ ❝♦♠♦ ♣r♦♣♦r❝✐♦♥❛❧♠❡♥t❡ ♦s ♥♦❞♦s ♥♦s

♥í✈❡✐s ♠❛✐s ♣ró①✐♠♦s ❛ ❡❧❛✳ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ár✈♦r❡ ❜✐♥ár✐❛✱ ❛ r❛✐③ ❡stá ❝♦♥t✐❞❛ ❡♠ t♦❞♦s

♦s q✉ór✉♥s✱ ♦s ❡❧❡♠❡♥t♦s ❞♦ ♥í✈❡❧ s❡❣✉✐♥t❡ ❡♠ |Q|/2 ❝♦♥❥✉♥t♦s ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡ ❛té

❛s ❢♦❧❤❛s✱ q✉❡ ♣❡rt❡♥❝❡♠ ❛ ❛♣❡♥❛s ✉♠ q✉ór✉♠✳ ◆❛s ♠❡❞✐❞❛s ❞❡ ❝❛r❣❛ ❞❛ ❚❛❜❡❧❛ ✻✳✺✱ ❛

♠❛✐♦r ❝❛r❣❛ ✭>✮ é ❞❛ r❛✐③ é ❛ ♠❡♥♦r ✭<✮ r❡♣r❡s❡♥t❛ ❛s ❢♦❧❤❛s✳ ❖ ❞❡s✈✐♦ ♣❛❞rã♦ ❝♦♥✜r♠❛



✽✼

❚❛❜❡❧❛ ✻✳✺✿ ❘❡s✉❧t❛❞♦s ❞♦s t❡st❡s ❡♠ ❝❡♥ár✐♦s s❡♠ ❢❛❧❤❛s✳
❚❘❊❊ ❚❛♠❛♥❤♦ ❈❛r❣❛ ❱❈✉❜❡ ❚❛♠❛♥❤♦✴

♥ |Q| < > qi σ < > qi σ |Q| ❈❛r❣❛

✽ ✹ ✸ ✹ ✸✱✷✺ ✵✱✺✵ ✶ ✹ ✶✱✻✸ ✶✱✵✻ ✽ ✺
✶✻ ✽ ✹ ✺ ✹✱✶✸ ✵✱✸✺ ✶ ✽ ✷✱✵✻ ✶✱✽✽ ✶✻ ✾
✸✷ ✶✻ ✺ ✻ ✺✱✵✻ ✵✱✷✺ ✶ ✶✻ ✷✱✺✸ ✸✱✵✼ ✸✷ ✶✼
✻✹ ✸✷ ✻ ✼ ✻✱✵✸ ✵✱✶✽ ✶ ✸✷ ✸✱✵✷ ✹✱✼✼ ✻✹ ✸✸
✶✷✽ ✻✹ ✼ ✽ ✼✱✵✷ ✵✱✶✸ ✶ ✻✹ ✸✱✺✶ ✼✱✶✽ ✶✷✽ ✻✺
✷✺✻ ✶✷✽ ✽ ✾ ✽✱✵✶ ✵✱✵✾ ✶ ✶✷✽ ✹✱✵✵ ✶✵✱✺✽ ✷✺✻ ✶✷✾
✺✶✷ ✷✺✻ ✾ ✶✵ ✾✱✵✵ ✵✱✵✻ ✶ ✷✺✻ ✹✱✺✵ ✶✺✱✸✺ ✺✶✷ ✷✺✼
✶✵✷✹ ✺✶✷ ✶✵ ✶✶ ✶✵✱✵✵ ✵✱✵✹ ✶ ✺✶✷ ✺✱✵✵ ✷✷✱✵✼ ✶✵✷✹ ✺✶✸

❡st❛ ❞✐s♣❡rsã♦✳ ❆❧é♠ ❞✐ss♦✱ ❡♠ ✉♠ s✐st❡♠❛ q✉❡ ✉t✐❧✐③❛ ❚❘❊❊✱ s❡ t♦❞♦s ♦s ♣r♦❝❡ss♦s

♣r❡❝✐s❛♠ ❛❝❡ss❛r ✉♠ q✉ór✉♠ ❛ ❝❛r❣❛ ♣♦❞❡ s❡r ❛✐♥❞❛ ♠❛✐♦r✱ ✈✐st♦ q✉❡ |Q| r❡♣r❡s❡♥t❛
♠❡t❛❞❡ ❞♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s✳

✻✳✸✳✹✳✷ ❈❡♥ár✐♦s ❝♦♠ ❋❛❧❤❛s

■♥✐❝✐❛❧♠❡♥t❡ ❢♦✐ t❡st❛❞♦ ♦ ✐♠♣❛❝t♦ ❞❛ ❢❛❧❤❛ ❞❡ ✉♠ ú♥✐❝♦ ♣r♦❝❡ss♦ ♥❛s ❞✉❛s s♦❧✉çõ❡s✳ ❆

❚❛❜❡❧❛ ✻✳✻ ♠♦str❛ ♦s ✈❛❧♦r❡s ❞❡ t❛♠❛♥❤♦ ❡ ❝❛r❣❛ ❞♦s q✉ór✉♥s ♥♦ ❱❈✉❜❡ q✉❛♥❞♦ ✉♠ ú♥✐❝♦

♣r♦❝❡ss♦ ❡stá ❢❛❧❤♦✳ ◆♦t❛✲s❡ q✉❡ ♦ t❛♠❛♥❤♦ ❞♦s q✉ór✉♥s s❡ ♠❛♥té♠ ❡stá✈❡❧ ❡ ❛ ❝❛r❣❛✱

❡♠❜♦r❛ ♥ã♦ ♠❛✐s s✐♠étr✐❝❛✱ é ❛✐♥❞❛ ❜❡♠ ❞✐str✐❜✉í❞❛✳

❚❛❜❡❧❛ ✻✳✻✿ ❘❡s✉❧t❛❞♦s ❞♦s t❡st❡s ❝♦♠ ❱❈✉❜❡ ♣❛r❛ ❛ ❢❛❧❤❛ ❞❡ ✉♠ ú♥✐❝♦ ♣r♦❝❡ss♦✳
❱❈✉❜❡ ❚❛♠❛♥❤♦ ❈❛r❣❛
♥ |Q| < > qi σ < > qi σ

✽ ✼ ✹ ✺ ✹✱✽✻ ✵✱✸✽ ✹ ✻ ✹✱✽✻ ✵✱✻✾
✶✻ ✶✺ ✽ ✾ ✽✱✾✸ ✵✱✷✻ ✽ ✶✵ ✽✱✾✸ ✵✱✼✵
✸✷ ✸✶ ✶✻ ✶✼ ✶✻✱✾✼ ✵✱✶✽ ✶✻ ✶✽ ✶✻✱✾✼ ✵✱✼✶
✻✹ ✻✸ ✸✷ ✸✸ ✸✷✱✾✽ ✵✱✶✸ ✸✷ ✸✹ ✸✷✱✾✽ ✵✱✼✶
✶✷✽ ✶✷✼ ✻✹ ✻✺ ✻✹✱✾✾ ✵✱✵✾ ✻✹ ✻✻ ✻✹✱✾✾ ✵✱✼✶
✷✺✻ ✷✺✺ ✶✷✽ ✶✷✾ ✶✷✾✱✵✵ ✵✱✵✻ ✶✷✽ ✶✸✵ ✶✷✾✱✵✵ ✵✱✼✶
✺✶✷ ✺✶✶ ✷✺✻ ✷✺✼ ✷✺✼✱✵✵ ✵✱✵✹ ✷✺✻ ✷✺✽ ✷✺✼✱✵✵ ✵✱✼✶
✶✵✷✹ ✶✵✷✸ ✺✶✷ ✺✶✸ ✺✶✸✱✵✵ ✵✱✵✸ ✺✶✷ ✺✶✹ ✺✶✸✱✵✵ ✵✱✼✶

❆ ♣♦s✐çã♦ ❞♦ ♥♦❞♦ ❢❛❧❤♦ ♥♦ ❱❈✉❜❡ ✐♥✢✉❡♥❝✐❛ ♦s q✉ór✉♥s ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡✱ ♥ã♦

t❡♠ ✐♠♣❛❝t♦ ♥♦ ❞❡s❡♠♣❡♥❤♦ ❣❡r❛❧ ❞♦ s✐st❡♠❛✳ ❊♠ ❚❘❊❊✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❝❛❞❛ ❢❛❧❤❛

❡♠ ✉♠ ♥í✈❡❧ ❞❛ ár✈♦r❡ ❛❧t❡r❛ ♦ s✐st❡♠❛ ❝♦♠♦ ✉♠ t♦❞♦✱ ❡①❝❡t♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❢♦❧❤❛✱ q✉❡

✐♥✈❛❧✐❞❛♠ ♦ q✉ór✉♠ ♥♦s ❝❛♠✐♥❤♦s ❞❛ ár✈♦r❡ q✉❡ ♦s ❝♦♥té♠ ❡ ♥♦s q✉❛✐s ♦ ✐♠♣❛❝t♦ é ♠❛✐♦r

q✉❛♥❞♦ ❝♦♠❜✐♥❛❞♦s ❝♦♠ ♠ú❧t✐♣❧❛s ❢❛❧❤❛s✳ ❆ ❚❛❜❡❧❛ ✻✳✼ ♠♦str❛ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ✉♠

ú♥✐❝♦ ♣r♦❝❡ss♦ ❢❛❧❤♦ ♥♦ s❡❣✉♥❞♦ ♥í✈❡❧ ❞❛ ár✈♦r❡✱ ✐st♦ é✱ ✉♠ ✜❧❤♦ ❞❛ r❛✐③✳ ❖ t❛♠❛♥❤♦ ❞♦s

q✉ór✉♥s ❛✉♠❡♥t❛ ❡♠ r❡❧❛çã♦ ❛♦ ❝❡♥ár✐♦ s❡♠ ❢❛❧❤❛s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ♣❛r❛ ♦s s✐st❡♠❛s ❝♦♠

♠❛✐♦r ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s✳ ■st♦ é ❡s♣❡r❛❞♦ ❡♠ ❢✉♥çã♦ ❞♦ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ❝♦♠❜✐♥❛çõ❡s

❡♥tr❡ ❛s s✉❜✲ár✈♦r❡s ❡sq✉❡r❞❛ ❡ ❞✐r❡✐t❛ ❞♦ ♥♦❞♦ ❢❛❧❤♦✳ ❆ ❝❛r❣❛ t❛♠❜é♠ é ❛✉♠❡♥t❛❞❛✱ ♠❛s

❛ ❝❛r❣❛ ♠í♥✐♠❛ ❛✐♥❞❛ é ✶✱ ♣r❡s❡♥t❡ ♥♦s q✉ór✉♥s ❞❛ s✉❜✲ár✈♦r❡ ❡sq✉❡r❞❛ ❞❛ r❛✐③✳



✽✽

❚❛❜❡❧❛ ✻✳✼✿ ❘❡s✉❧t❛❞♦s ❞♦s t❡st❡s ❝♦♠ ❚❘❊❊ ♣❛r❛ ✉♠ ♣r♦❝❡ss♦ ❢❛❧❤♦ ♥ã♦✲r❛✐③ ✭p1✮✳
❚❘❊❊ ❚❛♠❛♥❤♦ ❈❛r❣❛

♥ |Q| < > qi σ < > qi σ

✽ ✸ ✸ ✹ ✸✱✸✸ ✵✱✺✽ ✶ ✸ ✶✱✹✸ ✵✱✼✾
✶✻ ✽ ✹ ✻ ✹✱✼✺ ✵✱✽✾ ✶ ✽ ✷✱✺✸ ✶✱✽✺
✸✷ ✷✹ ✺ ✽ ✻✱✺✵ ✶✱✶✹ ✶ ✷✹ ✺✱✵✸ ✺✱✷✹
✻✹ ✽✵ ✻ ✶✵ ✽✱✺✵ ✶✱✷✾ ✶ ✽✵ ✶✵✱✼✾ ✶✺✱✺✹
✶✷✽ ✷✽✽ ✼ ✶✷ ✶✵✱✻✶ ✶✱✸✵ ✶ ✷✽✽ ✷✹✱✵✻ ✹✺✱✾✶
✷✺✻ ✶✵✽✽ ✽ ✶✹ ✶✷✱✼✹ ✶✱✷✵ ✶ ✶✵✽✽ ✺✹✱✸✹ ✶✸✹✱✶✷
✺✶✷ ✹✷✷✹ ✾ ✶✻ ✶✹✱✽✸ ✶✱✵✹ ✶ ✹✷✷✹ ✶✷✷✱✻✶ ✸✽✽✱✵✶
✶✵✷✹ ✶✻✻✹✵ ✶✵ ✶✽ ✶✻✱✾✵ ✵✱✽✼ ✶ ✶✻✻✹✵ ✷✼✹✱✽✾ ✶✶✶✹✱✹✸

❆ ❚❛❜❡❧❛ ✻✳✽✱ t❛♠❜é♠ ❝♦♠ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❚❘❊❊✱ ❛♣r❡s❡♥t❛ ♦s ❞❛❞♦s ♣❛r❛ ♦

❝❛s♦ ❡♠ q✉❡ ❛ r❛✐③ ✭♣r♦❝❡ss♦ p0✮ ❡stá ❢❛❧❤❛✳ ❊♠ ❢✉♥çã♦ ❞❛s ❝♦♠❜✐♥❛çõ❡s ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s

❞❛ ár✈♦r❡ ❡sq✉❡r❞❛ ❡ ❞✐r❡✐t❛ ❞❛ r❛✐③✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ q✉ór✉♥s ❞✐s♣♦♥í✈❡✐s r❡♣r❡s❡♥t❛❞❛

♥❛ ❝♦❧✉♥❛ |Q| ❛✉♠❡♥t❛ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡✳ ❖ t❛♠❛♥❤♦ ❞♦s q✉ór✉♥s ♣r❛t✐❝❛♠❡♥t❡ ❞♦❜r♦✉

❡♠ r❡❧❛çã♦ ❛♦ ❝❡♥ár✐♦ s❡♠ ❢❛❧❤❛s✳ ❆s ❝❛r❣❛s ♠í♥✐♠❛ ❡ ♠á①✐♠❛ t❛♠❜é♠ ❛✉♠❡♥t❛♠✱ ♠❛s

❝♦♥t✐♥✉❛♠ ♠✉✐t♦ ❞❡s♣r♦♣♦r❝✐♦♥❛✐s✳ ❈♦♠♦ ❝❛❞❛ q✉ór✉♠ é ❢♦r♠❛❞♦ ♣❡❧❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ✉♠

❝❛♠✐♥❤♦ ❞❛ s✉❜✲ár✈♦r❡ ❡sq✉❡r❞❛ ❝♦♠ ✉♠ ❝❛♠✐♥❤♦ ❞❛ s✉❜✲ár✈♦r❡ ❞✐r❡✐t❛✱ ❛ ❝❛r❣❛ ♠í♥✐♠❛

❛✉♠❡♥t❛ ♣r♦♣♦r❝✐♦♥❛❧♠❡♥t❡ ❛♦ ♥ú♠❡r♦ ❞❡ ♣♦ssí✈❡✐s ❝♦♠❜✐♥❛çõ❡s✳

❚❛❜❡❧❛ ✻✳✽✿ ❘❡s✉❧t❛❞♦s ❞♦s t❡st❡s ❝♦♠ ❚❘❊❊ ♣❛r❛ ❛ ❢❛❧❤❛ ❞❛ r❛✐③ ✭p0✮✳
❚❘❊❊ ❚❛♠❛♥❤♦ ❈❛r❣❛

♥ |Q| < > qi σ < > qi σ

✽ ✹ ✹ ✺ ✹✱✺✵ ✵✱✺✽ ✷ ✹ ✷✱✺✼ ✵✱✾✽
✶✻ ✶✻ ✻ ✼ ✻✱✷✺ ✵✱✹✺ ✹ ✶✻ ✻✱✻✼ ✹✱✶✾
✸✷ ✻✹ ✽ ✾ ✽✱✶✸ ✵✱✸✸ ✽ ✻✹ ✶✻✱✼✼ ✶✹✱✾✺
✻✹ ✷✺✻ ✶✵ ✶✶ ✶✵✱✵✻ ✵✱✷✹ ✶✻ ✷✺✻ ✹✵✱✽✾ ✹✾✱✵✵
✶✷✽ ✶✵✷✹ ✶✷ ✶✸ ✶✷✱✵✸ ✵✱✶✼ ✸✷ ✶✵✷✹ ✾✼✱✵✶ ✶✺✷✱✻✶
✷✺✻ ✹✵✾✻ ✶✹ ✶✺ ✶✹✱✵✷ ✵✱✶✷ ✻✹ ✹✵✾✻ ✷✷✺✱✶✸ ✹✹✾✱✻✺
✺✶✷ ✶✻✸✽✹ ✶✻ ✶✼ ✶✻✱✵✶ ✵✱✵✾ ✶✷✽ ✶✻✸✽✹ ✺✶✸✱✷✺ ✶✸✺✸✱✾✼
✶✵✷✹ ✻✺✺✸✻ ✶✽ ✶✾ ✶✽✱✵✵ ✵✱✵✻ ✷✺✻ ✻✺✺✸✻ ✶✶✺✸✱✹✽ ✸✾✸✵✱✶✵

❊♠ r❡s✉♠♦✱ ❡♠❜♦r❛ ♦ t❛♠❛♥❤♦ ❞♦s q✉ór✉♥s ❞❡ ❱❈✉❜❡ s❡❥❛ ♠❛✐♦r q✉❡ ❚❘❊❊✱ ❛ ❝❛r❣❛

❞❡ ❱❈✉❜❡ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❞✐str✐❜✉í❞❛ ❡ ♦ s✐st❡♠❛ é ♠❛✐s ❡stá✈❡❧ ❡♠ ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛s✳

✻✳✹ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❆ ♠❛✐♦r ❡✜❝✐ê♥❝✐❛ ♦❜t✐❞❛ ♣❡❧❛ s♦❧✉çã♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ ♣r♦♣♦st❛ ♥♦s t❡st❡s ❝♦♠ ♠❛✐♦r

♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s é ❥✉st✐✜❝❛❞❛ ♣❡❧❛ ❛❜♦r❞❛❣❡♠ ❤✐❡rárq✉✐❝❛✱ ♣❡❧♦ s✐st❡♠❛ ❞❡ ♠♦♥✐t♦✲

r❛♠❡♥t♦ ❱❈✉❜❡ ❡ ♣❡❧♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❞✐ss❡♠✐♥❛çã♦ ❞❡ ♠❡♥s❛❣❡♥s✳ ▼❡s♠♦ ❝♦♥s✐❞❡r❛♥❞♦

❛ ❧❛tê♥❝✐❛ ❞❡ ♣r♦♣❛❣❛çã♦ ❞❛ ár✈♦r❡✱ ❡ ♥ã♦ ❤❛✈❡♥❞♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❜r♦❛❞❝❛st ❞✐s♣♦♥í✈❡❧

❡♠ ♥í✈❡❧ ❞❡ r❡❞❡✴❡♥❧❛❝❡✱ é ♠❛✐s ❡✜❝✐❡♥t❡ ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❢♦♥t❡ ❡♥✈✐❛r log2 n ♠❡♥s❛❣❡♥s

q✉❡ s❡rã♦ r❡tr❛♥s♠✐t✐❞❛s ❡♠ ♣❛r❛❧❡❧♦ ❡♠ ❝❛❞❛ ♥í✈❡❧ ❞❛ ár✈♦r❡ q✉❡ tr❛t❛r n− 1 ♠❡♥s❛❣❡♥s

♣♦♥t♦✲❛✲♣♦♥t♦✳ ❆❧é♠ ❞✐ss♦✱ ❝r✐❛r ❡ ❣❡r❡♥❝✐❛r ❝♦♥❡①õ❡s ❝♦♥✜á✈❡✐s ♣❛r❛ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦



✽✾

❞❡ ❞❡st✐♥❛tár✐♦s é✱ ♠✉✐t❛s ✈❡③❡s✱ ✐♠♣r❛t✐❝á✈❡❧ ❡♠ ♥í✈❡❧ ❞❡ s✐st❡♠❛ ♦♣❡r❛❝✐♦♥❛❧✳

❯♠❛ ♣r♦♣♦st❛ ❢❡✐t❛ ♣❛r❛ ♠❡❧❤♦r❛r ❛ ❡✜❝✐ê♥❝✐❛ ❞❛ s♦❧✉çã♦ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ é ✉♠

❛❧❣♦r✐t♠♦ ❜❛s❡❛❞♦ ❡♠ q✉ór✉♥s✳ P❛r❛ t❛♥t♦✱ ✉♠ s✐st❡♠❛ ❞❡ q✉ór✉♥s ❝♦♠ ❱❈✉❜❡ ❢♦✐

❝♦♠♣❛r❛❞♦ ❝♦♠ ✉♠ ♠♦❞❡❧♦ ❡♠ ár✈♦r❡ ❜✐♥ár✐❛✳ ❖s ❡①♣❡r✐♠❡♥t♦s ❡♠ ❝❡♥ár✐♦s s❡♠ ❢❛❧❤❛s

♠♦str❛♠ q✉❡ ♦s q✉ór✉♥s ❣❡r❛❞♦s ♥♦ ❱❈✉❜❡ sã♦ ✉♥✐❢♦r♠❡s ❡ tê♠ t❛♠❛♥❤♦ ⌈(n + 1)/2⌉✳
◆♦s ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛✱ ♦ t❛♠❛♥❤♦ ❡ ❛ ❝❛r❣❛ ❞♦s q✉ór✉♥s ♣♦❞❡♠ ❛✉♠❡♥t❛r✱ ♠❛s ❛✐♥❞❛ s❡

♠❛♥té♠ ❡q✉✐❧✐❜r❛❞♦s✳ ❆❧é♠ ❞✐ss♦✱ ❛♦ ❝♦♥trár✐♦ ❞❡ ❚❘❊❊✱ ❛ ♣♦s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❢❛❧❤♦ ♥ã♦

t❡♠ ✐♠♣❛❝t♦ ♥♦ ❞❡s❡♠♣❡♥❤♦ ❣❡r❛❧ ❞♦ s✐st❡♠❛✳ ❊♠ r❡❧❛çã♦ à ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡✱ ♦ ❱❈✉❜❡ é

❝❛♣❛③ ❞❡ r❡❝♦♥str✉✐r ❞✐♥❛♠✐❝❛♠❡♥t❡ ♦s q✉ór✉♥s ❝♦♠ ❛té n− 1 ♣r♦❝❡ss♦s ❢❛❧❤♦s✳





✾✶

❈❆P❮❚❯▲❖ ✼

❈❖◆❈▲❯❙➹❖

◆❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ✉♠❛ s♦❧✉çã♦ ❛✉t♦♥ô♠✐❝❛ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ ❝♦♠ ♣❡❞✐❞♦

❞❡ ♣❡r♠✐ssã♦✳ ❆ s♦❧✉çã♦ ❢❛③ ✉s♦ ❞❡ ✉♠ ♠❡❝❛♥✐s♠♦ ❞❡ ♠♦♥✐t♦r❛♠❡♥t♦ ❝❤❛♠❛❞♦ ❱❈✉❜❡✳

◆♦ ❱❈✉❜❡✱ ♦s ♣r♦❝❡ss♦s sã♦ ♦r❣❛♥✐③❛❞♦s ❡♠ ✉♠❛ t♦♣♦❧♦❣✐❛ ✈✐rt✉❛❧ ❜❛s❡❛❞❛ ❡♠ ❤✐♣❡r❝✉❜♦✱

q✉❡ ♣♦ss✉✐ ❞✐✈❡rs❛s ♣r♦♣r✐❡❞❛❞❡s ❧♦❣❛rít♠✐❝❛s✳ ❊♠ ❝❛s♦ ❞❡ ❢❛❧❤❛s ❞❡ ♣r♦❝❡ss♦s ✭❝r❛s❤✮✱

❛ t♦♣♦❧♦❣✐❛ s❡ ❛❞❛♣t❛ ❛✉t♦♠❛t✐❝❛♠❡♥t❡✱ r❡♠♦✈❡♥❞♦ ♣r♦❝❡ss♦s ❢❛❧❤♦s ❡ r❡❝♦♥❡❝t❛♥❞♦ ♦s

♣r♦❝❡ss♦s ❝♦rr❡t♦s✳ ❖s ♣r♦❝❡ss♦s sã♦ ♦r❣❛♥✐③❛❞♦s ❡♠ ❝❧✉st❡rs ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ♠❛✐♦r❡s

❡ t❡st❡s sã♦ r❡❛❧✐③❛❞♦s ❡♠ r♦❞❛❞❛s ❞❡ ❢♦r♠❛ ❛❞❛♣t❛t✐✈❛ ♣❡❧♦s ♣r♦❝❡ss♦s ❡♥tr❡ ♦s ❝❧✉st❡rs

❞❡ ❝❛❞❛ ♥í✈❡❧✳ ❊♠ ❝❛❞❛ t❡st❡✱ ✉♠ ♣r♦❝❡ss♦ t❡st❛❞♦r ♦❜té♠ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ♣r♦❝❡ss♦

t❡st❛❞♦ ✭❢❛❧❤♦ ♦✉ s❡♠✲❢❛❧❤❛✮✱ ❜❡♠ ❝♦♠♦ s♦❜r❡ ♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s ❞♦ s✐st❡♠❛✱ ✉t✐❧✐③❛♥❞♦

t✐♠❡st❛♠♣s ♣❛r❛ ♦❜t❡r ❛♣❡♥❛s ❛s ✐♥❢♦r♠❛çõ❡s ♠❛✐s ❛t✉❛❧✐③❛❞❛s✳ ❊♠ t❡r♠♦s ❞❡ ❧❛tê♥❝✐❛

❞❡ ❞✐❛❣♥óst✐❝♦✱ ❱❈✉❜❡ ❛♣r❡s❡♥t❛ ❧❛tê♥❝✐❛ ♠é❞✐❛ log2 n ❡ ♠á①✐♠❛ log22 n)✳ ❈♦♠ ❛s ✐♥❢♦r✲

♠❛çõ❡s ❢♦r♥❡❝✐❞❛s ♣❡❧♦ ❱❈✉❜❡✱ ❛ s♦❧✉çã♦ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ♣r♦♣♦st❛ é ❝❛♣❛③ ❞❡ ♠❛♥t❡r

❛ ❡✜❝✐ê♥❝✐❛ ♥❛ ♦❜t❡♥çã♦ ❞❡ r❡❝✉rs♦s ♣❛r❛ ❛té n− 1 ♣r♦❝❡ss♦s ❢❛❧❤♦s✳

P❛r❛ ♣r♦✈❡r ❡s❝❛❧❛❜✐❧✐❞❛❞❡ à s♦❧✉çã♦ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛✱ ❢♦r❛♠ ♣r♦♣♦st♦s ❞♦✐s ❛❧❣♦✲

r✐t♠♦s ❞❡ ❞✐❢✉sã♦ ❞❡ ♠❡♥s❛❣❡♥s ✭❜r♦❛❞❝❛st✮✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ❞✐❢✉sã♦ ❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦

♣r♦♣♦st♦ ❣❛r❛♥t❡ q✉❡ ✉♠❛ ♠❡♥s❛❣❡♠ ❡♥✈✐❛❞❛ ♣♦r ✉♠ ♣r♦❝❡ss♦ ❡♠✐ss♦r ❝♦rr❡t♦ é ❡♥tr❡❣✉❡

❛ t♦❞♦s ♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s ❝♦rr❡t♦s ❞♦ s✐st❡♠❛ ❡♠ ✉♠ t❡♠♣♦ ✜♥✐t♦✳ ◆♦ ❡♥t❛♥t♦✱ s❡ ♦

❡♠✐ss♦r ❢❛❧❤❛r ❛♥t❡s ❞❡ ❝♦♥❝❧✉✐r ♦ ♣r♦❝❡ss♦ ❞❡ ❞✐❢✉sã♦✱ ❛❧❣✉♥s ♣r♦❝❡ss♦s ♣♦❞❡♠ r❡❝❡❜❡r

❛ ♠❡♥s❛❣❡♠ ❡ ♦✉tr♦s ♥ã♦✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ❞✐❢✉sã♦ ❝♦♥✜á✈❡❧ ♣r♦♣♦st♦ ❣❛r❛♥t❡ ❛ ❡♥tr❡❣❛

❞❛ ♠❡♥s❛❣❡♠ ♠❡s♠♦ ❡♠ ❝❛s♦ ❞❡ ❢❛❧❤❛ ❞♦ ❡♠✐ss♦r✳ ❆ ❞✉❛s s♦❧✉çõ❡s ❞❡ ❞✐❢✉sã♦ ✉t✐❧✐③❛♠

✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ár✈♦r❡ ❣❡r❛❞♦r❛ ♣❛r❛ ♣r♦♣❛❣❛r ❛s ♠❡♥s❛❣❡♥s ❛tr❛✈és ❞❛ t♦♣♦❧♦❣✐❛ ❞♦

❱❈✉❜❡✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ár✈♦r❡ ❣❡r❛❞♦r❛✱ t❛♠❜é♠ ♣r♦♣♦st♦ ♥❡st❡ tr❛❜❛❧❤♦✱ ✉t✐❧✐③❛ ❛ ♦r❣❛✲

♥✐③❛çã♦ ❤✐❡rárq✉✐❝❛ ❡♠ ❝❧✉st❡rs ❞♦ ❱❈✉❜❡ ♣❛r❛ ❝♦♥str✉✐r ❞❡ ❢♦r♠❛ t♦t❛❧♠❡♥t❡ ❞✐str✐❜✉í❞❛

✉♠❛ ár✈♦r❡ ❣❡r❛❞♦r❛ ♠í♥✐♠❛ ❝♦♥t❡♥❞♦ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❝♦rr❡t♦s ❞♦ s✐st❡♠❛✳ ❆ ár✈♦r❡

é ❝♦♥str✉í❞❛ ❝♦♠ ❜❛s❡ ♥❛s ✐♥❢♦r♠❛çõ❡s ❞♦ ❡st❛❞♦ ❞♦s ♣r♦❝❡ss♦s ♦❜t✐❞❛s ❛tr❛✈és ❞♦s t❡s✲

t❡s r❡❛❧✐③❛❞♦s ♣❡❧♦ ❱❈✉❜❡✳ ❊♠ ❝❛s♦ ❞❡ ❢❛❧❤❛s✱ ❛ ár✈♦r❡ é r❡❣❡♥❡r❛❞❛ ❛✉t♦♠❛t✐❝❛♠❡♥t❡

❛♣❡♥❛s ♥♦s r❛♠♦s ❛❢❡t❛❞♦s ♣❡❧❛ ❢❛❧❤❛✱ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ tr♦❝❛ ❞❡ ✐♥❢♦r♠❛çõ❡s ❡♥tr❡ ♦s

♣r♦❝❡ss♦s ♦✉ ♣❛r❛❧✐s❛çã♦ ❞♦ s✐st❡♠❛✳ ◆❛ s♦❧✉çã♦ ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ♣r♦♣♦st❛✱ ❛ ❞✐❢✉sã♦

❞❡ ♠❡❧❤♦r✲❡s❢♦rç♦ é ✉t✐❧✐③❛❞❛ ♣❛r❛ ♣r♦♣❛❣❛r ❞❡ ♠❛♥❡✐r❛ ❡✜❝✐❡♥t❡ ❡ ❡s❝❛❧á✈❡❧ ❛s ♠❡♥s❛❣❡♥s

❞❡ r❡q✉✐s✐çã♦ ❞❡ r❡❝✉rs♦s✳ ❆ s♦❧✉çã♦ é ❝♦♥s✐❞❡r❛❞❛ ❛✉t♦♥ô♠✐❝❛ ♥♦ s❡♥t✐❞♦ q✉❡ s❡ ❛❞❛♣t❛

❞✐♥❛♠✐❝❛♠❡♥t❡ ❡ ❞❡ ❢♦r♠❛ tr❛♥s♣❛r❡♥t❡ ❢r❡♥t❡ ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ❢❛❧❤❛s ❞♦s ♣r♦❝❡ss♦s✳

❆❧é♠ ❞❛s ❡s♣❡❝✐✜❝❛çõ❡s ❡ ♣r♦✈❛s ❢♦r♠❛✐s✱ ♦s ❛❧❣♦r✐t♠♦s ❞❡ ❞✐❢✉sã♦ ❢♦r❛♠ ❝♦♠♣❛r❛❞♦s

♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çã♦ ❝♦♠ ❞✉❛s ♦✉tr❛s s♦❧✉çõ❡s✱ ✉♠❛ ❜❛s❡❛❞❛ ❡♠ ár✈♦r❡ ♥ã♦ ❛✉t♦♥ô♠✐❝❛ ❡
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♦✉tr❛ ✉t✐❧✐③❛♥❞♦ ❝♦♠✉♥✐❝❛çã♦ ♣♦♥t♦✲❛✲♣♦♥t♦✳ ❈♦♠ ❜❛s❡ ❡♠ ❞✐❢❡r❡♥t❡s ❝❡♥ár✐♦s ❝♦♠ ❡ s❡♠

❢❛❧❤❛s✱ ❢♦✐ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ❛ ❡✜❝✐ê♥❝✐❛ ❞❛s s♦❧✉çõ❡s ♣r♦♣♦st❛s ❡♠ t❡r♠♦s ❞❡ ❧❛tê♥❝✐❛ ❞❡

♣r♦♣❛❣❛çã♦ ❡ ✈❛③ã♦ ✭q✉❛♥t✐❞❛❞❡ ❞❡ ♠❡♥s❛❣❡♥s✴t❡♠♣♦✮✳ ◆♦s t❡st❡s ❝♦♠ ❛✉♠❡♥t♦ ❣r❛❞❛t✐✈♦

❞♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s ♦❜s❡r✈♦✉✲s❡ t❛♠❜é♠ ❛ ❡s❝❛❧❛❜✐❧✐❞❛❞❡ ❞❛ s♦❧✉çã♦✳

❖ ❛❧❣♦r✐t♠♦ ❞❡ k✲❡①❝❧✉sã♦ ♠út✉❛ t❛♠❜é♠ ❢♦✐ ❝♦♠♣❛r❛❞♦ ❝♦♠ ❞✉❛s ♦✉tr❛s s♦❧✉çõ❡s

❞❛ ❧✐t❡r❛t✉r❛✿ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ ✭✶✾✽✾✮ ❡ ❛ s♦❧✉çã♦ ❞❡ ❇♦✉✐❧❧❛❣✉❡t✱ ❆r❛♥t❡s ❡

❙❡♥s ✭✷✵✵✽✮✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ❘❛②♠♦♥❞ t♦❧❡r❛ ❛té k − 1 ♣r♦❝❡ss♦s ❢❛❧❤♦s✱ ♠❛s ❝❛❞❛ ❢❛❧❤❛

❞❡❣r❛❞❛ ❛ s♦❧✉çã♦✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ❇♦✉✐❧❧❛❣✉❡t✱ ❆r❛♥t❡s ❡ ❙❡♥s ✉t✐❧✐③❛ ✉♠ ❞❡t❡❝t♦r ❞❡

❢❛❧❤❛s ♣❛r❛ t♦❧❡r❛r ❛té n − 1 ❢❛❧❤❛s✳ ❉✉❛s ✈❛r✐❛çõ❡s ❞❡ ❝❛r❣❛ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s✳ ❈♦♠

❝❛r❛❣❛ ❜❛✐①❛✱ ❛♣❡♥❛s k ♣r♦❝❡ss♦s s♦❧✐❝✐t❛♠ ✉♠ ❞♦s k r❡❝✉rs♦s ❞✐s♣♦♥í✈❡✐s✳ ◆♦s ❝❡♥ár✐♦s

❝♦♠ ❝❛r❣❛ ❛❧t❛✱ t♦❞♦s ♦s ♣r♦❝❡ss♦s s❡♠ ❢❛❧❤❛ ❞✐s♣✉t❛♠ ♦s r❡❝✉rs♦s✳ ◆♦s t❡st❡s✱ ❡♠❜♦r❛

♦ t♦t❛❧ ❞❡ ♠❡♥s❛❣❡♥s ❞❛ s♦❧✉çã♦ ♣r♦♣♦st❛ s❡❥❛ ♠❛✐♦r ❡♠ ❢✉♥çã♦ ❞♦ ♠♦♥✐t♦r❛♠❡♥t♦ ❡ ❞❛s

r❡tr❛♥s♠✐ssõ❡s ♥♦s ❝❛s♦s ❞❡ ❢❛❧❤❛s✱ ❛ ❡✜❝✐ê♥❝✐❛ ♥❛ ♦❜t❡♥çã♦ ❞❡ r❡❝✉rs♦s é ♠❛♥t✐❞❛ ❞✉r❛♥t❡

t♦❞❛ ❛ ❡①❡❝✉çã♦ ❞♦ s✐st❡♠❛✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s ❢❛❧❤♦s✳ ❆❧é♠ ❞✐ss♦✱

♦ t♦t❛❧ ❞❡ r❡❝✉rs♦s ❛❧♦❝❛❞♦s ❡♠ ❝❡♥ár✐♦s s❡♠ ❢❛❧❤❛s é ♠❛✐♦r ♣❛r❛ s✐st❡♠❛s ❝♦♠ ♠❛✐♦r

q✉❛♥t✐❞❛❞❡ ❞❡ ♣r♦❝❡ss♦s ❡✱ ❡♠ ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛s✱ é ♠❛✐♦r ❡♠ t♦❞♦s ♦s ❝❛s♦s t❡st❛❞♦s✳

P♦r ✜♠✱ ❝♦♥s✐❞❡r❛♥❞♦ s✐st❡♠❛s ❝♦♠ ♠❛✐s ❞❡ ✻✹ ♣r♦❝❡ss♦s✱ ♦ t❡♠♣♦ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦s

r❡❝✉rs♦s ❛♣ós ✉♠❛ s♦❧✐❝✐t❛çã♦ é ♠❡♥♦r ♥❛ s♦❧✉çã♦ ♣r♦♣♦st❛ q✉❡ ♥❛s ❞❡♠❛✐s✳ ❊st❡s ❞❛❞♦s

❝♦♠♣r♦✈❛♠ ❛ ❡✜❝✐ê♥❝✐❛ ❡ ❛ ❡s❝❛❧❛❜✐❧✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ♣r♦♣♦st❛✳

❊st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t♦✉ ❛✐♥❞❛ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❝r✐❛çã♦ ❞❡ q✉ór✉♥s ✉t✐❧✐③❛♥❞♦ ❛ t♦✲

♣♦❧♦❣✐❛ ❤✐❡rárq✉✐❝❛ ❞♦ ❱❈✉❜❡✳ ❖s q✉ór✉♥s sã♦ ❝r✐❛❞♦s ❛❞✐❝✐♦♥❛♥❞♦✲s❡ ❛ ♠❛✐♦r✐❛ ❛❜s♦❧✉t❛

❞❡ ♣r♦❝❡ss♦s ❝♦rr❡t♦s ❡♠ ❝❛❞❛ ❝❧✉st❡r ❞♦ ❤✐♣❡r❝✉❜♦✳ ❈♦♠ ✐ss♦✱ ✉♠ q✉ór✉♠ ♠❛❥♦r✐tár✐♦

é ❢♦r♠❛❞♦✳ ❘❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦ ♠♦str❛♠ ❛ ✉♥✐❢♦r♠✐❞❛❞❡ ❞♦s q✉ór✉♥s ❣❡r❛❞♦s ❡♠

t❡r♠♦s ❞❡ ❝❛r❣❛ ❡ t❛♠❛♥❤♦✱ t❛♥t♦ ❡♠ ❝❡♥ár✐♦s ❝♦♠ ❢❛❧❤❛s✱ q✉❛♥t♦ ♥♦s ❝❡♥ár✐♦s ✐♥❝❧✉✐♥❞♦

♣r♦❝❡ss♦s ❢❛❧❤♦s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♥❛s ❞❡♠❛✐s s♦❧✉çõ❡s✱ ♦s q✉ór✉♥s sã♦ ❝r✐❛❞♦s ❡ ❛t✉❛✲

❧✐③❛❞♦s ❞✐♥❛♠✐❝❛♠❡♥t❡ à ♠❡❞✐❞❛ q✉❡ ♦ ❱❈✉❜❡ ❛t✉❛❧✐③❛ ❛ ❧✐st❛ ❞❡ ♣r♦❝❡ss♦s ❝♦rr❡t♦s ♥♦

s✐st❡♠❛✳

❈♦♠♦ tr❛❜❛❧❤♦s ❢✉t✉r♦s✱ ♣r♦♣õ❡✲s❡ ❝♦♠♦ ✉♠ ♣r✐♠❡✐r♦ ♣❛ss♦✱ ✐♥✈❡st✐❣❛r ❛ ❛♣❧✐❝❛çã♦

❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❡①❝❧✉sã♦ ♠út✉❛ ❡♠ r❡❞❡s ❞❡ t♦♣♦❧♦❣✐❛ ❛r❜✐trár✐❛✳ P♦st❡r✐♦r♠❡♥t❡✱ ❡st❛s

♠❡s♠❛s s♦❧✉çõ❡s s❡rã♦ ❛✈❛❧✐❛❞❛s ❡✱ q✉❛♥❞♦ ♥❡❝❡ssár✐♦✱ ❛❞❛♣t❛❞❛s ♣❛r❛ ❡①❡❝✉çã♦ ❡♠ ❛♠❜✐✲

❡♥t❡s ❞✐♥â♠✐❝♦s✱ ❝♦♠♦ ♦s ♦❢❡r❡❝✐❞♦s ♣❡❧❛ ❝♦♠♣✉t❛çã♦ ❡♠ ♥✉✈❡♠✳ ❈♦♠♦ ✉♠ t❡r❝❡✐r♦ ♣❛ss♦✱

❡♠❜♦r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①❝❧✉sã♦ ♠út✉❛ ❡①✐❥❛ ✉♠ ♠♦❞❡❧♦ ❞❡ ❞❡t❡❝çã♦ ❞❡ ❢❛❧❤❛s ♣❡r❢❡✐t♦✱

❡s♣❡r❛✲s❡ ❡st✉❞❛r ❛ ✈✐❛❜✐❧✐❞❛❞❡ ❞❡ ❛❞❛♣t❛r ❛s s♦❧✉çõ❡s ♣r♦♣♦st❛s ❡♠ ♠♦❞❡❧♦s ❞❡ s✐st❡♠❛

❝♦♠ r❡q✉✐s✐t♦s ❞❡ s✐♥❝r♦♥✐❛ ♠❛✐s ✢❡①í✈❡✐s✳

P♦r ✜♠✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❛✈❛❧✐❛çã♦ ❞❛ ❡✜❝✐ê♥❝✐❛ ❞❛ ✉t✐❧✐③❛çã♦ ❞❡ q✉ór✉♥s ❞✐s❝✉t✐❞❛ ♥♦

❈❛♣ít✉❧♦ ✻✱ ❛❧é♠ ❞❡ ❜✉s❝❛r ❢♦r♠❛s ❞❡ r❡❞✉③✐r ♦ t❛♠❛♥❤♦ ❞♦s q✉ór✉♥s ♥♦ ❱❈✉❜❡✱ ❡s♣❡r❛✲s❡

✐♠♣❧❡♠❡♥t❛r ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❛ ❡①❝❧✉sã♦ ♠út✉❛ ❞✐str✐❜✉í❞❛ ❜❛s❡❛❞❛ ❡♠ q✉ór✉♥s✳ ❯♠

❛❧❣♦r✐t♠♦ ❞❡ ♠✉❧t✐❝❛st✱ ♣❛r❛ ♦s q✉ór✉♥s ♥♦ ❱❈✉❜❡ t❛♠❜é♠ s❡rá ❞❡s❡♥✈♦❧✈✐❞♦✳
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❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙

❆❜❛✇❛❥②✱ ❏✳ ❡ ❉❡r✐s✱ ▼✳ ▼✳ ❉❛t❛ r❡♣❧✐❝❛t✐♦♥ ❛♣♣r♦❛❝❤ ✇✐t❤ ❞❛t❛ ❝♦♥s✐st❡♥❝②
❣✉❛r❛♥t❡❡ ❢♦r ❞❛t❛ ❣r✐❞✳ ■❊❊❊ ❚r❛♥s✳ ❈♦♠♣✉t✳✱ ✾✾✭Pr❡Pr✐♥ts✮✿✶✕✶✹✱ ✷✵✶✸✳

❆❣r❛✇❛❧✱ ❉✳ ❡ ❊❧ ❆❜❜❛❞✐✱ ❆✳ ❆♥ ❡✣❝✐❡♥t ❛♥❞ ❢❛✉❧t✲t♦❧❡r❛♥t s♦❧✉t✐♦♥ ❢♦r ❞✐str✐❜✉t❡❞
♠✉t✉❛❧ ❡①❝❧✉s✐♦♥✳ ❆❈▼ ❚r❛♥s✳ ❈♦♠♣✉t✳ ❙②st✳✱ ✾✿✶✕✷✵✱ ❢❡✈✳ ✶✾✾✶✳

❆❧♠❡✐❞❛✱ ❈✳ ❡ ❱❡ríss✐♠♦✱ P✳ ❚✐♠✐♥❣ ❢❛✐❧✉r❡ ❞❡t❡❝t✐♦♥ ❛♥❞ r❡❛❧✲t✐♠❡ ❣r♦✉♣ ❝♦♠♠✉✲
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●✐✛♦r❞✱ ❉✳ ❑✳ ❲❡✐❣❤t❡❞ ✈♦t✐♥❣ ❢♦r r❡♣❧✐❝❛t❡❞ ❞❛t❛✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❙❡✈❡♥t❤
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●♦❧❞❜❡r❣✱ ❆✳ ❱✳ ❡ ❚s✐♦✉ts✐♦✉❧✐❦❧✐s✱ ❑✳ ❈✉t tr❡❡ ❛❧❣♦r✐t❤♠s✳ ■♥ ❙❖❉❆ ✬✾✾✿ Pr♦❝❡❡❞✐♥❣s
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●♦♠♦r②✱ ❘✳ ❊✳ ❡ ❍✉✱ ❚✳ ❈✳ ▼✉❧t✐✲t❡r♠✐♥❛❧ ♥❡t✇♦r❦ ✢♦✇s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❙♦❝✐❡t② ❢♦r
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❑✐♠✱ ❑✳✱ ▼❡❤r♦tr❛✱ ❙✳✱ ❡ ❱❡♥❦❛t❛s✉❜r❛♠❛♥✐❛♥✱ ◆✳ ❋❛❘❡❈❛st✿ ❋❛st✱ r❡❧✐❛❜❧❡ ❛♣♣❧✐❝❛✲
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❇r♦❛❞❝❛st ❆❧❣♦r✐t❤♠s ❢♦r t❤❡ ❱✐rt✉❛❧ ❍②♣❡r❝✉❜❡ ❚♦♣♦❧♦❣②✳ ■♥✿ ■❊❊❊✴■❋■P ✹✸r❞
■♥t✬❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❉❡♣❡♥❞❛❜❧❡ ❙②st❡♠s ❛♥❞ ◆❡t✇♦r❦s ✭❉❙◆✲❙t✉❞❡♥t ❋♦r✉♠✮✱ ✷✵✶✸✱
❇✉❞❛♣❡st❡✱ ❍✉♥❣r✐❛✳

❚r❛❜❛❧❤♦s ❡♠ P❡r✐ó❞✐❝♦s

✶✳ ❯♠ ❛rt✐❣♦ ❞❡s❝r❡✈❡♥❞♦ ❛ ❝♦♥tr✐❜✉✐çã♦ ❝♦♠♣❧❡t❛ ❞♦ tr❛❜❛❧❤♦ ❡stá ❡♠ ♣r❡♣❛r❛çã♦ ❡
s❡rá s✉❜♠❡t✐❞❛ ❛♦ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❆✉t♦♥♦♠♦✉s ❛♥❞ ❆❞❛♣t✐✈❡ ❙②st❡♠s✳



✶✵✻

❆✳✷ ❚r❛❜❛❧❤♦s P✉❜❧✐❝❛❞♦s ♥♦ ➶♠❜✐t♦ ❞♦ ●r✉♣♦ ❞❡ P❡sq✉✐s❛

❊♠ ♣❛r❛❧❡❧♦ ❝♦♠ ♦ tr❛❜❛❧❤♦ ❞❡s❝r✐t♦ ♥❡st❡ ❞♦❝✉♠❡♥t♦✱ ♦✉tr♦ ❡s❢♦rç♦ ❞❡ ♣❡sq✉✐s❛ t❡♠ s✐❞♦
r❡❛❧✐③❛❞♦ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❛❧❣♦r✐t♠♦s ♣❛r❛❧❡❧♦s ❞❡ ár✈♦r❡s ❞❡ ❝♦rt❡s✳

❙❡❥❛ G = (V,E) ✉♠ ❣r❛❢♦ ♥ã♦ ❞✐r❡❝✐♦♥❛❞♦ ❝✉❥❛s ❛r❡st❛s ❡stã♦ ❛ss♦❝✐❛❞❛s ❛ ❝❛♣❛❝✐❞❛❞❡s
♣♦r ✉♠❛ ❢✉♥çã♦ c : E(G)→ Z+✳ ❯♠ ❝♦rt❡ ❞❡ G é ✉♠❛ ❜✐♣❛rt✐çã♦ ❞❡ V (G) ❡♠ {X, V −X}✳
❯♠❛ ❛r❡st❛ {u, v} ∈ E(G) ❝r✉③❛ ♦ ❝♦rt❡ s❡ u ∈ {X} ❡ v ∈ {V −X}✳ ❆ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ✉♠
❝♦rt❡ é ♦ s♦♠❛tór✐♦ ❞❛s ❝❛♣❛❝✐❞❛❞❡s ❞❛s ❛r❡st❛s q✉❡ ❝r✉③❛♠ ♦ ❝♦rt❡✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛
❞❡ ❝❛❧❝✉❧❛r ❛ ❝❛♣❛❝✐❞❛❞❡ ❞♦s ❝♦rt❡s ❡♥tr❡ t♦❞♦s ♦s ♣❛r❡s ❞❡ ✈ért✐❝❡s ❞♦ ❣r❛❢♦ G✳ ❆ s♦❧✉çã♦
tr✐✈✐❛❧ ❝♦♥s✐st❡ ❡♠ ❡①❡❝✉t❛r

(

n
2

)

❛❧❣♦r✐t♠♦s ❞❡ ❝♦rt❡ ♠í♥✐♠♦ ✭♦✉ ✢✉①♦ ♠á①✐♠♦✮✱ ✉♠ ♣❛r❛
❝❛❞❛ ♣❛r ❞❡ ✈ért✐❝❡s✳ ❊♠ ✶✾✻✶✱ ●♦♠♦r② ❡ ❍✉ ●♦♠♦r② ❡ ❍✉ ✭✶✾✻✶✮ ♠♦str❛r❛♠ q✉❡ ♦
❝ô♠♣✉t♦ ❞❡ ❛♣❡♥❛s n− 1 ✢✉①♦s ♠á①✐♠♦s é s✉✜❝✐❡♥t❡✳ P♦st❡r✐♦r♠❡♥t❡✱ ●✉s✜❡❧❞ ●✉s✜❡❧❞
✭✶✾✾✵✮ ♣r♦♣ôs ✉♠❛ s❡❣✉♥❞❛ s♦❧✉çã♦ q✉❡ t❛♠❜é♠ r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ❝♦♠ n − 1 ❝á❧❝✉❧♦s
❞❡ ✢✉①♦ ♠á①✐♠♦✳ ❆s ❞✉❛s s♦❧✉çõ❡s ❝♦♥str♦❡♠ ✉♠❛ ár✈♦r❡ ❝❛♣❛❝✐t❛❞❛ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ ❞❡
✈ért✐❝❡s ❞♦ ❣r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ ♦s ✈❛❧♦r❡s ❞❛s ❝♦♥❡❝t✐✈✐❞❛❞❡s ❧♦❝❛✐s ♣❛r❛ t♦❞♦s ♦s ♣❛r❡s
❞❡ ✈ért✐❝❡s✳ ❊st❛s ár✈♦r❡s sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ár✈♦r❡s ❞❡ ❝♦rt❡s✳

❆s ár✈♦r❡s ❞❡ ❝♦rt❡s sã♦ ✉t✐❧✐③❛❞❛s ♥❛ s♦❧✉çã♦ ❞❡ ✐♥ú♠❡r♦s ♣r♦❜❧❡♠❛s ❝♦♠❜✐♥❛tór✐♦s
❡♠ ár❡❛s ❝♦♠♦ ♣❛rt✐❝✐♦♥❛♠❡♥t♦ ❞❡ ❣r❛❢♦s✱ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❡ r♦t❡❛♠❡♥t♦✳ ❆♣❡s❛r ❞❛ ✐♠♣♦r✲
tâ♥❝✐❛✱ ♦ ú♥✐❝♦ ❡st✉❞♦ ❡①♣❡r✐♠❡♥t❛❧ s♦❜r❡ ár✈♦r❡s ❞❡ ❝♦rt❡s ❢♦✐ ♣✉❜❧✐❝❛❞♦ ♣♦r ●♦❧❞❜❡r❣ ❡
❚s✐♦✉ts✐♦✉❧✐❦❧✐s ●♦❧❞❜❡r❣ ❡ ❚s✐♦✉ts✐♦✉❧✐❦❧✐s ✭✶✾✾✾✮✱ ♠❛s ♥❡♥❤✉♠❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♣❛r❛❧❡❧❛
❢♦✐ ❛❜♦r❞❛❞❛ ❛té ♦ ♠♦♠❡♥t♦✳ ◆❡st❡ s❡♥t✐❞♦✱ ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞❛s ❞✉❛s s♦❧✉çõ❡s ♣❛r❛❧❡❧❛s
♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ●✉s✜❡❧❞✱ ✉♠❛ ❡♠ ❖♣❡♥▼P ✭❖♣❡♥ ▼✉❧t✐✲Pr♦❝❡ss✐♥❣✮ ❡ ♦✉tr❛ ❡♠ ▼P■
✭▼❡ss❛❣❡ P❛ss✐♥❣ ■♥t❡r❢❛❝❡✮✱ ❡ ✉♠❛ ✈❡rsã♦ ❡♠ ▼P■ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ●♦♠♦r②✲❍✉✳

❖s r❡s✉❧t❛❞♦s ❝♦♠♣❧❡t♦s ❡stã♦ ♣✉❜❧✐❝❛❞♦s ♥❛s r❡❢❡rê♥❝✐❛s ❧✐st❛❞❛s ♥❛ s❡q✉ê♥❝✐❛✳ ❯♠
❛rt✐❣♦ ♣❛r❛ ✉♠ ♣❡r✐ó❞✐❝♦ ❡stá ❡♠ ❢❛s❡ ✜♥❛❧ ❞❡ ❡❧❛❜♦r❛çã♦✳

❚r❛❜❛❧❤♦s ❝♦♠♣❧❡t♦s ♣✉❜❧✐❝❛❞♦s ❡♠ ❛♥❛✐s ❞❡ ❝♦♥❣r❡ss♦s

✶✳ ❈❖❍❊◆✱ ❏❆■▼❊❀ ❘❖❉❘■●❯❊❙✱ ▲✳ ❆✳❀ ❉❯❆❘❚❊ ❏❘✱ ❊❧✐❛s✳ ❆ P❛r❛❧❧❡❧ ■♠♣❧❡✲
♠❡♥t❛t✐♦♥ ♦❢ ●♦♠♦r②✲❍✉✬s ❈✉t ❚r❡❡ ❆❧❣♦r✐t❤♠✳ ■♥✿ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥
❈♦♠♣✉t❡r ❆r❝❤✐t❡❝t✉r❡ ❛♥❞ ❍✐❣❤ P❡r❢♦r♠❛♥❝❡ ❈♦♠♣✉t✐♥❣✱ ✷✵✶✷✱ ◆❡✇ ❨♦r❦✱ ❯❙✳

✷✳ ❈❖❍❊◆✱ ❏❆■▼❊ ❀ ❘❖❉❘■●❯❊❙✱ ▲✳ ❆✳❀ ●❯❊❉❊❙✱ ❆◆❉❘➱ ▲✳ P✳❀ ❈❆❘▼❖✱
❘❊◆❆❚❖❀ ❉❯❆❘❚❊ ❏❘✱ ❊❧✐❛s✳ P❛r❛❧❧❡❧ ■♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ●✉s✜❡❧❞✬s ❈✉t ❚r❡❡
❆❧❣♦r✐t❤♠✳ ■♥✿ ✶✶t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆r❝❤✐t❡❝t✉r❡s ❛♥❞ ❆❧❣♦r✐t❤♠s
❢♦r P❛r❛❧❧❡❧ Pr♦❝❡ss✐♥❣ ✭■❈❆✸PP✮✱ ✷✵✶✶✱ ▼❡❧❜♦✉r♥❡✱ ❆✉strá❧✐❛✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥
❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✷✵✶✶✳ ✈✳ ✼✵✶✻✳ ♣✳ ✷✺✽✲✷✻✾✳

✸✳ ❈❖❍❊◆✱ ❏❆■▼❊❀ ❘❖❉❘■●❯❊❙✱ ▲✳ ❆✳❀ ❉❯❆❘❚❊ ❏❘✱ ❊❧✐❛s✳ ■♠♣r♦✈❡❞ P❛r❛❧❧❡❧
■♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ●✉s✜❡❧❞✬s ❈✉t ❚r❡❡ ❆❧❣♦r✐t❤♠✳ ■♥✿ ❳■■ ❙✐♠♣ós✐♦ ❡♠ ❙✐st❡♠❛s
❈♦♠♣✉t❛❝✐♦♥❛✐s ❞❡ ❆❧t♦ ❉❡s❡♠♣❡♥❤♦ ✭❲❙❈❆❉✲❙❙❈✮✱ ✷✵✶✶✱ ❱✐tór✐❛✱ ❊❙✳

❘❡s✉♠♦s ❡①♣❛♥❞✐❞♦s ♣✉❜❧✐❝❛❞♦s ❡♠ ❛♥❛✐s ❞❡ ❝♦♥❣r❡ss♦s

✶✳ ❘❖❉❘■●❯❊❙✱ ▲✳ ❆✳❀ ❈❖❍❊◆✱ ❏❆■▼❊❀ ❉❯❆❘❚❊ ❏❘✱ ❊❧✐❛s✳ ❆ ▼P■ ■♠♣❧❡♠❡♥✲
t❛t✐♦♥ ♦❢ ●✉s✜❡❧❞✬s ❆❧❣♦r✐t❤♠ t♦ ●❡♥❡r❛t❡ ❈✉t ❚r❡❡s✳ ■♥✿ ▲❛t✐♥✲❆♠❡r✐❝❛♥ ❙②♠♣♦✲
s✐✉♠ ♦♥ ❉❡♣❡♥❞❛❜❧❡ ❈♦♠♣✉t✐♥❣ ✭▲❆❉❈✮✱ ✷✵✶✶✱ ❙ã♦ ❏♦sé ❞♦s ❈❛♠♣♦s✱ ❙P✳


