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One night a man had a dream. He dreamed that
he was walking along the beach with the Lord, and he
began to see scenes from his life. For each scene, he
noticed two sets of footprints in the sand, one belonging
to him, and the other to the Lord.

He notice that sometimes along the path of his life
there was only one set of footprints, and that it hap-
pened exactly when he was having some kind of trouble.

This really bothered him and he asked the Lord about
it, ”Lord, why did you leave me when I needed you most?
I can’t understand why you left me in times of trouble.
Exactly when I needed you near me, you were not there”.

The Lord answered him, ” My son, my precious child,
I love you and I never left you. When you were in trou-
ble, during the hard times of your life, when you see only

one set of footprints, it was then that I carried you”.

(Author unknown.)
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Resumo

Este trabalho tem como maior objetivo fazer uma nova anélise e propor novos
algoritmos para a Decomposi¢io ST (Symmetric Triangular Decomposition) desen-
volvido por Golub e Yuan em 2000.

A decomposigio ST decompdem uma matriz A quadrada e ndo singular (em geral,
néo simétrica) em um produto de matrizes A = ST onde T' é uma matriz triangular
e S é wma matriz simétrica e definida positiva. Em seus trabalhos Golub e Yuan
apresentam dois algoritmos que fazem a decomposicdo ST em blocos; sdo necessérios
para isso armazenar a matriz A e resolver trés sistemas lineares a cada passo da
decomposicao.

Em nossa nova andlise descobrimos que a decomposi¢io ST pode ser feita por
linhas e isso apresenta uma grande vantagem, pois ndo precisamos armazenar a matriz
A porque utilizamos apenas uma linha de A e resolvemos dois sistemas lineares a cada
passo do processo.

Desenvolvemos dois novos algoritmos que apresentam um menor custo computa-
cional e melhores resultados numéricos. Nossos resultados foram comparados com:
Decomposi¢ao ST, Decomposigao MST (ST Modificado), Decomposigdo LU sem

pivotiamento, Decomposicdo Cholesky e Decomposicao QR.



Abstract

The main objective of this work is to propose new algorithms of the ST Decompo-
sition (Symmetric-Triangular Decomposition) developed by Golub and Yuan in 2000.

The decomposition ST decomposes a square and nonsingular (in general, non-
symmetric) matrix A into a matrix product A = ST where T is triangular, and S is
symmetrical and positive definite. Golub and Yuan present two algorithms to obtain
the decomposition ST in block-wise. Then it is necessary to store the matrix A and
to solve three linear systems to each step of the decomposition.

In our new algorithms, we discover that the decomposition ST can be attained by
row-wise which needs just a row of A and solver of two linear systems at each step.
By this way we can save multiplication and storage requirements.

We develop two new algorithms that are cheaper and more stable. Our results
are compared to: ST Decomposition, MST Decomposition (Modified ST), LU De-
composition without pivoting, Cholesky Decomposition, and ¢ R Decomposition for

several types of test matrices.



Chapter 1
Introduction

Given an n x n nonsingular matrix A and n-vector b, we have to find an n-vector
z such that
Az =b. (1.1)

For solving the problem (1.1) there are two types of methods: Direct Methods
and Iterative Methods. The direct method is to use matrix decomposition to get a
simple and equivalent system. It is well-known that the symmetry and positivity of
the matrix A posses very nice properties for both direct method and iterative method
in scientific computing. It is much easier to solve the problem (1.1) with symmetric
or symmetric and positive definite matrices.

There is the famous Cholesky decomposition for symmetric and positive definite
A (see, section 2.2). When A is very large and sparse symmetric and positive definite,
the conjugate gradient method is an excellent iterative method [21].

We meet many difficulties to solve nonsymmetric or symmetric indefinite problems
even if there are some direct methods and iterative methods, such as the LU decom-
position, the Gaussian Elimination, the @R decomposition, the QQZ decomposition,
the Lanczos method, the GM RES method and various generalizations of the conju-
gate gradient method [3, 7, 17]. An important application example of a symmetric



indefinite problem is the augmented system

(o) (5)-(0):

which appears is many areas, such as, constrained optimization [3, 1, 44|, generalized
least squares problems [45, 46, 47, 48, 37, 38, 50, 20|, numerical methods for partial
differential equations [9, 10, 16]. Since the system is large sparse, several precondi-
tioned iterative methods have been proposed for solving it recently. Generally, there
are two kinds of B as preconditioner [45, 46, 47, 48, 37, 38, 50, 20, 28], or Shur
complement of (1.2) as preconditioner [9, 10, 14, 49]. For the first case, it is not
easy to find a right submatrix of B as a good preconditioner. For the second case,
the Shur complement is always ill-conditioned and it is not easily inverted. For the
finite element approximation to Navier-Stokes equation, there are some easy ways to
approximate the Shur complement because A and B have some special relationships.
For general augmented systems, however, there is not a good way to approximate the
Shur complement.

In real applications, we also meet many nonsymmetric problems [49]. Recently we
have to solve large sparse nonsymmetric linear systems or symmetric indefinite linear
systems, nonsymmetric generalized eigenvalue problems and other nonsymmetric
problems. Since the properties of nonsymmetric matrices are quite different from
that of the symmetric case, we meet many serious difficulties in many applications
for numerical analysis.

Therefore, to solve the problems mentioned above we will modify our problem

(1.1) in the following way:

Az =1b (1.3)
TAz =Tb (1.4)
Sz =b (1.5)

where T is triangular matrix and TA = § = LL" is a symmetric positive definite

4



matrix and L is a lower triangular matrix with positive diagonal entries. The matrix
T can also be defined as a preconditioner for the problem (1.1).

The eigenvalue problem typically arises in the explicit solution and stability
analysis of a homogeneous system of first-order differential equations. The stability
requires only implicit knowledge of eigenvalues, whereas the explicit solution requires
eigenvalues and eigenvector explicitly.

Applications such as buckling problems, stock market analysis, and study of dy-
namic systems behavior, require computations of only a few eigenvalues and eigen-
vectors, usually the few largest or smallest ones.

In many practical instances, the matrix A is symmetric, and thus the eigenvalue
problem becomes a symmetric eigenvalue problem. A great number of eigenvalue
problems arising in engineering applications are, however, generalized eigenvalue

problems, as stated next.
Az = \Bz, (1.6)

where A and B are n X n matrices. There are several efficient methods to solve
the problem (1.6) when A and B are symmetric, and B is positive definite too. A
few papers discussed the generalized eigenvalue problem with A or B which are not
symmetric. For a large fluid-structure interaction problem [33] and some differen-
tial equation problems [15], we meet the generalized eigenvalue problem with non-
symmetric A and B. Now, we can reduce the nonsymmetric generalized eigenvalue
problem to a symmetric generalized eigenvalue problem by ST decomposition. Then,
many numerical methods [51, 12, 39, 11, 26] for symmetric eigenvalue problems can
be applied to solve nonsymmetric generalized eigenvalue problems.

Suppose that there exist 7' and L such that TB = LL*. Then,

TAz = \LL%z, (1.7)

which can be easily solved by many well-known and good methods.
The outline of this word is as follows. In Chapter 2, we will show some basic

concepts related to matrix decomposition, solution of triangular linear systems and



the ST Decomposition. In Chapter 3, we will propose new algorithms of the ST
decomposition. In Chapter 4 the numerical tests are presented and Chapter 5 the

conclusions and the future works suggestions.



Chapter 2

Some basic knowledge on Matrix

Decomposition

In this chapter, we review some well-known methods for a linear solving system

and present a ST Decomposition summary.

2.1 Gaussian Elimination and LU Factorization

Consider the problem of solving the linear system of n equations in n unknowns:

ant; + @y + ... + apz, = b
agT1 + axpTs + ... + anZ, = b
1Ty + Gn2Z2 + ... + CGunTp = br,

or, in matrix notation,
Az =1b

where A = (a;;) and b= (by,...,b,)T.



A well-known approach to solving the problem is the classical elimination scheme
known as Gaussian elimination. The basic idea is to reduce the system to an
equivalent upper triangular system which can be solved easily by the back substitution
algorithm (Algorithm B.0.1).

The reduction process consists of n — 1 steps. In the following,

b

®)
B — b% O (aﬁff)),

€]

b

A9 =4 O =p
Step 1:

At step 1, the unknown z; is eliminated from the second through the nth
equations. This is done by multiplying the fist equation by

(52) () - (5)
a )’ ann) 7 a1
and adding it to the second through nth equations. The quantities

m; = ———, i=2,...,n
ai1

are called multipliers. At the end of step 1, the system Az = b becomes

AWz = b where the entries of AD) = (ag.)) and those of b are related

to the entries of A and b as follows:

bgl)'(:l-}b-: G35 + Mi10; (i=2...,n j=2,...,n)
i )
b:;“ =bi+milbl (2:2,,’n)



(Note that a,gll), agll), ey a,gl) are all zero.)

Step 2:

At step 2, z; is eliminated from the third through the nth equations of
AWz = b by multiplying the second equations of A0z = bV by the
multiples

o

T
(1)?
o0)

Mg = i=3,...,n

and adding the result to the third through nth equations. The system

now becomes A®z = b?, whose entrics arc given as follows:

{2)

a,; :as)—l—mizag) (i=3,...,n; j=3,...,n)
bz@ = b?) +migbgl) (i=3,...,n)
a,g):o, (z=3,,n)

The other entries of A® and those of b are the same as those of A

and bM respectively.

Step k:
At step k, the (n — k) multipliers

ROSY

mik=————§’,§_1), i=k+1,....n
a

kk
arc formed; using them, z is climinated from the (£ + 1)st through the

nth equation of A%~z = p*~1, The entries of A® and those of b are

given by
o = mgals D (G k L =k m)
bﬁk) = bi“k“l) + mz’kbz(ckhl) (t=Fk+1,....,n)
a® =0, (i=k+1,...,n)

9



The other entries of A®) and #*) are same as those of A®=1 and k-1

respectively.

Step n — 1:

At the end of the (n — 1)st step, the reduced matrix A®~%) is upper

triangular and the original vector b is transformed to b(*~1.

Now we present the pseudocodes of Gauss elimination and some observations.

The following observation will help to write the pseudocodes:
1. There are n — 1 steps:
k=1,2,...,n—1
2. For each value of k, there are n — k multipliers: my, (i =k+1,...,n).
3. For each value of k, only (n — k)? entries of A® = (af,) are modified
(i=k+1,...,m5=k+1,...,n). The n — k entries below the (k, k)th entry

of the kth column are zeros, and the remaining other entries that are not modified

remain the same as those of the corresponding entries of A%~1),

ALGORITHM 2.1.1 Basic Gaussian Elimination
Fork=1,2,...,n-1 do
Fori=1,2,...,n do
R . (k—1)
i = =~ (assuming that ay, ' #0).
b = D mabl ™Y
? 2
Forj=k+1,....,ndo

k) k-1 k—1
a,z(-j) = agj ) + mika,(cj )

(Note that A = (a;;) = (a), b= b))

10



Remarks:

1. The basic Gaussian elimination algorithm is commonly known as
the Gaussian elimination algorithm without row interchanges or the

Gaussian elimination algorithm without pivoting.

2. The basic Gaussian elimination algorithm as presented here is not
commonly used in practice. Two practical variations of this algo-
rithm, known as Gaussian elimination with partial and complete

pivoting, are described in several literatures.

3. We have assumed that the quantities ay;, aglz), een, oV are different

from zero. If any of them is zero, the algorithm will stop.

Triangular factorization of a matrix. It is convenient to keep the multipliers

m;;, since we often want to solve Az = b with the same A but a different vector b. In

the computer the elements agf:“), j > 1, always are stored into the storage for ag-“).

The elements below the diagonal are being zeroed, and this provides a convenient
storage for the elements m;;. Store m;; into the space originally used to store a;;,
1> 7.

There is yet another reason for looking at the multipliers m;; as the elements of a

matrix. First, introduce the lower triangular matrix

[ 1 0 0 - 0)
—MmMa 1 0 0
L=1| —mg -mg 1
\ —Mpy —Mpg - —Mpp-i1 1 /

THEOREM 2.1.1 If L and U are the lower and upper triangular matrices defined

previously using Gaussian elimination, then

A=LU (2.1)

11



See the proof of this theorem in [2] p. 511.
The decomposition (2.1.1) is an important result, and extensive use is made of it
in developing variants of Gaussian elimination for special classes of matrices. But for

the moment we give only the following corollary.

COROLLARY 2.1.2 With the matrices A, L and U as in Theorem 2.1.1,

det(A) = UpilUaz * - ~Unn

= ofafd ol

See the proof of this corollary in [2] p. 512.

2.2 Cholesky Factorization
For a symmetric positive definite matrix A, there exists a unique factorization
A= HH"

where H is a lower triangular matrix with positive diagonal entries. The factorization
is called the Cholesky factorization, after the French engineer Cholesky (1875-
1918). The existence of the Cholesky factorization for a symmetric positive definite
matrix A can be seen either by LU factorization of A or by finding the matrix H
directly from the preceding relation.

THEOREM 2.2.1 The Cholesky Factorization Theorem
Let A be a symmetric positive definite matriz. Then A can be written uniquely in the
form

A= HHT

where H is lower triangular with positive diagonal entries. An explicit expression for
H is given by
H=LD"Y?

12



where L is the unit lower triangular matriz in the LU factorization of A obtained by

Gaussian elimination without pivoting and
DY? = diag (u}{z, ces u,%z)

ALGORITHM 2.2.1 Cholesky Algorithm
Given an n X n symmetric positive definite matrix A, the following computes the
Cholesky factor H. The matriz H is computed row by row and is stored in the lower

triangular part of A.
Fork=1,2,...,n do

Fori=1,2,...,k—1 do

— 1 i—1
ar; = hi = hr (aki - Zj=1 hz‘jhkj)

—_ _ i—1 39
ape = b = \/akk =D i1 i

Solution of Ax = b Using the Cholesky Factorization
Having the Cholesky factorization A = HH” at hand, we can transform a positive

definite linear system Az = b into a lower triangular system Hy = b where y = H  z.
ALGORITHM 2.2.2 The Cholesky Algorithm for the Positive Definite System Ax = b
Step 1: Find the Cholesky factorization of
A=HH"
using Algorithm 2.2.1
Step 2: Solve the lower triangular system for y:
Hy=1%

13



using Algorithm B.0.2
Step 3: Solve the upper triangular system for x:
Hz =y

using Algorithm B.0.1

2.3 Householder Matrices and QR Factorization

To compute the QR factorization of a general matrix we will now show how the
Householder transformation can be used.

To reduce a matrix to upper triangular form we need to introduce zeros below its
main diagonal. This can be done by premultiplying a matrix by a sequence of special
matrices. One class of special matrices is the Householder transformation matrices.
It can introduce zeros in a vector. Specifically, given a vector v € R” one can find a
maitrix H, such that, Hv is a multiple of ey, the first column of Z,. This matrix H will

be presented in the following lemma (See Lawson an Hanson [25] and Stewart [40]).

LEMMA 2.3.1 Gliven 0 # v € R", there exists an orthogonal matriz H such that

Hv = —gey,
with
0
ey =
0
and

0':{ +”’UH2 'Lf Vi 20

—”’UHZ ’l,f v1 <0

where vy is the first component of v.

14



Proof: Define

u=1v+ oey,

and

2uut

H=1I,— )
I uwlu

(2.2)

One can directly verify that the matrix H of (2.2) is symmetric and orthogonal.

Since vTv = o2,
2 -2
vt {(v+oe1)T (vtoer)
— 2
—  WTv+20v1402
_ 2 1
2024201 o2+ovy
Hence,
—_ _wuwTy __ (vtoe)(vtoe)Tv
Hy = v o2+ovy v o2 tov;
- y— (v+ae ) (v v+aelv)
o240y
= v—(v+oe)=—0ce;.

a

This transformation can be seen geometrically as a reflection in the (n — 1)-
dimensional subspace, orthogonal to the vector u. That is, when a vector v is mul-
tiplied by H, it is reflected in the hyperplane span{u}". This is why, Householder
transformation is also known as Householder reflection.

Hence, given a matrix A € R™*", a scquence of matrices Hy, Ha, ..., H, (r =
min{m — 1,n}) can be computed such that the product R.1; = H,H,_;... H{ A is
upper triangular.

The essence of the algorithm that will be presented below can be expressed by

a small example (see [17]). Suppose m = 6, n = 5, and assume that Householder

15



matrices H; and H;, have been computed so that

(

HH A=

o o o o © X
o O o © X X
X X X X X X
X X X X X X
X X X X X X

\ /

Concentrating on the boldfaced entries, we next determine a Householder matrix

Hs € R**4 such that

X X

ffs X _ 0

X 0

X 0

If Hy = diag(ly, Hs), then
(x X X X x\
0 X X X X
0 0 x x x
H3H2H1A=

0 0 0 x x
0 0 0 x x
\0 0 0 x x/

After these 5 steps we obtain an upper triangular matrix HsHy... H{A = R and
then by setting @ = H; ... Hs we obtain the factorization A = QR.
Formally, we have (see Stewart [40])

ALGORITEM 2.3.1 Householder QR factorization

begin

16



1. Input A = (a;;), m,n,r =min{m —1,n}
2. for k=1,r

o = sign(ag)y/a3, + ... + a2,
if =0 then goto2.

Ok = Ak + O
T = 04k
pr = —0
for j=k+1Ln
— —lym
T=M )iy, Gkl
for i=km
Qij = Qi3 — Tig
end

end
end

3 if m<n then pm=amm
4. Output

e, k=1,...,r;

o A= (a;;) where

- the strict upper triangular part of A contains the ele-

ments of R;

- the lower triangular part of A contains the vectors uy,
k=1,...,r;

e pi, k=1,...,r, where rhoyg is the kith element of R.

end

17



In the above algorithm matrix A is overwritten by the elements in the strict
upper triangular part of R and by the ui’s. If we take H, = I} — w;lukuf and

Hy = (diagly, f{k), matrix ¢ can be retrieved by computing Q@ = H. H, 4, ..., H;.

2.4 The ST Decomposition and Algorithms

Now we will present the basic ideas of ST decomposition developed by Gene H.
Golub! and Jin Yun Yuan?® in [18, 19]. The main idea of the new decomposition is
to transform a square nonsingular and nonsymmetric matrix into a symmetric and
positive defined matrix because the symmetric and positive definite matrix has many
advantages in the resolution of a linear system.

In this section, the main theorems of the symmetric and triangular decomposition

will be presented.

THEOREM 2.4.1 For every nonsingular and nonsymmetric n X n matriz A, whose
leading principal submatrices are nonsingular, there exist a symmetric matriz S and

o unit triangular matriz T such that
A=ST. (2.3)

THEOREM 2.4.2 For every nonsingular and nonsymmetric n X n matrix A, whose
leading principal submatrices are nonsingular, there exist a symmetric matriz S and

a unit triangular matriz T such that
A=TS. (2.4)
Proof: The proof of these two theorems is given in [18]. O

These two theorems show the existence of the unitary triangular matrix 7" and
nonsingular matrix S.

We will now give an example for the previous theorems taken from [18].

*Department of Computer Science Stanford University, USA.
2Department of Mathematic - UFPR, Brazil.
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EXAMPLE 2.4.1 Suppose that the matriz A is p-cyclic matriz and is given by

/all }] e e a‘lp\
ag azg - - 0
A= 0
\ 0 - e app1 Oy /

Here we consider p = 4. Then we have

ai1 Qa1 0 0 1 t12 0
a1 G2z azz O 0 1 a3
S = and T =
0 g3 A3z a34 0 O 1
0 0 az4 &44 0 0 0
such that
AT = 8,
where
azi a14
t1g = =, tyy=——,
ay1 11
a3 t14021
toz = —, lyg = ——,
a2 Q29
(34 — G33t34 R
lyy = ——, Gg2 = Qgy + t12a21,
G3z3
33 = a3z + t23023, and Q44 = Qg4 + 134034.

t14

Now we shall allow the matriz T change from unit trianguler to a triangular matriz

so that S is symmetric and positive definite.

Now the conditions of the previous theorems will be relaxed to attain the following

general theorems.
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THEOREM 2.4.3 For every nonsingular and nonsymmetric n X n matriz A, whose
leading principal submatrices are nonsingular, there exist a triangular matriz T and

a symmetric and positive definite matriz S such that
A=TS.

Note that the matrices S and T in Theorem 2.4.3 are positive definite and gen-
eral triangular respectively, but just symmetric and unit triangular respectively in

Theorem 2.4.4. Similarly, we can show the following results as well.

THEOREM 2.4.4 For every nonsingular and nonsymmetric n X n matriz A, whose
leading principal submatrices are nonsingular, there exist a triangular matriz T and

a symmetric and positive definite matriz S such that
A=8T.

For the nonsingularity of the matrix T, we can write the theorems (2.4.3) and

(2.4.4) in the following forms:
T 'A=8
AT '=8.
Making 7! = T now, we obtain:
THEOREM 2.4.5 For every nonsingular and nonsymmetric n X n matriz A, whose

leading principal submatrices are nonsingular, there exist a triangular matriz T and

a symmeltric and positive definite matriz S such that

TA=S8=LL",
or
AT =S = LL".
Proof: The proof of these two theorems is given in [18]. O
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We will show now the general ideas that resulted in the construction of the algo-
rithms ST idealized by Golub and Yuan.

Since S is symmetric and positive definite, there exists a lower triangular matrix
L such that S = LLT. Suppose that there exist lower triangular matrices 7" and L
such that TA = LLT. Assume that

T% 0 0 Ly, 0 0
T=1|t, e O and L= If,; N O
Tk Ek—{-l Tn—k ik Zch:-}—l En—k

Consequently, A has the following form

Ak &k+1 Ak

- T oy
A= oy o1 dgy

Ak Gnek Ap—i

It follows form LLT = T A that

(E L)) (R s -
Borr Mt 0 A thar Tl Ty Okt

from algebraic operations of matrices in (2.5) where we removed the following ele-

ments:
w1 = Ly "Tibngs, (2.6)
tier = Tg Ly " (lwr — Tos1 Ly @) (2.7)
Tir1 (01 = @1 L T lir1) = My (2.8)

By the nonsingularity of A, a1 — @l 1Ly  let1 # 0. So, we take 741 # 0 such

that 7 1(axes — af, Ly Tlr1) > 0. Then, the method is well defined. Therefore,
we have the following algorithm to decompose A as a product of triangular matrix
T and symmetric and positive definite matrix TA = § = LLT (theorem 2.4.5). The
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1]

2

Figure 2.1: Manner of ST Decomposition

method to find T and L, which was called the escalator method (see [23], page 127),

is shown in Figure 2.1.

With these ideas, we obtain the following algorithms casily:
ALGORITEM 2.4.1 (Golub-Yuan ST I)
Set 1y such that moq > 0 and M = /mio;
Fork=1,2,...,n—1
lert = Ly Tk,
lers = Ly tapss,
S = Qg1 — if+1lk+1;

Choose T11 # 0 such that p = 14118 > 0 (or big enough),

Alc—l—l = \/ﬁz

lgr1 = TkTLI:T(lkH — Teg1le+1)-

We can also derive another version of the decomposition as TLLY = A (thcorem
2.4.3) as follows.

ALGORITEM 2.4.2 (Golub-Yuan ST II)

Set 7y such that mya; >0 and Ay = /3

71
Fork=1,2,...,n-1
—1l—1~
lk+1 = Lk Tk Qpte1,5
[y = L
k+1 = L, " OQg4a,

— T
§ = Qg1 — lk+1lk+1>
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Choose Try1 7 0 such that = $/T,.1 > 0 (or big enough),
)‘k‘+1 = \/ﬁ)
trers = LT (lhrs — Popalers)-

These two algorithms require 2n3/3 flops, because they solve three linear systems

to each step.
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Chapter 3

New Algorithms for the ST

Decomposition

We will make a new analysis of the ST Decomposition to obtain more stable and

faster algorithms and that just uses a row of the matrix A.

3.1 A new analysis of the method

Let us suppose that matrices have the following forms:

Ap Gk Ax T. 0 0
A= afy own Gy ' T=|tiy mn 0 and
An b Gnr An-i T trr1 Tos
Ly 0 0
L= lf-;—l >‘k+1 0

A

Le b1 Lo

Making the ST Decomposition (TA = LLT), we have:

Ty 0 0 A g1 A Ly 0 0 LT gy LT
t£+1 Th+1 0 af_f'l 79} 5%_!_1 = lg‘+1 Aktl 0 0 ALy l“f_H
Tr  tpp1 Tn-k Apnp bnor Any Ly lpp1 Lok 0 0 LT
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Operating the matrix products, we obtain:

Ty Ag Thp41 Ty Ag
= T 2 7
) t’;’;“Ak + Tk+1cf£+1 } : tf_,_lcjwl + Tk-{-laik—{-l o tk_‘;lA;R + Tk+1ii'k+1 ~ =
TeAr + tk+la£+1 + TnbAn_t  Tilrsir +tegp10ktt + Tnkln-r TrAr + tk+1ér£+1 + LnkAn—k

LyLT Lilit1 L LT
=1 Gnli b+, Fo LT + Meallyy &1

Eell Eplpgr +logidepr LRl + fk-{-ﬂ}fﬂ + BnopLT_,

It follows from the first two lines that

ToAy = L LT, (3.2)

Trbgss = Lilpya, (3:3)

TiAr = LiLL, (3.4)

tF 1 Ap + Tip1ahq = Gy Ly (3.5)

L 8ks1 + Ter 1@t = bprlor + Aoy, (3-6)
1 A+ Tosrdh = B LE 4 Ml 37

From expression (3.5), we have
(thy 1A + Thpr0i, )T = (G L)T
ARkt + Thpr0rsr = Lileys (3.8)
In terms of (3.8), there is
terr = AT (Lo — Tor10041) (3.9)

From (3.2), it follows that
(Tede)™ = (LeLi)"

ATTT = [ LY

(AXT) ™ = (LeLi) ™
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AT =TI TL? (3.10)
Substituting (3.10) in (3.9), we obtain:

trrr = Tp Ly "Ly "(Lalker — Thr1Gra1)

thpr = Tp Ly (beyr — Tor1 Ly, ansn) (3.11)

Writing (3.6) in another manner, we obtain
(the18ra1 + Tos10k41)” = (Gogalorr + Mepr)”

gtk + Toriner = [lenlf + My (3.12)

Substituting (3.11) in (3.12), we attain

ar TEL T (lopr — o1 Ly anyr) + Tor10mrr = el + Aoyy (3.13)

In terms of (3.3), there is
Substituting (3.14) in (3.13), we obtain

G Le T T T L (s — Toe1 D M) + Ter10rr = e lls + A2y

k1013 = Terrlpe Lt + Tor1omer = sl + A2y

A1 = Tepr(omer — B Ly tagyn) (3.15)

The expression (3.15) obtained above is extremely important because it relates to
variables \xy; and 73,;. In this expression it is observed that 7,41 should have the

same sign of (a1 — IF, 1Ly "aks1), because A2, ; > 0.
Continuing the process to find other relationships, we know

T _ 4T A =T T 7T
Abtiliyr = tip1 Ak + Torrbpyy — b Ly
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Mesrilprr = Al tirr + Thp18rs1 — Lilert (3.16)
Substituting t;41 for (3.11) in (3.16), we obtain:
Merlorr = AFTELT  (ley s — o1 Lt agr) + Tosrdarn — Lilors (3.17)
Now from (3.4), it follows that
AL = LJIT;T (3.18)
Substituting (3.18) in (3.17), we obtain:

y & Prp— T 1 -T -1 y 7
Merilirr = Ll Ty " Ty Ly (ler — o1 Ly Gaen) + o1 liegs — Laeys

v -~ -~ ——]: w -~
Mesibor1 = Liliorr — Topa L Ly “app1 + Top18p1 — Liley

o y S
Metileorr = Tey1 (81 — LeLy " azin)

[ = Tk+1
k+1 —
T

(@r1 — LeLy aga) (3.19)
k1

We can write (3.15) in the following form

T r-1
Meti k1 = Thpr (01 — Loy Ly Gry1)

Th+l A1

= 3.20
Aesr opyr — I Ly aggn (3.20)
Substituting now (3.20) in (3.19), we obtain
! oon — Lot
k41 = My Oki1 = “hty kil (3.21)

T 7-1
Qg1 — lk+1Lk ]

Making now the ST Decomposition in the following A = TLLT, we have

Ay g A Tx 0 0 Ly 0 0 LTy IT
af+1 Qpy1 ﬁ£+l = tf—!—l Th+1 0 l£+1 Akd1 0 0 Ak+1 i]Z‘+] .
Ank dn-k Ank Te  feer To-s Ly 1 Lok o o LT,
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Making the convenient products to obtain the following equations which results

in our second algorithm as follows.

T Ly LY = Ay,
Ty Lielkr1 = Gr1,
ToLiLf = Ay,
tr Ly LT + Topdli LY = agyq,
tr  Lilisr + oo (0 lers + A2y 1) = Qi
e La LT + s (41 I + Melilyr) = 8-
With the expressions above, we easily arrive at the following relations

PR
lev1 = Ly Ty "Gy,

R
tirr = Ly (L g1 — Togali1),
2 T T

y #r—1
g1 — LLy " apyq

lor1 = Aot T
Q41 — k+1Lk Qp+1

3.2 The new algorithms

(3.22)
(3.23)

(3.24)
(3.25)
(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

Considering the facts seen in section (3.1) we can write these two new algorithms

using the row k of the matrix A.
This algorithm makes the following transformation TA = LL7.

ALGORITHM 3.2.1 (New ST I)
Set may >0, Ay = /7ia; and L(2:n,1) = é\a}A(l, 2:n)T;

Fork=12,...,n—1, do
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lk+1 = L(k + 1, 1: k))T,
ik+1 = Lglam,

pos1 = Qkp1 — Uy s,
Choose A1 > 0 such that LLY = S

oy,

Tho+1 Higr?

y N .
— Akg3 -
1= " (Gkt1 — Lilysr),

tepr = TELT (lhyr — Tosalnr)-

This algorithm makes the following transformation A = TLLT.

ALGORITHM 3.2.2 (New ST II)
Set 1101 >0, A = /% and L(2: n, )= :’}}A(l, 2:n)t;

Fork=1,2,...,n—1, do
lk+1 = L(k} + ]., 1: k:)T,
lor1 = L agy,
Het+1 = Oy — l£+1ik+1,
Choose Agy1 > 0 such that LLT = S

- __ B4l
TR N

. A . ~ 4
— Akl _

leyr = 22 (lrsr — Liles1),

frr = Ly T (e — Tor1lpsn)

k41 = L (k1 ™ Th+1bk41)-

Remark:
Since these two algorithms solve two linear systems at each step, they are faster
than the algorithms (2.4.1) and (2.4.2). The most important fact is that they just
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use a row of the matrix A at each step which leads to nonnecessity to store the whole
matrix A for many special applications.

As the ST decomposition is not unique, we will make a more detailed analysis in
Algorithm (3.2.2) to improve its numerical performance.

To decide what is Axy1 > 0, we have to analyze two subproblems.

v Aktl /% =g . A
1. lp1 = ”—’:r'—i(akﬂ — Lilyy1) is a vector. Therefore, “—’;ﬁ should be controlled so

that le+1 does not generate large numbers which leads to breakdown problems.

2. Tpy1 = ¥4 is a real number to be controlled so that we don’t have breakdown
k41

problcms.
An alternative to control the referred problems is the following

i If |pga1| > 1 we will assume that Apy; = 1 because it implies Ty1 = g1 and

X1
|l"lc+1! <l

ii. If |pg4a] < 1 the case is a little bit more complicated. An alternative way is

o : X
M+t = /|tin11] that implies Ty41 = sign(ues1) and |2 = ,\klﬂ )

With these considerations, the Algorithm (3.2.2) can be rewritten in the following

manner.
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ALGORITHM 3.2.3 (New ST 1I)
Set a1 >0, Ay = /% and L(2:n,1) = %&A(l, 2:n)7;
Fork=12,...,n—1, do

lk+1 = L(k + 1, 1: k’)T,
lAk+1 = L;Zlak+1,

— T 7
Prer = Qip1 — bygliera,

if ] >1

Mey1 =1,

Th+1 = Hk+1,

loe1 = “:H (Gr+1 — Llisr),
else

A1 = Vv |/~Lk+l‘.1

Tl = 8ign(Le+1),

los1 = s—@%ﬂl(dkﬂ — Lilis),
end
trrr = LT (lerr = s lisn),
end
See the implementation of this algorithm in Appendix A.

EXAMPLE 3.2.1 Consider the Door’s matriz 4-by-4 (see 4.1.2)

2 -7/4 0 0
~1/4 1 -3/4 0

0 -3/4 1 -—1/4

0 0 -7/4 2

A=
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We will make the ST Decomposition using the algorithm 3.2.1.

Solution:

Step 0 Ay=(2 -1 0 0),

71:(11:2,

A]_ = 2_,

L2:41)=(-1 0 07,

Output
2

L1 = 4 and T1 == (2)
0
0

Step1 Ap=(—3 1 -3 0),

l2 = (’—?E);
A2 = (_%))
M2 = %J
do=3,
Tg = %52-,
3
i 4
2 ’
0
ty = (—3%),
Output
2 0
rd 25
-+ £ 2 0
Ly = ‘ 323 and L= ( 423 2 )
0 -3 26 32
0 0
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Step 2 As = (0

|
e
—t
I
=
~—

el

~

N

|
e

O\T‘)
I
B gogls T
&iﬁ <
S—
<

13 ’
/\3 =
T3 - 2
Iy = (__i )
T ( 1203 _ 1203 )
3 20000 2500 /)’
Output
2 0 0
1 0
Ly = 4 2 - and
0 -2 <
4 25
1
0 0 -3

Step 3 Ag=(0 0 —1 2),

0
l4: 0

2

_423
256

1203
20000

33

0
25
32

1203
2500

B~ o o©



tf = (
Outpui
L4 -

477
1600

[N}

|
SR

o O

477 159
200 64
0 0

25

32 0
3
4 25

1

0 4

Bk o o

and

T, =

2 0
_48 25
256 32
_ 1203 1203
20000 2500
477 47T
1600 200

EXAMPLE 3.2.2 Let us consider the Door’s matriz 4-by-4

2 -7/4
—-1/4 1
A= /
0 -3/4
0 0
with application of the algorithm 35.2.2.
Resolution:
Step 0 Ai=(2 —-% 0 0),
TT=0 =2,
AL =1,
L2:41)=(-f 0 07,
Output
2
_1 B
Ll = 8 and T1 = (2)
0
0
Step1 Ap=(—-1 1 -3 0,

34

0
~3/4
1
—7/4

0
0
~1/4
2

H

B © ©

ok
o
[7=]

64
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H2 = 397
Ao = 153
Ty = l:
__605
i 713
2 = 3
0
3 =(3),
Output
2 0
_ 7 1398
_ 8 1576
Ly = o e and
713
0 0
Step 2 As=(0 -2 1 —13),

U3 = 5%;

__ w7
A3 ~ 5094’
T3 = l:
i 506
3= ("1071 ’
Output
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Step 3 Ay =(0 0

ly= 0

ly= 0
\ __506
153
M4 i%
506
Ty=1
T _ 9
= (-
Output
1
Ly=] 8
0
0

1393
1576
— 605

713

0
0

1071
2024

506
1071

and

0
0

0

506
765

36
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Chapter 4

Numerical Tests

In the section 4.1, we will make brief comments on the test matrices used in our
work. In the section 4.2, we will summarize the comparison results among the algo-
rithm (3.2.3), the algorithms ST, MST (Modified ST) algorithm developed by San-
tiago and Yuan in 2001 (see [35, 36]), LU Decomposition without pivoting (see [13],
page 163), Cholesky Decomposition (see [13], page 174) and QR Decomposition
(see [13], page 209). In the comparisons, we will display the machine using time and
the relative error.

All tests were made in computers Pentium (IIT), 800 MHz, 512 MB of RAM
memory, Mainboard PC CHIPS 748 and HD with 20 GB.

The relative errors were analyzed in the following forms:

e For the algorithm (3.2.3) (New ST II)

|A—TLL"|r
error = ————————
Al
e For ST and MST Decomposition
|A - T'LLTz
error =
Al

37



e For LU Decomposition

error = ———”A — LUl|r
Allr
e For Cholesky Decomposition
_A-LLT||r
error = —————————
Allr
e For QR Decomposition
errop — WA~ QFlr
lAllF

4.1 Matrices Test

4.1.1 Circulant Matrix

C = circul(V) is the circulant matrix (see [6]) whose first row is V. (A circulant
matrix has the property that each row is obtained from the previous one by cyclically
permuting the entries one step forward; it is a special Toeplitz matrix in which the
diagonals "wrap round’.)

Special casc: if V' is a scalar the C = circul(1 : V).

The eigensystem of C (n-by-n) is known explicitly. If ¢ is an nth root of unity,
then the inner product of V with W =[1 ¢ ¢* ... "]is an eigenvalue of C, and

W(n:—1:1) is an eigenvector of C.

MATLAB CODE

function C = circul(v)

n = max(size(v));

if n==1
n =vj
v == 1:n;
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end
v =v(:).; % Make sure v is a row vector.
C = toeplitz( [ v(1) v(n-1:2)],v);

4.1.2 Door’s Matrix

Door matrix (see [8]) - diagonally dominant, ill-conditioned, tridiagonal. [C, D, E] =
dorr(n, 0) returns the vectors which defines a row diagonally dominant, tridiagonal
M-matrix that is ill-conditioned for small values of the parameter 8 > 0.

If only one output parameter is supplied then C = full(tridiag(C, D, E)), i.e.,
the matrix itself is returned.

The columns of inv(C) vary greatly in norm. 6 defaults to 0.01. The amount of

diagonal dominance is given by (ignoring routing errors):
comp(C) * ones(n,1) =0+ (n+1)2x[1 0 0 ... 0 1].
MATLAB CODE

function [c, d, €] = dorr(n, theta)

if nargin < 2, theta=0.01; end
¢ = zeros(n, 1); e=C d=c¢
% All length n for convenience. Make c, e of length n-1 later.

h = 1/(n+1);
m = floor( (n+1)/2 );
term = theta/h?;

i = (L)’

c(i} = -term*ones(m,1);
e(i} = c(i) - (0.5-i*h)/h;
d(i) = -(c(i) + e(i));
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i= (m+1:m)’

e(i) = -term*ones(n-m,1);
c(i) = e(i) + (0.5-i*h)/h;
d(i) = ~(c(i) + e(i));

¢ = ¢(2m);
e = e(1l:n-1);
if nargout <=1
¢ = tridiag(c, d, e);

end

4.1.3 Hilbert’s Matrix

Hilbert matrix (see [24, 4, 30, 22]). hilb(n) is the n-by-n matrix with elements
1/(i+7—1). It is a famous example of a ill-conditioned matrix. cond(hilb(n)) grows
exponentially as EXP(3.5%n).

MATLAB CODE

function H = hilb(n)
if n==1

H=1;
else
H = cauchy( (1) - .5 );

end
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4.1.4 Moler Matrix

Moler matrix (see [29]) - symmetric positive definite. A = moler(n, alpha) is the
symmetric and positive definite n-by-n matrix U’ « U where U = triw(n, alpha). For
alpha = —1 (the default) A(i,j) = min(i,j) — 2, A(i,3) = 1.

MATLAB CODE

function A = moler(n, alpha)
if nargin==1, alpha=-1; end
A = triw(n, alpha)*triw(n, alpha);

4.1.5 Pie’s Matrix

Pie’s matrix A (see [32]) with a; = , a;; = 1 for ¢ # j. The matrix becomes
ill-conditioned when « is close to 1. For example, when oo = 0.9999 (the default) and
n =15, Cond(A) =5 x 10%.

MATLAB CODE

function A=piematrix(n,alpha)
if nargin ==1, alpha =.9999; end

for i=1mn

for j=1m
if  i==j
A(i,j) = alpha;
else
Ay =1
end
end
end
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4.1.6 Poisson’s Matrix

Block tridiagonal matrix from Poisson’s equation (sparse). The poisson(n) is a
block tridiagonal matrix of order n® resulting from discretizing Poisson’s equation

with the 5-point operator on an n-by-n mesh (see [16], section 4.5.4).

MATLAB CODE

function A=poisson(n)

S = tridiag(n, -1, 2, -1);

I = speye(n);

A = kron(L,S) + kron(S,I);

4.1.7 Prolate Matrix

Prolate matrix - symmetric (see [42]), ill-conditioned Toepliz matrix. The A =
prolate(n,w) is the n-by-n prolate matrix with parameter w.
If 0<w<05 then

- A is positive definite;

- The eigenvalues of A are distinct, lie in (0,1), and tend to cluster
around 0 and 1.

The w defaults to 0.25.

MATLAB CODE

function A=prolate(n, w)

if nargmn==1, w=025 end

a = zeros(n,1);

a(l) = 2*w;

a(2m) = sin( 2*pi*w*(1:n-1) ) ./ ( pi*(1:n-1) );
A = toeplitz(a);
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4.1.8 Tridiagonal Matrix

Tridiagonal matrix (sparse)(see [34, 41]). The tridiag(z,y, z) is the tridiagonal
matrix with subdiagonal z, diagonal y and superdiagonal z. The = and z are vectors
whose dimension is one less than that of y. Alternatively tridiag(n, c,d, e}, where
¢, d and e are all scalars, yields the Toeplitz tridiagonal matrix of order n with
subdiagonal elements ¢, diagonal elements d and superdiagonal elements e. This
matrix has eigenvalues (Todd 1977)

d+2x*sqri(cxe)xcos(k*xpi/(n+1)),k=1:n.
The tridiag(n) is the same as tridiag(n, —1,2,—1), which is a symmetric positive
definite M-matrix (the negative of the second difference matrix).
MATLAB CODE

function A=tridiag(n, x, y, z)

if nargn==1 =x=-1; y=2, z=-1; end
if nargn==3, z=y; y=x; x=mn end
x=x(:); y=y(); z=2z() % Force column vector.

if max( | size(x) size(y) size(z) | ) == 1

x = x*ones(n-1,1);
z = z*ones(n-1,1);

y = y*ones(n,1);
else

[nx, m] = size(x);
[ny, m] = size(y);
[nz, m] = size(z);

if {(ny-nx-1)|{ny-nz-1)
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error(’Dimensions of vector arguments are incorrect.’)

end
end

% T = diag(x, -1) + diag(y) + diag(z, 1); % For non-sparse matrix.
n = max(size(y));
T = spdiags([ [x;0] y [0;2] |, -1:1, n, n);

4.1.9 Wathen’s Matrix

Whaten’s matrix (see [43]) is a finite element matrix (sparse, random entriens).
The A = wathen(nz,ny) is a sparse random n-by-n finite element matrix where
n = 3nz.ny + 2.nx + 2.ny + 1. A is precisely the consistent mass matrix for a
regular nz-by-ny grid of 8-node (serendipity) elements in 2 space dimensions. A
is symmetric positive definite for any (positive) values of the density, rho(nz, ny),
which is chosen randomly in this routine. In particular, if D = diag(diag(A)),
then 0.25 < eig(inv(D)A) < 4.5 for any positive integer nz and ny and densities
rho(nz,ny). This diagonally scaled matrix is returned by wanthen(nz,ny, 1).

MATLAB CODE
function A = wathen(nx, ny, k)
if margin < 2, error{’Two dimensioning arguments must be specified.’}, end
el=[6 -6 2 -86 32 -6 202 -6 6 -6-8 20 -6 32
e2=[3 -8 2 68 16 -8 202 -8 3 -6 20 -8 16}
e=[el €2, €2 el]/45;
n = Fnx*ny+2*nx+2¥%ny+1;
A = sparse(n,n);
RHO = 100*rand(nx,ny);
for j= Liny

for i=1mx



nn(l) = 3**nx + 2% + 2% + 1;
nn(2) = nn(1) - 1;
n(3) = nn(2) - 1,
m(4) = (3% - 1) mx + 2% +i- 1;
nn(5) = 3*(j - 1)*nx + 2% + 2% - 3;
nn(6) = nn(5) + 1;
nn(7) = nn(6) + 1;
nn(8) = nn{4) + 1;
em = e*RHO(, j);
for krow = 1:8
for kecol = 1:8
A(nn(krow),nn(keol)) = A(nn(krow),nn{kcol))

+ em(krow,kcol);

end
end
end
end
if k==
A = diag(diag(A)) \ A;
end

4.2 Numeric Results

In this section we will present the numerical results obtained with algorithms
described previously.

The tables 4.1, 4.2, and 4.3 represent the numerical results for the Circulating
Matrix.

The tables 4.4, 4.5, and 4.6 represent the numeric results for the Door’s Matrix.
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Decomposition | CPU time | Relative Error
NST 0.5810 45743¢c-14
ST 0.7910 2.3752e-12
MST 0.9620 2.8104e-13
U 0.3200 1.0355e-15
QR 1.8030 1.4630e-15

Table 4.1: Circulante Matrix, order 100.

LDecomposition | CPU time | Relative Error |

NST
ST
MST
LU
QR

17.7950
31.5560
29.5530

4.7870
54.7090

5.9004e-13
4.1408e-11
4.0434e-12
2.0809%-15
2.7197e-15

Table 4.2: Circulante Matrix, order 300.

Deeomposition | CPU time | Relative Error
NST 868550 1.0011c-12
ST 144.3170 1.4416e-10
MST 143.7860 1.7749%¢-11
LU 325170 2.7667¢-15
QR 268.9060 4.5613e-15

Table 4.3: Circulante Matrix, order 500.

LDecomposition , CPU time I Relative Error J

NST
ST
MST
LU
QR

0.5600
0.8010
0.9110
0.2710
1.7920

0
3.2568e-13
4.9038e-13

0
5.4334e-16

Table 4.4: Door’s Matrix, order 100.

46



Decomposition | CPU time | Relative Error
NST 17.8660 0
ST 28.4710 9.4164e-13
MST 29.3520 9.5221e-13
LU 4.7970 0
@R 54.7890 4.7733e-16

Table 4.5: Door’s Matrix, order 300.

| Decomposition | CPU time | Relative Error |
NST 86.1040 0
ST 137.5680 1.1941e-12
MST 143.0260 1.1514¢-12
LU 39.0060 0
QR 270.3890 4.7904e-16

Table 4.6: Door’s Matrix, order 500.

numerical problems due to its ill-conditioned.

47

The tables 4.7, 4.8, and 4.9 represent the numerical results for the Hilbert’s Ma-

Remark: This matrix is theoretically symmetric and positive definite, but presents

The tables 4.10, 4.11, and 4.12 represent the numerical results for the Moler

The tables 4.13, 4.14, and 4.15 represent the numerical results for the Pie’s Matrix.

The tables 4.16, 4.17, and 4.18 represent the numerical results for the Poisson’s

The tables 4.19, 4.20, and 4.21 represent the numerical results for the Prolate



| Decomposition | CPU time

Relative ErrorJ

NST
ST
MST
LU
Cholesky

QR

0.5200
0.8910
0.8210
0.3600

keskeckskk

1.8230

1.0610e-09
1.8508e-04
3.8937e-07
1.3013e-16
Sk

2.2976e-15

Table 4.7: Hilbert’s Matrix, order 100.

LDecomposition CPU time | Relative Error
NST 17.8460 | 1.4987¢-08
ST 30.4040 | 1.1684e+03
MST 30.2730 | 2.6894e-05
LU 47970 | 2.0539¢-16
ChOleSky sheskodeseskop sesfedierkkk
QR 54.7180 | 4.0471e-15

Table 4.8: Hilbert’s Matrix, order 300.

| Decomposition

CPU time | Relative Error |

NST
ST
MST
LU
Cholesky

QR

57.4830
94.4760
94.9960
12.6780

Kok kkokok

175.5220

4.0805e-08
5.7171c+04
1.9576e-04
2.3682e-16

ko kokok
1.7678e-15

Table 4.9: Hilbert’s Matrix, order 437.
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[ Decomposition | CPU time | Relative Error |
NST 0.5510 0
ST 0.8810 0
MST 0.8410 0
LU 0.3200 0
Cholesky 0.3600 0
QR 1.7520 7.7197e-15

Table 4.10: Moler Matrix, order 100.

Decomposition | CPU time | Relative Error
NST 17.8560 0
ST 29.5820 0
MST 29.5020 0
LU 4.7670 0
Cholesky 3.9050 0
QR 55.0890 | 2.3728e-14

Table 4.11: Moler Matrix, order 300.

| Decomposition | CPU time

Relative Error |

NST
ST
MST
LU
Cholesky
QR

86.8750
144.2080
144.8580

64.5330

12.9890
273.8930

0

0

0

0

0
4.8580e-14

Table 4.12: Moler Matrix, order 500.
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| Decomposition | CPU time

Relative Error

NST
ST
MST
LU
QR

0.5510
0.8320
0.8310
0.2700
1.7430

3.4894e-16
9.2500e-15
9.2500e-15
2.5755e-16
1.173%-15

Table 4.13: Pie’s Matrix, order 100.

| Decomposition | CPU time

Relative Error |

NST
ST
MST
LU
QR

17.8160
29.5130
29.5320

4.7270
54.6290

5.6284e-16
2.6345e-14
2.6345e-14
6.3363e-16
9.5640e-15

Table 4.14: Pie’s Matrix, order 300.

| Decomposition | CPU time | Relative Error |
NST 86.9150 6.6973e-16
ST 144.4780 3.3878e-14
MST 143.9270 3.3878¢-14
LU 80.4760 7.7635e-16
QR 268.8470 2.1778e-14

Table 4.15: Pie’s Matrix, order 500.
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Decomposition

CPU time

Relative Error

NST
ST
MST
LU
Cholesky

QR

0.4910
0.8510
0.8920
0.2700
0.3700
1.8020

4.1372¢-17
8.7313e-17
1.0400e-16
9.1007e-17
7.9393e-17
9.4584e-16

Table 4.16: Poisson’s Matrix, order 100 (n = 10).

| Decomposition | CPU time | Relative Error |

NST
ST
MST
LU
Cholesky

QR

22.6620
36.2320
36.3920
5.8390
4.7360
69.2990

6.0286e-17
1.1019¢-16
1.2116e-16
1.5524e-16
7.5996e-17
1.1766e-15

Table 4.17: Poisson’s Matrix, order 324 (n = 18).

| Decomposition

CPU time | Relative Error |

NST
ST
MST
LU
Cholesky

QR

102.3070
164.6770
164.7270
81.0060
15.1010
322.7850

6.9183e-17
1.2472e-16
1.2960c-16
1.6950e-16
7.9462e-17
1.2365¢-15

Table 4.18: Poisson’s Matrix, order 529 (n = 23).
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Decomposition | CPU time | Relative Error
NST 0.5100 1.8815e-07
ST 0.8310 1.4000e-03
MST 0.9310 9.7909e-05
LU 0.3200 1.1156e-15
Cholesky sk ko seoksie sk ok
QR 1.6930 1.2364e-15

Table 4.19: Prolate Matrix, order 100.

| Decomposition | CPU time | Relative Error |
NST 17.8650 | 3.8153e-06
ST 29.3920 1.4300¢-02
MST 29.6530 8.4158e-05
LU 49170 9.9488e-16
Cholesk:y skkkkksk sk ok sk skok sk
QR 54.8890 2.1301e-15

Table 4.20: Prolate Matrix, order 300.

Matrix.

The tables 4.22, 4.23, and 4.24 represent the numerical results for the Tridiagonal

Matrix.

The tables 4.25, 4.26, and 4.27 represent the numerical results for the Wathen’s

Matrix.
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[ Decomposition | CPU time | Relative Error |

NST
ST
MST
LU
Cholesky

QR

86.8950
143.7560
144.3780

20.5590

skeskokkskok

272.9720

3.6374e-06
4.0400e-02
3.8000e-03
1.0335e-15
seskokk ok ok

2.5952e-15

Table 4.21: Prolate Matrix, order 500.

Decomposition | CPU time | Relative Error
NST 0.5500 6.4206e-18
ST 0.8310 7.5151e-17
MST 0.8910 6.7054e-17
LU 0.2800 0
Cholesky 0.3610 7.8897e-17
QR 1.7320 4.7948¢-16

Table 4.22: Tridiagonal Matrix, order 100.

| Decomposition | CPU time

Relative Error

NST
ST
MST
LU
Cholesky

QR

17.8860
28.5310
29.0220
4.6970
3.9650
54.6080

4.5350e-18
7.9330c-17
6.8183e-17
0
8.0531e-17
4.7447e-16

Table 4.23: Tridiagonal Matrix, order 300.
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| Decomposition | CPU time

Relative Error

NST
ST
MST
LU
Cholesky
QR

86.4640
138.8600
138.6100

67.4070

13.1090
272.7530

3.5120e-18
7.6569e-17
7.0215e-17
0
7.7317e-17
4.7657e-16

Table 4.24: Tridiagonal Matrix, order 500.

| Decomposition | CPU time | Relative Error |

NST
ST
MST
LU
Cholesky

QR

0.4300
0.7520
0.7620
0.2500
0.3500
1.5020

7.4213e-17
1.1465e-16
1.1465e-16
1.2258e-16
6.4657e-17
7.9502¢-16

Table 4.25: Wathen’s Matrix, order 96 (nz = ny = 5).

Decomposition | CPU time

Relative Error |

NST
ST
MST
LU
Cholesky

QR

26.7580
42.5810
42.6910
6.4800
5.2980
81.8780

8.7363e-17
1.3154e-16
9.7096e-17
1.6593e-16
7.5805e-17
1.2533e-15

Table 4.26: Wathen’s Matrix, order 341 (nz = ny = 10).
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| Decomposition | CPU time | Relative Error |
NST 121.7850 8.8296e-17
ST 197.1640 | 1.1065¢-16
MST 198.0650 | 1.0833e-16
LU 87.8760 | 1.6299-16
Cholesky 17.3950 7.3758e-17
QR 392.4940 | 1.2331e-15

Table 4.27: Wathen’s Matrix, order 560 (nz = ny = 13).
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Chapter 5
Conclusions and future works

The central objective of this work is to propose two new algorithms for the ST
decomposition proposed firstly by Golub and Yuan in [18].

Our numerical experiments show that our new algorithms NST (New ST De-
composition) are more efficient and cheaper than Golub-Yuan Algorithm and MST
Algorithm (Santiago and Yuan [35]) because they give smaller relative error and less
computational time.

Compared with the QR Decomposition our algorithms are always cheaper in terms
of computational time, and with smaller relative error in many cases.

Compared with the LU Decomposition the NST Decomposition loses in compu-
tation time, because it needs more operations. However it is important to observe
that in some cases our algorithms give smaller relative error.

For the Cholesky Decomposition our method loses a lot in computation time. But
it has an excellent performance for ill-conditioned matrices with which the Cholesky
Decomposition does not work.

Therefore, it follows our analysis and numerical tests that the NST Decompo-
sition posses well computational performance even compared with existing matrix
decompositions since it is new-born decomposition. Also the new algorithms require
only one row at each step which can treat very huge matrices. This version can also

be generalized to column version. Of course it still requires more improvements and
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some applications. Hence our suggested future work are as follows.

Future works suggestions

e To apply the NST Decomposition to improve the solution of the system Az = b

using the iterative refinement.

e To research the possibility with pivoting technique for the NST method to

improve its numerical stability.

e To develop the incomplete decomposition for sparse matrices with strategy of

fill-in reduction.

e To apply the decomposition for solving nonsymmetric generalized eigenvalue

problems.
e To give roundoff error analysis and to do more tests.

e To improve the NST Algorithms further.
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Appendix A
The codes for ST Decomposition

Implementation of the Algorithm (2.4.1)
function [L, T] = STyuan(A)

% ST Decomposition

% This routine decomposes the matrix A in the form T*A=S=L*L’

% Where,

% T is lower triangular matrix, L is the factor of Cholesky, and
% S is symmetric positive definite matrix.

n = length(A);

T(171) = A(1v1)§
L(1,1) = sqrt(T(1,1)*A(1,1));

t0 = clock;

for k=1mn-1
L(k+1,1:k) = (L(1:k, LK)\ (T(1:k,1ky*A(L:kk+1)));
LL = L(1:k,1:k)\A(k+1,1:k)’;
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s = A(k+1,k+1) - L{k+1,1:k)*LL;
if abs(s) < 0.1e-18
T(k+1,k+1) = 1;
else
T(k+1,k+1) = sign(s);
end

L{k+1,k+1) = sqrt( T(k+1,k+1)*s );
T(k+1,1:k) = (T(1k, 1K) *(L(1 &, 1K)\ (L(k+1, 1K) -T(k+1,k+1)*LL))Y;

end
cpu_time = etime(clock,t0) % verify the cputime

error_st = norm(A-T\L*L’’fro’) /norm(A,’fro’) % compute the error
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Implementation of the Algorithm MST
(For more details to see [35])

function mst

% Modified ST Decomposition

% This routine decomposes the matrix A in the form T*A=S=L*L’

% which actualization of the elements of the diagonal of T.

% Where,

% T is lower triangular matrix, L is the factor of Cholesky, and
% S is symmetric positive definite matrix.

[A,OP,0p,eta)] = testes; % Function with test matrices

n = length(A);
T(1,1) = A(1,1);
L(1,1) = sqrt(T(1,1)*A(1,1));
tic
for k=1mn-1
L(k+1,1:k) = (L(1:k, LK)\ (T(1:k,1k)*A(1:kk+1)))’;
LL = L{1:k,1:k)\A(k+1,1:k)’;
s = A(k+1,k+1) - L{k+1,1:k)*LL;
if abs(s) < 0.1e-18 % tolerance to avoid break-down problems

T(k+1,k+1) = 1;
else

T(k+1,k+1) = sign( s )*eta,
% Take the matrix an makes the appropriate updating
if op==2 | op==15
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eta = norm(L(k+1,1:k)/2%k);

elseif op==5 | op==13 | op==14 | op==21
eta = norm(L(k+1,:),1);

elseif op==1 | op==18
eta = norm(L(k+1,:));

elseif op==8 | op==17 | op==28
eta = 2;

end

end

L(k+1,k+1) = sqrt( T(k+1,k+1)*s );
T(k+1,1:k) = (T(L:k,1:k)*(L(1:k,1:k)\ (L{k+1,1:k)’-T(k+1,k+1)*LL)})’;

end
tST = toc % verify the cputime
erSTr = norm(A-T\L*L',’fro’) /norm(A,’fro’) % compute the error
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Implementation of the Algorithm (3.2.3) (New ST II)

function [L, T} = NST(A)

% New ST Decomposition

% This routine decomposes the matrix A in the form A=T*S=T*L*L’
% which actualization of the elements of the diagonal of L.

% Where,

% T is lower triangular matrix, L is the factor of Cholesky, and
% S is symmetric positive definite matrix.

n = length(A);

T(1,1) = A(1,1);

L(1,1) = 1;

L(2:n,1) = A(1,2:n)’ /A(1,1);

t0 = clock;

for k= ln-1
k.1 = L{k+1,1:k)";
Ik 1hat = L{1:k,1:k)\A(k+1,1:k)’;
mu = A(l+k 1+k) - Ik 1"*1k_1hat;

if  abs(mu) > 1

L(k+1k+1) = 1;
T(k+1.k+1) = mu;
L(k+1mk+1) = (A(1+k,1+k:n)’ - L(k+1:n,1:k) * k_hat) /mu;

else
Lk+1,k+1) = sqrt(abs(mu));

62



T(k+1,k+1) = sign(mu);
L(k+1m,k+1) = sign(mu)*(A(1+k,1+kmn)’ - L(k+1:mn,1:k) * Ik_lhat)/
L(k+Lk+1);

end

T(k+1,1:k) = ((L(1:k,1:k)"\(lk_lhat-T(k+1,k+1)*L(k+1,1:k))))’;

end
cpu-time = etime(clock,t0) % verify the time
crror_nst = norm(A-T*L*L’’fro’) /norm(A,’fro’) % compute the crror
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Appendix B

Solution of Triangular System

Consider a system

Ty =15 (B.1)
where T = (t;;)nxn is & nonsingular upper triangular matrix and y = (y1, 92, - - -, Yn)" -
That is

tuyr + tuys + lisys + + linYn = b
toaya + tasys + +  t20Yn = b
t. + e + iz = b

33Y3 . 3nln ‘ 3 (B.2)

tn1n—1Un—1 + Tn-in¥n = bn_1
tn,nyn - bn

where each t; #0,fori =1,2,...,n.
By back substitution, there is the following algorithm,

ALGORITHM B.0.1 Back Substitution

Input Data: T = (t;;), an n x n nonsingular upper triangular matriz, and

b an n-vector
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Step 1: Compute y, = 2=

Step 2: Compute y,., through y, successively:

1 . .
yz:%;(bz—‘ztz]yj): z=n—1,...

Output Data: vy = (y1,%2, .- -, Yn)*

Pseudocodes
Fori=n,n~-1,...,3,2,1do

1 n
Y= P (bi - Z tz‘jyj)

j=i+1

Note: When ¢ = n, the summation (3 ) is skipped.

For lower friangular system

Lx

il
o

we have.

AvrcorrtaM B.0.2 Forward Elimination

Fori=1,2,...,n do

7=1

1 i—1
Yi=1- (bz‘ - 2_: lz‘jyj)
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